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✹✳✼✳ ❙♦♠❡ ❞✐r❡❝t ♣r♦❞✉❝ts ✸✾

✈



✈✐ ❈♦♥t❡♥ts

❈❤❛♣t❡r ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s ✹✶

✺✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s ✹✶

✺✳✷✳ ❚❤❡ ▼❛t❤✐❡✉ ❣r♦✉♣s ✹✷

✺✳✸✳ ❚❤❡ ❍✐❣♠❛♥✲❙✐♠s ❣r♦✉♣ HS ✹✹

✺✳✹✳ ❚❤❡ ❍❡❧❞ ❣r♦✉♣ He ✹✹

✺✳✺✳ ❚❤❡ ❙✉③✉❦✐ ❣r♦✉♣ Suz ✹✹

✺✳✻✳ ❚❤❡ ❖✬◆❛♥ ❣r♦✉♣ ON ✹✺

✺✳✼✳ ❚❤❡ ▼❛❝▲❛✉❣❤❧✐♥ ❣r♦✉♣ McL ✹✺

✺✳✽✳ ❚❤❡ ❘✉❞✈❛❧✐s ❣r♦✉♣ Ru ✹✻

✺✳✾✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi22 ✹✻

✺✳✶✵✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣s ✹✻

✺✳✶✶✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣s ✹✾

✺✳✶✷✳ ❚❤❡ ▲②♦♥s ❣r♦✉♣ Ly ✺✶

✺✳✶✸✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi23 ✺✷

✺✳✶✹✳ ❚❤❡ ❚❤♦♠♣s♦♥ ❣r♦✉♣ Th ✺✸

✺✳✶✺✳ ❚❤❡ ❍❛r❛❞❛✲◆♦rt♦♥ ❣r♦✉♣ HN ✺✺

✺✳✶✻✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi′24 ✺✻

✺✳✶✼✳ ❈♦♥❝❧✉s✐♦♥s ✺✼

❆♣♣❡♥❞✐① ❆✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ s♣♦r❛❞✐❝ ❣r♦✉♣s ✺✾

❆♣♣❡♥❞✐① ❇✳ ◆♦t❛t✐♦♥s ✻✸

❇✳✶✳ ◆♦t❛t✐♦♥s ❢♦r ❣r♦✉♣ str✉❝t✉r❡s ✻✸

❇✳✷✳ ◆♦t❛t✐♦♥s ❢♦r ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✻✸

❆♣♣❡♥❞✐① ❈✳ ❆ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ❢♦r r❛❝❦s ✻✺

❇✐❜❧✐♦❣r❛♣❤② ✼✸

■♥❞❡① ✼✼



■♥tr♦❞✉❝t✐♦♥

❚❤✐s t❤❡s✐s ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢
❛❧❣❡❜r❛s ♦✈❡r C ✭♦r ♦✈❡r ❛♥② ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞ K ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✵✮✳
❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤❡s t♦ t❤✐s ♣r♦❜❧❡♠✳ ❖♥❡ ♦❢ t❤❡♠ ✐s
t♦ ✜① ❛ ✜♥✐t❡ ❣r♦✉♣ G ❛♥❞ t♦ ❛❞❞r❡ss t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s H s✉❝❤ t❤❛t G(H) ≃ G✳ ❉✉❡ t♦ t❤❡ ✐♥tr✐♥s✐❝ ❞✐✣❝✉❧t②
♦❢ t❤✐s ♣r♦❜❧❡♠✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ✜♥✐t❡
❣r♦✉♣s✳ ❲✐t❤ t❤❡ ❲❡②❧✲❍❡❝❦❡♥❜❡r❣❡r ❣r♦✉♣♦✐❞ ❬❍❡❝✵✻✱ ❍❡❝✵✾❪✱ ❛ ❝♦♥s✐❞✲
❡r❛❜❧❡ ♣r♦❣r❡ss ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ G ✐s ❛❜❡❧✐❛♥ ✇❛s ♣♦ss✐❜❧❡ ✭s❡❡ ❬❆❙✶✵❪✮✳ ■♥
t❤✐s ✇♦r❦ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ♥♦♥✲❛❜❡❧✐❛♥ ❝❛s❡✳

■❢ G ❞❡♥♦t❡s ❛ ✜♥✐t❡ ❣r♦✉♣✱ t♦ ❝❧❛ss✐❢② ❛❧❧ ❝♦♠♣❧❡① ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡✲
❜r❛s H ✇✐t❤ ❣r♦✉♣ ♦❢ ❣r♦✉♣✲❧✐❦❡s G(H) ≃ G ❛♥❞ dimH < ∞✱ ✇❡ ♥❡❡❞ t♦
❞❡t❡r♠✐♥❡ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ♦✈❡r CG s✉❝❤ t❤❛t t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ✐s ✜♥✐t❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ r❡✲
❝❛❧❧✐♥❣ t❤❛t ✐rr❡❞✉❝✐❜❧❡ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ❛r❡ ♣❛r❛♠❡t❡r✐③❡❞ ❜② ♣❛✐rs
(O, ρ) ✭✇❤❡r❡ O ✐s ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ G✱ σ ∈ O ✜①❡❞✱ ❛♥❞ ρ ✐s ❛♥ ✐r✲
r❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧✐③❡r CG(σ)✮✱ ❛♥❞ ✇r✐t✐♥❣ B(O, ρ) ❢♦r
t❤❡ ❛ss♦❝✐❛t❡❞ ◆✐❝❤♦❧s ❛❧❣❡❜r❛✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ❢♦r ✇❤✐❝❤ ♣❛✐rs (O, ρ) ✐s
dimB(O, ρ) <∞✳

❖✉r ♠❛✐♥ ❣♦❛❧✱ t♦✇❛r❞s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞
❍♦♣❢ ❛❧❣❡❜r❛s✱ ✐s t♦ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✳

◗✉❡st✐♦♥ ✶✳ ❋♦r ❛♥② ✜♥✐t❡ ❣r♦✉♣ G ❛♥❞ ❢♦r ❛♥② V ∈ G
GYD✱ ❞❡t❡r♠✐♥❡ ✐❢

dimB(V ) <∞✳

❙✐♥❝❡ t❤❡ ❝❛t❡❣♦r② G
GYD ✐s s❡♠✐s✐♠♣❧❡✱ t❤❡ q✉❡st✐♦♥ s♣❧✐ts ✐♥t♦ t✇♦ ❝❛s❡s✿

✭✶✮ V ✐rr❡❞✉❝✐❜❧❡✱

✭✷✮ V ❝♦♠♣❧❡t❡❧② r❡❞✉❝✐❜❧❡ ✭❛ ❞✐r❡❝t s✉♠ ♦❢ ❛t ❧❡❛st ✷ ✐rr❡❞✉❝✐❜❧❡s✮✳

❚❤❡ ❝❛s❡ ✭✶✮ ✇❛s ❛❞❞r❡ss❡❞ ✐♥ s❡✈❡r❛❧ r❡❝❡♥t ♣❛♣❡rs ❢♦r s♦♠❡ ❣r♦✉♣s
❛♥❞ s♦♠❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❬❆●✵✸✱ ❆❋✵✼❜✱ ❆❋✵✼❛✱ ❋❛♥✵✼❜✱ ❆❋❩✵✾✱
❋●❱✵✼✱ ❋●❱✵✾✱ ❆❩✵✼❪✳ ❚❤❡ ❝❛s❡ ✭✷✮ ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❆❍❙✵✽✱ ❍❙✵✽❪✳
❖❢ ❝♦✉rs❡✱ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦❢ t❤❡ s✐♠♣❧❡ s✉❜♠♦❞✉❧❡s ♦❢ ❛ ❝♦♠♣❧❡t❡❧②
r❡❞✉❝✐❜❧❡ V s✉❝❤ t❤❛t B(V ) ✐s ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s❤♦✉❧❞ ❜❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧

✈✐✐
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t♦♦✳ ❇✉t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❛s❡s ❣♦❡s ❛❧s♦ ✐♥ t❤❡ ♦t❤❡r ✇❛②✳
❚♦ ❡①♣❧❛✐♥ t❤✐s✱ ✇❡ ♥❡❡❞ t♦ r❡❝❛❧❧ t❤❛t ♦✉r ✜rst q✉❡st✐♦♥ ❝❛♥ ❜❡ r❡♣❤r❛s❡❞
✐♥ t❡r♠s ♦❢ r❛❝❦s✳ ■♥❞❡❡❞✱ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦❢ ❛ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡
❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐ts ❜r❛✐❞✐♥❣✱ ✇❤✐❝❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❣r♦✉♣ ❛❧❣❡❜r❛ ✐s ❞❡✜♥❡❞
✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♥❥✉❣❛t✐♦♥✳ ◗✉❡st✐♦♥ ✶ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳

◗✉❡st✐♦♥ ✷✳ ❋♦r ❛♥② ✜♥✐t❡ r❛❝❦ X✱ ❢♦r ❛♥② n ∈ N✱ ❛♥❞ ❢♦r ❛♥② ♥♦♥✲♣r✐♥❝✐♣❛❧
2✲❝♦❝②❝❧❡ q ❞❡t❡r♠✐♥❡ ✐❢ dimB(X,q) <∞✳

■♥ ❢❛❝t✱ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ r❛❝❦✲t❤❡♦r❡t✐❝❛❧ q✉❡st✐♦♥ ✐s ♠♦r❡ ❡❝♦✲
♥♦♠✐❝❛❧ t❤❛♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣✲t❤❡♦r❡t✐❝❛❧ ♦♥❡✱ s✐♥❝❡ ❞✐✛❡r✲
❡♥t ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ♦✈❡r ❞✐✛❡r❡♥t ❣r♦✉♣s ♠❛② ❣✐✈❡ r✐s❡ t♦ t❤❡ s❛♠❡
♣❛✐r (X,q)✱ X ❛ r❛❝❦ ❛♥❞ q ❛ ✷✲❝♦❝②❝❧❡✳ ❚❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛❞✈♦❝❛t❡❞ ✐♥
❬●r❛✵✵✱ ❆●✵✸❪✱ ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ s✐♠✐❧❛r ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❜r❛✐❞❡❞ ✈❡❝✲
t♦r s♣❛❝❡s ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞
❍♦♣❢ ❛❧❣❡❜r❛s ✇✐t❤ ❛❜❡❧✐❛♥ ❣r♦✉♣✳

❚❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ r❛❝❦✲t❤❡♦r❡t✐❝❛❧ q✉❡st✐♦♥ ❤❛s ❛♥♦t❤❡r ❛❞✈❛♥t❛❣❡✳
❆ ❜❛s✐❝ ❛♥❞ ✉s❡❢✉❧ ♣r♦♣❡rt② ♦❢ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s s❛②s✿ ✐❢ W ✐s ❛ ❜r❛✐❞❡❞
s✉❜s♣❛❝❡ ♦❢ ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ V ✱ t❤❡♥ B(W ) →֒ B(V )✳ ❋♦r ✐♥st❛♥❝❡✱
❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ V = M(O, ρ) ∈ G

GYD✱ s❛② dim ρ = 1 ❢♦r s✐♠♣❧✐❝✐t②✳ ■❢
X ✐s ❛ ♣r♦♣❡r s✉❜r❛❝❦ ♦❢ O✱ t❤❡♥ M(O, ρ) ❤❛s ❛ ❜r❛✐❞❡❞ s✉❜s♣❛❝❡ ♦❢ t❤❡
❢♦r♠ W = (CX, cq)✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥♦t ❛ ❨❡tt❡r✲❉r✐♥❢❡❧❞ s✉❜♠♦❞✉❧❡ ❜✉t
❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❛s ❛ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡ ♦✈❡r s♠❛❧❧❡r ❣r♦✉♣s✱ t❤❛t ❝♦✉❧❞
❜❡ r❡❞✉❝✐❜❧❡ ✐❢ X ✐s ❞❡❝♦♠♣♦s❛❜❧❡✳ ■❢ ✇❡ ❦♥♦✇ t❤❛t dimB(X, q) = ∞✱ s❛②
❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♦♥❡ ♦❢ t❤❡s❡ s♠❛❧❧❡r ❣r♦✉♣s✱ t❤❡♥
dimB(O, ρ) =∞ t♦♦✳

❇♦t❤ q✉❡st✐♦♥s ❤❛✈❡ t❤❡ ❝♦♠♠♦♥ ❞r❛✇❜❛❝❦ t❤❛t t❤❡r❡ ✐s ♥♦ str✉❝t✉r❡
t❤❡♦r❡♠ ♥❡✐t❤❡r ❢♦r ✜♥✐t❡ ❣r♦✉♣s ♥♦r ❢♦r ✜♥✐t❡ r❛❝❦s✳ ❚❤❡r❡❢♦r❡✱ ❛♥❞ ✐♥ ♦r❞❡r
t♦ ❝♦❧❧❡❝t ❡✈✐❞❡♥❝❡ ❛❜♦✉t ✇❤❛t ❣r♦✉♣s ♦r ✇❤❛t r❛❝❦s ♠✐❣❤t ❛✛♦r❞ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛tt❛❝❦ ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢
❣r♦✉♣s ✭♦r r❛❝❦s✮✳ Pr♦♠✐♥❡♥t ❝❛♥❞✐❞❛t❡s ❛r❡ t❤❡ ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣s ❛♥❞
t❤❡ ✜♥✐t❡ s✐♠♣❧❡ r❛❝❦s✳ ❋✐♥✐t❡ s✐♠♣❧❡ r❛❝❦s ❤❛✈❡ ❜❡❡♥ ❝❧❛ss✐✜❡❞ ✐♥ ❬❆●✵✸✱
❏♦②✽✷❪ ✭s❡❡ ❈❤❛♣t❡r ✶✱ ❚❤❡♦r❡♠ ✶✳✷✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦♥✲tr✐✈✐❛❧ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♦❢ ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣s✱ ❛♥❞ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ s②♠♠❡tr✐❝ ❣r♦✉♣s
t❤❛t ❞♦ ♥♦t s♣❧✐t ✭s❡❡♥ ❛s ♦r❜✐ts ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ s✉❜❣r♦✉♣✮
❛r❡ s✐♠♣❧❡ r❛❝❦s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❜❡❣✐♥ ❜② ❢❛♠✐❧✐❡s ♦❢ s✐♠♣❧❡
❣r♦✉♣s✳

❚♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠s ♦♥ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ❛
s✐♠♣❧❡ ❣r♦✉♣ G✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ t❤❛t dimB(X, q) =∞ ❢♦r ♠❛♥② ❝♦♥❥✉❣❛❝②
❝❧❛ss❡sX ✐♥ G ❛♥❞ ❛♥② ✷✲❝♦❝②❝❧❡ q✳ ❚❤✐s r❡❧✐❡s ♦♥ ❛ r❡s✉❧t ♦♥ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s
♦❢ r❡❞✉❝✐❜❧❡ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ❬❍❙✵✽✱ ❚❤❡♦r❡♠ ✽✳✻❪✳ ■♥❞❡❡❞✱ ❧❡t ✉s
s❛② ✭✐♥❢♦r♠❛❧❧②✮ t❤❛t ❛ r❛❝❦ ❝♦❧❧❛♣s❡s ✐❢ dimB(X, q) = ∞ ❢♦r ❛♥② ❝♦❝②❝❧❡
q ✭s❡❡ t❤❡ ♣r❡❝✐s❡ st❛t❡♠❡♥t ♦❢ t❤✐s ♥♦t✐♦♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✽✮✳ ❚♦ tr❛♥s❧❛t❡
♦♥❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❬❍❙✵✽✱ ❚❤❡♦r❡♠ ✽✳✻❪ t♦ r❛❝❦✲t❤❡♦r❡t✐❝❛❧ t❡r♠s✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ r❛❝❦ ♦❢ t②♣❡ ❉✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❬❍❙✵✽✱ ❚❤❡♦r❡♠
✽✳✻❪ ♦✉r ❚❤❡♦r❡♠ ✷✳✸✸✱ t❤❛t s❛②s t❤❛t ❛♥② r❛❝❦ ♦❢ t②♣❡ ❉ ❝♦❧❧❛♣s❡s✳ ■t ✐s
❡❛s② t♦ s❡❡ t❤❛t ✐❢ π : Z → X ✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠ ♦❢ r❛❝❦s ❛♥❞ X ✐s ♦❢ t②♣❡
❉✱ t❤❡♥ s♦ ✐s Z✳ ❇✉t ❛♥② ✐♥❞❡❝♦♠♣♦s❛❜❧❡ r❛❝❦ Z ❤❛s ❛ s✐♠♣❧❡ q✉♦t✐❡♥t X❀
t❤✐s ❥✉st✐✜❡s ❢✉rt❤❡r ✇❤② ✇❡ ❧♦♦❦ ❛t s✐♠♣❧❡ r❛❝❦s✱ st❛rt✐♥❣ ✇✐t❤ ♥♦♥✲tr✐✈✐❛❧



■♥tr♦❞✉❝t✐♦♥ ✐①

❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ s✐♠♣❧❡ ❣r♦✉♣s✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡
st✉❞② ♦❢ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦❢ ❞❡❝♦♠♣♦s❛❜❧❡ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ✐♥ t❤❡
❛♥❛❧♦❣♦✉s st✉❞② ♦❢ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ♦♥❡s✳ ❲❡ str❡ss t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
❛ s❡❝♦♥❞ r❛❝❦✲❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ✐s ❛ ❞✐✣❝✉❧t t❛s❦✳ ❇② ❬❊●✵✸❪✱ ✐t ❝♦✐♥❝✐❞❡s
✇✐t❤ ❛ ✜rst ❣r♦✉♣✲❝♦❤♦♠♦❧♦❣② ❣r♦✉♣✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ♠❛❦❡ t❤❡ ♣r♦❜❧❡♠
❡❛s✐❡r✳ ❚❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ t❛❦❡♥ ✐♥ t❤✐s t❤❡s✐s ❛❧❧♦✇s t♦ ❞✐sr❡❣❛r❞ s♦♠❡t✐♠❡s
t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❛❜♦✉t r❛❝❦✲❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s✳

❆❝t✉❛❧❧②✱ ❛❧♦♥❣ t❤✐s ✇♦r❦ ✇❡ ❣✐✈❡ ❛ ❧✐st ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ s✐♠♣❧❡
❣r♦✉♣s ✇❤✐❝❤ ❛r❡ ♦❢ t②♣❡ ❉❀ ❤❡♥❝❡✱ ✐❢ X ❜❡❧♦♥❣s t♦ t❤✐s ❧✐st ❛♥❞ π : Z → X
✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠ ♦❢ r❛❝❦s✱ t❤❡♥ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ B(Z, q) ❤❛s ✐♥✜♥✐t❡
❞✐♠❡♥s✐♦♥ ❢♦r ❛♥ ❛r❜✐tr❛r② ✷✲❝♦❝②❝❧❡ q✳

■♥ t❤✐s t❤❡s✐s ✐t ✐s ♣r♦✈❡❞ t❤❛t s❡✈❡r❛❧ s✐♠♣❧❡ ❣r♦✉♣s ❣✐✈❡ ♦♥❧② r✐s❡ t♦
✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✳ ❙♦✱ t❤✐s ✇♦r❦ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥②
♥❡✇ ❡①❛♠♣❧❡s ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s✳ ■♥ ❢❛❝t✱ ✈❡r② ❢❡✇
❡①❛♠♣❧❡s ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥✲tr✐✈✐❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ✇✐t❤ ♥♦♥✲
❛❜❡❧✐❛♥ ❣r♦✉♣ ❛r❡ ❦♥♦✇♥ ✭♦♥❧② ❢❡✇ ❡①❛♠♣❧❡s ❛r❡ ❦♥♦✇♥✱ s❡❡ ❬●r❛❪✮✳ ❆t t❤❡
♣r❡s❡♥t ♠♦♠❡♥t✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❛t ✐s t❤❡ ❝❧❛ss ♦❢ ♥♦♥✲❛❜❡❧✐❛♥ ✜♥✐t❡ ❣r♦✉♣s
t❤❛t ♠❛② ❛✛♦r❞ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s
✐♠♣♦rt❛♥t t♦ ♥❛rr♦✇ ❞♦✇♥ ❛s ♠❛♥② ❡①❛♠♣❧❡s ❛s ♣♦ss✐❜❧❡ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛
❢❡❡❧✐♥❣ ♦❢ ✇❤❛t t❤✐s ❝❧❛ss ♠✐❣❤t ❜❡✳

❉❡✜♥✐t✐♦♥✳ ❲❡ s❤❛❧❧ s❛② t❤❛t ❛ ✜♥✐t❡ ❣r♦✉♣ G ❝♦❧❧❛♣s❡s ✐❢ ❢♦r ❛♥② ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛ H✱ ✇✐t❤ G(H) ≃ G✱ t❤❡♥ H ≃ CG✳

■♥ t❤✐s ✇♦r❦ ♠❛♥② ❡①❛♠♣❧❡s ♦❢ ❣r♦✉♣s t❤❛t ❝♦❧❧❛♣s❡ ❛r❡ ♣r❡s❡♥t❡❞✿ ❛❧t❡r✲
♥❛t✐♥❣ ❛♥❞ s②♠♠❡tr✐❝ ❣r♦✉♣s✱ s♦♠❡ ✜♥✐t❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡✱ t❤❡ s♣♦r❛❞✐❝
s✐♠♣❧❡ ❣r♦✉♣s✳

❙②♠♠❡tr✐❝ ❣r♦✉♣s ❛♥❞ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣s✳ ■♥ t❤❡ ❡❛r❧② ✾✵✬s✱ ❙✉s❛♥
▼♦♥t❣♦♠❡r② r❛✐s❡❞ t❤❡ q✉❡st✐♦♥ ♦❢ ✜♥❞✐♥❣ ❛ ♥♦♥✲tr✐✈✐❛❧ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
❝♦♠♣❧❡① ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛ H ✇✐t❤ ♥♦♥✲❛❜❡❧✐❛♥ ❣r♦✉♣ G ✭❤❡r❡ ✏♥♦♥✲
tr✐✈✐❛❧✧ ♠❡❛♥s t❤❛t H ✐s ♥❡✐t❤❡r ❛ ❣r♦✉♣ ❛❧❣❡❜r❛✱ ♥♦r ✐s ❝♦♦❦❡❞ ♦✉t ♦❢ ❛
♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛ ✇✐t❤ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❜② s♦♠❡ ❦✐♥❞ ♦❢ ❡①t❡♥s✐♦♥✮✳ ❚❤✐s
q✉❡st✐♦♥ ✇❛s ❛❞❞r❡ss❡❞ ❜② ❆❧❡①❛♥❞❡r ▼✐❧✐♥s❦✐ ❛♥❞ ❍❛♥s✲❏ür❣❡♥ ❙❝❤♥❡✐❞❡r
❛r♦✉♥❞ ✶✾✾✺✱ ✇❤♦ ♣r♦❞✉❝❡❞ t✇♦ ❡①❛♠♣❧❡s✱ ♦♥❡ ✇✐t❤ G = S3✱ ❛♥♦t❤❡r ✇✐t❤
G = S4✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ ❝❤❡❝❦ t❤❛t ❛ q✉❛❞r❛t✐❝ ❛❧❣❡❜r❛ Bm

❜✉✐❧t ❢r♦♠ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s ✐♥ Sm ✐s ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✳
❚❤❡② ✇❡r❡ ❛❜❧❡ t♦ ❞♦ ✐t ❢♦r m = 3, 4 ✉s✐♥❣ ●rö❜♥❡r ❜❛s❡s✳ ❚❤❡s❡ r❡s✉❧ts
✇❡r❡ ♣✉❜❧✐s❤❡❞ ❧❛t❡r ✐♥ ❬▼❙✵✵❪✳ ■♥❞❡♣❡♥❞❡♥t❧②✱ ❙❡r❣❡✐ ❋♦♠✐♥ ❛♥❞ ❆♥❛t♦❧
❑✐r✐❧❧♦✈ ❝♦♥s✐❞❡r❡❞ ❝❧♦s❡❧② r❡❧❛t❡❞ q✉❛❞r❛t✐❝ ❛❧❣❡❜r❛s Em✱ ❛❧s♦ ❝♦♥str✉❝t❡❞
❢r♦♠ t❤❡ tr❛♥s♣♦s✐t✐♦♥s ✐♥ Sm✱ ❛♥❞ t❤❡② ❞❡t❡r♠✐♥❡❞ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ E3✱ E4
❛♥❞ E5 ❬❋❑✾✾❪✳ ❲✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ▲✐❢t✐♥❣ ▼❡t❤♦❞✱ s❡❡ ❬❆❙✵✷❜❪✱
✐t ❜❡❝❛♠❡ ❝❧❡❛r t❤❛t Bm ❛♥❞ Em s❤♦✉❧❞ ❜❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✳ ❚❤✐s ✇❛s ✐♥❞❡❡❞
❝❤❡❝❦❡❞ ✐♥ ❬▼❙✵✵❪ ❢♦r m = 3, 4 ❛♥❞ ❜② ▼❛tí❛s ●r❛ñ❛ m = 5 ❬●r❛❪✳

❘❡❝❡♥t❧②✱ t❤❡r❡ ✇❛s s♦♠❡ ♣r♦❣r❡ss ♦♥ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ♦✈❡r Sm✳
❚❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r S3 ❛♥❞ S4

✐s ❝♦♥❝❧✉❞❡❞ ✐♥ ❬❆❍❙✵✽❪✳ ❆❧s♦✱ ♠♦st ♦❢ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ ❙②♠✲
♠❡tr✐❝ ❣r♦✉♣ Sm ❤❛✈❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❛ s❤♦rt ❧✐st
♦❢ ♦♣❡♥ ♣♦ss✐❜✐❧✐t✐❡s ❬❆❩✵✼✱ ❆❋✵✼❜✱ ❆❋❩✵✾❪✳



① ■♥tr♦❞✉❝t✐♦♥

❖♥❡ ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts ✐♠♣r♦✈❡s ❞r❛st✐❝❛❧❧② t❤❡ ❧✐st ❣✐✈❡♥ ✐♥ ❬❆❋❩✵✾✱
❚❤❡♦r❡♠ ✶❪✳

❚❤❡♦r❡♠✳ ▲❡t n ≥ 5 ❛♥❞ ❧❡t σ ∈ Sn✳ ■❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss σSn ❣✐✈❡s
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✱ t❤❡♥ σ ❜❡❧♦♥❣s t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✶✮ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s ✐♥ Sn❀

✭✷✮ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4 5) ✐♥ S5❀

✭✸✮ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4)(5 6) ✐♥ S6✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4)(5 6) ✐♥ S6 ✐s ✐s♦♠♦r♣❤✐❝✱ ❛s
❛ r❛❝❦✱ t♦ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t❤❡ tr❛♥s♣♦s✐t✐♦♥s ✐♥ S6✱ s✐♥❝❡ ❛♥② ♥♦♥✲✐♥♥❡r
❛✉t♦♠♦r♣❤✐s♠ ♦❢ S6 ❛♣♣❧✐❡s (1 2) ✐♥ (1 2)(3 4)(5 6) ✭s❡❡ ❬❏❘✽✷❪✮✳ ❚❤✉s✱ t❤❡
❝❛s❡ ♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4)(5 6) ✐♥ S6 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ st✉❞②
♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ st✉❞✐❡❞ ❜② ❋♦♠✐♥
❛♥❞ ❑✐r✐❧❧♦✈✳

❆❧s♦✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛❜♦✉t ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ ❛❧t❡r✲
♥❛t✐♥❣ s✐♠♣❧❡ ❣r♦✉♣s✳

❚❤❡♦r❡♠✳ ▲❡tm ≥ 5✳ ❊✈❡r② ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦✈❡r Am ✐s ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✳
❍❡♥❝❡✱ Am ❝♦❧❧❛♣s❡s✳

❚❤✐s r❡s✉❧t ✇❛s ❦♥♦✇♥ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s m = 5 ❛♥❞ m = 7✱ s❡❡
❬❆❋✵✼❛✱ ❋❛♥✵✼❛❪✳

❋✐♥✐t❡ ▲✐❡ ❣r♦✉♣s✳ ❲❡ ♣r♦✈❡ t❤❛t ♠❛♥② s✐♠♣❧❡ ❧✐♥❡❛r ❣r♦✉♣s ❝♦❧❧❛♣s❡✳
❚❤✐s r❡s✉❧t✱ ♦❢ ❝♦✉rs❡✱ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ▲✐❢t✐♥❣ ▼❡t❤♦❞ ❛♥❞ t❤❡ ♥♦♥✲
❡①✐st❡♥❝❡ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡s❡ s✐♠♣❧❡ ❣r♦✉♣s✳
❚❤❡ ✜rst ❡①❛♠♣❧❡ ✐s t❤❡ ❢❛♠✐❧② ♦❢ ❣r♦✉♣s PSL(2, q) ❢♦r q = 2m ❢♦r m > 2✳
❚❤❡s❡ ❣r♦✉♣s ❛r❡ st✉❞✐❡❞ ♦♥❧② ✇✐t❤ ❛❜❡❧✐❛♥ t❡❝❤♥✐q✉❡s✳ ❖t❤❡r s✐♠♣❧❡ ▲✐❡
❣r♦✉♣s st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡✿ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ▲✐❡ ❣r♦✉♣s G2(q) ❢♦r q =
3, 4, 5❀ t❤❡ ❖rt❤♦❣♦♥❛❧ ❣r♦✉♣s O7(3)✱ O+

8 (2)✱ O−
10(2)❀ t❤❡ ❙②♠♣❧❡❝t✐❝ ❣r♦✉♣s

S6(2) ❛♥❞ S8(2)✳

❙♦♠❡ ♦❢ t❤❡s❡ r❡s✉❧ts ✇❡r❡ ♣r♦✈❡❞ ✐♥ ❬❋●❱✵✼✱ ❋●❱✵✾❪✳ ❖t❤❡r r❡s✉❧ts
✇❡r❡ ♣r♦✈❡❞ t♦ s✐♠♣❧✐❢② t❤❡ ♣r♦♦❢s ♦❢ t❤❡ t❤❡♦r❡♠s ❝♦♥❝❡r♥✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡✲
❜r❛s ♦✈❡r t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✱ ❜❡❝❛✉s❡ s♦♠❡ ✜♥✐t❡ ▲✐❡ ❣r♦✉♣s ❛♣♣❡❛r
❛s s✉❜❣r♦✉♣s ♦r s✉❜q✉♦t✐❡♥ts ♦❢ t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳

❙♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳ ❲✐t❤ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ✇❡ st✉❞② s♦♠❡
♦❢ t❤❡ s✐♠♣❧❡ r❛❝❦s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳ ❘♦✉❣❤❧② s♣❡❛❦✲
✐♥❣✱ ✇❡ ♣r♦✈❡ t❤❛t ❛❧♠♦st ❡✈❡r② s✐♠♣❧❡ r❛❝❦ ✭♦r ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss✮ ♦❢ ❛
s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣ ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡r❡❢♦r❡✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ s♦♠❡ ❛❜❡❧✐❛♥
t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ t❤❡ ❍❡❝❦❡♥❜❡r❣❡r✬s ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ♦❢ ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡ ❬❍❡❝✵✻✱ ❍❡❝✵✾❪✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠✳ ▲❡t G ❜❡ ❛ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❋✐s✲
❝❤❡r ❣r♦✉♣ Fi22✱ t❤❡ ❇❛❜② ▼♦♥st❡r ❣r♦✉♣ B✱ ♦r t❤❡ ▼♦♥st❡r ❣r♦✉♣ M✳ ❚❤❡♥
G ❤❛s ♥♦ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✳ ❍❡♥❝❡✱ G ❝♦❧❧❛♣s❡s✳

❆❧❧ t❤❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡
❣r♦✉♣s ✇❡r❡ ♣r♦✈❡❞ ✐♥ ❬❆❋●❱✵✾❜✱ ❆❋●❱✵✾❝✱ ❆❋●❱✵✾❛❪✳



❖r❣❛♥✐③❛t✐♦♥ ①✐

❖r❣❛♥✐③❛t✐♦♥

❚❤❡ ✜rst ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ r❡❝❛❧❧ ❛❧❧ t❤❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t r❛❝❦s ❛♥❞ ✐ts
❝♦❤♦♠♦❧♦❣✐❡s✱ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ❛♥❞ t❤❡ ▲✐❢t✐♥❣ ▼❡t❤♦❞✳ ❚❤✐s ✐s ♠❛✐♥❧② ❜❛s❡❞
♦♥ ❬❆●✵✸✱ ●r❛✵✵✱ ❆●✾✾✱ ❆❙✵✷❜❪✳

❈❤❛♣t❡r ✷ ✐s ❞❡✈♦t❡❞ t♦ ❞❡✈❡❧♦♣✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞
t♦ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s✱ ♠❛✐♥❧② ❜❛s❡❞ ♦♥ t❤❡ ❲❡②❧✲
❍❡❝❦❡♥❜❡r❣❡r ❣r♦✉♣♦✐❞ ✭s❡❡ ❬❍❡❝✵✾✱ ❍❡❝✵✻✱ ❆❍❙✵✽✱ ❍❙✵✽❪✮✱ ❛❧❧♦✇ ✉s
t♦ tr❛♥s❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ st✉❞②✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ✭♦r ❨❡tt❡r✲❉r✐♥❢❡❧❞
♠♦❞✉❧❡s ♦r r❛❝❦s ❛♥❞ ✷✲❝♦❝②❝❧❡s✮ t♦ ❛ ❣r♦✉♣✲t❤❡♦r❡t✐❝❛❧ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ s❡❡♠s
t♦ ❜❡ ❡❛s✐❡r t♦ s♦❧✈❡✳ ❚❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✐♥❝❧✉❞❡ s♦♠❡
♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❬❆❋✵✾❪✳

■♥ t❤❡ ❧❛st t❤r❡❡ ❝❤❛♣t❡rs ✇❡ st✉❞② ❞✐✛❡r❡♥t ❢❛♠✐❧✐❡s ♦❢ s✐♠♣❧❡ ❣r♦✉♣s✳ ■♥
❈❤❛♣t❡r ✸ ✇❡ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣s ❛♥❞ s②♠♠❡tr✐❝
❣r♦✉♣s✳ ■♥ ❈❤❛♣t❡r ✹ ✇❡ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r s♦♠❡ ❧✐♥❡❛r ❣r♦✉♣s✳
❲❡ st✉❞② s♦♠❡ ❧✐♥❡❛r ❣r♦✉♣s s✉❝❤ ❛s PSL(2, q)✱ ❢♦r q ❡✈❡♥✱ s♦♠❡ s②♠♣❧❡❝t✐❝
❣r♦✉♣s✱ s♦♠❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣s✱ ❡t❝✳ ❆s s❛✐❞✱ s♦♠❡ ♦❢ t❤❡s❡ r❡s✉❧ts ❛r❡
✉s❡❢✉❧ ❢♦r st✉❞②✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✱ ❜❡❝❛✉s❡
t❤❡s❡ ❧✐♥❡❛r ❣r♦✉♣s ❛♣♣❡❛r ❛s s✉❜❣r♦✉♣s ♦r s✉❜q✉♦t✐❡♥ts ♦❢ t❤❡♠✳ ❈❤❛♣t❡r
✺ ✐s ❞❡✈♦t❡❞ t♦ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s ❛♥❞ s♦♠❡
❣r♦✉♣s ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ s♣♦r❛❞✐❝ ❣r♦✉♣s✳ ▼♦st ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
✐♥ ❝❤❛♣t❡rs ✹ ❛♥❞ ✺ str♦♥❣❧② ❞❡♣❡♥❞ ♦♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s✳ ❙♦✱ ✐♥ ♦r❞❡r
t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠s ♦❢ t❤❡s❡ ❝❤❛♣t❡rs ✇❡ ✐♥❝❧✉❞❡
r❡❢❡r❡♥❝❡s t♦ ❧♦❣ ✜❧❡s ❛♥❞ ●❆P s❝r✐♣ts✳

❚❤✐s t❤❡s✐s ❤❛s t❤r❡❡ ❛♣♣❡♥❞✐❝❡s✳ ❚❤❡ ✜rst ❛♣♣❡♥❞✐① ✐s ❞❡✈♦t❡❞ t♦ ❧✐st
❛❧❧ r❡❛❧ ❛♥❞ q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳ ❚❤❡
s❡❝♦♥❞ ♦♥❡ ✐s ❞❡✈♦t❡❞ t♦ ♣r❡s❡♥t ❛ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ✇❤✐❝❤ ✇❡ ✜♥❞ ✉s❡❢✉❧
❢♦r st✉❞②✐♥❣ r❛❝❦s ❛♥❞ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s✿ ❚❤❡ ●❆P ♣❛❝❦❛❣❡ ❘✐● ✐s ❛ ❥♦✐♥t
✇♦r❦ ✇✐t❤ ▼❛tí❛s ●r❛ñ❛✱ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t❡❞ t♦ r❛❝❦s✱
s✉❝❤ ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉❜r❛❝❦s✱ q✉♦t✐❡♥ts✱ ✭❝♦✮❤♦♠♦❧♦❣② ❣r♦✉♣s✱ ❡t❝✳
❚❤✐s ❢r❡❡ s♦❢t✇❛r❡ ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❬●♥❱✵✽❪✳

❚❤❡ ❧❛st ❛♣♣❡♥❞✐① ✐s ❞❡✈♦t❡❞ t♦ ❧✐st ❛❧❧ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ❛❧♦♥❣ t❤✐s
t❤❡s✐s✳ ■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ ❛❧❧ ❣r♦✉♣ t❤❡♦r❡t✐❝ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥
t❤❡ ❆❚▲❆❙ ✭❚❤❡ r❡❞ ❜♦♦❦✿ ❬❈❈◆+✽✺❪✱ t❤❡ ❲❡❜ ✐♥t❡r❢❛❝❡✿ ❬❲❲❚+❪ ❛♥❞
t❤❡ ●❆P ♣❛❝❦❛❣❡✿ ❬❲P◆+✵✽❪✮✳
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✶✳✶✳ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ▼♦❞✉❧❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡✈✐❡✇ t❤❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ♦✈❡r
❛ ❣✐✈❡♥ ✜♥✐t❡ ❣r♦✉♣✳ ❙❡❡ ❬❆●✾✾✱ ❘❚✾✸❪ ❢♦r ❞❡t❛✐❧s✳ ❲❡ ✉s❡ t❤❡ ❍❡②♥❡♠❛♥✲
❙✇❡❡❞❧❡r ♥♦t❛t✐♦♥ ✭s❡❡ ❬❙✇❡✻✾✱ ▼♦♥✾✸❪✮✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ▲❡t H ❜❡ ❛ ❍♦♣❢ ❛❧❣❡❜r❛ ✭♦✈❡r C✮ ✇✐t❤ ❜✐❥❡❝t✐✈❡ ❛♥t✐♣♦❞❡✳
❆ ❨❡tt❡r ❉r✐♥❢❡❧❞ ♠♦❞✉❧❡ ♦✈❡r H ✐s ❛ ❧❡❢t H✲♠♦❞✉❧❡ M t❤❛t ❛❧s♦ ✐s ❛ ❧❡❢t
H✲❝♦♠♦❞✉❧❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

(hm)(−1) ⊗ (hm)(0) = h(1)m(−1)Sh(−3) ⊗ h(2)m(0),

❢♦r ❛❧❧ h ∈ H✱ m ∈M ✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝❛t❡❣♦r② ♦❢ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s H
HYD ✐s ❛ ♠♦♥♦✐❞❛❧

❝❛t❡❣♦r② ✇✐t❤ t❤❡ ✉s✉❛❧ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ✈❡❝t♦r s♣❛❝❡s ✭♦✈❡r C✮✱ ✇❤❡r❡✱ ❢♦r
M,N ∈ H

HYD✱ M ⊗N ❤❛s t❤❡ ❨❡tt❡r✲❉r✐♥❢❡❧❞ str✉❝t✉r❡ ❣✐✈❡♥ ❜②

h(m⊗ n) = h(1)m⊗ h(2)n,

(m⊗ n)(−1) ⊗ (m⊗ n)(0) = m(−1)n(−1) ⊗m(0) ⊗ n(0).

■t ✐s ❛❧s♦ ❛ ❜r❛✐❞❡❞ ❝❛t❡❣♦r②✱ ✇❤❡r❡ t❤❡ ❜r❛✐❞✐♥❣ c : M ⊗ N → N ⊗M ✐s
❣✐✈❡♥ ❜②

c(m⊗ n) = m(−1)n⊗m(0).

▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ H = CG✱ t❤❡ ❣r♦✉♣
❛❧❣❡❜r❛ ♦❢ G✳ ◆♦t✐❝❡ t❤❛t ❛ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡ ♦✈❡r CG ✐s ❛ G✲♠♦❞✉❧❡
M ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ G✲❣r❛❞✐♥❣ M = ⊕g∈GMg s✉❝❤ t❤❛t h ·Mg = Mghg−1 ❢♦r
❛❧❧ g, h ∈ G✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ♦✈❡r CG ✐s ✇r✐tt❡♥
G
GYD✳ ❚❤❡ s✉♣♣♦rt ♦❢ M ∈

G
GYD ✐s sup(M) = {g ∈ G |Mg 6= 0}.

❋♦r ❛♥② g ∈ G✱ ❞❡♥♦t❡ ❜② gG t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ g ✐♥ G ❛♥❞ ❜② CG(g)
t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ g ✐♥ G✳ ▲❡t ρ ∈ Irr(CG(g))✱ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ g ✐♥ G✱ ❛♥❞ ❧❡t

M(g, ρ) = IndG
CG(g)V = CG⊗CCG(g) V.

✶
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❲❡ ❤❛✈❡

h · (x⊗ v) = hx⊗ v, δ(x⊗ v) = xgx−1 ⊗ (x⊗ v),

❢♦r x ∈ G✳ ❚❤❡♥ M(g, ρ) ✐s ❛♥ ♦❜❥❡❝t ♦❢ G
GYD✳ ◆♦t✐❝❡ t❤❛t

dimM(g, ρ) = [G : CG(g)] · deg(ρ).

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳ ❚❤❡ ♦❜❥❡❝ts M(g, ρ) ❛r❡ s✐♠♣❧❡✳ ▼♦r❡♦✈❡r✱ ❛♥② s✐♠♣❧❡
♦❜❥❡❝t ♦❢ G

GYD ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✉♥✐q✉❡ M(g, ρ)✱ ✇❤❡r❡ g ❜❡❧♦♥❣s t♦ t❤❡ s❡t
♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ G✱ ❛♥❞ ρ ∈ Irr(CG(g))✳

Pr♦♦❢✳ ❙❡❡ ❬❆●✾✾✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷❪✳ �

❈♦r♦❧❧❛r② ✶✳✸✳ ■❢ G ✐s ❛❜❡❧✐❛♥✱ ❡✈❡r② ♦❜❥❡❝t ♦❢ G
GYD ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s

❛ ❞✐r❡❝t s✉♠ ♦❢ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ♦❢ ❞✐♠❡♥s✐♦♥ ✶✳

Pr♦♦❢✳ ■t ✐s ❡❛s②✱ s✐♥❝❡ [G : CG(g)] = deg ρ = 1 ❢♦r ❡✈❡r② g ∈ G ❛♥❞
ρ ∈ Irr(CG(g))✳ �

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ G
GYD ✐s ❛ ❜r❛✐❞❡❞ r✐❣✐❞ ❝❛t❡❣♦r②✳

Pr♦♦❢✳ ❙❡❡ ❬❆●✾✾✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶❪✳ �

✶✳✷✳ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦❢ ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ (V, c) ❛♣♣❡❛rs
✐♥ ✈❛r✐♦✉s ❞✐✛❡r❡♥t ✇❛②s ✭s❡❡ ❬❆●✾✾❪✮✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳ ❆ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ ✐s ❛ ♣❛✐r (V, c)✱ ✇❤❡r❡ V ✐s ❛
✈❡❝t♦r s♣❛❝❡ ❛♥❞ c ∈ Aut(V ⊗ V ) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r❛✐❞ ❡q✉❛t✐♦♥✿

(c⊗ 1)(1⊗ c)(c⊗ 1) = (1⊗ c)(c⊗ 1)(1⊗ c)

▲❡t n ≥ 2✳ ❘❡❝❛❧❧ t❤❛t t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ Sn ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ❛s t❤❡
❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❡❧❡♠❡♥t❛r② tr❛♥s♣♦s✐t✐♦♥s τi = (i i + 1) s✉❜❥❡❝t t♦ t❤❡
r❡❧❛t✐♦♥s✿

τiτj = τjτi ✐❢ |i− j| > 1,

τiτjτi = τjτiτj ✐❢ |i− j| = 1,

τ2
i = 1.

❚❤❡ ❇r❛✐❞ ❣r♦✉♣ Bn ✐s t❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② σ1, σ2, . . . , σn−1 s✉❜❥❡❝t
t♦ t❤❡ r❡❧❛t✐♦♥s✿

σiσj = σjσi ✐❢ |i− j| > 1,

σiσjσi = σjσiσj ✐❢ |i− j| = 1.

◆♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ❛ ♣r♦❥❡❝t✐♦♥ Bn → Sn ❣✐✈❡♥ ❜② σi 7→ τi✳ ▲❡t x ∈ Sn✳
❋♦r y ∈ Sn ✇❡ ❞❡♥♦t❡ ❜② l(y) t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ♠✐♥✐♠❛❧ ✇♦r❞ ✐♥ t❤❡ ❛❧♣❤❛❜❡t
τ±1
1 , τ±1

2 , . . . , τ±1
n−1 ✇❤✐❝❤ r❡♣r❡s❡♥ts y✳

▲❡♠♠❛ ✶✳✻✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s❡❝t✐♦♥ s : Sn → Bn t♦ t❤❡ ♣r♦❥❡❝t✐♦♥
Bn → Sn s✉❝❤ t❤❛t s(τi) = σi ❛♥❞ s(αβ) = s(α)s(β) ✐❢ l(α · β) = l(α) + l(β)✳
■t ✐s ❣✐✈❡♥ ❜②

(α = τi1τi2 · · · τij ) 7→ (σi1σi2 · · ·σij )

✐❢ l(α) = j✳
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▲❡t V ∈ G
GYD✳ ◆♦t✐❝❡ t❤❛t Bn ❛❝ts ♦♥ V ⊗n = V ⊗ · · · ⊗ V

︸ ︷︷ ︸

n✲t✐♠❡s

❜②

σi 7→ 1⊗ · · · 1
︸ ︷︷ ︸

i−1

⊗c⊗ 1⊗ · · · 1
︸ ︷︷ ︸

n−i−1

❋♦r V ∈ G
GYD✱ ✇❡ ✇r✐t❡ ❜② Tn(V ) = V ⊗n ❛♥❞ ❜② T (V ) t❤❡ ♦❜❥❡❝t

T (V ) = C⊕ V ⊕ V ⊗2 ⊕ · · · ⊕ V ⊗n ⊕ · · ·

❲❡ ❞❡✜♥❡ t❤❡ q✉❛♥t✉♠ s②♠♠❡tr✐③❡r Sn : TV → TV ❛s

Sn =
∑

x∈Sn

s(x).

❚❤❡♥✱ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦❢ V ✐s

B(V ) =
⊕

n≥0

B
n(V ),

✇❤❡r❡ B
0(V ) = C✱ B

1(V ) = V ❛♥❞ B
n(V ) = Tn(V )/ ker(Sn) ≃ Sn(TnV )✳

✶✳✸✳ ❘❛❝❦s ❛♥❞ ❈♦❝②❝❧❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ ❛♥❞ r❡✈✐❡✇ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ r❛❝❦s✱ q✉❛♥❞❧❡s ❛♥❞
❝r♦ss❡❞ s❡ts✳ ❋♦r ❞❡t❛✐❧s s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❆●✵✸❪✳

✶✳✸✳✶✳ ❘❛❝❦s✳

❉❡✜♥✐t✐♦♥ ✶✳✼✳ ❆ r❛❝❦ ✐s ❛ ♣❛✐r (X, ⊲) ✇❤❡r❡ X ✐s ❛ ♥♦♥✲❡♠♣t② ✜♥✐t❡ s❡t
❛♥❞ ⊲ : X ×X → X ✐s ❛ ❢✉♥❝t✐♦♥✱ s✉❝❤ t❤❛t

x 7→ i ⊲ x ✐s ❜✐❥❡❝t✐✈❡ ❢♦r ❛❧❧ i ∈ X,✭✶✳✶✮

i ⊲ (j ⊲ k) = (i ⊲ j) ⊲ (i ⊲ k) ❢♦r ❛❧❧ i, j, k ∈ X.✭✶✳✷✮

❆ q✉❛♥❞❧❡ ✐s ❛ r❛❝❦ (X, ⊲) s✉❝❤ t❤❛t

✭✶✳✸✮ i ⊲ i = i ❢♦r ❛❧❧ i ∈ X.

❆ ❝r♦ss❡❞ s❡t ✐s ❛ q✉❛♥❞❧❡ (X, ⊲) s✉❝❤ t❤❛t

✭✶✳✹✮ i ⊲ j = j ⇔ j ⊲ i = i ❢♦r ❛❧❧ i, j ∈ X.

❊①❛♠♣❧❡ ✶✳✽✳ ■❢ X = {1, 2, . . . , n} ❛♥❞ i ⊲ j = j (mod n)✱ t❤❡♥ (X, ⊲) ✐s
❝❛❧❧❡❞ ❛ tr✐✈✐❛❧ ✭♦r ❛❜❡❧✐❛♥✮ r❛❝❦✳

❊①❛♠♣❧❡ ✶✳✾✳ ■❢ A ✐s ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ T ∈ Aut(A)✱ t❤❡♥ A ❜❡❝♦♠❡s ❛
r❛❝❦ ✇✐t❤ a ⊲ b = (1− T )a+ Tb✳ ❚❤✐s r❛❝❦ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ (A, T ) ❛♥❞ ❝❛❧❧❡❞
❛♥ ❛✣♥❡ r❛❝❦✳

❉❡✜♥✐t✐♦♥ ✶✳✶✵✳ ▲❡t X ❜❡ ❛ r❛❝❦✳ ❆ ♥♦♥✲❡♠♣t② s✉❜s❡t Y ⊂ X ✐s ❛ s✉❜r❛❝❦
✐❢ Y ⊲ Y ⊆ Y ✳

❊①❛♠♣❧❡ ✶✳✶✶✳ ❆ ✜♥✐t❡ ❣r♦✉♣ G ✐s ❛ r❛❝❦ ✇✐t❤ x ⊲ y = xyx−1✳ ■❢ ❛ s✉❜s❡t
X ⊆ G ✐s st❛❜❧❡ ✉♥❞❡r ❝♦♥❥✉❣❛t✐♦♥ ❜② G✱ t❤❡♥ ✐t ✐s ❛ s✉❜r❛❝❦ ♦❢ G✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ s✉♣♣♦rt ♦❢ ❛♥② M ∈ G

GYD ✐s ❛ s✉❜r❛❝❦ ♦❢ G✳



✹ ✶✳ Pr❡❧✐♠✐♥❛r✐❡s

■♥ ❛♣♣❡♥❞✐① ❈ ✇❡ ♣r❡s❡♥t ♦t❤❡r ❡①❛♠♣❧❡s ♦❢ r❛❝❦s✳

◆♦t✐❝❡ t❤❛t ❛ r❛❝❦ (X, ⊲) ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ❛s ❛ ♠❛tr✐①M = (mij), ✇❤❡r❡
mij = i ⊲ j✳

❉❡✜♥✐t✐♦♥ ✶✳✶✷✳ f : (X, ⊲)→ (Y, ⊲) ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❛❝❦s ✐❢

f(i ⊲ j) = f(i) ⊲ f(j) ❢♦r ❛❧❧ i, j ∈ X.

▼♦r♣❤✐s♠s ♦❢ q✉❛♥❞❧❡s ✭r❡s♣✳ ❝r♦ss❡❞ s❡ts✮ ❛r❡ ♠♦r♣❤✐s♠s ♦❢ r❛❝❦s ❜❡✲
t✇❡❡♥ q✉❛♥❞❧❡s ✭r❡s♣✳ ❝r♦ss❡❞ s❡ts✮✳

❉❡✜♥✐t✐♦♥ ✶✳✶✸✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦ ❛♥❞ ❧❡t SX ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ❜✐❥❡❝t✐✈❡
❢✉♥t✐♦♥s X → X✳ ◆♦t✐❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❛♣ ϕ : X → SX ❞❡✜♥❡❞ ❛s
i 7→ i ⊲❴ : X → X✳

✭✶✮ ❚❤❡ ❣r♦✉♣ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ X ✐s

Aut(X) = {f ∈ SX | f(x ⊲ y) = f(x) ⊲ f(y)}.

✭✷✮ ❚❤❡ ✐♥♥❡r ❣r♦✉♣ ♦❢ X ✐s t❤❡ s✉❜❣r♦✉♣ ♦❢ SX ❣❡♥❡r❛t❡❞ ❜② ϕ(X)✳ ❲❡
✇r✐t❡ Inn(X) ❢♦r t❤❡ ✐♥♥❡r ❣r♦✉♣ ♦❢ X✳

❘❡♠❛r❦ ✶✳✶✹✳ ◆♦t✐❝❡ t❤❛t Inn(X) ✐s ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ♦❢ Aut(X)✳ ❆❧s♦
♥♦t✐❝❡ t❤❛t ✐♥ ❣❡♥❡r❛❧ t❤❡s❡ ❣r♦✉♣s ❛r❡ ♥♦t ❡q✉❛❧ ✭s❡❡ ❆♣♣❡♥❞✐① ❈✮✳

❉❡✜♥✐t✐♦♥ ✶✳✶✺✳ ▲❡t (X, ⊲) ❛ r❛❝❦✳ ❲❡ s❛② t❤❛t X ✐s ❢❛✐t❤❢✉❧ ✐❢ t❤❡ ❢✉♥❝t✐♦♥
ϕ : X → SX ✐s ✐♥❥❡❝t✐✈❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✻✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦✳ ❲❡ s❛② t❤❛t X ✐s ❞❡❝♦♠♣♦s❛❜❧❡
✐❢ ✐t ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ X = Y ⊔Z s✉❝❤ t❤❛t
Y ❛♥❞ Z ❛r❡ ❜♦t❤ s✉❜r❛❝❦s ♦❢ X✳ ❆❧s♦✱ X ✐s ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ✐❢ ✐t ✐s ♥♦t
❞❡❝♦♠♣♦s❛❜❧❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✼✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦✳ ❚❤❡ ♦r❜✐t ♦❢ x ∈ X ✐s t❤❡ ♦r❜✐t ♦❢
x ✉♥❞❡r t❤❡ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r ❣r♦✉♣✳ ❚❤❡♥✱

Ox = {y1 ⊲ (y2 ⊲ · · · ⊲ (ys ⊲ x) · · · ) | y1, y2, . . . , ys ∈ X}.

▲❡♠♠❛ ✶✳✶✽✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦✱ Y 6= X ❛ ♥♦♥✲❡♠♣t② s✉❜s❡t ❛♥❞ Z =
X − Y ✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ X = Y ⊔ Z ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X❀

✭✷✮ Y ⊲ Z ⊆ Z ❛♥❞ Z ⊲ Y ⊆ Y ❀

✭✸✮ X ⊲ Y ⊆ Y ✳

Pr♦♦❢✳ ❙❡❡ ❬❆●✵✸✱ ▲❡♠♠❛ ✶✳✶✹❪✳ �

▲❡♠♠❛ ✶✳✶✾✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ X ✐s ✐♥❞❡❝♦♠♣♦s❛❜❧❡❀

✭✷✮ X = Ox ❢♦r s♦♠❡ x ∈ X❀

✭✸✮ X = Ox ❢♦r ❛❧❧ x ∈ X✳

Pr♦♦❢✳ ❙❡❡ ❬❆●✵✸✱ ▲❡♠♠❛ ✶✳✶✺❪✳ �

❉❡✜♥✐t✐♦♥ ✶✳✷✵✳ ❆ ♥♦♥✲tr✐✈✐❛❧ r❛❝❦ X ✐s s✐♠♣❧❡ ✐❢ ❛♥② s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠
♦❢ r❛❝❦s π : X → Y s❛t✐s✜❡s #Y = 1 ♦r #Y = #X✳



✶✳✸✳ ❘❛❝❦s ❛♥❞ ❈♦❝②❝❧❡s ✺

❘❡♠❛r❦ ✶✳✷✶✳ ◆♦t✐❝❡ t❤❛t ❛ s✐♠♣❧❡ r❛❝❦ ✐s ✐♥❞❡❝♦♠♣♦s❛❜❧❡✱ s✐♥❝❡ ❡✈❡r②
❞❡❝♦♠♣♦s❛❜❧❡ r❛❝❦ ❤❛s ❛ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ♦♥t♦ t❤❡ tr✐✈✐❛❧ r❛❝❦ ✇✐t❤ t✇♦
❡❧❡♠❡♥ts✳

❚❤❡♦r❡♠ ✶✳✷✷✳ ❆♥② s✐♠♣❧❡ r❛❝❦ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣✿

✭✶✮ |X| = p ❛ ♣r✐♠❡✱ X ≃ Fp ❛ ♣❡r♠✉t❛t✐♦♥ r❛❝❦✱ t❤❛t ✐s x ⊲ y = y + 1✳

✭✷✮ |X| = pt✱ p ❛ ♣r✐♠❡✱ t ∈ N✱ X ≃ (Fp
t, T ) ✐s ❛♥ ❛✣♥❡ ❝r♦ss❡❞ s❡t ✇❤❡r❡

T ✐s t❤❡ ❝♦♠♣❛♥✐♦♥ ♠❛tr✐① ♦❢ ❛ ♠♦♥✐❝ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡
t✱ ❞✐✛❡r❡♥t ❢r♦♠ X ❛♥❞ X − 1✳

✭✸✮ |X| ✐s ❞✐✈✐s✐❜❧❡ ❜② ❛t ❧❡❛st t✇♦ ❞✐✛❡r❡♥t ♣r✐♠❡s✱ ❛♥❞ X ✐s t✇✐st❡❞ ❤♦♠♦❣❡✲
♥❡♦✉s✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐st ❛ ♥♦♥✲❛❜❡❧✐❛♥ s✐♠♣❧❡ ❣r♦✉♣ L✱ ❛ ♣♦s✐t✐✈❡ ✐♥t❡✲
❣❡r t ❛♥❞ x ∈ Aut(Lt)✱ ✇❤❡r❡ x ❛❝ts ❜② x·(l1, . . . , lt) = (θ(lt), l1, . . . , lt−1)
❢♦r s♦♠❡ θ ∈ Aut(L)✱ s✉❝❤ t❤❛t X = Ox(n) ✐s ❛♥ ♦r❜✐t ♦❢ t❤❡ ❛❝t✐♦♥ ⇀x

♦❢ N = Lt ♦♥ ✐ts❡❧❢ ✭n 6= m−1 ✐❢ t = 1 ❛♥❞ x ✐s ✐♥♥❡r✱ x(p) = mpm−1✮✳
❋✉rt❤❡r♠♦r❡✱ L ❛♥❞ t ❛r❡ ✉♥✐q✉❡✱ ❛♥❞ x ♦♥❧② ❞❡♣❡♥❞s ♦♥ ✐ts ❝♦♥❥✉❣❛❝②
❝❧❛ss ✐♥ Out(Lt)✳ ❍❡r❡✱ t❤❡ ❛❝t✐♦♥⇀x ✐s ❣✐✈❡♥ ❜② p ⇀x n = p n (x·p−1)✳

Pr♦♦❢✳ ❙❡❡ ❬❆●✵✸✱ ❚❤❡♦r❡♠s ✸✳✾ ❛♥❞ ✸✳✶✷❪✳ �

✶✳✸✳✷✳ ❈♦❝②❝❧❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✷✸✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦✳ ▲❡t n ∈ N✳ ❆ ♠❛♣ q : X × X →
GL(n,C) ✐s ❛ ♣r✐♥❝✐♣❛❧ ✷✲❝♦❝②❝❧❡ ♦❢ ❞❡❣r❡❡ n ✐❢

qx,y⊲zqy,z = qx⊲y,x⊲zqx,z,

❢♦r ❛❧❧ x, y, z ∈ X✳

❍❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥✿ ❧❡t V = CX ⊗ Cn ❛♥❞ ❝♦♥s✐❞❡r t❤❡
❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ cq : V ⊗ V → V ⊗ V ✱

cq(exv ⊗ eyw) = ex⊲yqx,y(w)⊗ exv,

x✱ y ∈ X✱ v ✱w ∈ Cn✳ ❚❤❡♥ q ✐s ❛ ✷✲❝♦❝②❝❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ cq ✐s ❛ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❜r❛✐❞ ❡q✉❛t✐♦♥✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦❢ (V, cq) ✐s
❞❡♥♦t❡❞ B(X, q)✳

❉❡✜♥✐t✐♦♥ ✶✳✷✹✳ ▲❡t (Xi)i∈I ❜❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ r❛❝❦ X ❛♥❞ ❧❡t n =
(ni)i∈I ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❚❤❡♥ ❛ ♥♦♥✲♣r✐♥❝✐♣❛❧ ✷✲❝♦❝②❝❧❡
♦❢ ❞❡❣r❡❡ n✱ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ (Xi)i∈I ✱ ✐s ❛ ❢❛♠✐❧② q = (qi)i∈I

♦❢ ♠❛♣s qi : X ×Xi → GL(ni,C) s✉❝❤ t❤❛t

✭✶✳✺✮ qi(x, y ⊲ z)qi(y, z) = qi(x ⊲ y, x ⊲ z)qi(x, z),

❢♦r ❛❧❧ x, y ∈ X✱ z ∈ Xi✱ i ∈ I✳

❆❣❛✐♥✱ t❤✐s ♥♦t✐♦♥ ✐s r❡❧❛t❡❞ t♦ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡s✳ ●✐✈❡♥ ❛ ❢❛♠✐❧② q✱
❧❡t V = ⊕i∈ICXi ⊗ Cni ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ cq : V ⊗ V →
V ⊗ V ✱

cq(exv ⊗ eyw) = ex⊲yqi(x, y)(w)⊗ exv,

x ∈ Xj ✱ y ∈ Xi✱ v ∈ Cnj ✱ w ∈ Cni ✳ ❚❤❡♥ q ✐s ❛ ✷✲❝♦❝②❝❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ cq ✐s
❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r❛✐❞ ❡q✉❛t✐♦♥✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛
♦❢ (V, cq) ✐s ❞❡♥♦t❡❞ B(X,q)✳



✻ ✶✳ Pr❡❧✐♠✐♥❛r✐❡s

▲❡t X ❜❡ ❛ r❛❝❦✱ q ❛ ♥♦♥✲♣r✐♥❝✐♣❛❧ ✷✲❝♦❝②❝❧❡ ❛♥❞ V ❛s ❛❜♦✈❡✳ ❉❡✜♥❡ ❛
♠❛♣ g : X → GL(V ) ❜②

✭✶✳✻✮ gx(eyw) = ex⊲yqi(x, y)(w), x ∈ X, y ∈ Xi, i ∈ I.

◆♦t❡ t❤❛t g : X → GL(V ) ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❛❝❦s✳

❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s ✇❤② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ❛ss♦❝✐❛t❡❞ t♦ r❛❝❦s ❛♥❞ ✷✲
❝♦❝②❝❧❡s ❛r❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s✳

❚❤❡♦r❡♠ ✶✳✷✺✳

✭✶✮ ▲❡t X ❜❡ ❛ r❛❝❦✱ (Xi)i∈I ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X✱ n ∈ NI ❛♥❞ q ❛ 2✲❝♦❝②❝❧❡
❛s ❛❜♦✈❡✳ ■❢ G ⊂ GL(V ) ✐s t❤❡ s✉❜❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② (gx)x∈X ✱ t❤❡♥
V ∈ G

GYD✳ ■❢ t❤❡ ✐♠❛❣❡ ♦❢ qi ❣❡♥❡r❛t❡s ❛ ✜♥✐t❡ s✉❜❣r♦✉♣ ♦❢ GL(ni,C)
❢♦r ❛❧❧ i ∈ I✱ t❤❡♥ G ✐s ✜♥✐t❡✳

✭✷✮ ❈♦♥✈❡rs❡❧②✱ ✐❢ G ✐s ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ V ∈ G
GYD✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ r❛❝❦

X✱ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ X = ⊔i∈IXi✱ n ∈ NI ❛♥❞ ♥♦♥✲♣r✐♥❝✐♣❛❧ ✷✲❝♦❝②❝❧❡
q s✉❝❤ t❤❛t V ✐s ❣✐✈❡♥ ❛s ❛❜♦✈❡ ❛♥❞ t❤❡ ❜r❛✐❞✐♥❣ c ∈ Aut(V ⊗V ) ✐♥ t❤❡
❝❛t❡❣♦r② G

GYD ❝♦✐♥❝✐❞❡s ✇✐t❤ cq✳

Pr♦♦❢✳ ❙❡❡ ❬❆●✵✸✱ ❚❤❡♦r❡♠ ✹✳✶✹❪✳ �

■❢X ✐s ✐♥❞❡❝♦♠♣♦s❛❜❧❡✱ t❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣♦ss✐❜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞
♦♥❧② ♣r✐♥❝✐♣❛❧ ✷✲❝♦❝②❝❧❡s ❛r✐s❡✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ♣r♦♦❢ ♦❢ ❬❆●✵✸✱ ❚❤❡♦r❡♠
✹✳✶✹❪ s❤♦✇s t❤❛t ✐❢ V ∈ G

GYD ❛s ✐♥ ♣❛rt ✭✷✮ ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ t❤❡ ❝♦❝②❝❧❡ q

✐s ❛❝t✉❛❧❧② ♣r✐♥❝✐♣❛❧✳

❋♦r ❛♥ ❡❛s② ✇❛② ♦❢ r❡❢❡r❡♥❝❡✱ ✇❡ s❤❛❧❧ s❛② t❤❛t ❛ ✷✲❝♦❝②❝❧❡ q ✐s ✜♥✐t❡ ✐❢
t❤❡ ✐♠❛❣❡ ♦❢ qi ❣❡♥❡r❛t❡s ❛ ✜♥✐t❡ s✉❜❣r♦✉♣ ♦❢ GL(ni,C) ❢♦r ❛❧❧ i ∈ I✳

❉❡✜♥✐t✐♦♥ ✶✳✷✻✳ ▲❡t X ❜❡ ❛ ✜♥✐t❡ r❛❝❦ ❛♥❞ q ❛ ✷✲❝♦❝②❝❧❡✳ ❲❡ s❛② t❤❛t
(X,q) ✐s ❢❛✐t❤❢✉❧ ✐❢ t❤❡ ♠♦r♣❤✐s♠ ♦❢ r❛❝❦s g : X → GL(V ) ❞❡✜♥❡❞ ✐♥ ✭✶✳✻✮
✐s ✐♥❥❡❝t✐✈❡❀ ✐❢ X ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ s❤❛❧❧ ❛❧s♦ s❛② t❤❛t q ✐s ❢❛✐t❤❢✉❧✳

❘❡♠❛r❦ ✶✳✷✼✳ ■❢ ❛ r❛❝❦ X ✐s ❢❛✐t❤❢✉❧✱ t❤❡♥ (X,q) ✐s ❢❛✐t❤❢✉❧ ❢♦r ❛♥② q✳

❲❡ ♣r❡s❡♥t ♥❡①t ❛♥ ✐♠♣♦rt❛♥t ❞❡✜♥✐t✐♦♥ ❝♦♥❝❡r♥✐♥❣ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r r❛❝❦s✳ ■t ❤❛s ❞❡❡♣ ❝♦♥s❡q✉❡♥❝❡s ✐♥ t❤❡ st✉❞② ♦❢ ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ♦✈❡r ♥♦♥✲❛❜❡❧✐❛♥ s✐♠♣❧❡ ❣r♦✉♣s ✭s❡❡ ❬❆❋●❱✵✽❪✮✳

❉❡✜♥✐t✐♦♥ ✶✳✷✽✳ ❲❡ s❤❛❧❧ s❛② t❤❛t ❛ ✜♥✐t❡ r❛❝❦ X ❝♦❧❧❛♣s❡s ✐❢ ❢♦r ❛♥② ✜♥✐t❡
❢❛✐t❤❢✉❧ ❝♦❝②❝❧❡ q ✭❛ss♦❝✐❛t❡❞ t♦ ❛♥② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X ❛♥❞ ♦❢ ❛♥② ❞❡❣r❡❡
n✮✱ dimB(X,q) =∞✳

❍❡r❡ ✐s ❛ ✉s❡❢✉❧ r❡❢♦r♠✉❧❛t✐♦♥✳

▲❡♠♠❛ ✶✳✷✾✳ ▲❡t X ❜❡ ❛ ✜♥✐t❡ r❛❝❦✳ ❆ss✉♠❡ t❤❛t ❢♦r ❛♥② ✜♥✐t❡ ❣r♦✉♣
G ❛♥❞ ❛♥② M ∈ G

GYD s✉❝❤ t❤❛t X ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ s✉❜r❛❝❦ ♦❢ sup(M)✱
dimB(M) =∞✳ ❚❤❡♥ X ❝♦❧❧❛♣s❡s✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s tr✉❡ ✐❢ X ✐s ❢❛✐t❤❢✉❧✳

Pr♦♦❢✳ ▲❡t q ❜❡ ❛ ✜♥✐t❡ ❢❛✐t❤❢✉❧ ❝♦❝②❝❧❡✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✺ ✭✶✮✱ t❤❡ ❜r❛✐❞❡❞
✈❡❝t♦r s♣❛❝❡ (V, cq) ❛r✐s❡s ❢r♦♠ ❛ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡ ♦✈❡r ❛ ✜♥✐t❡ ❣r♦✉♣
Γ❀ s✐♥❝❡ q ✐s ❢❛✐t❤❢✉❧✱ X ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ sup(V )✳

◆♦✇ ❛ss✉♠❡ t❤❛t X ✐s ❢❛✐t❤❢✉❧ ❛♥❞ ❝♦❧❧❛♣s❡s✳ ▲❡t G✱ M ❛s ✐♥ t❤❡ ❤②✲
♣♦t❤❡s✐s ♦❢ ▲❡♠♠❛ ✶✳✷✾✳ ❚❤❡ r❛❝❦ Y ❝♦♥str✉❝t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✺ ✭✐✐✮ ✐s



✶✳✸✳ ❘❛❝❦s ❛♥❞ ❈♦❝②❝❧❡s ✼

Y = ⊔i∈ICi✱ ✇❤❡r❡ M = ⊕i∈IMi ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ✐rr❡❞✉❝✐❜❧❡ s✉❜♠♦❞✲
✉❧❡s ❛♥❞ Ci = supMi✳ ■♥ ❣❡♥❡r❛❧✱ sup(M) 6= Y ✱ ❜✉t t❤❡r❡ ✐s ❛♥ ✐♥❥❡❝t✐✈❡
♠♦r♣❤✐s♠ ♦❢ r❛❝❦s sup(M) →֒ Y ✱ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛♥ ✐♥❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ♦❢
r❛❝❦s X →֒ Y ✳ ❙✐♥❝❡ X ✐s ❢❛✐t❤❢✉❧✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❝♦❝②❝❧❡ q ♦♥ Y t♦
X ✐s ❢❛✐t❤❢✉❧✳ �

✶✳✸✳✸✳ ❙♦♠❡ ❝♦♥str✉❝t✐♦♥s ♦❢ r❛❝❦s✳ ❲❡ ♥♦✇ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ❝♦♥str✉❝✲
t✐♦♥ t❤❛t ♠✐❣❤t ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✳ ▲❡t X ❜❡ ❛ r❛❝❦✱ ✇✐t❤ ♦♣❡r❛t✐♦♥
x ⊲ y = ϕx(y)✱ ❛♥❞ ❧❡t j ❛♥ ✐♥t❡❣❡r✳ ▲❡t X [j] ❜❡ ❛ ❞✐s❥♦✐♥t ❝♦♣② ♦❢ X✱ ✇✐t❤ ❛
✜①❡❞ ❜✐❥❡❝t✐♦♥ X → X [j]✱ x 7→ x[j]✱ x ∈ X✳ ❲❡ ❞❡✜♥❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ⊲ ✐♥
X [j] ❜②

✭✶✳✼✮ x[j] ⊲ y[j] = (ϕj
x(y))[j], x, y ∈ X.

◆♦t✐❝❡ t❤❛t X [j][k] ≃ X [jk]✱ ❢♦r j, k ∈ Z✱ ❜♦t❤ ♥♦♥✲③❡r♦✳

▲❡♠♠❛ ✶✳✸✵✳

✭✶✮ X [j] ✐s ❛ r❛❝❦✱ ❝❛❧❧❡❞ t❤❡ j✲t❤ ♣♦✇❡r ♦❢ X✳

✭✷✮ ❚❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ X [1,j] ♦❢ X ❛♥❞ X [j] ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✉❝❤ t❤❛t X

❛♥❞ X [j] ❛r❡ s✉❜r❛❝❦s✱ ❛♥❞

✭✶✳✽✮ x ⊲ y[j] = (x ⊲ y)[j], x[j] ⊲ y = ϕj
x(y), x, y ∈ X,

✐s ❛ r❛❝❦✳

X [1,j] ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛♥ ❛♠❛❧❣❛♠❛t❡❞ s✉♠ ♦❢ r❛❝❦s✳ ❚❤❡ r❛❝❦X [−1]

✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ✐♥✈❡rs❡ r❛❝❦ ♦❢X ❛♥❞ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞X ′❀ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❜✐❥❡❝t✐♦♥ ✐s ❞❡♥♦t❡❞ x 7→ x′✳ ◆♦t❡ X ′′ ≃ X✳ ❚❤❡ r❛❝❦ X [1,1] ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞
X(2) ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❬❆❋✵✾❪✳

Pr♦♦❢✳ ❲❡ ✜rst s❤♦✇ ✭✶✮ ❢♦r j = −1✳ ❚❤❡ s❡❧❢✲❞✐str✐❜✉t✐✈✐t② ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✼
❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕxϕy = ϕx⊲yϕx ❢♦r ❛❧❧ x✱ y ∈ X✱ ✐✛ ϕ−1

ϕ−1
x (u)

ϕ−1
x = ϕ−1

x ϕ−1
u

❢♦r ❛❧❧ x✱ u ∈ X ✭s❡tt✐♥❣ u = x ⊲ y✮❀ t❤✐s ✐s ✐♥ t✉r♥ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❡❧❢✲
❞✐str✐❜✉t✐✈✐t② ❢♦r X ′✳ ❲❡ ♥❡①t s❤♦✇ ✭❛✮ ❢♦r j ∈ N✳ ❲❡ ❝❤❡❝❦ r❡❝✉rs✐✈❡❧②
t❤❛t ϕxϕ

j
y = ϕj

x⊲yϕx✱ ϕ
j
xϕy = ϕ

ϕj
x(y)

ϕj
x✳ ❍❡♥❝❡ ϕj

xϕ
j
y = ϕj

ϕj
x(y)

ϕj
x✱ ❛♥❞ ✇❡

❤❛✈❡ s❡❧❢✲❞✐str✐❜✉t✐✈✐t② ❢♦r X [j]✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ❝❛s❡s✱ ✇❡ s❡❡ t❤❛t
s❡❧❢✲❞✐str✐❜✉t✐✈✐t② ❤♦❧❞s ❢♦r X [j]✱ ❢♦r ❛♥② 0 6= j ∈ Z✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✷✮ ✐s
str❛✐❣❤t❢♦r✇❛r❞✳ �

❊①❛♠♣❧❡ ✶✳✸✶✳ ▲❡t 0 6= j ∈ Z✳ ❆ss✉♠❡ t❤❛t X ✐s ❛ s✉❜r❛❝❦ ♦❢ G s✉❝❤ t❤❛t
t❤❡ ♠❛♣ ηj : X → G✱ x 7→ xj✱ ✐s ✐♥②❡❝t✐✈❡✳ ❚❤❡♥ t❤❡ ✐♠❛❣❡ Xj ♦❢ ηj ✐s

❛❧s♦ ❛ s✉❜r❛❝❦✱ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ r❛❝❦ X [j]✳ ■❢ X ∩Xj = ∅✱ t❤❡♥ t❤❡ ❞✐s❥♦✐♥t
✉♥✐♦♥ X ∪Xj ✐s ❛ s✉❜r❛❝❦ ♦❢ G ✐s♦♠♦r♣❤✐❝ t♦ X [1,j]✳





❈❤❛♣t❡r ✷

❚❡❝❤♥✐q✉❡s

▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ ❧❡t gG ❜❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ g ∈ G ✐♥ G✱ ❧❡t
CG(g) ❜❡ t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ g ✐♥ G ❛♥❞ ❧❡t (ρ, V ) ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ CG(g)✿ ρ ∈ Irr(CG(g))✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡ ρ ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ g ∈ Z(CG(g))✱
t❤❡ ❝❡♥t❡r ♦❢ CG(g)✱ t❤❡♥ ρ(g) ✐s ❛ s❝❛❧❛r ✭❜② ❙❝❤✉r ❧❡♠♠❛✮✳ ❚❤❡♥

✭✷✳✶✮ ρ(g) = 1 =⇒ dimB(C, ρ) =∞.

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ g ∈ G✳ ❲❡ s❛② t❤❛t t❤❡ ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss gG ✐s ♦❢ t②♣❡ ❇ ✐❢ dimB(gG, ρ) = ∞ ❢♦r ❡✈❡r② ρ ∈ Irr(CG(g))✳
❆ ✜♥✐t❡ ❣r♦✉♣ G ✐s ♦❢ t②♣❡ ❇ ✐❢ ❡✈❡r② ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦✈❡r G ✐s ✐♥✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧✳

◆♦t✐❝❡ t❤❛t ✐❢ (V, c) ✐s ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ W ⊆ V ✐s ❛ s✉❜s♣❛❝❡
s✉❝❤ t❤❛t c(W ⊗ W ) = W ⊗ W ✭s✉❝❤ W ✐s ❝❛❧❧❡❞ ❛ ❜r❛✐❞❡❞ s✉❜s♣❛❝❡ ♦❢
V ✮✱ t❤❡♥ B(W ) →֒ B(V ) ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❆❙✵✷❜✱ ❈♦r♦❧❧❛r② ✷✳✸❪✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✐❢ B(W ) ✐s ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ s♦ ✐s B(V )✳

✷✳✶✳ ❚❤❡ ❙✉❜❣r♦✉♣ ❚❡❝❤♥✐q✉❡

❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ ✐❢ W ✐s ❛ ❜r❛✐❞❡❞ s✉❜s♣❛❝❡ ♦❢ ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ V ✱
t❤❡♥ B(W ) →֒ B(V )✳ ▲❡t G ❜❡ ❛ ❣r♦✉♣✱ M ∈ G

GYD✳ ❍❡r❡ ❛r❡ t✇♦ ✇❛②s ♦❢
❣❡tt✐♥❣ ❜r❛✐❞❡❞ s✉❜s♣❛❝❡s ♦❢ M ✿

✭✶✮ ■❢ Y ✐s ❛ s✉❜r❛❝❦ ♦❢ sup(M)✱ t❤❡♥MY = ⊕y∈YMy ✐s ❛ ❜r❛✐❞❡❞ s✉❜s♣❛❝❡
♦❢ M ✳

✭✷✮ ▲❡t σ ∈ G✱ H ❛ s✉❜❣r♦✉♣ ♦❢ G s✉❝❤ t❤❛t σ ∈ H✳ ■❢ ρ ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ CG(σ)✱ t❤❡♥ M(σH , ρ|CH(σ)) ✐s ❛ ❜r❛✐❞❡❞ s✉❜s♣❛❝❡ ♦❢ M(σG, ρ)✳

❚❤❡s❡ ✇❛②s ❛r❡ ❛❝t✉❛❧❧② ❝❧♦s❡❧② r❡❧❛t❡❞✱ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳

▲❡♠♠❛ ✷✳✷✳ ■❢ Y ✐s ❛ s✉❜r❛❝❦ ♦❢ sup(M) ❛♥❞ K ✐s t❤❡ s✉❜❣r♦✉♣ ♦❢ G
❣❡♥❡r❛t❡❞ ❜② Y ✱ t❤❡♥ MY ✐s ❛♥ ♦❜❥❡❝t ✐♥ K

KYD✳

Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ MY ✐s K✲❣r❛❞❡❞✳ ❋✉rt❤❡r♠♦r❡✱
✐❢ k ∈ K ❛♥❞ y ∈ Y ✱ t❤❡♥ k ·My = Mk−1yk ⊆ MY ✱ s✐♥❝❡ Y ✐s ❝❧♦s❡❧② ✉♥❞❡r
❝♦♥❥✉❣❛t✐♦♥ ❜② K✳ �

✾



✶✵ ✷✳ ❚❡❝❤♥✐q✉❡s

❍❡r❡ ❛r❡ t✇♦ ❧❡♠♠❛s t❤❛t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r
❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤❡s❡ ❧❡♠♠❛s ✇❡r❡ ♣r♦✈❡❞ ✐♥ ❬❋●❱✵✾✱ ❆❋●❱✵✽❪✳

▲❡♠♠❛ ✷✳✸✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ H ⊆ G ❜❡ ❛ s✉❜❣r♦✉♣✳ ■❢ h ∈ H
❛♥❞ hH ✐s ♦❢ t②♣❡ ❇ t❤❡♥ hG ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❙✐♥❝❡M = IndG
CG(g)ρ = ⊕s∈hGVs✱ ✇❤❡r❡ Vs = {v ∈ V | δ(v) = s⊗v},

✇❡ ❤❛✈❡ t❤❛t MH = ⊕s∈hHVs ⊆M ✐s ❛ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡ ♦✈❡r H✳ �

▲❡♠♠❛ ✷✳✹✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ H ❜❡ ❛ s✉❜❣r♦✉♣ ♦❢ G✱ h ∈ H✳ ▲❡t
h1, h2 ∈ hG ∩ H ❛♥❞ ❛ss✉♠❡ t❤❛t h1 ❛♥❞ h2 ❛r❡ ♥♦t ❝♦♥❥✉❣❛t❡ ✐♥ H✳ ■❢
dimB(M(hH

1 , λ1)⊕M(hH
2 , λ2)) =∞ ❢♦r ❛❧❧ λi ∈ Irr(CH(hi))✱ ❢♦r 1 ≤ i ≤ 2✱

t❤❡♥ hG ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❆s ❜❡❢♦r❡✱ M = ⊕s∈hGVs✳ ▲❡t V = ⊕s∈hH
1
∪hH

2
Vs ⊆ M ✳ ❚❤❡♥✱ ❜②

▲❡♠♠❛ ✷✳✷✱ V ∈ H
HYD ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

✷✳✷✳ ❆❜❡❧✐❛♥ ❚❡❝❤♥✐q✉❡s

❋♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞ ❣✐✈❡♥ ✐♥ ❬●r❛✵✵❪✱ ✇❡ tr② t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ q✉❡st✐♦♥ ✐❢
t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦❢ V ✐s ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♦r ♥♦t ❜② ❧♦♦❦✐♥❣ ❢♦r ❜r❛✐❞❡❞
s✉❜s♣❛❝❡s W ♦❢ V ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡✳ ❯s✐♥❣ t❤❡ ❡①✐st✐♥❣ t❤❡♦r② ♦❢ t❤❡ ❲❡②❧✲
❍❡❝❦❡♥❜❡r❣❡r ❣r♦✉♣♦✐❞ ✭s❡❡ ❬❍❡❝✵✻✱ ❍❡❝✵✾❪✮✱ ✐t ✐s ❡❛s② t♦ ❞❡❝✐❞❡ ✐❢ t❤❡
◆✐❝❤♦❧s ❛❧❣❡❜r❛ ♦❢W ✐s ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛
♦❢ V ✐s ❛❧s♦ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✳

❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ ✉s❡❢✉❧ ♦❜s❡r✈❛t✐♦♥ t❤❛t ❧❡❛❞s ✉s t♦ ❧♦♦❦ ❢♦r
❜r❛✐❞❡❞ s✉❜s♣❛❝❡s ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡ ♦❢ ✐♥✜♥✐t❡✲t②♣❡✳

▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ g ∈ G✳ ▲❡t gG = {gi | i ∈ I} ❜❡ t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss ♦❢ g✱ ✇✐t❤ gi = xigx

−1
i ✱ ❛♥❞ ❧❡t ρ = (ρ, V ) ∈ Irr(CG(g)) ♦❢ ❞❡❣r❡❡ ✶✳

❋✐① w ∈ V ❛♥❞ ❞❡✜♥❡ vi = xi ⊗ w ∈ V (g, ρ)✱ ✇❤❡r❡ χ = ρ ∈ Irr(CG(g)) ✐s ❛
❝❤❛r❛❝t❡r✳ ▲❡t T ⊆ I ❜❡ ❛ s✉❜s❡t s✉❝❤ t❤❛t gigj = gjgi ❢♦r ❛❧❧ i, j ∈ T ✳ ▲❡t
VT ⊆ V (g, χ) ❜❡ t❤❡ s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② {vi | i ∈ T}✳ ❚❤❡♥ t❤❡ ❜r❛✐❞✐♥❣
r❡str✐❝t❡❞ t♦ VT ✐s ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡✱ ❣✐✈❡♥ ❜②

✭✷✳✷✮ c(vi ⊗ vj) = qijvj ⊗ vi, ✇❤❡r❡ qij = χ(x−1
j gixj) ∈ C.

■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

c(vi ⊗ vj) = givj ⊗ vi = (xjx
−1
j gixj ⊗ w)⊗ vi

= (xj ⊗ x
−1
j gixjw)⊗ vi = (xj ⊗ χ(x−1

j gixj)w)⊗ vi,

s✐♥❝❡ x−1
j gixj ∈ CG(g)✳

❲❡ ✇r✐t❡ q = qT = (qij)✳ ■❢ T ⊆ I ❛♥❞ T ′ ⊆ C✱ T ′ = {gi | i ∈ T}✱ t❤❡♥
✇❡ ♠❛❦❡ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ❜② ❝❛❧❧✐♥❣ qT ′ = qT ❛♥❞ VT ′ = VT ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✇❛s ♣r♦✈❡❞ ✐♥ ❬❍❡❝✵✻❪ s❤♦✇✐♥❣ t❤❛t s♦♠❡ ❤②✲
♣♦t❤❡s❡s ✐♥ ❬❆❙✵✵✱ ❚❤❡♦r❡♠ ✶❪ ✇❡r❡ ✉♥♥❡❝❡ss❛r②✳

❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t (V, c) ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❈❛rt❛♥ t②♣❡✳ ❚❤❡♥
dimB(V ) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❈❛rt❛♥ ♠❛tr✐① ✐s ♦❢ ✜♥✐t❡ t②♣❡✳

Pr♦♦❢✳ ❙❡❡ ❬❍❡❝✵✻✱ ❚❤❡♦r❡♠ ✹❪✳ �



✷✳✷✳ ❆❜❡❧✐❛♥ ❚❡❝❤♥✐q✉❡s ✶✶

✷✳✷✳✶✳ ❚❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❞✐❛❣♦♥❛❧ ❜r❛✐❞✐♥❣s✳ ❲❡ r❡❝❛❧❧ t❤r❡❡ ✉s❡❢✉❧
♣r♦♣♦s✐t✐♦♥s ❢r♦♠ t❤❡ ❍❡❝❦❡r♥❜❡r❣❡r✬s ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦❢
❞✐❛❣♦♥❛❧ t②♣❡ ✭s❡❡ ❬❍❡❝✵✾✱ ❍❡❝✵✻❪✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ▲❡t W ❜❡ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐✲

❛❣♦♥❛❧ t②♣❡✳ ❆ss✉♠❡ t❤❛t t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ♦❢ W ✐s ❣✐✈❡♥ ❜② ❞ ❞
α β α

❛♥❞ s✉♣♣♦s❡ t❤❛t dimB(W ) < ∞✳ ❚❤❡♥ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ✐s ❛♠♦♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ♦♥❡s✿

❉②♥❦✐♥ ❞✐❛❣r❛♠ ✜①❡❞ ♣❛r❛♠❡t❡r

❢ ❢

α α
α ∈ C×

❢ ❢

α α−1 α
α 6= 1

❢ ❢

−1 α −1
α 6= ±1

❢ ❢

−α−2

−α3 −α−2

α ∈ R12

❢ ❢

−α−2

α −α−2

α ∈ R12

Pr♦♦❢✳ ❇② ✐♥s♣❡❝t✐♦♥ ♦♥ ❬❍❡❝✵✾✱ ❚❛❜❧❡ ✶❪✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✼✳ ▲❡t W ❜❡ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥♥❡❝t❡❞ ❜r❛✐❞❡❞ ✈❡❝t♦r
s♣❛❝❡ ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡✳ ❆ss✉♠❡ t❤❛t t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ♦❢ W ✐s ❣✐✈❡♥ ❜②

❞ ❞✁
✁
❞

❆
❆

α

α

α

β β

γ

❛♥❞ s✉♣♣♦s❡ t❤❛t dimB(W ) < ∞✳ ❚❤❡♥ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ✐s ❛♠♦♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ♦♥❡s✿

✭✶✮ α = −1✱ β = q✱ γ = q−2 ❢♦r q /∈ {1} ∪ R2 ∪R3❀

✭✷✮ α = −1✱ β = γ ∈ R3❀

✭✸✮ α = −1✱ β ∈ R3✱ γ = 1✳

Pr♦♦❢✳ ❇② ✐♥s♣❡❝t✐♦♥ ♦♥ ❬❍❡❝✵✾✱ ❚❛❜❧❡ ✷❪✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✽✳ ▲❡t W ❜❡ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡ ❛♥❞
❛ss✉♠❡ t❤❛t t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ♦❢ W ❝♦♥t❛✐♥s✿

✭✶✮ ❛ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤ ≥ 4❀ ♦r

✭✷✮ ❛ ✈❡rt❡① ✇✐t❤ ✈❛❧❡♥❝② ≥ 4✳

❚❤❡♥ dimB(W ) =∞✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ❬❍❡❝✵✾❪✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✜rst ✐t❡♠ ✐s ❬❍❡❝✵✾✱ ▲❡♠♠❛
✷✵❪✳ �



✶✷ ✷✳ ❚❡❝❤♥✐q✉❡s

✷✳✷✳✷✳ ❘❡❛❧ ❛♥❞ q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡
♣r❡s❡♥t ❛ ✉s❡❢✉❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❜r❛✐❞❡❞ ✈❡❝t♦r s♣❛❝❡s ♦❢ ❈❛rt❛♥ t②♣❡✳

❉❡✜♥✐t✐♦♥ ✷✳✾✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ g ∈ G✳ ❈❧❛ss✐❝❛❧❧②✱ g ∈ G ❛♥❞
gG ❛r❡ ❝❛❧❧❡❞ r❡❛❧ ✐❢ g−1 ∈ gG✳ ■❢ g ✐s ♥♦t r❡❛❧✱ ❜✉t ✐t ✐s ❝♦♥❥✉❣❛t❡ t♦ gs 6= g
❢♦r s♦♠❡ s ∈ N✱ t❤❡♥ ✇❡ s❛② t❤❛t g ∈ G ❛♥❞ gG ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ s✳

▲❡♠♠❛ ✷✳✶✵✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ g ∈ G ❛♥❞ ρ ∈ Irr(CG(g))✳ ❆ss✉♠❡
t❤❛t dimB(gG, ρ) <∞✳ ■❢ g ✐s r❡❛❧ t❤❡♥ ρ(g) = −1✳

Pr♦♦❢✳ ❙❡❡ ❬❆❩✵✼✱ ❈♦r♦❧❧❛r② ✷✳✷❪✳ �

❚❤❡ ♥❡①t ▲❡♠♠❛ ✐s ❛ ✈❛r✐❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✶✵✳ ❚❤✐s r❡s✉❧t ✇❛s ♣r♦✈❡❞
✐♥ ❬❋●❱✵✼❪✳ ❆ s✐♠✐❧❛r r❡s✉❧t ✇❛s ♣r♦✈❡❞ ✐♥ ❬❆❋✵✼❛✱ ▲❡♠♠❛s ✶✳✽ ❛♥❞ ✶✳✾❪✳

▲❡♠♠❛ ✷✳✶✶✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ g ∈ G ❛♥❞ ρ ∈ Irr(CG(g))✳ ❆ss✉♠❡
t❤❛t dimB(gG, ρ) < ∞✳ ■❢ g ✐s q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ n t❤❡♥ ρ(g) = −1 ♦r

ρ(g) ∈ R3✳ ▼♦r❡♦✈❡r✱ ✐❢ gn2

6= g t❤❡♥ ρ(g) = −1✳

Pr♦♦❢✳ ▲❡t α = ρ(g) ❛♥❞ ❧❡t m ❜❡ t❤❡ ♦r❞❡r ♦❢ α✳ ❲❡ ❝♦♥s✐❞❡r ✜rst t❤❡
❝❛s❡ gn2

= g✳ ❆❢t❡r ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✻ ✇❡ ♦❜t❛✐♥ t❤❛t αn+ 1

n = 1 ♦r
αn+ 1

n
+1 = 1✳ ■❢ m | n2 + 1 t❤❡♥✱ s✐♥❝❡ m ❞✐✈✐❞❡s n2 − 1✱ α = −1 ✭α = 1

✇♦✉❧❞ ✐♠♣❧② dimB(gG, ρ) =∞✮✳ ■❢ m | n2 + n+ 1 t❤❡♥ m | n+ 2 ❛♥❞ t❤❡♥
α ∈ R3✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ gn2

6= g✱ ✐✳❡✳ g✱ gn ❛♥❞ gn2

❛r❡ ❞✐✛❡r❡♥t
❛♥❞ t❤❡② ❜❡❧♦♥❣ t♦ CG(g) ∩ gG✳ ❚❤❡♥✱ ✐❢ T = {g, gn, gn2

} ✇❡ ❤❛✈❡

qT =






α α
1

n α
1

n2

αn α α
1

n

αn2

αn α




 .

❇② Pr♦♣♦s✐t✐♦♥s ✷✳✼ ❛♥❞ ✷✳✻✱ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t✐❡s ❢♦r qT t♦ ♣r♦❞✉❝❡ ❛ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ❛r❡✿

• α = −1✱ ♦r

• α
1

n
+n = 1 ❛♥❞ α

1

n2 +n2

= 1 ✭❜✉t t❤❡♥ α = −1✮✱ ♦r

• α
1

n
+n = 1 ❛♥❞ α

1

n2 +n2+1 = 1 ✭❜✉t t❤❡♥ α = 1✮✱ ♦r

• α
1

n2 +n2

= 1 ❛♥❞ α
1

n
+n+1 = 1 ✭❜✉t t❤❡♥ α = 1✮✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

✷✳✷✳✸✳ ❈♦✉♥t✐♥❣ ❡✐❣❡♥✈❛❧✉❡s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❧❡♠♠❛ ❢♦r
tr❡❛t✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ✐♥✈♦❧✉t✐♦♥s✳ ❚❤✐s ✇❛s ♣r♦✈❡❞ ✐♥ ❬❆❋●❱✵✾❝❪✳

▲❡♠♠❛ ✷✳✶✷✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ g ∈ G ❛♥ ✐♥✈♦❧✉t✐♦♥✱ ❛♥❞ (ρ, V ) ∈
Irr(CG(g)) ♦❢ ❞❡❣r❡❡ n✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥✈♦❧✉t✐♦♥ x s✉❝❤ t❤❛t
h = xgx−1 ❛♥❞ gh = hg✳ ❆❧s♦ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜❛s✐s

v1, . . . , vr, vr+1, . . . , vn

♦❢ V s✉❝❤ t❤❛t ρ(g)vi = −vi ❢♦r ❛❧❧ i ❛♥❞

ρ(h)vi =

{

vi 1 ≤ i ≤ r,

−vi r + 1 ≤ r ≤ n.



✷✳✷✳ ❆❜❡❧✐❛♥ ❚❡❝❤♥✐q✉❡s ✶✸

■❢ 4 ≤ r ≤ n− 1 ♦r 1 ≤ r ≤ n− 4✱ t❤❡♥ dimB(gG, ρ) =∞✳

Pr♦♦❢✳ ▲❡t x1 = 1 ❛♥❞ x2 = x✳ ❉❡✜♥❡ W ❛s t❤❡ s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜②
xivj = xi ⊗ vj ✱ ✇❤❡r❡ i = 1, 2 ❛♥❞ 1 ≤ j ≤ n✳ ❚❤❡♥✱ W ✐s ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r
s♣❛❝❡ ✇✐t❤ ❜r❛✐❞✐♥❣ c(xivj ⊗ xivj) = −xivj ⊗ xivj ✱ ❛♥❞✱ ❢♦r i 6= j✱

c(x1vi ⊗ x2vj) = x2ρ(h)vj ⊗ x1vi,

c(x2vj ⊗ x1vi) = x1ρ(h)vi ⊗ x2vj .

❚❤❡r❡❢♦r❡✱ ❢♦r i, j s✉❝❤ t❤❛t 1 ≤ i ≤ r✱ r + 1 ≤ j ≤ n✱ ✇❡ ❤❛✈❡

c(xkvi ⊗ xlvj) = (−1)kxlvj ⊗ xkv1.

❆♥❞ t❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✽✱ ❜❡❝❛✉s❡ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠
❤❛s ❛t ❧❡❛st ♦♥❡ ✈❡rt❡① ✇✐t❤ ✈❛❧❡♥❝② > 3✳ �

●✐✈❡♥ ❛ ❣r♦✉♣ G ❛♥❞ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ρ ♦❢ G✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡
❡①✐sts ❛♥ ✐♥t❡r❡st✐♥❣ ❢♦r♠✉❧❛ t❤❛t ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢
❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ ρ(g) ❢♦r ❛♥② g ∈ G✳ ❲✐t❤ t❤✐s ❢♦r♠✉❧❛ ❛t ❤❛♥❞ ✐t ✐s ♥♦t
❞✐✣❝✉❧t t♦ ❛♣♣❧② ▲❡♠♠❛ ✷✳✶✷✳

❘❡♠❛r❦ ✷✳✶✸✳ ▲❡t g ∈ G ♦❢ ♦r❞❡r m ❛♥❞ (ρ, V ) ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G ♦❢
❞❡❣r❡❡ n✱ ✇✐t❤ ❝❤❛r❛❝t❡r χ✳ ▲❡t ξ ❜❡ ❛ ♣r✐♠✐t✐✈❡ r♦♦t ♦❢ 1 ♦❢ ♦r❞❡r m✳ ▲❡t ai✱
i = 0, . . . ,m− 1✱ ❜❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ξi ✭ai = 0 ♠❡❛♥s t❤❛t
ξi ✐s ♥♦t ❛♥ ❡✐❣❡♥✈❛❧✉❡✮✳ ❚❤❡♥✱










a0

a1

a2
✳✳✳

am−1










= V (ξ)−1










χ(1)
χ(g)
χ(g2)

✳✳✳
χ(gm−1)










,

✇❤❡r❡

V (ξ) =










1 1 1 1 1
1 ξ ξ2 . . . ξm−1

1 ξ2 ξ4 · · · ξ2(m−1)

✳✳✳
✳✳✳

✳✳✳
✳✳✳

1 ξm−1 ξ2(m−1) · · · ξ(m−1)(m−1)










✐s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❱❛♥❞❡r♠♦♥❞❡ ♠❛tr✐①✳ ❚❤✐s ✐s s♦ ❜❡❝❛✉s❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
♦❢ t❤❡ ♠❛tr✐① ρ(gj) ❛r❡ ❥✉st t❤❡ jt❤ ♣♦✇❡rs ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ρ(g) ✇✐t❤
❛♣♣r♦♣r✐❛t❡ ♠✉❧t✐♣❧✐❝✐t✐❡s✳ ❚❤✉s χ(gj) =

∑
ai(ξ

i)j✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② ✇❤❛t t❤❡
♠❛tr✐① ❡q✉❛t✐♦♥ s❛②s✳

✷✳✷✳✹✳ ❚❤❡ A4 t❡❝❤♥✐q✉❡s✳ ❲❡ ❜❡❣✐♥ ❜② r❡❝❛❧❧✐♥❣ ❛ s✐♠♣❧❡ ❜✉t ✈❡r② ✉s❡❢✉❧
r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ ❛❜❡❧✐❛♥ s✉❜r❛❝❦s ✇✐t❤ t❤r❡❡ ❡❧❡♠❡♥ts✳

▲❡♠♠❛ ✷✳✶✹✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✳ ❆ss✉♠❡ t❤❛t g0, g1, g2 ∈ G ❛r❡
❝♦♥❥✉❣❛t❡ ❛♥❞ ❝♦♠♠✉t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ t❤❛t x1x2 ❛♥❞ x2x1 ❜❡❧♦♥❣ t♦ CG(g0)
✭✇❤❡r❡ xi ❛r❡ s✉❝❤ t❤❛t gi = xig0x

−1
i ❢♦r i = 1, 2✮✱ ❛♥❞ t❤❛t g1g2 = gm

0 ❢♦r

❛♥ ♦❞❞ ✐♥t❡❣❡r m✳ ❚❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss gG
0 ✐s ♦❢ t②♣❡ ❇✳



✶✹ ✷✳ ❚❡❝❤♥✐q✉❡s

Pr♦♦❢✳ ▲❡t (V, ρ) ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ CG(g0)✳ ❙✐♥❝❡ gigj =
gjgi✱ t❤❡r❡ ❡①✐sts 0 6= w ∈ V ❛♥❞ λi ∈ C s✉❝❤ t❤❛t ρ(gi)(w) = λiw ❢♦r
i = 0, 1, 2✳ ❋♦r ❛♥② 0 ≤ i, j ≤ 2✱ ✇❡ ❝❛❧❧ γij = x−1

j gixj ✭❤❡r❡ x0 = 1✮✳ ■t ✐s
❡❛s② t♦ s❡❡ t❤❛t γij ∈ CG(g0) ❛♥❞ t❤❛t

γ = (γij) =





g0 g2 g1
g1 g0 gs

1g
−1
0

g2 gs
2g

−1
0 g0



 .

❚❤❡♥✱ W = s♣❛♥C{x0 ⊗ w, x1 ⊗ w, x2 ⊗ w} ✐s ❛ ❜r❛✐❞❡❞ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢
M(gG

0 , ρ) ♦❢ ❛❜❡❧✐❛♥ t②♣❡ ✇✐t❤ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ❣✐✈❡♥ ❜②

❞ ❞✁
✁
❞

❆
❆

λ0

λ0

λ0

α α

β

✇❤❡r❡ α = λs
0 ❛♥❞ β = λs2−2

0 ✳ ❋♦r B(gG, ρ) t♦ ❜❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ✇❡
s❤♦✉❧❞ ❤❛✈❡ λ0 = −1 ✭s❡❡ ❬❍❡❝✵✾✱ ❚❛❜❧❡ ✷❪✮ ❛♥❞ s s❤♦✉❧❞ ❜❡ ❛♥ ❡✈❡♥ ♥✉♠❜❡r✱
✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s✳ �

❍❡r❡ ❛r❡ t❤❡ ✜rst t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ▲❡♠♠❛ ✷✳✶✹✳

▲❡♠♠❛ ✷✳✶✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4) ✐♥ t❤❡ ❆❧t❡r♥❛t✐♥❣ ❣r♦✉♣ A4

✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❯s❡ ▲❡♠♠❛ ✷✳✶✹ ✇✐t❤ g0 = (1 2)(3 4)✱ g1 = (1 3)(2 4)✱ g2 = (1 4)(2 3)✱
x1 = (2 4 3) ❛♥❞ x2 = x−1

1 ✭✇❡ ❤❛✈❡ g1g2 = g0 ✐♥ t❤✐s ✇❛②✮✳ �

▲❡♠♠❛ ✷✳✶✻✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ ❧❡t g, h ∈ G ✇✐t❤ g ❛♥ ✐♥✈♦❧✉t✐♦♥✱
h ❛♥❞ gh ♦❢ ♦r❞❡r 3✳ ❚❤❡♥✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss gG ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❚❤❡ ❆❧t❡r♥❛t✐♥❣ ❣r♦✉♣ A4 ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ❜② ❣❡♥❡r❛t♦rs g ❛♥❞
h ❛♥❞ r❡❧❛t✐♦♥s g2 = h3 = (gh)3 = 1✳ ❚❤✉s✱ t❤❡ s✉❜❣r♦✉♣ H = 〈g, h〉
♦❢ G ✐s ✐s♦♠♦r♣❤✐❝ t♦ A4✳ ■♥❞❡❡❞✱ t❤❡ ❤②♣♦t❤❡s✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❡❧❡♠❡♥ts
g, h, h2, gh, (gh)2 ♦❢ G ❛r❡ ❛❧❧ ❞✐st✐♥❝t✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s
✷✳✸ ❛♥❞ ✷✳✶✺✳ �

❚❤❡r❡ ❡①✐sts ❛ ❣♦♦❞ ✇❛② ♦❢ ❝❤❡❝❦✐♥❣ ✐❢ A4 ✐s ❛ s✉❜❣r♦✉♣ ♦❢ ❛ ❣✐✈❡♥ ❣r♦✉♣
G✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✜rst r❡❝❛❧❧ ❛ ✈❡r② ✉s❡❢✉❧ r❡s✉❧t ❢r♦♠ t❤❡ ❝❤❛r❛❝t❡r t❤❡♦r②
♦❢ ❣r♦✉♣s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✼✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ t❛❦❡ t❤r❡❡ ❡❧❡♠❡♥ts g1, g2, g3
✐♥ G ❚❤❡♥✱ ✐❢ ξ(gG

i , g
G
j , g

G
k ) ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ❛ ❣✐✈❡♥ ❡❧❡♠❡♥t ♦❢ gG

k

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛♥ ♦r❞❡r❡❞ ♣r♦❞✉❝t ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ gG
i ❛♥❞ ❛♥ ❡❧❡♠❡♥t

♦❢ gG
j ✱ ✇❡ ❤❛✈❡

ξ(gG
i , g

G
j , g

G
k ) =

|gG
i ||g

G
j |

|G|

∑

χ

χ(gi)χ(gj)χ(gk)

χ(1)
,

✇❤❡r❡ χ r✉♥s ♦✈❡r Irr(G)✳

Pr♦♦❢✳ ❙❡❡ ❬❏▲✵✶✱ ❚❤❡♦r❡♠ ✸✵✳✹❪✳ �

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✳



✷✳✸✳ ◆♦♥✲❛❜❡❧✐❛♥ ❚❡❝❤♥✐q✉❡s ✶✺

▲❡♠♠❛ ✷✳✶✽✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ ❧❡t C ❜❡ ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ✐♥✈♦❧✉✲
t✐♦♥s ❛♥❞ A,B ❜❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ❡❧❡♠❡♥ts ♦❢ ♦r❞❡r 3✳ ■❢ ξ(C,A,B) > 0
t❤❡♥ C ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✼✱ t❤❡r❡ ❡①✐sts c ∈ C✱ a ∈ A✱ b ∈ B s✉❝❤ t❤❛t
ca = b✳ ❚❤❡♥✱ ▲❡♠♠❛ ✷✳✶✻ ❛♣♣❧✐❡s✳ �

❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✶✹ ✐s ❢♦r t❤❡ ❣r♦✉♣ A4 × Cr✱ ❢♦r r ❛♥
♦❞❞ ✐♥t❡❣❡r✳

▲❡♠♠❛ ✷✳✶✾✳ ❆ss✉♠❡ G = A4×Cr ✇✐t❤ r ❛♥ ♦❞❞ ✐♥t❡❣❡r✳ ■❢ Cr = 〈τ〉 ❛♥❞
σ = (1 2)(3 4)× τ ✱ t❤❡♥ σG ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❯s❡ ▲❡♠♠❛ ✷✳✶✹ ✇✐t❤ g1 = (1 2)(3 4) × τ ✱ g2 = (1 3)(2 4) × τ ✱ g3 =
(1 4)(2 3)× τ ✱ x1 = 1✱ x2 = (1 3 2)× 1✱ x3 = x−1

2 ❛♥❞ h = r + 2✳ �

✷✳✸✳ ◆♦♥✲❛❜❡❧✐❛♥ ❚❡❝❤♥✐q✉❡s

✷✳✸✳✶✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ ❉✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ ♣♦✇❡r❢✉❧ r❡s✉❧t ♦❢
❍❡❝❦❡♥❜❡r❣❡r ❛♥❞ ❙❝❤♥❡✐❞❡r✱ t❤❡ ♣r♦♦❢ ♦❢ ✇❤✐❝❤ ✉s❡s t❤❡ ♠❛✐♥ ❚❤❡♦r❡♠ ♦❢
❬❆❍❙✵✽❪✳

❚❤❡♦r❡♠ ✷✳✷✵✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ gi ∈ G ❛♥❞ ρi ∈ Irr(CG(gi)) ❢♦r
1 ≤ i ≤ 2✳ ❆ss✉♠❡ t❤❛t M(gG

1 , ρ1) ❛♥❞ M(gG
2 , ρ2) ❛r❡ ✐rr❡❞✉❝✐❜❧❡ ♦❜❥❡❝ts ✐♥

G
GYD s✉❝❤ t❤❛t dimB(M(gG

1 , ρ1) ⊕M(gG
2 , ρ2)) < ∞✳ ❚❤❡♥✱ (rs)2 = (sr)2

❢♦r ❛❧❧ r ∈ gG
1 ✱ s ∈ gG

2 ✳

Pr♦♦❢✳ ❙❡❡ ❬❍❙✵✽✱ ❚❤❡♦r❡♠ ✽✳✻❪✳ �

❉❡✜♥✐t✐♦♥ ✷✳✷✶✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ g ∈ G✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss
gG ✐s ♦❢ t②♣❡ ❉ ✐❢ t❤❡r❡ ❡①✐st r, s ∈ gG s✉❝❤ t❤❛t (rs)2 6= (sr)2 ❛♥❞ r ❛♥❞
s ❛r❡ ♥♦t ❝♦♥❥✉❣❛t❡ ✐♥ t❤❡ s✉❜❣r♦✉♣ H = 〈r, s〉 ♦❢ G✳ ❆ ✜♥✐t❡ ❣r♦✉♣ G ✐s ♦❢
t②♣❡ ❉ ✐❢ ❡✈❡r② ♥♦♥✲tr✐✈✐❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s ♦❢ t②♣❡ ❉✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ g ∈ G✳ ■❢ t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss gG ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ ✐t ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✵ ❛♥❞ ▲❡♠♠❛ ✷✳✹✳ �

▲❡♠♠❛ ✷✳✷✸✳ ▲❡t f : G → H ❜❡ ❛ ❣r♦✉♣ ❡♣✐♠♦r♣❤✐s♠ ❛♥❞ ❧❡t g ∈ G✱
h ∈ H s✉❝❤ t❤❛t f(g) = h✳ ■❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss hH ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss gG ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ▲❡t h ∈ H✳ ❙✐♥❝❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss hH ✐s ♦❢ t②♣❡ ❉✱ t❤❡r❡ ❡①✐st
r′ ❛♥❞ s′ ✐♥ hH s✉❝❤ t❤❛t (r′s′)2 6= (s′r′)2 ❛♥❞ r′ ❛♥❞ s′ ❞♦ ♥♦t ❜❡❧♦♥❣ t♦
t❤❡ s❛♠❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ ❛ s✉❜❣r♦✉♣ S ♦❢ H✳ ❙✐♥❝❡ f ✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠✱
t❤❡r❡ ❡①✐st r ❛♥❞ s ✐♥ G s✉❝❤ t❤❛t f(r) = r′✱ f(s) = s′✳ ❚❤❡♥ r ❛♥❞ s ❜❡❧♦♥❣
t♦ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ g✱ (rs)2 6= (sr)2✱ ❛♥❞ r ❛♥❞ s ❛r❡ ♥♦t ❝♦♥❥✉❣❛t❡ ✐♥
f−1(S)✳ ◆♦✇✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ �

▲❡♠♠❛ ✷✳✷✹✳ ▲❡t

0→ K
i
→ G

p
→ H → 0



✶✻ ✷✳ ❚❡❝❤♥✐q✉❡s

❜❡ ❛♥ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❣r♦✉♣s✳ ▲❡t g ∈ G ♦❢ ♦r❞❡r m✳ ■❢ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ H ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r k✱ ❢♦r ❡✈❡r② k s✉❝❤ t❤❛t
k | m ❛♥❞ m

k | #K ✐s ♦❢ t②♣❡ D✱ t❤❡♥ t❤❡ ❝❧❛ss gG ✐s ❛❧s♦ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ■❢ g ∈ G ❤❛s ♦r❞❡r m ❛♥❞ h = p(g) ❤❛s ♦r❞❡r k✱ t❤❡♥ k | m✳ ❆❧s♦✱
s✐♥❝❡ gk ∈ ker(p) = i(K) ❛♥❞ i ✐s ❛ ♠♦♥♦♠♦r♣❤✐s♠✱ ✇❡ ❤❛✈❡ t❤❛t m

k = m
(m,k) |

#K. ◆♦✇✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✸✳ �

▲❡♠♠❛ ✷✳✷✺✳ ▲❡t G = H × K ❜❡ ❛ ❞✐r❡❝t ♣r♦❞✉❝t ♦❢ ✜♥✐t❡ ❣r♦✉♣s✳ ▲❡t
h ∈ H ❛♥❞ k ∈ K✳ ■❢ hH ✐s ♦❢ t②♣❡ ❉ t❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ h× k ✐s ♦❢
t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✸✳ �

❈♦r♦❧❧❛r② ✷✳✷✻✳ ▲❡t G ❜❡ ❛♥② ✜♥✐t❡ ❣r♦✉♣✳ ❆ss✉♠❡ t❤❛t t❤❡ s✐♠♣❧❡ ❢❛❝t♦rs
♦❢ G ✐♥ t❤❡ ❏♦r❞❛♥✲❍ö❧❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ❛r❡ ♦❢ t②♣❡ ❉✳ ❚❤❡♥ G ✐s ♦❢
t②♣❡ ❉✳

✷✳✸✳✷✳ ❚❤❡ ❞✐❤❡❞r❛❧ ❣r♦✉♣ ❛♥❞ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ✐♥✈♦❧✉t✐♦♥s✳ ▲❡t
n ❜❡ ❛♥ ❡✈❡♥ ♥✉♠❜❡r✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❞✐❤❡❞r❛❧ ❣r♦✉♣ ♦❢ 2n ❡❧❡♠❡♥ts ✐s ❣✐✈❡♥
❜②

D2n = 〈r, s | rn = s2 = 1, srs = r−1〉.

❚❤❡ ✐♥✈♦❧✉t✐♦♥s ♦❢ D2n ❜❡❧♦♥❣ t♦ t❤❡s❡ t❤r❡❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s {rn/2}✱ {r2is |
0 ≤ i ≤ n

2 − 1} ❛♥❞ {r2i+1s | 0 ≤ i ≤ n
2 − 1}✳

▲❡♠♠❛ ✷✳✷✼✳ ▲❡t n > 4 ❜❡ ❛♥ ❡✈❡♥ ♥✉♠❜❡r✳ ▲❡t σ1 = s ❛♥❞ σ2 = rs
❜❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✐❤❡❞r❛❧ ❣r♦✉♣ ♦❢ ♦r❞❡r 2n✳ ❚❤❡♥ σ1 ❛♥❞ σ2 ❜❡❧♦♥❣ t♦
❞✐✛❡r❡♥t ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ (σ1σ2)

2 6= (σ2σ1)
2✳ �

▲❡♠♠❛ ✷✳✷✽✳ ▲❡t A ❜❡ ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ✐♥✈♦❧✉t✐♦♥s ✐♥ ❛ ✜♥✐t❡ ❣r♦✉♣ G
❛♥❞ ❧❡t B ❜❡ ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 2m✱ ✇✐t❤ m > 1✳
■❢ S(A,A,B) > 0 t❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss A ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ■❢ x ❛♥❞ y ❛r❡ t✇♦ ✐♥✈♦❧✉t✐♦♥s s✉❝❤ t❤❛t xy ❤❛s ♦r❞❡r n t❤❡♥ 〈x, y〉 ≃
D2n✳ ■♥ ❢❛❝t✱ r = xy ❛♥❞ s = x✳ ❚❤❡ ❡❧❡♠❡♥ts σ1 = s = x ❛♥❞ σ2 = rs = y−1

♦❢ ▲❡♠♠❛ ✷✳✷✼✱ ❜♦t❤ ❜❡❧♦♥❣ t♦ A✱ ❛♥❞ t❤❡② ❛r❡ ♥♦t ❝♦♥❥✉❣❛t❡ ✐♥ D2n✳ ❚❤❡♥
t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

❊①❛♠♣❧❡ ✷✳✷✾✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ✐♥✈♦❧✉t✐♦♥s ♦❢ t❤❡ ❈♦♥✇❛② ❣r♦✉♣
Co1 ❛r❡ ♦❢ t②♣❡ ❉✳ ■♥ ❢❛❝t✱ S(✷❆, ✷❆, ✻❊) = 6✱ S(✷❇, ✷❇, ✻❆) = 2592 ❛♥❞
S(✷❈, ✷❈, ✻❆) = 25920✳

✷✳✹✳ ❈♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s

✷✳✹✳✶✳ ❇❛s❡s ❢♦r ♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣s✳ ▲❡t G ❜❡ ❛ ❣r♦✉♣ ❛❝t✐♥❣ ♦♥ ❛ s❡t
X✳ ❆ s✉❜s❡t B ♦❢ X ✐s ❝❛❧❧❡❞ ❛ ❜❛s❡ ❢♦r G ✐❢ t❤❡ ✐❞❡♥t✐t② ✐s t❤❡ ♦♥❧② ❡❧❡♠❡♥t
♦❢ G ✇❤✐❝❤ ✜①❡s ❡✈❡r② ❡❧❡♠❡♥t ✐♥ B✳ ■♥ ♦t❤❡r ✇♦r❞s✱

{g ∈ G | g · b = b, ❢♦r ❛❧❧ b ∈ B} = 1.

▲❡♠♠❛ ✷✳✸✵✳ ▲❡t G ❜❡ ❛ ❣r♦✉♣ ❛❝t✐♥❣ ♦♥ ❛ s❡t X✳ ▲❡t B ❜❡ ❛ s✉❜s❡t ♦❢ X✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ B ✐s ❛ ❜❛s❡ ❢♦r G✳



✷✳✹✳ ❈♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ✶✼

✭✷✮ ❋♦r ❛❧❧ g, h ∈ G ✇❡ ❤❛✈❡✿ g · b = h · b ❢♦r ❛❧❧ b ∈ B ✐♠♣❧✐❡s g = h✳

Pr♦♦❢✳ ■❢ B ✐s ❛ ❜❛s❡✱ t❤❡♥ g ·b = h·b⇒ (h−1g)·b = b⇒ h−1g = 1⇒ h = g✳
❚❤❡ ❝♦♥✈❡rs❡ ✐s tr✐✈✐❛❧✳ �

▲❡t G ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣✳ ❲✐t❤ ●❆P ❢✉♥❝t✐♦♥ ❇❛s❡❖❢●r♦✉♣ ✇❡
❝♦♠♣✉t❡ ❛ ❜❛s❡ ❢♦r G✳ ❲❡ ✉s❡ ❖♥❚✉♣❧❡s t♦ ❡♥❝♦❞❡ ❛ ♣❡r♠✉t❛t✐♦♥ ❛♥❞
❘❡♣r❡s❡♥t❛t✐✈❡❆❝t✐♦♥ t♦ ❞❡❝♦❞❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛♥ ❡①✲
❛♠♣❧❡ ♦✈❡r A4✳

❣❛♣❃ ❣r ✿❂ ❆❧tr❡♥❛t✐♥❣●r♦✉♣✭✹✮❀❀

❣❛♣❃ ❜❣ ✿❂ ❇❛s❡❖❢●r♦✉♣✭❣r✮❀

❬ ✶✱ ✷ ❪

❣❛♣❃ ❣ ✿❂ ✭✷✱✹✱✸✮❀❀

❣❛♣❃ ❖♥❚✉♣❧❡s✭❜❣✱ ❣✮❀

❬ ✶✱ ✹ ❪

❣❛♣❃ ❘❡♣r❡s❡♥t❛t✐✈❡❆❝t✐♦♥✭❣r✱ ❜❣✱ ❧❛st✱ ❖♥❚✉♣❧❡s✮❀

✭✷✱✹✱✸✮

✷✳✹✳✷✳ ❆❧❣♦r✐t❤♠s ❢♦r t②♣❡ ❉✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ♦✉r ❛❧❣♦r✐t❤♠s t♦ ✐♠♣❧❡✲
♠❡♥t t❤❡ t❡❝❤♥✐q✉❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❚❤❡ ✜rst ❛❧❣♦r✐t❤♠ ✐s t♦ ❝❤❡❝❦
✐❢ ❛ ❣✐✈❡♥ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ ❛ ✜♥✐t❡ ❣r♦✉♣ G ✐s ♦❢ t②♣❡ ❉✳

●✐✈❡♥ ❛ ✜♥✐t❡ ❣r♦✉♣ G✱ ❛♥❞ r ∈ G✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss rG

❛♥❞ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✶ t♦ ❞❡❝✐❞❡ ✐❢ rG ✐s ♦❢ t②♣❡ ❉✳

❆❧❣♦r✐t❤♠ ✷✳✶✿ ■s t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss rG ♦❢ t②♣❡ ❉❄

❢♦r s ∈ rG ❞♦
✐❢ (rs)2 6= (sr)2 t❤❡♥

❈♦♠♣✉t❡ t❤❡ ❣r♦✉♣ H = 〈r, s〉
✐❢ rH ∩ sH = ∅ t❤❡♥

r❡t✉r♥ tr✉❡ ✴✯ t❤❡ ❝❧❛ss ✐s ♦❢ t②♣❡ ❉ ✯✴

❡♥❞
❡♥❞

❡♥❞
r❡t✉r♥ ❢❛❧s❡ ✴✯ t❤❡ ❝❧❛ss ✐s ♥♦t ♦❢ t②♣❡ ❉ ✯✴

◆♦t✐❝❡ t❤❛t ✐♥ ❆❧❣♦r✐t❤♠ ✷✳✶ ✇❡ ♥❡❡❞ t♦ r✉♥ ♦✈❡r ❛❧❧ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss
rG t♦ ❧♦♦❦ ❢♦r t❤❡ ❡❧❡♠❡♥t s s✉❝❤ t❤❛t t❤❡ ❤②♣♦t❤❡s❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷ ❛r❡
s❛t✐s✜❡❞✳ ❚❤✐s ✐s ♥♦t ❛❧✇❛②s ❛♥ ❡❛s② t❛s❦✳ ❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❤❛✈❡ t❤❡
r❛♥❞♦♠ ✈❛r✐❛t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✶✳ ❚❤❡ ❦❡② ✐s t♦ ♣✐❝❦ r❛♥❞♦♠❧② ❛♥ ❡❧❡♠❡♥t
x ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡ x ✐s ❝❤♦s❡♥ r❛♥❞♦♠❧② ✐♥s✐❞❡ t❤❡ ❣r♦✉♣ G ♦r ✐♥ ❛ s♠❛❧❧❡r
s✉❜s❡t ♦❢ G✮ ❛♥❞ t❤❡♥ ❝❤❡❝❦ ✐❢ r ❛♥❞ s = xrx−1 s❛t✐s❢② t❤❡ ❤②♣♦t❤❡s❡s ♦❢
Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ❚❤✐s ♥❛✐✈❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✶ t✉r♥s ♦✉t t♦ ❜❡



✶✽ ✷✳ ❚❡❝❤♥✐q✉❡s

✈❡r② ♣♦✇❡r❢✉❧ ❛♥❞ ❛❧❧♦✇s ✉s t♦ st✉❞② ❜✐❣ s♣♦r❛❞✐❝ ❣r♦✉♣s s✉❝❤ ❛s t❤❡ ❏❛♥❦♦
❣r♦✉♣ J4 ♦r t❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi′24✳

❆❧❣♦r✐t❤♠ ✷✳✷✿ ❘❛♥❞♦♠ ✈❛r✐❛t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✶

❢♦r❛❧❧ i : 1 ≤ i ≤ N ❞♦ ✴✯ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✯✴

x ∈ G❀ ✴✯ r❛♥❞♦♠❧② ❝❤♦s❡♥ ✯✴

s← xrx−1

✐❢ (rs)2 6= (sr)2 t❤❡♥
❈♦♠♣✉t❡ t❤❡ ❣r♦✉♣ H = 〈r, s〉
✐❢ rH ∩ sH = ∅ t❤❡♥

r❡t✉r♥ tr✉❡ ✴✯ t❤❡ ❝❧❛ss ✐s ♦❢ t②♣❡ ❉ ✯✴

❡♥❞
❡♥❞

❡♥❞
r❡t✉r♥ ❢❛❧s❡ ✴✯ t❤❡ ❝❧❛ss ✐s ♥♦t ♦❢ t②♣❡ ❉ ✯✴

■♥ t❤❡ ♣r❛❝t✐❝❡✱ ❢♦r ❧❛r❣❡ ❣r♦✉♣s✱ ✐t ✐s ♠♦r❡ ❡❝♦♥♦♠✐❝❛❧ t♦ ✐♠♣❧❡♠❡♥t t❤❡
❛❧❣♦r✐t❤♠s ✷✳✶ ❛♥❞ ✷✳✷ ✐♥ ❛ r❡❝✉rs✐✈❡ ✇❛②✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ r❡♣r❡s❡♥t❡❞
❢❛✐t❤❢✉❧❧② ✭❢♦r ❡①❛♠♣❧❡✱ ❛s ❛ ❣r♦✉♣ ♦❢ ♣❡r♠✉t❛t✐♦♥s ♦r ✐♥s✐❞❡ ❛ ♠❛tr✐① ❣r♦✉♣
♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✮✳ ❲❡ ❝♦♠♣✉t❡ gG

1 , . . . , g
G
n ✱ t❤❡ s❡t ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

♦❢ G✳ ❚♦ ❞❡❝✐❞❡ ✐❢ t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ ♦❢ t②♣❡ ❉✱ ✇❡ r❡str✐❝t t❤❡
❝♦♠♣✉t❛t✐♦♥s t♦ ❜❡ ❞♦♥❡ ✐♥s✐❞❡ ❛ ♥✐❝❡ s✉❜❣r♦✉♣ ♦❢ G✳

❆ss✉♠❡ t❤❛t t❤❡ ❧✐st ♦❢ ❛❧❧ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ♦❢ G ✉♣ t♦ ❝♦♥❥✉❣❛t✐♦♥✱
✐s ❦♥♦✇♥✳ ❙❛② M1,M2, . . . ,Mk✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✳ ❆❧s♦ ❛ss✉♠❡ t❤❛t
✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡str✐❝t ♦✉r ✏❣♦♦❞✑ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G t♦ ❡✈❡r② ♠❛①✐♠❛❧
s✉❜❣r♦✉♣Mi✳

▲❡tM ❜❡ ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ G✳ ▲❡t h ∈M✱ ❛♥❞ hM t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss ♦❢ h ✐♥ M✳ ❙✐♥❝❡ M ✐s ❛ s✉❜❣r♦✉♣ ♦❢ G✱ t❤❡ ❡❧❡♠❡♥t h ❜❡❧♦♥❣s t♦ ❛



✷✳✹✳ ❈♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ✶✾

❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ G✱ s❛② hG✳ ❙♦✱ ✐❢ t❤❡ ❝❧❛ss hM ✐s ♦❢ t②♣❡ ❉ t❤❡♥ t❤❡ ❝❧❛ss
hG ✐s ♦❢ t②♣❡ ❉ t♦♦✳

❆❧❣♦r✐t❤♠ ✷✳✸✿ ❚②♣❡ ❉✿ ❯s✐♥❣ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s

gG
1 , . . . , g

G
n ✐s t❤❡ s❡t ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ G

S ← {1, 2, . . . , n}

❢♦r❡❛❝❤ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M ❞♦
❈♦♠♣✉t❡ hM1 , . . . , hMm ✱ t❤❡ s❡t ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢M
❢♦r❡❛❝❤ i : 1 ≤ i ≤ m ❞♦

■❞❡♥t✐❢② hMi ✐♥s✐❞❡ ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ G✿ hi ∈ g
G
σ(i)

✐❢ σ(i) ∈ S t❤❡♥
✐❢ hMi ✐s ♦❢ t②♣❡ ❉ t❤❡♥

❘❡♠♦✈❡ σ(i) ❢r♦♠ S
✐❢ S = ∅ t❤❡♥

r❡t✉r♥ tr✉❡ ✴✯ t❤❡ ❣r♦✉♣ ✐s ♦❢ t②♣❡ ❉ ✯✴

❡♥❞
❡♥❞

❡♥❞
❡♥❞

❡♥❞
❢♦r❡❛❝❤ s ∈ S ❞♦

✐❢ gG
s ✐s ♦❢ t②♣❡ ❉ t❤❡♥
❘❡♠♦✈❡ s ❢r♦♠ S
✐❢ S = ∅ t❤❡♥

r❡t✉r♥ tr✉❡ ✴✯ t❤❡ ❣r♦✉♣ ✐s ♦❢ t②♣❡ ❉ ✯✴

❡♥❞
❡♥❞

❡♥❞
r❡t✉r♥ S ✴✯ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♥♦t ♦❢ t②♣❡ ❉ ✯✴

◆♦t✐❝❡ t❤❛t t♦ ✐♠♣❧❡♠❡♥t ❆❧❣♦r✐t❤♠ ✷✳✸ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ♥♦t ♦♥❧② ❛ ❣♦♦❞
r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ❣r♦✉♣ G✳ ❲❡ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
❣r♦✉♣ G ❛♥❞ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ❤♦✇ t♦ r❡str✐❝t ✐t t♦ ❛❧❧ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳
❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❛♣♣❡❛rs ✐♥ t❤❡ ❆❚▲❆❙ ❢♦r ♠❛♥② ♦❢ t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡
❣r♦✉♣s✳ ❙♦✱ ✉s✐♥❣ t❤❡ ●❆P ✐♥t❡r❢❛❝❡ t♦ t❤❡ ❆❚▲❆❙ ✭s❡❡ ❬❲P◆+✵✽❪✮✱ ✇❡
❝♦✉❧❞ ✐♠♣❧❡♠❡♥t ❆❧❣♦r✐t❤♠ ✷✳✸ ❛♥❞ ✉s❡ ✐t t♦ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡
s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳

❆❧s♦ ♥♦t✐❝❡ t❤❛t t❤❡ tr❡❛t♠❡♥t ♦❢ ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M ❝❛♥ ❜❡ s✐♠♣❧✐✲
✜❡❞ ✐❢ ✐t ✜ts ✐♥t♦ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❣r♦✉♣s 0 → K →M→ H → 0✱
✇❤❡r❡ ✇❡ ❦♥♦✇ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ H ♦❢ t②♣❡ ❉✳ ❚♦ ❛♣♣❧② ▲❡♠♠❛ ✷✳✷✸
t♦ ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ G✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t s♦♠❡ s♣❡❝✐✜❝ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ✐♥ H ❛r❡ ♦❢ t②♣❡ ❉✳
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✷✳✺✳ ❘❛❝❦✲t❤❡♦r❡t✐❝❛❧ ♥♦♥✲❛❜❡❧✐❛♥ t❡❝❤♥✐q✉❡s

✷✳✺✳✶✳ ❘❛❝❦s ♦❢ t②♣❡ ❉✳ ❲❡ ♥♦✇ ❛✐♠ t♦ st❛t❡ ❛ r❛❝❦✲t❤❡♦r❡t✐❝❛❧ ✈❡rs✐♦♥
♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ▲❡t G ❜❡ ❛ ❣r♦✉♣✱ r, s ∈ G✳ ❚❤❡♥

(rs)2 = (sr)2 ⇐⇒ r ⊲ (s ⊲ (r ⊲ s)) = s.

❲❡ ♥❡①t ✐♥tr♦❞✉❝❡ ❛ ♥♦t✐♦♥ t❤❛t ✐s ❝❡♥tr❛❧ ✐♥ ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷✳✸✶✳ ▲❡t (X, ⊲) ❜❡ ❛ r❛❝❦✳ ❲❡ s❛② t❤❛t X ✐s ♦❢ t②♣❡ ❉ ✐❢ t❤❡r❡
❡①✐sts ❛ ❞❡❝♦♠♣♦s❛❜❧❡ s✉❜r❛❝❦ Y = R ⊔ S ♦❢ X s✉❝❤ t❤❛t

✭✷✳✸✮ r ⊲ (s ⊲ (r ⊲ s)) 6= s, ❢♦r s♦♠❡ r ∈ R, s ∈ S.

❘❡♠❛r❦ ✷✳✸✷✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ gG ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ G✳ ■❢
t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss gG ✐s ♦❢ t②♣❡ ❉ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✶ t❤❡♥ gG ✐s ♦❢ t②♣❡
❉ ❛s ❛ r❛❝❦ ✭✇✐t❤ t❤❡ ❝♦♥❥✉❣❛t✐♦♥✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦✳ ■t ✇❛s
♣r♦✈❡❞ ✐♥ ❬❆❋●❱✵✽❪✳

❚❤❡♦r❡♠ ✷✳✸✸✳ ■❢ X ✐s ❛ ✜♥✐t❡ r❛❝❦ ♦❢ t②♣❡ ❉✱ t❤❡♥ X ❝♦❧❧❛♣s❡s✳

Pr♦♦❢✳ ▲❡t Y ⊆ X✱ Y = R ⊔ S ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✸✶✳ ▲❡t
G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ M ∈G

G YD s✉❝❤ t❤❛t X ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ s✉❜r❛❝❦ ♦❢
supM ✳ ❲❡ ✐❞❡♥t✐❢② X ✇✐t❤ t❤✐s s✉❜r❛❝❦✱ ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ t❛❦❡MR ❛♥❞MS ✱
✇❤✐❝❤ ❛r❡ ♥♦♥✲tr✐✈✐❛❧ ♦❜❥❡❝ts ✐♥ G

GYD✱ K t❤❡ s✉❜❣r♦✉♣ ♦❢ G ❣❡♥❡r❛t❡❞ ❜②
Y ✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t MR ❛♥❞ MS ❛r❡ ✐rr❡❞✉❝✐❜❧❡❀ ♦t❤❡r✇✐s❡✱ ✇❡ r❡♣❧❛❝❡
t❤❡♠ ❜② ✐rr❡❞✉❝✐❜❧❡ s✉❜♠♦❞✉❧❡s✳ ◆♦✇✱ dimB(MR ⊕MS) =∞ ❜② ❚❤❡♦r❡♠
✷✳✷✵✱ ❛♥❞ t❤❡♥ dimB(M) =∞✳ �

❘❡♠❛r❦ ✷✳✸✹✳ ❚❤❡♦r❡♠ ✷✳✸✸ ❣❡♥❡r❛❧✐③❡s ❬❆❋✵✾✱ ❈♦r♦❧❧❛r② ✹✳✶✷❪✳ ■♥❞❡❡❞✱

✐❢ O ✐s t❤❡ ♦❝t❛❤❡❞r❛❧ r❛❝❦ ❛♥❞ O(2) ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t✇♦ ❝♦♣✐❡s ♦❢ O
✭s❡❡ ❊①❛♠♣❧❡ ❈✳✸✮ t❤❡♥ O(2) ✐s ♦❢ t②♣❡ ❉✳

❘❡♠❛r❦ ✷✳✸✺✳ ❲❤② ✐s ✐t ✐♥t❡r❡st✐♥❣ t♦ ❝♦♥s✐❞❡r s✐♠♣❧❡ r❛❝❦s ♦❢ t②♣❡ ❉❄
❋✐rst ♦❢ ❛❧❧✱ ♥♦t✐❝❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡❛s② t♦ ♣r♦✈❡✿

✭✶✮ ■❢ Y ⊆ X ✐s ❛ s✉❜r❛❝❦ ♦❢ t②♣❡ ❉✱ t❤❡♥ X ✐s ♦❢ t②♣❡ ❉✳

✭✷✮ ■❢ Z ✐s ❛ ✜♥✐t❡ r❛❝❦ ❛♥❞ ❛❞♠✐ts ❛ r❛❝❦ ❡♣✐♠♦r♣❤✐s♠ π : Z → X✱ ✇❤❡r❡
X ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ Z ✐s ♦❢ t②♣❡ ❉✳ ❋♦r✱ π−1(Y ) = π−1(R) ⊔ π−1(S)
✐s ❛ ❞❡❝♦♠♣♦s❛❜❧❡ s✉❜r❛❝❦ ♦❢ Z s❛t✐s❢②✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✸✮✳

◆♦✇✱ ✐❢ X ✐s ❛ ✜♥✐t❡ r❛❝❦ ❛♥❞ s♦♠❡ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ❝♦♠♣♦♥❡♥t ✐s ♦❢ t②♣❡ ❉✱
t❤❡♥ X ✐s ♦❢ t②♣❡ ❉ ✭s❡❡ ❬❆●✵✸✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✼❪✮✳ ❆♥❞ ✐❢ X ✐s ✐♥❞❡❝♦♠✲
♣♦s❛❜❧❡✱ t❤❡♥ ✐t ❛❞♠✐ts ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ r❛❝❦s π : X → Y ✇✐t❤ Y s✐♠♣❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❝♦♥t❛✐♥s s♦♠❡ ✉s❡❢✉❧ ♦❜s❡r✈❛t✐♦♥s t♦ ❞❡t❡❝t r❛❝❦s
✭♦r ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✮ ♦❢ t②♣❡ ❉✳

▲❡♠♠❛ ✷✳✸✻✳

✭✶✮ ■❢ X ✐s ❛ r❛❝❦ ♦❢ t②♣❡ ❉ ❛♥❞ Z ✐s ❛ q✉❛♥❞❧❡✱ t❤❡♥ X × Z ✐s ♦❢ t②♣❡ ❉✳

✭✷✮ ▲❡t K ❜❡ ❛ s✉❜❣r♦✉♣ ♦❢ ❛ ✜♥✐t❡ ❣r♦✉♣ G ❛♥❞ ♣✐❝❦ k ∈ CG(K)✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ♠❛♣ µk : K → G✱ g 7→ gk✳ ❚❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢
❛♥② h ∈ K ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ s✉❜r❛❝❦ ♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ hk
✐♥ G✳ ❚❤❡r❡❢♦r❡✱ ✐❢ hK ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ (hk)G ✐s ♦❢ t②♣❡ ❉✳



✷✳✻✳ ❚❤❡ ❛✣♥❡ t❡❝❤♥✐q✉❡ ✷✶

Pr♦♦❢✳ ❚❤❡ ✜rst ✐t❡♠ ✐s str❛✐❣❤t❢♦r✇❛r❞✱ s✐♥❝❡ ✐❢ r, s ∈ X ❛♥❞ z ∈ Z✱ t❤❡♥
(r, z) ⊲ (s, z) = (r ⊲ s, z) ❜❡❝❛✉s❡ Z ✐s ❛ q✉❛♥❞❧❡✳ ❚❤❡ s❡❝♦♥❞ ✐t❡♠ ❢♦❧❧♦✇s
❜❡❝❛✉s❡ t❤❡ ♠❛♣ µk ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❛❝❦s✳ �

✷✳✻✳ ❚❤❡ ❛✣♥❡ t❡❝❤♥✐q✉❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ r❛❝❦✲t❤❡♦r❡t✐❝❛❧ t❡❝❤♥✐q✉❡ t❤❛t ❣❡♥❡r❛❧✐③❡s ❛❧❧
t❤❡ ❞✐❤❡❞r❛❧ t❡❝❤♥✐q✉❡s ♣r❡s❡♥t❡❞ ✐♥ ❬❆❋✵✾❪✳

▲❡t (A, T ) ❜❡ ❛ ✜♥✐t❡ ❛✣♥❡ r❛❝❦✱ s❡❡ ❊①❛♠♣❧❡ ✶✳✾✳ ❲❡ r❡❛❧✐③❡ ✐t ❛s ❛
❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t d ❜❡ t❤❡ ♦r❞❡r ♦❢ T ✳ ❈♦♥s✐❞❡r t❤❡
s❡♠✐❞✐r❡❝t ♣r♦❞✉❝t G = A⋊ 〈T 〉✱ ❞❡✜♥❡❞ ❜②

(v, T h)(w, T j) = (v + T h(w), T h+j).

❚❤❡ ❝♦♥❥✉❣❛t✐♦♥ ✐♥ G ❣✐✈❡s

✭✷✳✹✮ (v, T h) ⊲ (w, T j) = (T h(w) + (id− T j)(v), T j).

❚❤❡♥ Qj
A,T = {(w, T j) : w ∈ A}✱ j ∈ Cd✱ ✐s ❛ s✉❜r❛❝❦ ♦❢ G ✐s♦♠♦r♣❤✐❝ t♦

t❤❡ ❛✣♥❡ r❛❝❦ (A, T j)✳ ▲❡t Q[1,j]
A,T ❜❡ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ Q1

A,T ∪Q
j
A,T ✱ j ∈ Cd❀

t❤✐s ✐s ❛ r❛❝❦ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✭✷✳✹✮✳ ■t ✐s ❝❛❧❧❡❞ ❛♥ ❛✣♥❡ ❞♦✉❜❧❡ r❛❝❦✳ ■❢
j 6= 1✱ ✐t ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ s✉❜r❛❝❦ ♦❢ G✳

❘❡♠❛r❦ ✷✳✸✼✳ ■❢ (j)T =
∑j−1

i=0 T
i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ t❤❡♥ Q

[j]
A,T ≃ (Q1

A,T )j✳

■♥❞❡❡❞✱ t❤❡ ♠❛♣ (Q1
A,T )j → Qj

A,T ✱ (v, T ) 7→ (v, T )j = ((j)T v, T
j)✱ ✐s ❛ r❛❝❦

✐s♦♠♦r♣❤✐s♠✳ ❍❡♥❝❡✱ Q
[1,j]
A,T ✐s ✐s♦♠♦r♣❤✐❝ t♦ (Q1

A,T )[1,j]✱ ❝❢✳ ▲❡♠♠❛ ✶✳✸✵✳

▲❡t AT = ker(id− T ) ❜❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ ♣♦✐♥ts ✜①❡❞ ❜② T ✳

▲❡♠♠❛ ✷✳✸✽✳ ❆ss✉♠❡ t❤❛t AT = 0✳ ❚❤❡♥ QA,T ✐s ✐♥❞❡❝♦♠♣♦s❛❜❧❡ ❛♥❞ ✐t
❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❛❜❡❧✐❛♥ s✉❜r❛❝❦ ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t✳

Pr♦♦❢✳ ❋♦r✱ ❛ss✉♠❡ t❤❛t QA,T = R⊔S ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇✐t❤ (0, T ) ∈ R✳
❇✉t t❤❡♥ (v, T ) ⊲ (0, T ) = ((id− T )(v), T ) ∈ R ❢♦r ❛❧❧ v ∈ A✳ ❙✐♥❝❡ id− T ✐s
❜✐❥❡❝t✐✈❡✱ QA,T = R✳ ❚❤❡ s❡❝♦♥❞ ❝❧❛✐♠ ❢♦❧❧♦✇s ❛t ♦♥❝❡ ❢r♦♠ ✭✷✳✹✮✳ �

▲❡♠♠❛ ✷✳✸✾✳ ▲❡t j ∈ Cd✳ ■❢ (id + T j+1)(id− T ) 6= 0✱ t❤❡♥ Q
[1,j]
A,T ✐s ♦❢ t②♣❡

❉✳

Pr♦♦❢✳ ▲❡t R = Q1
A,T ✱ S = Qj

A,T ✱ r = (0, T ) ∈ R✳ ❚❤❡♥ Q
[1,j]
A,T = R ⊔ S✳

P✐❝❦ v /∈ ker(id + T j+1)(id− T ) ❛♥❞ s = (v, T j) ∈ S✳ ❚❤❡♥

r ⊲ (s ⊲ (r ⊲ s)) = ((T − T j+1 + T j+2)(v), T j) 6= s,

s✐♥❝❡ (id− T + T j+1 − T j+2)(v) 6= 0✳ �

❲❡ ♣r♦✈❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛✣♥❡ ❞♦✉❜❧❡ r❛❝❦s✳

❋✐rst✱ ✇❡ r❡❝❛❧❧ ❛ r❡s✉❧t ❢r♦♠ ❬❍❙✵✽❪✳

■❢ G ✐s ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ g, h ∈ G✱ t❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s gG ❛♥❞
hG ❝♦♠♠✉t❡ ✐❢ st = ts ❢♦r ❛❧❧ s ∈ gG ❛♥❞ t ∈ hG✳ ▲❡t

F(G) = {O ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ G : dimB(O, ρ) <∞ ❢♦r s♦♠❡ ρ}.



✷✷ ✷✳ ❚❡❝❤♥✐q✉❡s

❚❤❡♦r❡♠ ✷✳✹✵✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ s✉❝❤ t❤❛t ❛♥② t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
✐♥ F(G) ❞♦ ♥♦t ❝♦♠♠✉t❡✳ ▲❡t U ∈ G

GYD s✉❝❤ t❤❛t dimB(U) <∞✳ ❚❤❡♥ U
✐s ✐rr❡❞✉❝✐❜❧❡ ✐♥ G

GYD✳

Pr♦♦❢✳ ❙❡❡ ❬❍❙✵✽✱ ❚❤❡♦r❡♠ ✽✳✷❪✳ �

▲❡♠♠❛ ✷✳✹✶✳ ▲❡t G = A⋊ 〈T 〉✳ ❆ss✉♠❡ t❤❛t T ❤❛s ♦r❞❡r d ❛♥❞ t❤❛t T ✐s
✐rr❡❞✉❝✐❜❧❡ ✭t❤❛t ✐s t♦ s❛② t❤❛t A ❤❛s ♥♦ ♥♦♥✲tr✐✈✐❛❧ T ✲✐♥✈❛r✐❛♥t s✉❜❣r♦✉♣✮✳
■❢ U ∈ G

GYD s❛t✐s✜❡s dimB(U) <∞✱ t❤❡♥ U ✐s ✐rr❡❞✉❝✐❜❧❡✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✳✹✵✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ❛♥② t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
✐♥ F(G) ❞♦ ♥♦t ❝♦♠♠✉t❡✳ ❲❡ ❝❧❛✐♠ t❤❛t

✭✶✮ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ G ❛r❡ ❡✐t❤❡r Qj
A,T ✇✐t❤ j 6= 0✱ ♦r ❡❧s❡ t❤❡ ♦r❜✐ts

♦❢ T ✐♥ A✳

✭✷✮ F(G) ⊂ {Qj
A,T : j 6= 0}❀ ❤❡♥❝❡ ❛♥② t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ F(G) ❞♦

♥♦t ❝♦♠♠✉t❡✳

❚❤❡ ✜rst ♣❛rt ✐s ❡❧❡♠❡♥t❛r②✱ ❜✉t ✇❡ s❦❡t❝❤ t❤❡ ❛r❣✉♠❡♥t✳ ■t ✐s ❡✈✐❞❡♥t
t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (v, id) ✐s t❤❡ ♦r❜✐t ♦❢ v = (v, id) ✉♥❞❡r T ✳ ■❢
0 < j < d t❤❡♥ 1− T j ✐s ❜✐❥❡❝t✐✈❡✱ s✐♥❝❡ ✐ts ❦❡r♥❡❧ ✐s ❛ T ✲✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡✱
❜✉t ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t T ✐s ✐rr❡❞✉❝✐❜❧❡✳

❲❡ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ❝❧❛✐♠✳ ▲❡t 0 6= v ∈ A❀ t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ v ✐s A✳
❙❡t σk = T k(v) ❛♥❞ gk = (0, T k)❀ t❤✉s gk ⊲ σ0 = σk ❛♥❞ σlgk = gkσl−k✱
0 ≤ ℓ, k ≤ d − 1✳ ▲❡t χ ∈ Irr(A)❀ t❤❡♥ t❤❡ ❜r❛✐❞✐♥❣ ✐♥ M(Ov, χ) ✐s ❣✐✈❡♥
❜② c(gk ⊗ gl) = χ(σk−l)gl ⊗ gk✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s ✐s ♦❢ ❞✐❛❣♦♥❛❧ t②♣❡
✇✐t❤ ♠❛tr✐① qkl = χ(T k−l(v))✳ ▲❡t ∆ ❜❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❉②♥❦✐♥ ❞✐❛❣r❛♠
❛ss♦❝✐❛t❡❞ t♦ (qkl)✳ ◆♦✇ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② A = Fq✱ ✇✐t❤ q = pt✱ ✐♥ s✉❝❤ ❛ ✇❛②
t❤❛t T (v) = ξv✱ ✇❤❡r❡ ξ ∈ F×

q ❤❛s ♦r❞❡r d✳ ❍❡♥❝❡ qklqlk = χ
(
(ξl−k +ξk−l)v

)
✳

❖❜s❡r✈❡ t❤❛t ξl + ξ−l = 0 ✐♠♣❧✐❡s ξ4l = 1✳ ◆♦t✐❝❡ t❤❛t

✭✷✳✺✮ 1 + ξ + ξ2 + · · ·+ ξd−1 = 0.

❲❡ ❝❛♥ ❛ss✉♠❡ χ(v) 6= 1✳ ❲❡ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t ❝❛s❡s✳

❙✉♣♣♦s❡ t❤❛t d ✐s ♦❞❞✳ ■❢ 3 ∤ d✳ ■❢ t❤❡r❡ ❡①✐sts l✱ ✇✐t❤ 1 ≤ l ≤ d − 1✱
s✉❝❤ t❤❛t q0 lql 0 6= 1✱ t❤❡♥ dimB(Ov, χ) =∞❀ ✐♥❞❡❡❞✱ ∆ ❝♦♥t❛✐♥s ❛ ❝②❝❧❡ ♦❢
❧❡♥❣t❤ ❣r❡❛t❡r t❤❛♥ ✸✱ ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ✷✳✽✳ ❖t❤❡r✇✐s❡✱ χ(v) = 1
❜② ✭✷✳✺✮✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❆ss✉♠❡ t❤❛t 3 | d✳ ■❢ t❤❡r❡ ❡①✐sts l✱ ✇✐t❤ 1 ≤ l ≤ d − 1 ❛♥❞ l 6= d
3 ✱ s✉❝❤

t❤❛t q0lql0 6= 1✱ t❤❡♥ dimB(Ov, χ) =∞✳

❆ss✉♠❡ t❤❛t q0lql0 = 1 ❢♦r ❛❧❧ l✱ ✇✐t❤ 1 ≤ l ≤ d − 1 ❛♥❞ l 6= d
3 ✳ ■❢

q0 d
3

q d
3
0 = 1✱ t❤❡♥ χ(v) = 1 ❜② ✭✷✳✺✮✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢

q0 d
3

q d
3
0 6= 1✱ t❤❡♥ ∆ ❝♦♥t❛✐♥s ♠❛♥② tr✐❛♥❣❧❡s ♥♦♥❡ ♦❢ t❤❡♠ ❧✐st❡❞ ✐♥ ❬❍❡❝✵✾✱

❚❛❜❧❡ ✷❪✳

◆♦✇ ❛ss✉♠❡ t❤❛t d ✐s ❡✈❡♥✳ ■❢ t❤❡r❡ ❡①✐sts l✱ ✇✐t❤ 1 ≤ l ≤ d − 1 ❛♥❞
l 6= d

2 ,
d
3 ✱ q0lql0 6= 1✱ t❤❡♥ dimB(Ov, χ) = ∞❀ ✐♥❞❡❡❞✱ ∆ ❝♦♥t❛✐♥s ❛ ❝②❝❧❡

♦❢ ❧❡♥❣t❤ ❣r❡❛t❡r t❤❛♥ ✸✱ ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❬❍❡❝✵✾❪✳ ❖t❤❡r✇✐s❡✱
✇❡ ❤❛✈❡ q0 d

2

q d
2
0 = χ(v)−2❀ ❤❡♥❝❡✱ 0 ✐s ❝♦♥♥❡❝t❡❞ t♦ d

2 ❛♥❞ t❤❡ s✉❜✲❞✐❛❣r❛♠

s♣❛♥♥❡❞ ❜② ✵ ❛♥❞ d
2 ✐s ♦❢ ❈❛rt❛♥ t②♣❡ A(1)

1 ✳



✷✳✻✳ ❚❤❡ ❛✣♥❡ t❡❝❤♥✐q✉❡ ✷✸

❚❤❡r❡❢♦r❡✱ dimB(Ov, χ) =∞❀ ❤❡♥❝❡ Ov /∈ F(G)✳ �

■❢ X ✐s ❛ r❛❝❦ t❤❛t ❝♦♥t❛✐♥s ❛ s✉❜r❛❝❦ ✐s♦♠♦r♣❤✐❝ t♦ Q[1,j]
A,T ✱ ❢♦r s♦♠❡ ❛✣♥❡

r❛❝❦ s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ▲❡♠♠❛ ✷✳✸✾ t❤❡♥ X ✐s ♦❢ t②♣❡ ❉ ✭t❤❡r❡❢♦r❡
✐t ❝♦❧❧❛♣s❡s✮✳ ❲❡ ♥♦✇ ♣r❡s❡♥t ❛ ✇❛② t♦ ❝❤❡❝❦ t❤✐s ❤②♣♦t❤❡s✐s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✷✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ O ⊂ G ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇❤✐❝❤
✐s q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j ∈ N✳ ▲❡t (A, T ) ❜❡ ❛♥ ❛✣♥❡ r❛❝❦ ✇✐t❤ T ♦❢ ♦r❞❡r d✱
❛♥❞ ❧❡t ψ : A→ O ❜❡ ❛ ♠♦♥♦♠♦r♣❤✐s♠ ♦❢ r❛❝❦s✳ ■❢ id−T j ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠
❛♥❞ id + T j+1 6= 0✱ t❤❡♥ O ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❙✐♥❝❡ id − T j = (id − T )(j)T ✱ ❜♦t❤ ❘❡♠❛r❦ ✷✳✸✼ ❛♥❞ ▲❡♠♠❛ ✷✳✸✽
❛♣♣❧②✳ ■❢ Y = ψ(A)✱ t❤❡♥ Y ∩ Y j = ∅✳ ■❢ ♥♦t✱ ♣✐❝❦ y ∈ Y ∩ Y j ✱ y = xj

❢♦r s♦♠❡ x ∈ Y ✳ ❚❤❡♥ x = xj ✱ ❜❡❝❛✉s❡ Y ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❛❜❡❧✐❛♥
s✉❜r❛❝❦ ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t✳ ❇✉t t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❛ q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss✳ ❍❡♥❝❡ O ❝♦♥t❛✐♥s ❛ s✉❜r❛❝❦ ✐s♦♠♦r♣❤✐❝ t♦
Q1

A,T ∪Q
j
A,T ✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Q[1,j]

A,T ✳ ◆♦✇ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠
▲❡♠♠❛ ✷✳✹✷✳ �

❊①❛♠♣❧❡ ✷✳✹✸✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ O ⊂ G ❛ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇❤✐❝❤ ✐s
q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j ∈ N✳ ▲❡t (A, T ) ❜❡ ❛♥ ❛✣♥❡ s✐♠♣❧❡ r❛❝❦ ✇✐t❤ |T | = d✱
❛♥❞ ❧❡t ψ : A→ O ❜❡ ❛ ♠♦♥♦♠♦r♣❤✐s♠ ♦❢ r❛❝❦s✳ ■❢ j 6= d

2 − 1 ✇❤❡♥ p ✐s ♦❞❞✱
♦r ✐❢ j 6= d− 1 ✇❤❡♥ p = 2✱ t❤❡♥ O ✐s ♦❢ t②♣❡ ❉✳

❘❡♠❛r❦ ✷✳✹✹✳ ■❢ A = Fp✱ p ❛ ♣r✐♠❡✱ ❛♥❞ T ❤❛s ♦r❞❡r ✷✱ t❤❡♥ Q1
A,T ✐s

❝❛❧❧❡❞ ❛ ❞✐❤❡❞r❛❧ r❛❝❦ ❛♥❞ ❞❡♥♦t❡❞ Dp ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❬❆❋✵✾✱ ❉❡✜♥✐t✐♦♥

✷✳✷❪❀ t❤✉s Q
[1,1]
A,T ✐s ❞❡♥♦t❡❞ D

(2)
p ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✐♥❝❧✉❞❡s

✭✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ r❡s♦rt t♦ ❧♦♦❦ ❢♦r ❝♦❝②❝❧❡s✮ t❤❡ ❝❛s❡ ♦❢ q✉❛s✐✲r❡❛❧ ♦r❜✐ts
❝♦♥t❛✐♥✐♥❣ ❛ ❞✐❤❡❞r❛❧ s✉❜r❛❝❦ ❬❆❋✵✾✱ ❈♦r♦❧❧❛r② ✷✳✾❪✳

❲❤❡♥ j = d
2 − 1✱ ✇❡ st✐❧❧ ♠❛② ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ❤❛s

✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❛♣♣r♦♣r✐❛t❡ ❤②♣♦t❤❡s❡s ❤♦❧❞✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✺✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ (A, T ) ❛♥ ❛✣♥❡ s✐♠♣❧❡ r❛❝❦
✇✐t❤ |T | = d✱ ❛♥❞ ψ : A ⋊ 〈T 〉 → G ❛ ♠♦♥♦♠♦r♣❤✐s♠ ♦❢ ❣r♦✉♣s✳ ❆ss✉♠❡

t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss O ♦❢ σ = ψ(0, T ) ✐s q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = d
2 − 1✳ ■❢

ρ ∈ IrrCG(σ)✱ t❤❡♥ dimB(O, ρ) =∞✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✷✳✹ ❛♥❞ ✷✳✹✶✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❜❡✲
❝❛✉s❡ ♦❢ ❘❡♠❛r❦ ✷✳✸✼✳ �





❈❤❛♣t❡r ✸

❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❛♥❞

s②♠♠❡tr✐❝ ❣r♦✉♣s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❜❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ♦✈❡r t❤❡
❛❧t❡r♥❛t✐♥❣ ❛♥❞ s②♠♠❡tr✐❝ ❣r♦✉♣s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t n ≥ 5✳ ❚❤❡ ♦♥❧② ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛
✇✐t❤ ❝♦r❛❞✐❝❛❧ An ✐s t❤❡ ❣r♦✉♣ ❛❧❣❡❜r❛ CAn✳

❚❤✐s r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ▲✐❢t✐♥❣ ▼❡t❤♦❞ ♦❢ ❆♥❞r✉s❦✐❡✇✐ts❝❤
❛♥❞ ❙❝❤♥❡✐❞❡r ❬❆❙✵✷❜❪ ❛♥❞ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ♦✈❡r t❤❡ ❣r♦✉♣ An✳

■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ s②♠✲
♠❡tr✐❝ ❣r♦✉♣s Sm ❛r❡ ❛❧❧ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✱ ❡①❝❡♣t ♠❛②❜❡ t❤♦s❡ r❡❧❛t❡❞ t♦
t❤❡ tr❛♥s♣♦s✐t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❋❑✾✾❪✱ ❛♥❞ t❤❡ ❝❧❛ss ♦❢ t②♣❡ (2, 3) ✐♥ S5✳

❲❡ ❛❧s♦ s❤♦✇ t❤❛t ❛♥② s✐♠♣❧❡ r❛❝❦ X ❛r✐s✐♥❣ ❢r♦♠ ❛ s②♠♠❡tr✐❝ ❣r♦✉♣✱
✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❛ s♠❛❧❧ ❧✐st✱ ❝♦❧❧❛♣s❡s✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ◆✐❝❤♦❧s
❛❧❣❡❜r❛ ♦❢ (X,q) ✐s ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ❢♦r q ❛♥ ❛r❜✐tr❛r② ✷✲❝♦❝②❝❧❡✳

✸✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s

✸✳✶✳✶✳ ◆♦t❛t✐♦♥s ♦♥ s②♠♠❡tr✐❝ ❣r♦✉♣s✳ ▲❡t σ ∈ Sn✳ ❘❡❝❛❧❧ t❤❛t σ ✐s ♦❢
t②♣❡

(1m1 , 2m2 , . . . , nmn)

✐❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ σ ❛s ♣r♦❞✉❝t ♦❢ ❞✐s❥♦✐♥t ❝②❝❧❡s ❝♦♥t❛✐♥s mj ❝②❝❧❡s ♦❢
❧❡♥❣t❤ j✱ ❢♦r ❡✈❡r② j✱ 1 ≤ j ≤ n✳ ❚❤❡ ♦❞❞ ♣❛rt ♦❢ σ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧
❞✐s❥♦✐♥t ❝②❝❧❡s ♦❢ ♦❞❞ ❧❡♥❣t❤ j > 1 ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ σ✳ ❙✐♠✐❧❛r❧②✱ t❤❡
❡✈❡♥ ♣❛rt ♦❢ σ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧ ❞✐s❥♦✐♥t ❝②❝❧❡s ♦❢ ❡✈❡♥ ❧❡♥❣t❤✳ ❲❡ ✇r✐t❡
σo ✭r❡s♣✳ σe✮ ❢♦r t❤❡ ♦❞❞ ✭r❡s♣✳ ❡✈❡♥✮ ♣❛rt ♦❢ σ✳

✸✳✶✳✷✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲❡ s❤❛❧❧ ♥❡❡❞ ❧❛t❡r t♦ ❦♥♦✇ t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❛♥❞ s②♠♠❡tr✐❝ ❣r♦✉♣s✳ ❘❡❝❛❧❧ t❤❛t ❢♦r ❛♥② σ ∈ Sn✱

✷✺



✷✻ ✸✳ ❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❛♥❞ s②♠♠❡tr✐❝ ❣r♦✉♣s

t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss σSn ❝♦♥s✐sts ♦❢ ❛❧❧ ♣❡r♠✉t❛t✐♦♥s ✐♥ Sn ✇❤✐❝❤ ❤❛✈❡ t❤❡
s❛♠❡ ❝②❝❧❡✲s❤❛♣❡ ❛s σ✳

●✐✈❡♥ ❛♥ ❡✈❡♥ ♣❡r♠✉t❛t✐♦♥ σ ∈ An✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss

σAn = {xσx−1 | x ∈ An}

✐s ❝♦♥t❛✐♥❡❞ ✐♥ σSn ❜✉t ✐t ♠✐❣❤t ♥♦t ❜❡ ❡q✉❛❧ t♦ σSn ✳

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❞❡t❡r♠✐♥❡s ♣r❡❝✐s❡❧② ✇❤❡♥ σAn ❛♥❞ σSn ❛r❡ ❡q✉❛❧✱
❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ ❡q✉❛❧✐t② ❢❛✐❧s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ▲❡t σ ∈ An ✇✐t❤ n > 1✳

✭✶✮ ■❢ σ ❝♦♠♠✉t❡s ✇✐t❤ s♦♠❡ ♦❞❞ ♣❡r♠✉t❛t✐♦♥ ✐♥ Sn✱ t❤❡♥ σ
Sn = σAn✳

✭✷✮ ■❢ σ ❞♦❡s ♥♦t ❝♦♠♠✉t❡ ✇✐t❤ ❛♥② ♦❞❞ ♣❡r♠✉t❛t✐♦♥ ✐♥ Sn t❤❡♥ σSn s♣❧✐ts
✐♥t♦ t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ An ♦❢ ❡q✉❛❧ s✐③❡✱ ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s σ
❛♥❞ (1 2)σ(1 2)✳

Pr♦♦❢✳ ❙❡❡ ❬❏▲✵✶✱ Pr♦♣♦s✐t✐♦♥ ✶✷✳✶✼❪✳ �

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✐s s✐♠♣❧❡ ❜✉t ✈❡r② ✉s❡❢✉❧✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t σ ∈ Sn t❤❡r❡ ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ τ ∈ Sn

s✉❝❤ t❤❛t τστ = σ−1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ Sn ✐s r❡❛❧✳

Pr♦♦❢✳ ❙✐♥❝❡ ❡✈❡r② ♣❡r♠✉t❛t✐♦♥ ✐s ❛ ♣r♦❞✉❝t ♦❢ ❞✐s❥♦✐♥t ❝②❝❧❡s✱ ✐t s✉✣❝❡s t♦
♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ❡✈❡r② j✲❝②❝❧❡ π✳ ▲❡t

τ =

{

(1 j − 1)(2 j − 2) · · · (k − 1 k + 1) ✐❢ j = 2k,

(1 j − 1)(2 j − 2) · · · (k k + 1) ✐❢ j = 2k + 1.

❚❤❡♥✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t π−1 = τπτ−1✳ �

❘❡♠❛r❦ ✸✳✹✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❬❈❛r✼✷✱ ❚❤❡♦r❡♠ ❈❪✱
s✐♥❝❡ t❤❡ ❲❡②❧ ❣r♦✉♣ ♦❢ t②♣❡ An−1 ❢♦r n ≥ 2 ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ s②♠♠❡tr✐❝
❣r♦✉♣ Sn✳

✸✳✷✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ ❉

▲❡♠♠❛ ✸✳✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ (2, 4)✱ (42)✱ (22, 32)✱ (24, 3)✱
(1, 24)✱ (13, 22)✱ (26)✱ (1, 33) ❛♥❞ (33) ✐♥ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ❧✐st ✐♥ ❚❛❜❧❡ ✸✳✶ t❤❡ ♣❡r♠✉t❛t✐♦♥s σ1 ❛♥❞ x s✉❝❤ t❤❛t σ1 ❛♥❞
σ2 = xσ1x

−1 s❛t✐s❢② Pr♦♣♦s✐t✐♦♥ ✷✳✷✷ ✇✐t❤ t❤❡ ❣r♦✉♣ H = 〈σ1, σ2〉✳ ■♥
❛❧❧ t❤❡s❡ ❝❛s❡s✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡s❡ ❡❧❡♠❡♥ts ❢✉❧✜❧❧ t❤❡
❝♦♥❞✐t✐♦♥s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ■t ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r ✐♥st❛♥❝❡ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢
●❆P✳ �

❖❢ ❝♦✉rs❡✱ ❝❧❛ss❡s ✐♥ An ♦❢ t②♣❡ ❉ ②✐❡❧❞ ❝❧❛ss❡s ♦❢ t②♣❡ ❉ ✐♥ Sn✳ ❲❡ ❧✐st
✐♥ ❚❛❜❧❡ ✸✳✷ s♦♠❡ ❝❧❛ss❡s ♦❢ t②♣❡ ❉ ✐♥ s②♠♠❡tr✐❝ ❣r♦✉♣s ✇❤✐❝❤ ❡✐t❤❡r ❛r❡ ♥♦t
✐♥ An ♦r s♣❧✐t ✐♥t♦ t✇♦ ❝❧❛ss❡s ♥♦t ♦❢ t②♣❡ ❉ ✐♥ An✳

▲❡♠♠❛ ✸✳✻✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ (3, 4)✱ (1, 4)✱ (2, 32) (23, 3)✱
(1, 2, 3)✱ (25)✱ (6) ❛♥❞ (1, 23) ✐♥ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❙❡❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✺ ❛♥❞ ❚❛❜❧❡ ✸✳✷✳ �



✸✳✷✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ ❉ ✷✼

❚❛❜❧❡ ✸✳✶✳ ❙♦♠❡ ❝❧❛ss❡s ♦❢ t②♣❡ ❉ ✐♥ An

❚②♣❡ σ1 x
(2, 4) (1 2)(3 4 5 6) (1 2 3)
(42) (1 2 3 4)(5 6 7 8) (4 5)(6 8)

(22, 32) (1 2)(3 4)(5 6 7)(8 9 10) (4 5)(9 10)
(24, 3) (1 2)(3 4)(5 6)(7 8)(9 10 11) (4 5)(8 9 10 11)
(1, 24) (2 3)(4 5)(6 7)(8 9) (1 2 3 4 6 7 8 5 9)

(13, 22) (4 5)(6 7) (1 2 3 4)(5 7)
(26) (1 2)(3 5)(4 6)(7 9)(8 11)(10 12) (4 5)(8 9)(10 12 11)

(1, 32) (2 3 4)(5 6 7) (1 2 3 5 4 6 7✮
(33) (1 2 3)(4 5 6)(7 8 9) (3 4)(8 9)

❚❛❜❧❡ ✸✳✷✳ ❙♦♠❡ ❝❧❛ss❡s ♦❢ t②♣❡ ❉ ✐♥ Sn

❚②♣❡ σ1 x
(3, 4) (1 2 3)(4 5 6 7) (2 3)(6 7)
(1, 4) (2 3 4 5) (1 2 4 3 5)

(2, 32) (1 2)(3 4 5)(6 7 8) (2 3)(7 8)
(23, 3) (1 2)(3 4)(5 6)(7 8 9) (2 3)(6 7)

(1, 2, 3) (2 3)(4 5 6) (1 2)(5 6)
(25) (1 2)(3 4)(5 6)(7 8)(9 10) (2 3)(6 7)(8 9)

(1, 23) (2 3)(4 5)(6 7) (1 2 4 5 7)(3 6)
(6) (1 2 3 4 5 6) (3 5)(4 6)

▲❡♠♠❛ ✸✳✼✳ ❚❤❡ ❝❧❛ss ♦❢ t②♣❡ (n) ✐♥ Sn ✐s ♦❢ t②♣❡ ❉ ✐❢ n > 6✳

Pr♦♦❢✳ ▲❡t n ≥ 7✳ ▲❡t σ = (1 2 3 4 · · ·n) ❛♥❞ t❛❦❡ τ = (1 3)σ(1 3) =
(3 2 1 4 · · ·n)✳ ❚❤❡♥ τστσ(1) = 1✳ ❆♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

στστ (1) =

{

7 ✐❢ n > 7

4 ✐❢ n = 5

❚❤❡r❡❢♦r❡✱ (στ)2 6= (τσ)2✳ ▲❡t H = 〈σ, τ〉 ❜❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ Sn ❣❡♥❡r❛t❡❞
❜② σ ❛♥❞ τ ✳

■❢ n ✐s ♦❞❞✱ t❤❡♥ H ⊆ An✳ ❙✐♥❝❡ t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ σ ✐♥ Sn ✐s ✐♥❝❧✉❞❡❞
✐♥ An✱ ❛♥❞ s✐♥❝❡ τ = (1 3)σ(1 3) ✇✐t❤ (1 3) /∈ An✱ t❤❡♥ τ ❛♥❞ σ ❜❡❧♦♥❣
t♦ ❞✐✛❡r❡♥t ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ An✳ ❚❤❡r❡❢♦r❡✱ t❤❡② ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ H✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳

■❢ n ✐s ❡✈❡♥✱ H = 〈σ, τ〉 = 〈σ, τσ−1〉 = 〈(1 2 · · ·n), (1 3)(2 4)〉✳ ■t ✐s ❡❛s②
t♦ s❡❡ t❤❛t t❤❡ ❡❧❡♠❡♥ts ✐♥ H ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s s♦♠❡ ♣r♦❞✉❝ts (µ1 × µ2)σ

i✱
✇❤❡r❡ µ1 ∈ S{1,3,5,··· ,n−1}✱ µ2 ∈ S{2,4,6,··· ,n} ❛♥❞ t❤❡ s✐❣♥s sgn(µ1) = sgn(µ2)✳
◆♦✇✱ ✐❢ x ∈ Sn ✐s s✉❝❤ t❤❛t xσx−1 = τ ✱ t❤❡♥ x = (1 3)σi ❢♦r s♦♠❡ i✱ ✇❤✐❝❤
❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ H✳ ❍❡♥❝❡✱ σ ❛♥❞ τ ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
✐♥ H✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ �

▲❡♠♠❛ ✸✳✽✳

✭✶✮ ❚❤❡ ❝❧❛ss ♦❢ t②♣❡ (n) ✐♥ An ✐s ♦❢ t②♣❡ ❉ ✐❢ n ✐s ♦❞❞ ❛♥❞ ✐s ♥♦t sq✉❛r❡✲❢r❡❡✳



✷✽ ✸✳ ❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❛♥❞ s②♠♠❡tr✐❝ ❣r♦✉♣s

✭✷✮ ❚❤❡ ❝❧❛ss ♦❢ t②♣❡ (n,m) ✐♥ An+m ✐s ♦❢ t②♣❡ ❉ ✐❢ ❜♦t❤ n ❛♥❞ m ❛r❡ ♦❞❞✱
n ≥ 3 ❛♥❞ m ≥ 5✳

Pr♦♦❢✳ ❋♦r t❤❡ ✜rst ✐t❡♠✱ ❧❡t n = m2k✱ ✇✐t❤ m ≥ 3✳ ❚❛❦❡ t❤❡♥ σ =
(1 2 · · ·n)✳ ❋♦r 1 ≤ i ≤ mk✱ ❧❡t

ri = (i (mk + i) (2mk + i) · · · ((m− 1)mk + i)),

❛♥❞ ❝♦♥s✐❞❡r τ = r1σr
−1
1 ✳ ❚❤❡♥ σ ❛♥❞ τ ❛r❡ ❝♦♥❥✉❣❛t❡ ✐♥ An✱ ❜✉t t❤❡② ❛r❡

♥♦t ❝♦♥❥✉❣❛t❡ ✐♥ H = 〈σ, τ〉✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t σr−1
1 σ−1 = r−1

2 ✱ ❛♥❞
t❤❡♥✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✼✱

H = 〈σ, τσ−1〉 = 〈σ, r1r
−1
2 〉

❚❤❡♥ H ⊆ G := 〈σ, r1, · · · , rmk〉✳ ❆❝t✉❛❧❧②✱ s✐♥❝❡ σmk = r1r2 · · · rmk✱ G ✐s ❛♥
❡①t❡♥s✐♦♥

1→ 〈r1, · · · , rmk〉 ≃ (Cm)mk → G→ Cmk → 1.

❆♥② ❡❧❡♠❡♥t ✐♥ G ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥✐q✉❡❧② ❛s ❛ ♣r♦❞✉❝t ri1
1 · · · r

imk

mk σ
j ✱ ✇❤❡r❡

0 ≤ j < mk✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡♥ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ α : G → Cm✱ ❣✐✈❡♥
❜② α(ri1

1 · · · r
imk

mk σ
j) = τ i1+i2+···+imk ✱ ✇❤❡r❡ τ ✐s ❛ ❣❡♥❡r❛t♦r ♦❢ Cm✳ ❚❤✐s

❤♦♠♦♠♦r♣❤✐s♠ ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ s✐♥❝❡ α(σmk) = α(r1r2 · · · rmk) = τmk = 1✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ σ ✐♥ An ✐s t❤❡ s✉❜❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜②
σ✳ ❚❤✉s✱ ❢♦r σ ❛♥❞ τ t♦ ❜❡ ❝♦♥❥✉❣❛t❡ ✐♥ H✱ t❤❡r❡ s❤♦✉❧❞ ❡①✐st ❛♥ ✐♥t❡❣❡r
j s✉❝❤ t❤❛t r1σj ∈ H✳ ❇✉t ✐t ✐s ❝❧❡❛r t❤❛t H ✐s ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ α✱ ✇❤✐❧❡
α(r1σ

j) = τ ✳

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ✐t❡♠ ✇❡ t❛❦❡

σ1 = (1 2 · · ·n)(n+ 1 n+ 2 · · ·n+m)

❛♥❞ σ2 = xσx−1✱ ✇❤❡r❡ x = (1 2)(n + 1 n + 3)✳ ❚❤❡♥ t❤❡ s✉❜❣r♦✉♣ H =
〈σ1, σ2〉 ⊆ An ×Am✳ ▲❡t π : An ×Am → Sm ❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ s❡❝♦♥❞
❝♦♠♣♦♥❡♥t✱ ❛♥❞ ♥♦t✐❝❡ t❤❛t π(σ1), π(σ2) ❛r❡ t❤❡ ❡❧❡♠❡♥ts σ, τ ✐♥ t❤❡ ♣r♦♦❢
♦❢ ▲❡♠♠❛ ✸✳✼✳ ❚❤❡♥✱ (σ1σ2)

2 6= (σ2σ1)
2 ❛♥❞ t❤❡② ❛r❡ ♥♦t ❝♦♥❥✉❣❛t❡ ✐♥ H✱

s✐♥❝❡ ❜♦t❤ st❛t❡♠❡♥ts ❤♦❧❞ ✐♥ π(H)✳ �

❏✉①t❛♣♦s✐t✐♦♥ ❛♥❞ ❝❧❛ss❡s ❧❡❢t✳ ❇❡❢♦r❡ ♣r♦✈✐♥❣ ♦✉r ♠❛✐♥ r❡s✉❧t✱ ✇❡ ✐♥tr♦✲
❞✉❝❡ ❛ t❡❝❤♥✐q✉❡✳

▲❡♠♠❛ ✸✳✾ ✭❘❡❞✉❝t✐♦♥ ❜② ❥✉①t❛♣♦s✐t✐♦♥✮✳ ▲❡t m = p + q✱ µ ∈ Sp✱ τ ∈ Sq

❛♥❞ σ = µ ⊥ τ ∈ Sm t❤❡ ❥✉①t❛♣♦s✐t✐♦♥✳ ■❢ µSp ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ σSm ❛❧s♦ ✐s✳
■♥ t❤❡ s❛♠❡ ✈❡✐♥✱ ✐❢ µ ∈ Ap ❛♥❞ ✐ts ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ Ap ✐s ♦❢ t②♣❡ ❉✱ ❛♥❞
τ ∈ Aq✱ t❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ σ = µ ⊥ τ ∈ Am ✐s ♦❢ t②♣❡ ❉✳

❚❤✐s ✐s s♦ ❜❡❝❛✉s❡ t❤❡ ✐♥❝❧✉s✐♦♥ Sp × Sq →֒ Sm ✐♥❞✉❝❡s ❛♥ ✐♥❝❧✉s✐♦♥ ♦❢
r❛❝❦s µSp × τSq →֒ σSm ✳

❖❜s❡r✈❡ ❛❧s♦ t❤❛t ✐❢ σ ∈ An ❛♥❞ σAn ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ s♦ ✐s σSn ✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ σ ∈ An ✐s ♦❢ t②♣❡ (1j1 , · · · , njn) ❛♥❞ ❡✐t❤❡r ji > 0 ❢♦r s♦♠❡
i ❡✈❡♥ ♦r ❡✐t❤❡r ji > 1 ❢♦r s♦♠❡ i ♦❞❞✱ t❤❡♥ σSn = σAn ✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✐❢
n ≥ 5 ✐s ♦❞❞✱ t❤❡♥ t❤❡ ❝❧❛ss ♦❢ t②♣❡ (12, n) ✐♥ An+2 ✐s ♦❢ t②♣❡ ❉✳ ❚❤✐s ❢♦❧❧♦✇s
❜② ❥✉①t❛♣♦s✐t✐♦♥✱ s✐♥❝❡ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧❛ss ♦❢ t②♣❡ (12, n) ✐♥ Sn+2✱ ❛♥❞
t❤❡ ❝❧❛ss ♦❢ t②♣❡ (n) ✐♥ Sn ✐s ♦❢ t②♣❡ ❉✳



✸✳✸✳ ▼❛✐♥ r❡s✉❧ts ✷✾

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ♣❛r❛❣r❛♣❤s✱ ✇❡ ❧✐st t❤❡ ❝❧❛ss❡s ✇❤✐❝❤
❛r❡ ♥♦t ♦❢ t②♣❡ ❉✳ ■♥ t❤❡s❡ ❝❛s❡s✱ ✇❡ ❝♦♥s✐❞❡r ❛❧❧ ♣❛✐rs σ1, σ2 ✐♥ t❤❡♠✱ ✇✐t❤
t❤❡ ❤❡❧♣ ♦❢ ●❆P✱ t♦ ❝❤❡❝❦ t❤❛t t❤❡② ❛r❡ ♥♦t ♦❢ t②♣❡ ❉✳ ❲❡ ❧✐st ❛❧s♦ t✇♦
❢❛♠✐❧✐❡s ♦❢ ❝❧❛ss❡s ✐♥ Am ❢♦r ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ❛♥s✇❡r✳

❈♦r♦❧❧❛r② ✸✳✶✵✳

• ❈❧❛ss❡s ♥♦t ♦❢ t②♣❡ ❉ ✐♥ Sm✿ (4)❀ (3, 3)❀ (2, 2, 3)❀ (2, 3)❀ (1n, 3)❀
(24)❀ (23)❀ (12, 22)❀ (1, 22)❀ (22)❀ (1n, 2)✳

• ❈❧❛ss❡s ♥♦t ♦❢ t②♣❡ ❉ ✐♥ Am✿ (3, 3)❀ (2, 2, 3)❀ (1n, 3)❀ (24)❀ (12, 22)❀
(1, 22)✱ (22)✳

• ❈❧❛ss❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♦❢ t②♣❡ ❉ ✐♥ Am✿ (1, n)❀ (n) ✭❢♦r n ≥ 5
sq✉❛r❡ ❢r❡❡✮✳

❲❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ✜♥❞ ♦✉t ✐♥ ❣❡♥❡r❛❧ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ ❝❧❛ss❡s ♦❢ t②♣❡
(n)✱ (1, n) ✐♥ Am✱ ✇✐t❤ n ≥ 5 ❛♥❞ sq✉❛r❡ ❢r❡❡✱ ❛r❡ ♦❢ t②♣❡ ❉✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ❝❧❛ss ♦❢ t②♣❡ (1, 5) ✐s ♥♦t ♦❢ t②♣❡ ❉✱ ✇❤✐❧❡ t❤❡ ❝❧❛ss ♦❢ t②♣❡ (1, 7) ✐s✳

✸✳✸✳ ▼❛✐♥ r❡s✉❧ts

✸✳✸✳✶✳ ❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣✳ ❇❡❢♦r❡ ♣r♦✈✐♥❣ ♦✉r ♠❛✐♥ r❡s✉❧t ❛❜♦✉t ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ♦✈❡r t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣s ✇❡ ♥❡❡❞ t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♥♦t ❝♦✈❡r❡❞ ❜② ❈♦r♦❧❧❛r② ✸✳✶✵✳

▲❡♠♠❛ ✸✳✶✶✳ ▲❡t σ ∈ Am ❜❡ ♦❢ t②♣❡ (1n1 , 2n2 , σo)✳ ❚❤❡♥ t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss σAm ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ■❢ n2 = 0✱ t❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✸✳✸ ❛♥❞ ✷✳✶✵✳ ◆♦✇
❝♦♥s✐❞❡r n2 = 2k ❛♥ ❡✈❡♥ ♥✉♠❜❡r✳ ❆ss✉♠❡ ✜rst t❤❛t σo = 1✳ ❋♦r ❡✈❡r② l✱
1 ≤ l ≤ k✱ ✇❡ ❞❡✜♥❡

Cl = (4l − 3 4l − 2)(4l − 1 4l),

Dl = (4l − 3 4l − 1)(4l − 2 4l),

αl = (4l − 2 4l − 1)(4l − 3 4l − 2) = (4l − 1 4l − 2 4l − 3).

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② Cl✱ Dl ❛♥❞ αl ✐s ✐s♦♠♦r♣❤✐❝ t♦
A4✳ ▼♦r❡♦✈❡r✱ t❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜②

C = C1 · · ·Ck, D = D1 · · ·Dk ❛♥❞ α = α1 · · ·αk

✐s ❛❧s♦ ✐s♦♠♦r♣❤✐❝ t♦ A4 ❛♥❞ C ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥✱ ❝♦♥❥✉❣❛t❡ t♦ σ ✐♥ Am✳ ❚❤❡♥✱
t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss σAm ✐s ♦❢ t②♣❡ ❇✳ ◆♦✇✱ ✐❢ σo 6= 1✱ ❛s ❜❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❛t
σ ❜❡❧♦♥❣s t♦ ❛ s✉❜❣r♦✉♣ ✐s♦♠♦r♣❤✐❝ t♦ A4 × 〈σo〉✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s
❢r♦♠ ▲❡♠♠❛ ✷✳✶✾✳ �

▲❡♠♠❛ ✸✳✶✷✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ (22, 3)✱ (24)✱ (22)✱ (1, 22) ❛♥❞
(12, 22) ✐♥ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣ ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (22) ✐♥ A4✱ ✉s❡ ▲❡♠♠❛ ✷✳✶✺✳ ❚❤❡♥✱
❜② ▲❡♠♠❛ ✷✳✸✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ (1, 22) ❛♥❞ (12, 22) ❛r❡ ❛❧s♦ ♦❢
t②♣❡ ❇✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (22, 3) ♦❢ A7✱ ♥♦t✐❝❡ t❤❛t t❤❡ ❣r♦✉♣
❣❡♥❡r❛t❡❞ ❜② (1 2)(3 4)(5 6 7)✱ (1 3)(2 4)(5 6 7) ❛♥❞ (2 4 3) ✐s ✐s♦♠♦r♣❤✐❝ t♦
A4 ×C3✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛s ✷✳✶✾ ❛♥❞ ✷✳✸✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (22, 3)
✐s ♦❢ t②♣❡ ❇✳ �



✸✵ ✸✳ ❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❛♥❞ s②♠♠❡tr✐❝ ❣r♦✉♣s

▲❡♠♠❛ ✸✳✶✸✳ ▲❡t p > 3 ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♦❢ t②♣❡ (p) ❛♥❞ (1, p) ✐♥ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣ ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ▲❡t σ ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ t②♣❡ (p)✳ ■❢ σ ✐s r❡❛❧✱ t❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s
❢r♦♠ ▲❡♠♠❛ ✷✳✶✵✳ ❖t❤❡r✇✐s❡✱ ✐❢ σ2 ∈ σAp t❤❡♥ σ4 ∈ σAp ❛♥❞ t❤❡ r❡s✉❧t
❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✶✱ s✐♥❝❡ σ4 6= σ2 ❛♥❞ σ ❤❛s ♦r❞❡r p > 3✳ ■❢ σ2 /∈
σAp t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✈♦❧✉t✐♦♥ x ∈ Sp s✉❝❤ t❤❛t
σ−1 = xσx✱ ✇✐t❤ x ♦❞❞✳ ❆♥❞ t❤❡♥✱ t❤❡r❡ ❡①✐sts ❛♥ ♦❞❞ ✐♥✈♦❧✉t✐♦♥ y s✉❝❤
t❤❛t σ2 = yσy−1✳ ▲❡t z = xy ∈ Ap✳ ❚❤❡♥✱ σ−2 = zσz−1 ∈ C ❛♥❞ σ4 ∈ σAp ✳
❚❤❡r❡❢♦r❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✶ s✐♥❝❡ σ4 = σ−2✳ ❚❤❡ ♣r♦♦❢
❢♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (1, p) ✐♥ Ap+1 ✐s s✐♠✐❧❛r✳ �

▲❡♠♠❛ ✸✳✶✹✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ (1n, 3) ✭n > 2✮ ❛♥❞ (32) ✐♥ t❤❡
❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣ ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (1n, 3) ✐s ♦❢ t②♣❡
❇✳ ▲❡t n > 2 ❛♥❞ σ ❜❡ ♦❢ t②♣❡ (1n, 3)✳ ❚❤❡♥✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ✜①❡❞
♣♦✐♥ts ♦❢ σ✱ s❛② n− 1 ❛♥❞ n✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✈♦❧✉t✐♦♥
τ ✐♥ Sn−2 s✉❝❤ t❤❛t τστ = σ−1✳ ■❢ τ ∈ An−2 ⊆ An✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠
▲❡♠♠❛ ✷✳✶✵✳ ❖t❤❡r✇✐s❡ t❛❦❡ t❤❡ ✐♥✈♦❧✉t✐♦♥ τ ′ = τ(n− 1n) ∈ An ❛♥❞ ♥♦t✐❝❡
t❤❛t τ ′στ ′ = σ−1✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✵✳

❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (32)✱ ❧❡t σ = (1 2 3)(4 5 6) ❛♥❞ ♥♦t✐❝❡ t❤❛t
σ−1 = xσx✱ ✇❤❡r❡ x = (2 3)(5 6)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛
✷✳✶✵✳ �

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✶✺✳ ▲❡t n ≥ 5✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r♦✉♣
An ✐s ♦❢ t②♣❡ ❇✳

❚❤✐s r❡s✉❧t ✇❛s ❦♥♦✇♥ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s n = 5 ✭s❡❡ ❬❆❋✵✼❛❪ ♦r
❬❋●❱✵✼✱ ❜❡❝❛✉s❡ PSL(2, 4) ≃ A5❪✮ ❛♥❞ n = 7 ✭❬❋❛♥✵✼❛❪✮✳ ❙✐♥❝❡ A3 ✐s
❛❜❡❧✐❛♥✱ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r ✐t ❛r❡ ❝❧❛ss✐✜❡❞ ❛♥❞ t❤❡r❡ ❛r❡
25 ♦❢ t❤❡♠ ✭s❡❡ ❬❆❙✵✵✱ ❚❤❡♦r❡♠ ✶✳✸❪ ❛♥❞ ❬❆❙✵✷❛✱ ❚❤❡♦r❡♠ ✶✳✽❪✮✳ ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ♦✈❡r A4 ❛r❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❡①❝❡♣t ❢♦r ❢♦✉r ♣❛✐rs ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❝❧❛ss❡s ♦❢ (1 2 3) ❛♥❞ (1 3 2) ❛♥❞ t❤❡ ♥♦♥✲tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ♦❢ C3✳
❆❝t✉❛❧❧②✱ t❤❡s❡ ❢♦✉r ❛❧❣❡❜r❛s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❛♥ ♦✉t❡r ❛✉t♦✲
♠♦r♣❤✐s♠ ♦❢ A4 ♦r ❜② t❤❡ ●❛❧♦✐s ❣r♦✉♣ Q(ω)/Q ❢♦r ω ∈ R3 ✭t❤❡ ❝②❝❧♦t♦♠✐❝
❡①t❡♥s✐♦♥ ❜② t❤✐r❞ r♦♦ts ♦❢ ✉♥✐t②✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣❛✐r t♦ st✉❞②✳

✸✳✸✳✷✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❚❤❡♦r❡♠ ✸✳✶ ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ▲✐❢t✐♥❣
▼❡t❤♦❞ ❬❆❙✵✷❜❪ ❛♥❞ t❤❡ ❚❤❡♦r❡♠ ✸✳✶✺✳ �

✸✳✸✳✸✳ ❚❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣s✳ ❆s ❜❡❢♦r❡✱ t♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t ❛❜♦✉t
◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r s②♠♠❡tr✐❝ ❣r♦✉♣s ✇❡ ♥❡❡❞ t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♥♦t ❝♦✈❡r❡❞ ❜② ❈♦r♦❧❧❛r② ✸✳✶✵✳

▲❡♠♠❛ ✸✳✶✻✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t②♣❡ (1n, 3) ✭n > 2✮✱ (32)✱ (22, 3)✱
(24)✱ (22)✱ (1, 22) ❛♥❞ (12, 22) ✐♥ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❙✐♥❝❡ Am ✐s ❛ s✉❜❣r♦✉♣ ♦❢ Sm✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✷✳✸✱
✸✳✶✷✱ ✸✳✶✹ ❛♥❞ ✸✳✶✸✳ �



✸✳✸✳ ▼❛✐♥ r❡s✉❧ts ✸✶

❚❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ❛♥❞ ✜♥✐t❡ ❞✐♠❡♥✲
s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ♦✈❡r S3 ✇❛s ❝♦♠♣❧❡t❡❞ ✐♥ ❬❆❍❙✵✽❪✳ ❋✐♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r S4 ✇❡r❡ ❝❧❛ss✐✜❡❞ ✐♥ ❬❆❍❙✵✽❪ ❛♥❞ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ♦✈❡r S4 ✇❡r❡ ❝❧❛ss✐✜❡❞ ✐♥ ❬●●✵✾❪✳

◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣s Sn ❢♦r n ≥ 5 ✇❡r❡ st✉❞✐❡❞ ✐♥
❬❆❩✵✼✱ ❆❋✵✼❜✱ ❆❋❩✵✾❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛❜♦✉t ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r
s②♠♠❡tr✐❝ ❣r♦✉♣s ✇❛s ♣r♦✈❡❞ ✐♥ ❬❆❋●❱✵✽❪✳

❚❤❡♦r❡♠ ✸✳✶✼✳ ▲❡t n ≥ 5 ❛♥❞ ❧❡t σ ∈ Sn✳ ■❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss σSn ✐s ♥♦t
♦❢ t②♣❡ ❇✱ t❤❡♥ σ ❜❡❧♦♥❣ t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✿

✭✶✮ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s ✐♥ Sn❀

✭✷✮ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4 5) ✐♥ S5❀

✭✸✮ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ (1 2)(3 4)(5 6) ✐♥ S6✳

Pr♦♦❢✳ ▲❡t σ ∈ Am✳ ■❢ σAm ✐s ♦❢ t②♣❡ ❉✱ t❤❡♥ σSm ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡r❡❢♦r❡✱
t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✶✵ ❛♥❞ ▲❡♠♠❛ ✸✳✶✻✳ �

❇② Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (2, 3) ✐s r❡❛❧✳ ❆❧s♦✱ ✐t ✐s
❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ σ = (1 2)(3 4 5) ✐♥ S5 ✐s ✐s♦♠♦r♣❤✐❝ t♦
C6✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✷✳✶✵✱ t❤❡r❡ ✐s ♦♥❧② r❡♣r❡s❡♥t❛❝✐♦♥ ρ ∈ Irr(C6) t♦
st✉❞②✿ t❤❡ ✉♥✐q✉❡ s✉❝❤ t❤❛t ρ(σ) = −1✳ ❚❤❡ r❛❝❦ ❛♥❞ t❤❡ ✷✲❝♦❝②❝❧❡ ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ●❆P ❛♥❞ ❘✐●✳

❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ❡❧❡♠❡♥ts ♦❢ t②♣❡ (23) ✐♥ S6 ✐s ✐s♦♠♦r♣❤✐❝✱ ❛s ❛
r❛❝❦✱ t♦ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t❤❡ tr❛♥s♣♦s✐t✐♦♥s ✐♥ S6✱ s✐♥❝❡ ❛♥② ♠❛♣ ✐♥ t❤❡
❝❧❛ss ♦❢ t❤❡ ♦✉t❡r ❛✉t♦♠♦r♣❤✐s♠ ♦❢ S6 ❛♣♣❧✐❡s (1 2) ✐♥ (1 2)(3 4)(5 6) ✭s❡❡
❬❏❘✽✷❪✮✳ ❚❤✉s✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t②♣❡ (23) ✐s ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s✳

▲❡t σ = (1 2) ∈ Sn✱ ❧❡t C ❜❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ σ ✐♥ Sn ❛♥❞ ❧❡t
ρ ∈ Irr(CSn

(σ)) ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t CSn
(σ) ≃ C2 × Sn−2✳ ❚❤❡r❡❢♦r❡✱ ✐❢

dimB(C, ρ) <∞ t❤❡♥ ρ = sgn⊗sgn ♦r ρ = 1⊗sgn✱ ❜❡❝❛✉s❡ σ ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥
✭❤❡r❡ 1 ✐s t❤❡ tr✐✈✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ C2 ❛♥❞ sgn ✐s t❤❡ s✐❣♥ r❡♣r❡s❡♥t❛t✐♦♥✮✳





❈❤❛♣t❡r ✹

❙♦♠❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡ t❤❛t s♦♠❡ ✜♥✐t❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡
❤❛✈❡ ♥♦ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛✳ ❚❤❡♥✱ ❜② t❤❡ ❧✐❢t✐♥❣ ♠❡t❤♦❞
♦❢ ❆♥❞r✉s❦✐❡✇✐ts❝❤ ❛♥❞ ❙❝❤♥❡✐❞❡r✱ t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥✲
tr✐✈✐❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛ ♦✈❡r ❛♥② ♦❢ t❤❡s❡ ❣r♦✉♣s✳ ❚❤❡ ❣r♦✉♣s st✉❞✐❡❞ ✐♥
t❤✐s ❝❤❛♣t❡r ❛r❡✿

• PSL(2, q) ❢♦r q ❡✈❡♥❀

• ❚❤❡ ❧✐♥❡❛r ❣r♦✉♣s PSL(5, 2)❀

• ❚❤❡ ❈❤❡✈❛❧❧❡② ❣r♦✉♣s G2(q) ❢♦r q = 3, 4, 5❀

• ❚❤❡ s②♠♣❧❡❝t✐❝ ❣r♦✉♣s S6(2) ❛♥❞ S8(2)❀

• ❚❤❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣s O7(3)✱ O+
8 (2) ❛♥❞ O−

10(2)❀

• ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ t❤❡ ❚✐ts ❣r♦✉♣✳

■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s✐♠♣❧❡ ❣r♦✉♣s PSL(2, 2m)✱ ❢♦r m > 1✱
❛r❡ ♦❢ t②♣❡ ❇✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ r❡♠❛r❦ t❤❛t t❤✐s r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ ♦♥❧②
✇✐t❤ ❛❜❡❧✐❛♥ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ♦t❤❡r ✜♥✐t❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡ ✇❡r❡ st✉❞✐❡❞
♠❛✐♥❧② ❜② ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s✳

✹✳✶✳ ❚❤❡ ❣r♦✉♣s PSL(2, q) ❢♦r q ❡✈❡♥

■♥ t❤✐s s❡❝t✐♦♥✱ q = 2m ❢♦r m > 0✱ E = Fq2 ✇✐❧❧ ❜❡ t❤❡ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥
♦❢ Fq ❛♥❞ x ✇✐❧❧ ❜❡ t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t❡ ♦❢ x ∈ E✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♦r❞❡r ♦❢
PSL(2, q) ✐s (q − 1)q(q + 1)✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ PSL(2, q) ❛r❡ ❣✐✈❡♥ ✐♥
❚❛❜❧❡ ✹✳✶ ✭s❡❡ ❬❩◆✼✹❪✮✳ ❚❤❡r❡ ❛r❡ q+1 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❞✐✈✐❞❡❞ ✐♥ 4 t②♣❡s✿

❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ q = 2✳ ❲❡ ❤❛✈❡ PSL(2, 2) ≃ S3 ❛♥❞ ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ❣❡♥❡r❛t❡❞ ❜② ✐rr❡❞✉❝✐❜❧❡ ❨❡tt❡r✲❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s ♦✈❡r S3 ✇❡r❡ st✉❞✲
✐❡❞ ✐♥ ❬▼❙✵✵✱ ❆❍❙✵✽❪✳ ❚❤❡② ❛r❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❡①❝❡♣t ❢♦r B(τ, sgn)✱
✇❤✐❝❤ ✐s 12✲❞✐♠❡♥s✐♦♥❛❧ ✭❤❡r❡ τ ✐s t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s ❛♥❞
sgn ✐s t❤❡ ♥♦♥✲tr✐✈✐❛❧ ❝❤❛r❛❝t❡r ♦❢ ✐ts ❝❡♥tr❛❧✐③❡r✮✳ ❚❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ♦✈❡r S3 ✇❛s ❝♦♥❝❧✉❡❞ ✐♥ ❬❆❍❙✵✽❪✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ q > 2✳

✸✸



✸✹ ✹✳ ❙♦♠❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡

❚❛❜❧❡ ✹✳✶✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ PSL(2, q) ❢♦r q ❡✈❡♥

❘❡♣r❡s❡♥t❛t✐✈❡ ❙✐③❡ ◆✉♠❜❡r

I = c1 =

(
1

1

)

1 1

c2 =

(
1 1

1

)

q2 − 1 1

c3(x) =

(
x

x−1

)

(x 6= 1) q(q + 1) (q−2)
2

c4(x) =

(
1

1 x+ x

)

(x ∈ E \ Fq) (q − 1)q q
2

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t q = 2n ❢♦r n ≥ 2✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ci ✐♥
PSL(2, q) ❢♦r i = 1, 2, 3, 4 ❛r❡ ♦❢ t②♣❡ ❇✳

❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ❝❧❛ss s❡♣❛r❛t❡❧②✳ ❚❤❡ ❝❧❛ss ♦❢ c1 ❣✐✈❡s t❤❡ tr✐✈✐❛❧ ❜r❛✐❞✲

✐♥❣✳ ❋♦r t❤❡ ❝❧❛ss ♦❢ c2✱ ✇❡ t❛❦❡✱ ❢♦r a ∈ F×
q ✱ xa =

(
a

a−1

)

✳ ❚❤❡♥

ga = xac2x
−1
a =

(
1 a2

1

)

✳ ❚❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ c2 ✐s t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣

Fq ❡♠❜❡❞❞❡❞ ✐♥ PSL(2, q) ❛s

(
1 Fq

1

)

✳ ■❢ χ : Fq → C ✐s ❛ ❝❤❛r❛❝t❡r

♦❢ t❤❡ ❝❡♥tr❛❧✐③❡r✱ ✇❡ ❣❡t qab = χ(x−1
b gaxb) = χ(gab−1)✱ ✇❤❡♥❝❡ qabqba =

χ

(
1 a2b−2 + a−2b2

1

)

✭✇❡ ✇r✐t❡ quv ❢♦r qgugv✮✳ ❙✐♥❝❡ q = 2n✱ χ t❛❦❡s

✈❛❧✉❡s ±✶✳ ■❢ qaa = 1✱ t❤❡♥ dimB(C2, χ) =∞✱ s♦ ✇❡ ♠❛② ❛ss✉♠❡ qaa = −1✳

■❢ t❤❡r❡ ❡①✐sts a ∈ Fq \ {0, 1} s✉❝❤ t❤❛t χ

(
1 a2 + a−2

1

)

= −1✱ t❤❡♥

✇❡ ❣❡t

q1,aqa,1 = qa,a2qa2,a = · · · = qam,1q1,am = −1,

✇❤❡r❡ am+1 = 1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ s♣❛❝❡ VT ❝♦♥t❛✐♥s ❛ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤
m ≥ 3 ✇✐t❤ ❡❞❣❡s ❧❛❜❡❧❧❡❞ ❜② −1✱ ✇❤❡♥❝❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ci ✐s ♦❢ t②♣❡

❇✳ ❆ss✉♠❡ t❤❡♥ t❤❛t χ

(
1 a2 + a−2

1

)

= 1 ❢♦r ❛❧❧ a 6= 0, 1✳ ❇✉t t❤❡♥✱

❢♦r ❛❧❧ x ✐♥ t❤❡ s✉❜❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠ a2 + a−2

✭a 6= 0, 1✮✱ ✇❡ ❣❡t χ

(
1 x

1

)

= 1✳ ❚❛❦❡ ♥♦✇ ❛♥② a ∈ Fq \ {0, 1}✱ ❛♥❞ ❧❡t r

❜❡ t❤❡ ♦r❞❡r ♦❢ a2 + a−2✳ ❙✐♥❝❡ r ✐s ♦❞❞✱ 1 = (a2 + a−2)r ✐s ✐♥ t❤❡ s✉❜❣r♦✉♣
❣❡♥❡r❛t❡❞ ❜② ❡❧❡♠❡♥ts a2i + a−2i ❢♦r 0 < i ≤ r✱ ❜✉t t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t

t❤❛t qaa = χ

(
1 1

1

)

= −1✳

❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ c3✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t c3(x) ❛♥❞ c3(x−1) =
c3(x)

−1 ❛r❡ ❝♦♥❥✉❣❛t❡✱ ✇❤❡♥❝❡ t❤❡② ❜♦t❤ ❤❛✈❡ t❤❡ s❛♠❡ ♦❞❞ ♦r❞❡r✳ ❚❤❡♥ ❜②
▲❡♠♠❛ ✷✳✶✵✱ t❤❡ ❝❧❛ss ♦❢ c3 ✐s ♦❢ t②♣❡ ❇✳

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ c4✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❝❡♥tr❛❧✐③❡r ♦❢ c4(x)
✐s ❛ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❝②❝❧✐❝ ❣r♦✉♣ E×✱ ❤❡♥❝❡ ✐t ✐s ❝②❝❧✐❝✳ ❆❣❛✐♥✱ ✐t ✐s ❡❛s②



✹✳✸✳ ❙♦♠❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣s ✸✺

t♦ s❡❡ t❤❛t ❜♦t❤ c4(x) ❛♥❞ c4(x)−1 =

(
x+ x 1

1

)

❛r❡ ❝♦♥❥✉❣❛t❡ ❛♥❞ t❤❡②

❤❛✈❡ ♦❞❞ ♦r❞❡r✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✷✳✶✵✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ c4 ✐s ♦❢ t②♣❡
❇✳

✹✳✷✳ ❚❤❡ ❧✐♥❡❛r ❣r♦✉♣ PSL(5, 2)

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 9 999 360✳ ■t ❤❛s ✷✼ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚♦ st✉❞② ◆✐❝❤♦❧s
❛❧❣❡❜r❛s ♦✈❡r t❤✐s ❣r♦✉♣ ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡ S31 ❣✐✈❡♥ ✐♥ ❆❚▲❆❙✳

▲❡♠♠❛ ✹✳✷✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ PSL(5, 2) ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r
6= 31✱ ❛♥❞ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✱ ♦❢ s✐③❡ ✹✻✺✱ ❛r❡ ❛❧❧ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✶✱ s❡❡ t❤❡ ❧♦❣✜❧❡ ▲✺✭✷✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡ ❣r♦✉♣ PSL(5, 2) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✸✶ ❛r❡ q✉❛s✐✲r❡❛❧
❛♥❞ ▲❡♠♠❛ ✷✳✶✶ ❛♣♣❧✐❡s✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ✉s❡ ▲❡♠♠❛ ✷✳✶✽✱ s✐♥❝❡
ξ(2A, 3A, 3A) = 42✳ ❚❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✷✳ �

✹✳✸✳ ❙♦♠❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s t♦ ♦❜t❛✐♥ s♦♠❡ r❡s✉❧ts
r❡❣❛r❞✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣s t❤❛t ❛♣♣❡❛r ❛s ❛ s✉❜✲
❣r♦✉♣s ♦r s✉❜q✉♦t✐❡♥ts ♦❢ t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳

✹✳✸✳✶✳ ❚❤❡ ❣r♦✉♣ O7(3)✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 4 585 351 680✳ ■t ❤❛s ✺✽
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❋♦r ❝♦♠♣✉t❛t✐♦♥s ✇❡ ✉s❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡ S351

❣✐✈❡♥ ✐♥ ❆❚▲❆❙✳

▲❡♠♠❛ ✹✳✹✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss✱ ❡①❝❡♣t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ✐♥✈♦❧✉t✐♦♥s
♥❛♠❡❞ ✷❆✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✱ s❡❡ t❤❡ ✜❧❡ ❖✼✭✸✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✹✳✺✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣ O7(3) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✹ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✳ ❋♦r t❤✐s
❝♦♥❥✉❣❛❝② ❝❧❛ss ✉s❡ ▲❡♠♠❛ ✷✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✸✱ s❡❡ t❤❡ ✜❧❡ ❖✼✭✸✮✴✷❆ ❢♦r
❞❡t❛✐❧s✳ �

✹✳✸✳✷✳ ❚❤❡ ❣r♦✉♣ O+
8 (2)✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 174 182 400✳ ■t ❤❛s ✺✸

❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳

▲❡♠♠❛ ✹✳✻✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ 6= 2, 3 ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✱ s❡❡ t❤❡ ✜❧❡ ❖✽✰✭✷✮✴❖✽✰✷✭✷✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳
�

▲❡♠♠❛ ✹✳✼✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ✐♥✈♦❧✉t✐♦♥s ✐♥ O+
8 (2) ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋♦r t❤❡s❡ ✜✈❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇❡ ✉s❡ ▲❡♠♠❛ ✷✳✶✽✳ ❙❡❡ ❚❛❜❧❡ ✹✳✷
❢♦r ❞❡t❛✐❧s✳ �



✸✻ ✹✳ ❙♦♠❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡

❚❛❜❧❡ ✹✳✷✳ ■♥✈♦❧✉t✐♦♥s ✐♥ O+

8 (2)

❈❧❛ss ❙✐③❡
✷❆ 1575 ξ(2A, 3E, 3E) = 81
✷❇ 3780 ξ(2B, 3E, 3E) = 108
✷❈ 3780 ξ(2C, 3E, 3E) = 108
✷❉ 3780 ξ(2D, 3E, 3E) = 108
✷❊ 56700 ξ(2E, 3E, 3E) = 486

❚❤❡♦r❡♠ ✹✳✽✳ ❚❤❡ ❣r♦✉♣ O+
8 (2) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛s ✹✳✻ ❛♥❞ ✹✳✼✱ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
✸❆✱ ✸❇✱ ✸❈✱ ✸❉✱ ✸❊✳ ❇✉t t❤❡s❡ ❝❧❛ss❡s ❛r❡ r❡❛❧✱ s♦ ▲❡♠♠❛ ✷✳✶✵ ❛♣♣❧✐❡s✳ �

✹✳✸✳✸✳ ❚❤❡ ❣r♦✉♣ O−
10(2)✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 25 015 379 558 400✳ ■t ❤❛s

✶✶✺ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡
S495 ❣✐✈❡♥ ✐♥ ❆❚▲❆❙✳

▲❡♠♠❛ ✹✳✾✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss✱ ❡①❝❡♣t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♥❛♠❡❞ ✷❆✱
✸❆✱ ✶✶❆✱ ✶✶❇✱ ✸✸❆✱ ✸✸❇✱ ✸✸❈✱ ✸✸❉ ✐s ♦❢ t②♣❡ ❉✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss ✷❆ ✭r❡s♣✳ ✸❆✮ ❤❛s ✶✾✻✸✺ ✭r❡s♣✳ ✹✼✽✼✷✮ ❡❧❡♠❡♥ts✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✱ s❡❡ t❤❡ ✜❧❡ ❖✶✵✲✭✷✮✴❖✶✵✲✭✷✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳
�

❚❤❡♦r❡♠ ✹✳✶✵✳ ❚❤❡ ❣r♦✉♣ O−
10(2) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✾ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❆✱ ✸❆✱
✶✶❆✱ ✶✶❇✱ ✸✸❆✱ ✸✸❇✱ ✸✸❈✱ ✸✸❉✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ✐s ♦❢ t②♣❡ ❇✱ s✐♥❝❡
ξ(2A, 3F, 3F ) = 243 ❛♥❞ ▲❡♠♠❛ ✷✳✶✽ ❛♣♣❧✐❡s✳ ❋♦r t❤❡ ❝❧❛ss ✸❆ ✉s❡ ▲❡♠♠❛
✷✳✶✵✱ s✐♥❝❡ ✐t ✐s ❛ r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss✳ ❆♥❞ ❢♦r t❤❡ ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱ ✸✸❆✱
✸✸❇✱ ✸✸❈✱ ✸✸❉ ✉s❡ ▲❡♠♠❛ ✷✳✶✶✱ s✐♥❝❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇ ✭r❡s♣✳
✸✸❆✱ ✸✸❇✱ ✸✸❈✱ ✸✸❉✮ ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 3 ✭r❡s♣✳ j = 4✮✳ �

✹✳✹✳ ❙♦♠❡ ❣r♦✉♣s ♦❢ t②♣❡ G2

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❣r♦✉♣s G2(q) ❢♦r q = 3, 4, 5 ❛r❡ ♦❢ t②♣❡ ❇✳
▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❛❧♠♦st ❛❧❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ ♦❢ t②♣❡ ❉✳

✹✳✹✳✶✳ ❚❤❡ ❡①❝❡♣t✐♦♥❛❧ ❣r♦✉♣ G2(4)✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❛t t❤❡
❣r♦✉♣ G2(4) ✐s ♦❢ t②♣❡ ❇✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 251 596 800✳ ■t ❤❛s ✸✷ ❝♦♥✲
❥✉❣❛❝② ❝❧❛ss❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢
♦r❞❡r ✷ ♦r ✸ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

◆❛♠❡ ❈❡♥tr❛❧✐③❡r s✐③❡
✷❆ ✻✶✹✹✵
✷❇ ✸✽✹✵
✸❆ ✻✵✹✽✵
✸❇ ✶✽✵

▲❡♠♠❛ ✹✳✶✶✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ G2(4) ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r
6= 2, 3 ❛r❡ ♦❢ t②♣❡ ❉✳



✹✳✺✳ ❙♦♠❡ s②♠♣❧❡❝t✐❝ ❣r♦✉♣s ✸✼

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ●✷✭✹✮✴●✷✭✹✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✹✳✶✷✳ ❚❤❡ ❣r♦✉♣ G2(4) ✐s ♦❢ t②♣❡ ❇✳ �

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✶✶✱ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣✲
r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✷ ♦r ✸✳ ❋♦r t❤❡ t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ✐♥✈♦❧✉t✐♦♥s ✉s❡
▲❡♠♠❛ ✷✳✶✽✱ ❜❡❝❛✉s❡ ξ(✷❆, ✸❇, ✸❇) = 171 ❛♥❞ ξ(✷❇, ✸❆, ✸❆) = 126✳ ❋♦r t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✸ ✉s❡ ▲❡♠♠❛ ✷✳✶✵✱ ❜❡❝❛✉s❡
t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✳ �

✹✳✹✳✷✳ ❚❤❡ ❡①❝❡♣t✐♦♥❛❧ ❣r♦✉♣s G2(3) ❛♥❞ G2(5)✳ ❋♦r t❤❡ ♦r❞❡rs ❛♥❞
♥✉♠❜❡r ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t❤❡ ❣r♦✉♣s G2(3) ❛♥❞ G2(5) s❡❡ ❚❛❜❧❡ ✹✳✸✳
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✶✸✳ ❚❤❡ ❣r♦✉♣s G2(3) ❛♥❞ G2(5) ❛r❡ ♦❢ t②♣❡ ❉✳ ❍❡♥❝❡✱ t❤❡② ❛r❡
♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ ❚❛❜❧❡ ✹✳✸ ❢♦r t❤❡ ❧♦❣ ✜❧❡s✳ �

❚❛❜❧❡ ✹✳✸✳ ❙♦♠❡ ❈❤❡✈❛❧❧❡② ❣r♦✉♣s ♦❢ t②♣❡ ❉

●r♦✉♣ ❖r❞❡r ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ▲♦❣ ✜❧❡
G2(3) 4 245 696 ✷✸ ●✷✭✸✮✴●✷✭✸✮✳❧♦❣

G2(5) 5 859 000 000 ✹✹ ●✷✭✺✮✴●✷✭✺✮✳❧♦❣

✹✳✺✳ ❙♦♠❡ s②♠♣❧❡❝t✐❝ ❣r♦✉♣s

✹✳✺✳✶✳ ❚❤❡ s②♠♣❧❡❝t✐❝ ❣r♦✉♣ S6(2)✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 1 451 520✳ ■t
❤❛s ✸✵ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
S6(2) ✐♥s✐❞❡ S28 ❣✐✈❡♥ ✐♥ ❆❚▲❆❙✳

▲❡♠♠❛ ✹✳✶✹✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ S6(2)✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
✷❆✱ ✷❇✱ ✸❆ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✱ s❡❡ t❤❡ ✜❧❡ ❙✻✭✷✮✴❙✻✭✷✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ✭r❡s♣✳ ✷❇✱ ✸❆✮ ❤❛s s✐③❡ ✻✸ ✭r❡s♣✳ ✸✶✺✱
✻✼✷✮✳

❚❤❡♦r❡♠ ✹✳✶✺✳ ❚❤❡ ❣r♦✉♣ S6(2) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✶✹ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝❧❛ss❡s ✷❆✱ ✷❇✱ ✸❆✳ ❋♦r t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ✉s❡ ▲❡♠♠❛ ✷✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✸✱ s❡❡ t❤❡ ✜❧❡ ❙✻✭✷✮✴✷❆✳
❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❇ ✉s❡ ▲❡♠♠❛ ✷✳✶✽✱ s✐♥❝❡ ξ(2B, 3C, 3C) = 27✳ ❋♦r
t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✸❆ ✉s❡ ▲❡♠♠❛ ✷✳✶✵✱ s✐♥❝❡ t❤✐s ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✳ �



✸✽ ✹✳ ❙♦♠❡ ❣r♦✉♣s ♦❢ ▲✐❡ t②♣❡

✹✳✺✳✷✳ ❚❤❡ s②♠♣❧❡❝t✐❝ ❣r♦✉♣ S8(2)✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 47 377 612 800✳
■t ❤❛s ✽✶ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ S8(2) ✐♥s✐❞❡ S120 ❣✐✈❡♥ ✐♥ ❆❚▲❆❙✳

▲❡♠♠❛ ✹✳✶✻✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss✱ ❡①❝❡♣t ✷❆✱ ✷❇✱ ✸❆ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✱ s❡❡ t❤❡ ✜❧❡ ❙✽✭✷✮✴❙✽✭✷✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ✭r❡s♣✳ ✷❇✱ ✸❆✮ ❤❛s s✐③❡ ✺✸✺✺ ✭r❡s♣✳
✷✺✺✱ ✶✵✽✽✵✮✳

▲❡♠♠❛ ✹✳✶✼✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❆✱ ✷❇✱ ✸❆ ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋♦r t❤❡ r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✸❆ ✉s❡ ▲❡♠♠❛ ✷✳✶✵✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ✷❆ ✉s❡ ▲❡♠♠❛ ✷✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✷✳✶✸✱ s❡❡ t❤❡ ✜❧❡s ❙✽✭✷✮✴✷❆ ❢♦r
❞❡t❛✐❧s✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❇ ✉s❡ ▲❡♠♠❛ ✷✳✶✽✱ s✐♥❝❡ ξ(2B, 3C, 3C) =
135✳ �

✹✳✻✳ ❚❤❡ ❚✐ts ❣r♦✉♣

✹✳✻✳✶✳ ❚❤❡ ❚✐ts ❣r♦✉♣✳ ❚❤✐s ❣r♦✉♣✱ ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❣r♦✉♣
2F4(2)′ ❤❛s ♦r❞❡r 17 971 200✳ ■t ❤❛s ✷✷ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✽ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✹✳✶✽✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ T ✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡
❝❧❛ss ✷❆✱ ♦❢ s✐③❡ ✶✼✺✺✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ❚✴❚✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✹✳✶✾✳ ❚❤❡ ❚✐ts ❣r♦✉♣ T ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✶✽ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✳ ❇✉t
ξ(2A, 3A, 3A) = 27✱ s♦ ▲❡♠♠❛ ✷✳✶✽ ❛♣♣❧✐❡s✳ �

✹✳✻✳✷✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ t❤❡ ❚✐ts ❣r♦✉♣✳ ❍❡r❡ ✇❡ st✉❞②
◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ ❣r♦✉♣ Aut(2F4(2)′) ≃ Aut(2F4(2)) ≃ 2F4(2)✱ t❤❡
❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ t❤❡ ❚✐ts ❣r♦✉♣ ✭s❡❡ ❬●▲✼✺❪✮✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r
35 942 400✳ ■t ❤❛s ✷✾ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳

▲❡♠♠❛ ✹✳✷✵✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ 2F4(2)✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡
❝❧❛ss ✷❆✱ ♦❢ s✐③❡ ✶✼✺✺✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✶✳ ❙❡❡ t❤❡ ✜❧❡ ✷❋✹✭✷✮✴✷❋✹✭✷✮✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳
�

❚❤❡♦r❡♠ ✹✳✷✶✳ ❚❤❡ ❣r♦✉♣ 2F4(2) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✷✵ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✳ ❋♦r t❤✐s
❝♦♥❥✉❣❛❝② ❝❧❛ss ✉s❡ ▲❡♠♠❛ ✷✳✶✽✱ ❜❡❝❛✉s❡ S(✷❆, ✸❆, ✸❆) = 27✳ �



✹✳✼✳ ❙♦♠❡ ❞✐r❡❝t ♣r♦❞✉❝ts ✸✾

✹✳✼✳ ❙♦♠❡ ❞✐r❡❝t ♣r♦❞✉❝ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② s♦♠❡ ❞✐r❡❝t ♣r♦❞✉❝ts t❤❛t ❛♣♣❡❛r ❛s s✉❜❣r♦✉♣s ♦r
s✉❜q✉♦t✐❡♥ts ♦❢ s♦♠❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳

▲❡♠♠❛ ✹✳✷✷✳ ❊✈❡r② ♥♦♥✲tr✐✈✐❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r
6= 2, 3 ♦❢ A9 × S3 ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ❆❧❣♦r✐t❤♠ ✷✳✶✱ s❡❡ t❤❡ ✜❧❡ ❆✾①❙✸✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

▲❡♠♠❛ ✹✳✷✸✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✾ ❛♥❞ ✶✽
♦❢ O7(3)× S3 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✷✳✷✺ ❛♥❞ ✹✳✹✳ �

▲❡♠♠❛ ✹✳✷✹✳ ❊✈❡r② ♥♦♥✲tr✐✈✐❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ S5 ×PSL(3, 2) ✇✐t❤ r❡♣✲
r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 2, 3, 4, 6, 7 ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ❆❧❣♦r✐t❤♠ ✷✳✶✳ ❙❡❡ t❤❡ ✜❧❡ ❙✺①▲✸✭✷✮✳❧♦❣ ❢♦r t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥s✳ �

▲❡♠♠❛ ✹✳✷✺✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ A6 × PSU(3, 3) ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡
♦❢ ♦r❞❡r ✷✽✱ ✸✺ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✶✱ s❡❡ t❤❡ ✜❧❡ ❆✻①❯✸✭✸✮✴❆✻①❯✸✭✸✮✳❧♦❣ ❢♦r
❞❡t❛✐❧s✳ �





❈❤❛♣t❡r ✺

❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡ t❤❛t ❛♥② ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡①
♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛ ✇✐t❤ ❣r♦✉♣ ♦❢ ❣r♦✉♣✲❧✐❦❡s ✐s♦♠♦r♣❤✐❝ t♦ ❛ s♣♦r❛❞✐❝
s✐♠♣❧❡ ❣r♦✉♣ ✐s t❤❡ ❣r♦✉♣ ❛❧❣❡❜r❛✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❋✐s❝❤❡r
❣r♦✉♣ Fi22✱ t❤❡ ❇❛❜② ▼♦♥st❡r B ❛♥❞ t❤❡ ▼♦♥st❡r M✳ ❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r
t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s st✉❞✐❡❞ ✭❛♥❞✱ ♦❢ ❝♦✉rs❡✱ t❤❡ ▲✐❢t✐♥❣ ▼❡t❤♦❞ ♦❢
❆♥❞r✉s❦✐❡✇✐ts❝❤ ❛♥❞ ❙❝❤♥❡✐❞❡r✮✳

✺✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s

✺✳✶✳✶✳ ❚❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ♦❢ ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣s✳ ❋✐rst ✇❡
r❡❝❛❧❧ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣s ✭s❡❡ ❬❆s❝✵✵❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥ ❢♦r ❞❡t❛✐❧s✮✳

❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✳ ❊✈❡r② ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ♦♥❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r♦✉♣s✿

✭✶✮ ❆ ❝②❝❧✐❝ ❣r♦✉♣ ♦❢ ♣r✐♠❡ ♦r❞❡r❀

✭✷✮ ❆♥ ❆❧t❡r♥❛t✐♥❣ ❣r♦✉♣ ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st 5❀

✭✸✮ ❆ ❣r♦✉♣ ♦❢ ▲✐❡ t②♣❡❀

✭✹✮ ❖♥❡ ♦❢ 26 s♣♦r❛❞✐❝ ❣r♦✉♣s✳

❖❢ ❝♦✉rs❡✱ ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✱ ②♦✉ ♥❡❡❞
t♦ ❦♥♦✇ ✇❤❛t ❛ ✏❣r♦✉♣ ♦❢ ▲✐❡ t②♣❡✑ ❛♥❞ ✏s♣♦r❛❞✐❝ ❣r♦✉♣✑ ♠❡❛♥✳ ❆ ❣r♦✉♣
♦❢ ▲✐❡ t②♣❡ ✐s s♦♠❡❤♦✇ ❛ ✜♥✐t❡ ❛♥❛❧♦❣ ♦❢ ❛ ▲✐❡ ❣r♦✉♣✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡
❡①✐sts t✇❡♥t②✲s✐① s♣♦r❛❞✐❝ ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣s t❤❛t ❛r❡ ♥♦t ♠❡♠❜❡rs ♦❢ ❛♥②
r❡❛s♦♥❛❜❧② ❞❡✜♥❡❞ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ s✐♠♣❧❡ ❣r♦✉♣s✳ ❚❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡
❣r♦✉♣s ❛r❡✿

• ▼❛t❤✐❡✉ ❣r♦✉♣s✿ M11✱ M12✱ M22✱ M23✱ M24❀

• ❏❛♥❦♦ ❣r♦✉♣s✿ J1✱ J2✱ J3✱ J4❀

• ❈♦♥✇❛② ❣r♦✉♣s✿ Co1✱ Co2✱ Co3❀

• ❋✐s❝❤❡r ❣r♦✉♣s✿ Fi22✱ Fi23✱ Fi24❀

✹✶



✹✷ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

• ❍✐❣♠❛♥✲❙✐♠s ❣r♦✉♣✿ HS❀

• ▼❝▲❛✉❣❤❧✐♥ ❣r♦✉♣✿ McL❀

• ❍❡❧❞ ❣r♦✉♣✿ He❀

• ❘✉❞✈❛❧✐s ❣r♦✉♣✿ Ru❀

• ❙✉③✉❦✐ s♣♦r❛❞✐❝ ❣r♦✉♣✿ Suz❀

• ❖✬◆❛♥ ❣r♦✉♣✿ ON ❀

• ❍❛r❛❞❛✲◆♦rt♦♥ ❣r♦✉♣✿ HN ❀

• ▲②♦♥s ❣r♦✉♣✿ Ly❀

• ❚❤♦♠♣s♦♥ ❣r♦✉♣✿ Th❀

• ❇❛❜② ▼♦♥st❡r ❣r♦✉♣✿ B❀

• ❋✐s❝❤❡r✲●r✐❡ss ▼♦♥st❡r ❣r♦✉♣✿ M ❀

❙♦♠❡t✐♠❡s t❤❡ ❚✐ts ❣r♦✉♣ T ✐s r❡❣❛r❞❡❞ ❛s ❛ s♣♦r❛❞✐❝ ❣r♦✉♣ ✭❜❡❝❛✉s❡ ✐t ✐s
♥♦t str✐❝t❧② ❛ ❣r♦✉♣ ♦❢ ▲✐❡ t②♣❡✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡r❡ ❛r❡ 27 s♣♦r❛❞✐❝ ❣r♦✉♣s✳
◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ ❚✐ts ❣r♦✉♣ T ✇❡r❡ st✉❞✐❡❞ ✐♥ ❈❤❛♣❡r ✹✱ ❙❡❝t✐♦♥
✹✳✻✳

✺✳✶✳✷✳ ❚❤❡ ❆❚▲❆❙ ♦❢ ✜♥✐t❡ ❣r♦✉♣s✳ ❚❤❡ ❆❚▲❆❙ ♦❢ ❋✐♥✐t❡ ●r♦✉♣s✱ ♦❢t❡♥
s✐♠♣❧② ❦♥♦✇♥ ❛s t❤❡ ❆❚▲❆❙✱ ✐s ❛ ❣r♦✉♣ t❤❡♦r② ❜♦♦❦ ❜② ❏♦❤♥ ❈♦♥✇❛②✱ ❘♦❜❡rt
❈✉rt✐s✱ ❙✐♠♦♥ ◆♦rt♦♥✱ ❘✐❝❤❛r❞ P❛r❦❡r ❛♥❞ ❘♦❜❡rt ❲✐❧s♦♥ ✭✇✐t❤ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❛ss✐st❛♥❝❡ ❢r♦♠ ❏✳ ●✳ ❚❤❛❝❦r❛②✮✱ ♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✽✺ ✭s❡❡ ❬❈❈◆+✽✺❪✮✳
■t ❧✐sts ❜❛s✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✜♥✐t❡ s✐♠♣❧❡ ❣r♦✉♣s s✉❝❤ ❛s ♣r❡s❡♥t❛t✐♦♥s✱
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✱ ❝❤❛r❛❝t❡r t❛❜❧❡s ❛♥❞ ♣♦✇❡r ♠❛♣s
♦♥ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳

❚❤❡ ❆❚▲❆❙ ✐s ❜❡✐♥❣ ❝♦♥t✐♥✉❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♥ ❡❧❡❝tr♦♥✐❝ ❞❛t❛❜❛s❡✿
s❡❡ ❬❲❲❚+❪✳ ■t ❝✉rr❡♥t❧② ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ✭✐♥❝❧✉❞✐♥❣ 5215 r❡♣r❡s❡♥t❛✲
t✐♦♥s✮ ♦♥ ❛❜♦✉t 716 ❣r♦✉♣s✳ ■♥ ♦r❞❡r t♦ ❛❝❝❡ss t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ ❆❚▲❆❙✱ ✇❡ ✉s❡ t❤❡ ❆t❧❛s❘❡♣ ♣❛❝❦❛❣❡ ✭s❡❡ ❬❲P◆+✵✽❪✮ ❢♦r ●❆P✳

✺✳✶✳✸✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲✐t❤ ●❆P ❛♥❞ ❆❚▲❆❙ ✇❡ ❧✐st r❡❛❧ ❛♥❞ q✉❛s✐✲
r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t❤❡ s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s st✉❞✐❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳
❙❡❡ ❆♣❡♥❞✐① ❆ ❢♦r ❞❡t❛✐❧s✳

✺✳✷✳ ❚❤❡ ▼❛t❤✐❡✉ ❣r♦✉♣s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡ ▼❛t❤✐❡✉ s✐♠♣❧❡ ❣r♦✉♣s
M11✱ M12✱ M22✱ M23✱ M24✳ ❚❤✐s st✉❞② ✇❛s ✐♥✐t✐❛t❡❞ ✐♥ ❬❋❛♥✵✼❜❪✱ ✇❤❡r❡ ✐t
✇❛s ♣r♦✈❡❞ t❤❛t t❤❡ ❣r♦✉♣s M22 ❛♥❞ M24 ❛r❡ ♦❢ t②♣❡ ❇✳ ■♥ ❚❛❜❧❡ ✺✳✶ ✇❡
❧✐st t❤❡ ♦r❞❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ♦❢ ❡❛❝❤ ▼❛t❤✐❡✉ s✐♠♣❧❡ ❣r♦✉♣✳

▲❡♠♠❛ ✺✳✶✳ ▲❡t G ❜❡ ❛♥② ♦❢ t❤❡ ▼❛t❤✐❡✉ ❣r♦✉♣ M11✱ M12✱ M22✱ M23✱
M24✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ G✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✷✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤✐s ✇❛s ♣r♦✈❡❞ ❜② ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ❧♦❣✜❧❡s ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✷
❢♦r ❞❡t❛✐❧s✳ �



✺✳✷✳ ❚❤❡ ▼❛t❤✐❡✉ ❣r♦✉♣s ✹✸

❚❛❜❧❡ ✺✳✶✳ ▼❛t❤✐❡✉ s✐♠♣❧❡ ❣r♦✉♣s

●r♦✉♣ ❖r❞❡r ❈♦♥❥✉❣❛❝② ❈❧❛ss❡s ▼❛①✐♠❛❧ s✉❜❣r♦✉♣s
M11 7920 ✶✵ ✺
M12 95040 ✶✺ ✶✶
M22 443520 ✶✷ ✽
M23 10200960 ✶✼ ✼
M24 244823040 ✷✻ ✾

❚❤❡♦r❡♠ ✺✳✷✳ ❚❤❡ ▼❛t❤✐❡✉ s✐♠♣❧❡ ❣r♦✉♣s M11✱ M12✱ M22✱ M23✱ M24 ❛r❡
♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✶✱ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✽❆✱ ✽❇✱
✶✶❆✱ ✶✶❇ ♦❢M11✱ t❤❡ ❝❧❛ss❡s ✶✶❆✱ ✶✶❇ ♦❢M12 ❛♥❞M22✱ ❛♥❞ t❤❡ ❝❧❛ss❡s ✷✸❆✱
✷✸❇ ♦❢ M23 ❛♥❞ M24✳ ❋♦r ❛❧❧ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱ ✷✸❆✱ ✷✸❇✱ ✉s❡
▲❡♠♠❛ ✷✳✶✶✱ ❜❡❝❛✉s❡ ❛❧❧ ♦❢ t❤❡s❡ ❝❧❛ss❡s ❛r❡ q✉❛s✐✲r❡❛❧ ✭t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✶✶ ❛r❡ q✉❛s✐✲r❡❛❧ ✇✐t❤ j = 3 ❛♥❞ t❤❡ ❝❧❛ss❡s ✇✐t❤
r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✷✸ ❛r❡ q✉❛s✐✲r❡❛❧ ✇✐t❤ j = 2✮✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡
t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✽❆✱ ✽❇ ♦❢ M11 ❛r❡ ♦❢ t②♣❡ ❇✳ ❇✉t t❤✐s ❢♦❧❧♦✇s
❢r♦♠ ▲❡♠♠❛ ✷✳✹✺✱ s✐♥❝❡ ✐❢ G = F2

3 ⋊ 〈T 〉 ≃ (C3 × C3) ⋊ C8✱ t❤❡r❡ ❡①✐st
❛ ♠♦♥♦♠♦r♣❤✐s♠ ♦❢ ❣r♦✉♣s ψ ✭r❡s♣✳ ψ′✮ ❢r♦♠ G t♦ M11 s✉❝❤ t❤❛t ψ(T )
✭r❡s♣✳ ψ′(T )✮ ❜❡❧♦♥❣s t♦ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✽❆ ✭r❡s♣✳ ✽❇✮ ♦❢ M11✳ ❆♥❞ t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✽❆✱ ✽❇ ♦❢ M11 ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 3✱ s♦ t❤❡ r❡s✉❧t
❢♦❧❧♦✇s✳ �

❚❛❜❧❡ ✺✳✷✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶

●r♦✉♣ ◆♦t ♥❡❝❡ss❛r✐❧② ♦❢ t②♣❡ ❉ ▲♦❣✜❧❡
M11 ✽❆✱ ✽❇✱ ✶✶❆✱ ✶✶❇ ▼✶✶✴▼✶✶✳❧♦❣

M12 ✶✶❆✱ ✶✶❇ ▼✶✷✴▼✶✷✳❧♦❣

M22 ✶✶❆✱ ✶✶❇ ▼✷✷✴▼✷✷✳❧♦❣

M23 ✷✸❆✱ ✷✸❇ ▼✷✸✴▼✷✸✳❧♦❣

M24 ✷✸❆✱ ✷✸❇ ▼✷✹✴▼✷✹✳❧♦❣

❆s ❛ ❜②✲♣r♦❞✉❝t ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛❜♦✉t t❤❡ ◆✐❝❤♦❧s ❛❧✲
❣❡❜r❛s ♦✈❡r t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ t❤❡ ▼❛t❤✐❡✉ ❣r♦✉♣s M12 ❛♥❞ M22✳
❚❤❡s❡ ❣r♦✉♣s ❛♣♣❡❛r ❛s ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ♦❢ ♦t❤❡r s♣♦r❛❞✐❝ s✐♠♣❧❡ ❣r♦✉♣s✳

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ M12 ❤❛s ✷✶ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✾ ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳ ❲✐t❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡ S24 ✐t ✐s
❡❛s② t♦ r❡❛❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ Aut(M12) ≃ M12 : 2 ✐s ♦❢ t②♣❡ ❉✳
❍❡♥❝❡✱ ✐t ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❯s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ▼✶✷✴▼✶✷✳✷✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ M22 ❤❛s ✷✶ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✼ ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳ ❲✐t❤ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡ S22 ✐t ✐s
❡❛s② t♦ r❡❛❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✉s❡❢✉❧ ❢♦r st✉❞②✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r
t❤❡ ❏❛♥❦♦ ❣r♦✉♣ J4✳



✹✹ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

▲❡♠♠❛ ✺✳✹✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t❤❡ ❣r♦✉♣ Aut(M22) ≃ M22 : 2✱ ✇✐t❤
t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❇✱ ✇✐t❤ ❝❡♥tr❛❧✐③❡r ♦❢ ♦r❞❡r
✷✻✽✽✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❯s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ▼✷✷✴▼✷✷✳✷✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

✺✳✸✳ ❚❤❡ ❍✐❣♠❛♥✲❙✐♠s ❣r♦✉♣ HS

❚❤❡ ❍✐❣♠❛♥✲❙✐♠s s✐♠♣❧❡ ❣r♦✉♣ ❤❛s ♦r❞❡r 44 352 000✳ ■t ❤❛s ✷✹ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ❛♥❞ ✶✷ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ HS✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
t❤❡ ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ❍❙✴❍❙✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✻✳ ❚❤❡ ❍✐❣♠❛♥✲❙✐♠s ❣r♦✉♣ HS ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✺ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱
✶✶❇✳ ❇✉t t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 3✱ s♦ t❤❡ r❡s✉❧t
❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✶✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✐s ✉s❡❢✉❧ ❢♦r st✉❞②✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡
❈♦♥✇❛② ❣r♦✉♣ Co1 ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✶✳✸✮✳ ❲❡ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r
t❤❡ ❣r♦✉♣ 2.HS.2✳ ❚❤✐s ❣r♦✉♣s ❤❛s ♦r❞❡r 177 408 000 ❛♥❞ ❤❛s ✺✼ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s✳ ❲❡ ❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ✐ts ♠❛①✐♠❛❧
s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✼✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ 2.HS.2✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✱ ♦❢ s✐③❡ ✶✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✳ ❋♦r ❞❡t❛✐❧s✱ s❡❡ t❤❡ ✜❧❡ ❍❙✴✷✳❍❙✳✷✳❧♦❣✳ �

✺✳✹✳ ❚❤❡ ❍❡❧❞ ❣r♦✉♣ He

❚❤❡ ❍❡❧❞ ❣r♦✉♣ He ❤❛s ♦r❞❡r 4 030 387 200✳ ■t ❤❛s ✸✸ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞
✶✶ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ t❤❡
❍❡❧❞ ❣r♦✉♣ Aut(He) ≃ He : 2 ❤❛s ✹✺ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✷ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

❚❤❡♦r❡♠ ✺✳✽✳ ❚❤❡ ❣r♦✉♣s He ❛♥❞ Aut(He) ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡s ❍❡✴❍❡✳❧♦❣ ❛♥❞ ❍❡✴❍❡✳✷✳❧♦❣ ❢♦r
❞❡t❛✐❧s✳ �

✺✳✺✳ ❚❤❡ ❙✉③✉❦✐ ❣r♦✉♣ Suz

✺✳✺✳✶✳ ❚❤❡ ❣r♦✉♣ Suz✳ ❚❤❡ ❙✉③✉❦✐ ❣r♦✉♣ Suz ❤❛s ♦r❞❡r 448 345 497 600✳
■t ❤❛s ✹✸ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✼ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✾✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Suz✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
t❤❡ ❝❧❛ss ✸❆✱ ♦❢ s✐③❡ ✹✺✼✻✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✶✱ s❡❡ t❤❡ ✜❧❡ ❙✉③✴❙✉③✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �



✺✳✼✳ ❚❤❡ ▼❛❝▲❛✉❣❤❧✐♥ ❣r♦✉♣ McL ✹✺

❚❤❡♦r❡♠ ✺✳✶✵✳ ❚❤❡ ❙✉③✉❦✐ ❣r♦✉♣ Suz ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✾ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✸❆✳ ❇✉t t❤✐s
❝❧❛ss ✐s r❡❛❧✱ s♦ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✵✳ �

✺✳✺✳✷✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ Aut(Suz)✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣
Aut(Suz) ≃ Suz : 2 ❤❛s ✻✽ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✻ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢
♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳ ❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ✉s❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡
S1782✳

▲❡♠♠❛ ✺✳✶✶✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ ✸❆✱ ♦❢
s✐③❡ ✹✺✼✻✵✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ❙✉③✴❙✉③✳✷✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✶✷✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ Aut(Suz) ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✶✶ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✸❆✳ ❇✉t t❤✐s
❝❧❛ss ✐s r❡❛❧✱ s♦ ▲❡♠♠❛ ✷✳✶✵ ❛♣♣❧✐❡s✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✐s ✉s❡❢✉❧ ❢♦r st✉❞②✐♥❣ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ♦✈❡r t❤❡
❈♦♥✇❛② ❣r♦✉♣ Co1 ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✶✳✸✮✳ ❲❡ st✉❞② s♦♠❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢
t❤❡ ❝♦✈❡r✐♥❣ ❣r♦✉♣ ♥❛♠❡❞ 3.Suz.2✳ ❚❤✐s ❣r♦✉♣s ❤❛s ✶✵✻ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳
❲❡ ❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ✐ts ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✶✸✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t❤❡ ❣r♦✉♣ 3.Suz.2 ✇✐t❤ r❡♣r❡s❡♥t❛✲
t✐✈❡s ♦❢ ♦r❞❡r ✼✱ ✽✱ ✶✵✱ ✶✸✱ ✶✺✱ ✷✶✱ ✸✵✱ ✸✸✱ ✸✾✱ ✹✷ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷✱ s❡❡ t❤❡ ✜❧❡ ❙✉③✴✸✳❙✉③✳✷✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

✺✳✻✳ ❚❤❡ ❖✬◆❛♥ ❣r♦✉♣ ON

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 460 815 505 920✳ ■t ❤❛s ✸✵ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✸
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✶✹✳ ❆❧❧ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ON ✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥
♦❢ t❤❡ ❝❧❛ss❡s ✸✶❆✱ ✸✶❇ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ❖◆✴❖◆✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✶✺✳ ❚❤❡ ❖✬◆❛♥ ❣r♦✉♣ ON ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✺✳✶✹ ❛♥❞ ✷✳✶✶✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss❡s ✸✶❆✱ ✸✶❇ ❛r❡ q✉❛s✐✲r❡❛❧ ✇✐t❤ j = 2✳ �

✺✳✼✳ ❚❤❡ ▼❛❝▲❛✉❣❤❧✐♥ ❣r♦✉♣ McL

❚❤✐s ❣r♦✉♣s ❤❛s ♦r❞❡r 898 128 000✳ ■t ❤❛s ✷✹ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✷ ❝♦♥✲
❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✶✻✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ McL✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
✶✶❆✱ ✶✶❇ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ▼❝▲✴▼❝▲✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �



✹✻ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

❚❤❡♦r❡♠ ✺✳✶✼✳ ❚❤❡ ▼❛❝▲❛✉❣❤❧✐♥ ❣r♦✉♣ McL ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✺✳✶✻ ❛♥❞ ✷✳✶✵✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇ ❛r❡ r❡❛❧✳ �

✺✳✽✳ ❚❤❡ ❘✉❞✈❛❧✐s ❣r♦✉♣ Ru

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 145 926 144 000✳ ■t ❤❛s ✸✻ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✺
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✶✽✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Ru✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
t❤❡ ❝❧❛ss❡s ✷✾❆✱ ✷✾❇ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ❘✉✴❘✉✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✶✾✳ ❚❤❡ ❘✉❞✈❛❧✐s ❣r♦✉♣ Ru ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✺✳✶✽ ❛♥❞ ✷✳✶✵✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss❡s ✷✾❆✱ ✷✾❇ ❛r❡ r❡❛❧✳ �

✺✳✾✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi22

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r 64 561 751 654 400✳ ■t ❤❛s ✻✺ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✹
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✷✵✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t❤❡ ❋✐s❝❤❡r ❣r♦✉♣✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡
❡①❝❡♣t✐♦♥ ♦❢ ✷❆✱ ✷✷❆✱ ✷✷❇ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ✜❧❡ ❋✐✷✷✴❋✐✷✷✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

▲❡♠♠❛ ✺✳✷✶✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✱ ♦❢ s✐③❡ 3510✱ ♦❢ t❤❡ ❋✐s❝❤❡r ❣r♦✉♣
Fi22 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✺✱ s✐♥❝❡ O7(3) ✐s ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢
Fi22✳ ❋♦r t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s O7(3)→ Fi22 s❡❡ t❤❡ ✜❧❡ ❋✐✷✷✴✷❆✳

�

❘❡♠❛r❦ ✺✳✷✷✳ ❲❡ ❝❛♥♥♦t ♣r♦✈❡ t❤❛t t❤❡ ❋✐s❝❤❡r ❣r♦✉♣ F22 ✐s ♦❢ t②♣❡ ❇✳ ■♥
❢❛❝t✱ ✇❡ ❝❛♥♥♦t ♣r♦✈❡ t❤❛t t❤❡ ❝❧❛ss❡s ✷✷❆✱ ✷✷❇ ❛r❡ ♦❢ t②♣❡ ❇✳

✺✳✶✵✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣s

✺✳✶✵✳✶✳ ❚❤❡ ❣r♦✉♣s J1✱ J2✱ J3✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ st✉❞② ◆✐❝❤♦❧s ❛❧❣❡✲
❜r❛s ♦✈❡r t❤❡ ✜rst t❤r❡❡ ❏❛♥❦♦ ❣r♦✉♣s✿ J1✱ J2✱ J3✳ ■♥ ❚❛❜❧❡ ✺✳✸ ✇❡ ❧✐st t❤❡
♦r❞❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ❏❛♥❦♦ ❣r♦✉♣s✳

❚❛❜❧❡ ✺✳✸✳ ❚❤❡ ✜rst t❤r❡❡ ❏❛♥❦♦ ❣r♦✉♣s

●r♦✉♣ ❖r❞❡r ❈♦♥❥✉❣❛❝② ❈❧❛ss❡s ▼❛①✐♠❛❧ s✉❜❣r♦✉♣s
J1 175560 ✶✺ ✼
J2 604800 ✷✶ ✾
J3 50232960 ✷✶ ✾



✺✳✶✵✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣s ✹✼

▲❡♠♠❛ ✺✳✷✸✳ ▲❡t G ❜❡ ❛♥② ♦❢ t❤❡ ❏❛♥❦♦ ❣r♦✉♣ J1✱ J2✱ J3✳ ❊✈❡r② ❝♦♥❥✉❣❛❝②
❝❧❛ss ♦❢ G✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❧✐st❡❞ ✐♥ ❚❛❜❧❡
✺✳✹✱ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤✐s ✇❛s ♣r♦✈❡❞ ❜② t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✸✱ s❡❡ t❤❡ ❧♦❣✜❧❡s ❧✐st❡❞ ✐♥ ❚❛❜❧❡
✺✳✹ ❢♦r ❞❡t❛✐❧s✳ �

❚❛❜❧❡ ✺✳✹✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷✸

●r♦✉♣ ◆♦t ♥❡❝❡ss❛r✐❧② ♦❢ t②♣❡ ❉ ▲♦❣✜❧❡
J1 ✶✺❆✱ ✶✺❇✱ ✶✾❆✱ ✶✾❇✱ ✶✾❈ ❏✶✴❏✶✳❧♦❣

J2 ✷❆✱ ✸❆ ❏✷✴❏✷✳❧♦❣

J3 ✺❆✱ ✺❇✱ ✶✾❆✱ ✶✾❇ ❏✸✴❏✸✳❧♦❣

❚❤❡♦r❡♠ ✺✳✷✹✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣s J1✱ J2✱ J3 ❛r❡ ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✷✸✱ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✺❆✱
✶✺❇✱ ✶✾❆✱ ✶✾❇✱ ✶✾❈ ♦❢ J1✱ t❤❡ ❝❧❛ss❡s ✷❆✱ ✸❆ ♦❢ J2 ❛♥❞ t❤❡ ❝❧❛ss❡s ✺❆✱ ✺❇✱
✶✾❆✱ ✶✾❇ ♦❢ J3✳ ❋♦r t❤❡ ❏❛♥❦♦ ❣r♦✉♣ J1✱ ✉s❡ ▲❡♠♠❛ ✷✳✶✵✱ ❜❡❝❛✉s❡ ❛❧❧ t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ J1 ❛r❡ r❡❛❧✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ♦❢ J2 ♥♦t✐❝❡
t❤❛t ξ(2A, 3B, 3B) = 18 ❛♥❞ ❛♣♣❧② ▲❡♠♠❛ ✷✳✶✽✳ ❆❧s♦✱ ❜② ▲❡♠♠❛ ✷✳✶✵✱ t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss ✸❆ ♦❢ J2 ✐s ❛❧s♦ ♦❢ t②♣❡ ❇✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✺❆✱
✺❇ ♦❢ J3 ❛♣♣❧② ▲❡♠♠❛ ✷✳✶✵✱ s✐♥❝❡ t❤❡s❡ ❝❧❛ss❡s ❛r❡ r❡❛❧✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ✶✾❆✱ ✶✾❇ ♦❢ J3 ✉s❡ ▲❡♠♠❛ ✷✳✶✶✱ s✐♥❝❡ t❤❡s❡ ❝❧❛ss❡s ❛r❡ q✉❛s✐✲r❡❛❧
✇✐t❤ j = 4✳ �

✺✳✶✵✳✷✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣ J4✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣ J4 ❤❛s ♦r❞❡r

86 775 571 046 077 562 880.

■t ❤❛s 62 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚❤✐s ❣r♦✉♣ ✐s t♦♦ ❜✐❣ t♦ ✉s❡ ❛ s❝r✐♣t ❛s ✐♥ t❤❡
♣r❡✈✐♦✉s ❝❛s❡s✳ ■♥❞❡❡❞✱ t❤❡ ♣r❡✈✐♦✉s s❝r✐♣ts ❢❛✐❧ ❜❡❝❛✉s❡ t❤❡ ❜❡st r❡♣r❡s❡♥t❛✲
t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ✐s ✐♥s✐❞❡ GL(112, 2) ❛♥❞ t❤✐s ✐s ♥♦t ❣♦♦❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥s✳
❍♦✇❡✈❡r✱ s♦♠❡ ♦❢ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ❤❛✈❡ ❣♦♦❞ ❡♥♦✉❣❤ r❡♣r❡s❡♥t❛t✐♦♥s
❛♥❞ ✇❡ ✇♦r❦ ✇✐t❤ t❤❡♠ ♦♥ ❛ ❝❛s❡ ❜② ❝❛s❡ ❜❛s✐s✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s
♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢✮ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s✿

211 : M24 M22.2 U3(3)
21+11.3.M22 : 2 29 : 28 = F812 43 : 14 = F602

210 : L5(2) 111+2
+ : (5× 2S4) 37 : 12 = F444

23+12.(S5 × L3(2)) L2(32).5
U3(11).2 L2(32).2

❙❡❡ t❤❡ ✜❧❡ ❏✹✴❢✉s✐♦♥s ❢♦r t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲❡ s♣❧✐t t❤❡
♣r♦♦❢ ✐♥t♦ s❡✈❡r❛❧ ▲❡♠♠❛s✳

▲❡♠♠❛ ✺✳✷✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸❆✱ ✺❆✱ ✻❆✱ ✻❇✱ ✻❈✱ ✼❆✱ ✼❇✱ ✶✵❆✱ ✶✵❇✱
✶✷❆✱ ✶✷❇✱ ✶✷❈✱ ✶✹❆✱ ✶✹❇✱ ✶✹❈✱ ✶✹❉✱ ✶✺❆✱ ✶✻❆✱ ✷✵❆✱ ✷✵❇✱ ✷✶❆✱ ✷✶❇✱ ✷✹❆✱
✷✹❇✱ ✷✽❆✱ ✷✽❇✱ ✸✵❆ ♦❢ J4 ❛r❡ ♦❢ t②♣❡ ❉✳



✹✽ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M1 ≃ 211 : M24✳ ❈♦♥s✐❞❡r t❤❡ s❤♦rt
❡①❛❝t s❡q✉❡♥❝❡ 0 → 211 → 211 : M24 → M24 → 0✳ ❇② ▲❡♠♠❛ ✺✳✶✱ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ M24 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 23 ✐s ♦❢ t②♣❡ ❉✳ ❇②
▲❡♠♠❛ ✷✳✷✹✱ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ 211 : M24 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r
6= 1, 2, 4, 8, 16, 23 ✐s ♦❢ t②♣❡ ❉✳ ❍❡♥❝❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸❆✱ ✺❆✱ ✻❆✱
✻❇✱ ✻❈✱ ✼❆✱ ✼❇✱ ✶✵❆✱ ✶✵❇✱ ✶✷❆✱ ✶✷❇✱ ✶✷❈✱ ✶✹❆✱ ✶✹❇✱ ✶✹❈✱ ✶✹❉✱ ✶✺❆✱ ✷✵❆✱
✷✵❇✱ ✷✶❆✱ ✷✶❇✱ ✷✷❇✱ ✷✹❆✱ ✷✹❇✱ ✸✵❆ ♦❢ J4 ❛r❡ ♦❢ t②♣❡ ❉✳ ❆❧s♦✱ t❤✐s ♠❛①✐♠❛❧
s✉❜❣r♦✉♣ ❤❛s ❛ ♣r✐♠✐t✐✈❡ ♣❡r♠✉t❛t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ 211 ♣♦✐♥ts✳ ❲❡
✉s❡ t❤❡ ●❆P✬s ❢✉♥❝t✐♦♥ Pr✐♠✐t✐✈❡●r♦✉♣ ❛♥❞ ❆❧❣♦r✐t❤♠ ✷✳✷ t♦ s❡❡ t❤❛t t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss ✶✻❆ ♦❢ J4 ✐s ♦❢ t②♣❡ ❉ ✭s❡❡ t❤❡ ✜❧❡ ❏✹✴st❡♣✶✳❧♦❣✮✳ �

▲❡♠♠❛ ✺✳✷✻✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✺❆✱ ✸✺❇✱ ✹✷❆✱ ✹✷❇ ♦❢ J4 ❛r❡ ♦❢ t②♣❡
❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M4 ≃ 23+12.(S5 × L3(2))✳ ❈♦♥s✐❞❡r
t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0 → 23+12 → 23+12.(S5 × L3(2)) → L3(2) → 0✳
❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ S5×L3(2) ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 2, 3, 4, 6, 7
✐s ♦❢ t②♣❡ ❉ ✭s❡❡ ▲❡♠♠❛ ✹✳✷✹✮✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✷✳✷✸✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✺✳✷✼✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✹❇✱ ✽❈ ♦❢ J4 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✺✳✹✱ ❜❡❝❛✉s❡ Aut(M22) ≃ M22 : 2 ✐s
❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ J4✳ �

▲❡♠♠❛ ✺✳✷✽✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

✭✶✮ ✽❆✱ ✽❇✱ ✶✶❆✱ ✶✶❇❀

✭✷✮ ✹❆✱ ✷✷❆✱ ✷✷❇✱ ✹✵❆✱ ✹✵❇✱ ✹✹❆✱ ✻✻❆✱ ✻✻❇❀

✭✸✮ ✸✶❆✱ ✸✶❇✱ ✸✶❈✱ ✸✸❆✱ ✸✸❇❀

✭✹✮ ✷❆✱ ✷❇✱ ✷✸❆

♦❢ J4 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦r ❛❧❧ ♦❢ t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇❡ ✉s❡ ❆❧❣♦r✐t❤♠s ✷✳✶✱ ✷✳✷ ✐♥ s♦♠❡
♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ J4✳ ❙❡❡ ❚❛❜❧❡ ✺✳✺ ❢♦r ❞❡t❛✐❧s✳ �

❚❛❜❧❡ ✺✳✺✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷✽

▼❛①✐♠❛❧ s✉❜❣r♦✉♣ ▲♦❣✜❧❡
✶ U3(11).2 ❏✹✴st❡♣✸✳❧♦❣

✷ 111+2
+ : (5× 2S4) ❏✹✴st❡♣✺✳❧♦❣

✸ L2(32).5 ❏✹✴st❡♣✻✳❧♦❣

✹ L2(23).2 ❏✹✴st❡♣✼✳❧♦❣

▲❡♠♠❛ ✺✳✷✾✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✹❈ ♦❢ J4 ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M13 ≃ 37 : 12✳ ❇② t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥✲
❥✉❣❛❝② ❝❧❛ss❡s✱ t❤❡ ❝❧❛ss❡s ✹❛ ❛♥❞ ✹❜ ♦❢M13 ❣♦ t♦ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✹❈ ♦❢
J4✳ ❚❤❡♥ ✇❡ ✜♥❞ r ✐♥ ✹❛✱ s ✐♥ ✹❜ s✉❝❤ t❤❛t (rs)2 6= (sr)2 ✭s❡❡ ❏✹✴st❡♣✽✳❧♦❣✮
❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ✇r✐tt❡♥ ✐♥ ❧♦✇❡r❝❛s❡ ❧❡tt❡rs ❛r❡ ♥♦t ♥❛♠❡❞ ❛s ✐♥ ❆❚▲❆❙✳ �



✺✳✶✶✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣s ✹✾

❚❤❡♦r❡♠ ✺✳✸✵✳ ❚❤❡ ❏❛♥❦♦ ❣r♦✉♣ J4 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ■t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✾❆✱ ✸✼❆✱ ✸✼❇✱ ✸✼❈✱ ✹✸❆✱
✹✸❇✱ ✹✸❈✳ ❚❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✱ s♦ ▲❡♠♠❛ ✷✳✶✵ ❛♣♣❧✐❡s✳ �

✺✳✶✶✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣s

✺✳✶✶✳✶✳ ❚❤❡ ❣r♦✉♣ Co3✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣ Co3 ❤❛s ♦r❞❡r 495 766 656 000✳
■t ❤❛s ✹✷ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✹ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✸✶✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Co3✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
t❤❡ ❝❧❛ss❡s ✷✸❆✱ ✷✸❇ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✸✳ ❙❡❡ t❤❡ ✜❧❡ ❈♦✸✴❈♦✸✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✸✷✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣ Co3 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✸✶ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✸❆✱ ✷✸❇✳
❇✉t t❤❡s❡ ❝❧❛ss❡s ❛r❡ q✉❛s✐✲r❡❛❧ ✇✐t❤ j = 2✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠
▲❡♠♠❛ ✷✳✶✶✳ �

✺✳✶✶✳✷✳ ❚❤❡ ❣r♦✉♣ Co2✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣ Co2 ❤❛s ♦r❞❡r

42 305 421 312 000.

■t ❤❛s ✻✵ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛♥❞ ✶✶ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✺✳✸✸✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Co2✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢
t❤❡ ❝❧❛ss❡s ✷❆✱ ✷✸❆✱ ✷✸❇ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✸✳ ❙❡❡ t❤❡ ✜❧❡ ❈♦✷✴❈♦✷✳❧♦❣ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✸✹✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣ Co2 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✸✸ ✐t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❆✱ ✷✸❆✱
✷✸❇✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆✱ ✉s❡ ▲❡♠♠❛ ✷✳✶✷ ✭s❡❡ t❤❡ ✜❧❡ ❈♦✷✴✷❆✮✳
❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✸❆✱ ✷✸❇✱ ✉s❡ ▲❡♠♠❛ ✷✳✶✶✱ s✐♥❝❡ ❜♦t❤ ❝❧❛ss❡s ❛r❡
q✉❛s✐✲r❡❛❧ ✇✐t❤ j = 2✳ �

✺✳✶✶✳✸✳ ❚❤❡ ❣r♦✉♣ Co1✳ ❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r

4 157 776 806 543 360 000.

■t ❤❛s 101 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✱ ❛❧❧ r❡❛❧ ❡①❝❡♣t ✷✸❆✱ ✷✸❇✱ ✸✾❆✱ ✸✾❇ ✭q✉❛s✐✲r❡❛❧
✇✐t❤ j = 2 ❛♥❞ g4 6= g✮✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢✮
♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s✿

Co2 24+12.(S3 × 3S6) (A7 × L2(7)) : 2
3.Suz.2 32.U4(3).D8 (D10 × (A5 × A5).2).2
211.M24 36 : 2M12 51+2 : GL(2, 5)
Co3 (A5 × J2) : 2 53 : (4× A5).2
21+8
+ .O+

8 (2) 31+4.2U4(2).2 72 : (3× 2A4)
U6(2) : S3 (A6 × U3(3)) : 2) 52 : 2A5

(A4 ×G2(4)) : 2 33+4 : 2(S4 × S4)
22+12 : (A8 × S3) A9 × S3



✺✵ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

❙❡❡ t❤❡ ✜❧❡ ❈♦✶✴❢✉s✐♦♥s ❢♦r t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲❡ s♣❧✐t
t❤❡ ♣r♦♦❢ ✐♥t♦ s❡✈❡r❛❧ ▲❡♠♠❛s✳

▲❡♠♠❛ ✺✳✸✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✷✱ ✶✽✱ ✷✹✱
✸✻✱ ✹✵✱ ✻✵ ❛r❡ ♦❢ t②♣❡ ❉✳ ❆❧s♦✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷✵❆ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ✐♥✈♦❧✉t✐♦♥s ✉s❡ ❊①❛♠♣❧❡ ✷✳✷✾✳ ❋♦r t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✵❆✱ ✸✻❆✱ ✹✵❆✱ ✻✵❆ ✉s❡ ▲❡♠♠❛ ✹✳✻ ❛♥❞ ▲❡♠♠❛ ✷✳✷✹✳ ❋♦r
❛❧❧ t❤❡ ♦t❤❡r ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✱ ✇❡ ✉s❡ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✷ ✐♥ t❤❡ ♠❛①✐♠❛❧
s✉❜❣r♦✉♣ 21+8

+ .O+
8 (2) t♦ s❡❡ t❤❛t t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ ♦❢ t②♣❡ ❉ ✭s❡❡

t❤❡ ✜❧❡ ❈♦✶✴st❡♣✼✳❧♦❣ ❢♦r ❞❡t❛✐❧s✮✳ �

▲❡♠♠❛ ✺✳✸✻✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸❇✱ ✸❈✱ ✹❆✱ ✹❇✱ ✹❈✱ ✹❉✱ ✹❋✱ ✺❇✱ ✺❈✱
✻❈✱ ✻❉✱ ✻❊✱ ✻❋✱ ✻●✱ ✻■✱ ✼❇✱ ✽❇✱ ✽❈✱ ✽❉✱ ✽❊✱ ✾❇✱ ✾❈✱ ✶✵❉✱ ✶✵❊✱ ✶✵❋✱ ✶✶❆✱
✶✹❇✱ ✶✺❉✱ ✶✺❊✱ ✶✻❆✱ ✶✻❇✱ ✷✵❇✱ ✷✵❈✱ ✷✶❈✱ ✷✷❆✱ ✷✽❆✱ ✸✵❉✱ ✸✵❊ ♦❢ Co1 ❛r❡ ♦❢
t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ✺✳✸✸ ❛♥❞ ✺✳✸✶✱ ❜❡❝❛✉s❡ Co2 ❛♥❞ Co3
❛r❡ ❜♦t❤ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ♦❢ Co1✳ �

▲❡♠♠❛ ✺✳✸✼✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✹❊✱ ✺❆✱ ✻❆✱ ✻❇✱ ✻❍✱ ✾❆✱ ✾❇✱ ✶✵❆✱ ✶✵❇✱
✶✺❆✱ ✶✺❈✱ ✸✵❆✱ ✸✵❈ ♦❢ Co1 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ M16 ≃ A9 × S3✳ ❇② ▲❡♠♠❛ ✹✳✷✷
❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ A9×S3 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 2, 3 ✐s ♦❢ t②♣❡
❉✳ ❚❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✺✳✸✽✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✼❆✱ ✽❆✱ ✽❋✱ ✶✵❈✱ ✶✸❆✱ ✶✺❇✱ ✷✶❆✱ ✷✶❇✱
✸✵❇✱ ✸✸❆✱ ✸✾❆✱ ✸✾❇✱ ✹✷❆ ♦❢ Co1 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✺✳✶✸✱ ❜❡❝❛✉s❡ t❤❡ ❣r♦✉♣ 3.Suz.2 ✐s
❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ Co1✳ �

▲❡♠♠❛ ✺✳✸✾✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ Co1 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r
✶✷ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✷▲✱ ✶✷▼ ✇❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣
M16 ≃ A9 × S3✱ ❜❡❝❛✉s❡ ✐♥ t❤✐s s✉❜❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣✲
r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✶✷ ✐s ♦❢ t②♣❡ ❉ ✭s❡❡ ▲❡♠♠❛ ✹✳✷✷✮✳ ❆♥❞ ❢♦r r❡♠❛✐♥✐♥❣
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✷ ✐♥ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ 21+8.O+

8 (2)
✭s❡❡ t❤❡ ✜❧❡ ❈♦✶✴st❡♣✼✳❧♦❣ ❢♦r ❞❡t❛✐❧s✮✳ �

▲❡♠♠❛ ✺✳✹✵✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

✭✶✮ ✶✹❆✱ ✷✻❆❀

✭✷✮ ✷✽❇✱ ✸✺❆

♦❢ Co1 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✹❆✱ ✷✻❆✱ ✉s❡ t❤❡ s✉❜❣r♦✉♣ A4 × G2(4)
♦❢ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ (A4 × G2(4)) : 2 ♦❢ Co1✳ ❇② ▲❡♠♠❛ ✹✳✶✶✱ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ G2(4) ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✼✱ ✶✸ ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡♥✱
s✐♥❝❡ ❡✈❡r② ♥♦♥✲tr✐✈✐❛❧ ❡❧❡♠❡♥t ♦❢ A4 ❤❛s ♦r❞❡r ✷ ♦r ✸✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠
▲❡♠♠❛ ✷✳✷✺✳ ◆♦t✐❝❡ t❤❛t t❤✐s ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ❤❛s t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✶✹ ❛♥❞ t❤❡s❡ ❝❧❛ss❡s ❣♦ t♦ t❤❡ ❝❧❛ss ✶✹❆ ♦❢ Co1✳



✺✳✶✷✳ ❚❤❡ ▲②♦♥s ❣r♦✉♣ Ly ✺✶

❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✽❇✱ ✸✺❆ ✉s❡ t❤❡ s✉❜❣r♦✉♣ A6 × PSU(3, 3) ♦❢
t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ (A6 × PSU(3, 3)) : 2✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠
▲❡♠♠❛ ✹✳✷✺✳ ◆♦t✐❝❡ t❤❛t t❤✐s ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ❤❛s ♦♥❧② ♦♥❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✷✽ ❛♥❞ t❤✐s ❝❧❛ss ❣♦❡s t♦ t❤❡ ❝❧❛ss ✷✽❇ ♦❢
Co1✳ �

▲❡♠♠❛ ✺✳✹✶✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸❉ ♦❢ Co1 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M3 ≃ 211 : M24✳ ❈♦♥s✐❞❡r t❤❡ s❤♦rt
❡①❛❝t s❡q✉❡♥❝❡ 0 → 211 → 211 : M24 → M24 → 0✳ ❇② ▲❡♠♠❛ ✺✳✶✱ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ M24 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 23 ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡♥✱
t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✹✳ �

❚❤❡♦r❡♠ ✺✳✹✷✳ ❚❤❡ ❈♦♥✇❛② ❣r♦✉♣ Co1 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ■t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝❧❛ss❡s ✸❆✱ ✷✸❆✱ ✷✸❇✳ ❋♦r t❤❡ r❡❛❧ ❝♦♥❥✉❣❛❝②
❝❧❛ss ✸❆ ✉s❡ ▲❡♠♠❛ ✷✳✶✵✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✸❆✱ ✷✸❇ ❛r❡ q✉❛s✐✲r❡❛❧
✇✐t❤ j = 2✱ s♦ ▲❡♠♠❛ ✷✳✶✶ ❛♣♣❧✐❡s✳ �

✺✳✶✷✳ ❚❤❡ ▲②♦♥s ❣r♦✉♣ Ly

❚❤❡ ▲②♦♥s ❣r♦✉♣ Ly ❤❛s ♦r❞❡r 51 765 179 004 000 000✳ ■t ❤❛s 53 ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢✮ ♠❛①✐♠❛❧ s✉❜✲
❣r♦✉♣s ✐s✿

G2(5) 2.A11 32+4 : 2.A5.D8

3.McL : 2 51+4 : 4.S6 67 : 22 = F1474

53.L3(5) 35 : (2×M11) 37 : 18

❙❡❡ t❤❡ ✜❧❡ ▲②✴❢✉s✐♦♥s ❢♦r t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲❡ s♣❧✐t t❤❡
♣r♦♦❢ ✐♥t♦ s❡✈❡r❛❧ ▲❡♠♠❛s✳

▲❡♠♠❛ ✺✳✹✸✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✾❆✱ ✶✹❆✱ ✶✽❆✱ ✷✽❆✱ ✹✵❆✱ ✹✵❇✱ ✹✷❆✱
✹✷❇ ♦❢ Ly ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M4 ≃ 2.A11✳ ❈♦♥s✐❞❡r t❤❡ s❤♦rt ❡①❛❝t
s❡q✉❡♥❝❡ 0 → 2 → 2.A11 → A11 → 0✳ ❇② ❈♦r♦❧❧❛r② ✸✳✶✵✱ ❡✈❡r② ❝♦♥❥✉❣❛❝②
❝❧❛ss ♦❢ A11 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 3, 11 ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡r❡❢♦r❡✱ t❤❡
r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✹✳ �

▲❡♠♠❛ ✺✳✹✹✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❆✱ ✸❆✱ ✸❇✱ ✹❆✱ ✺❆✱ ✺❇✱ ✻❆✱ ✻❇✱ ✻❈✱
✼❆✱ ✽❆✱ ✽❇✱ ✶✵❆✱ ✶✵❇✱ ✶✷❆✱ ✶✷❇✱ ✶✺❆✱ ✶✺❇✱ ✶✺❈✱ ✷✵❆✱ ✷✶❆✱ ✷✶❇✱ ✷✹❆ ✷✹❇✱
✷✹❈✱ ✷✺❆✱ ✸✵❆✱ ✸✵❇✱ ✸✶❆✱ ✸✶❇✱ ✸✶❈✱ ✸✶❉✱ ✸✶❊ ♦❢ Ly ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡r❡♦♠ ✹✳✶✸✱ ❜❡❝❛✉s❡ G2(5) ✐s ❛ ♠❛①✐♠❛❧
s✉❜❣r♦✉♣✳ �

▲❡♠♠❛ ✺✳✹✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱ ✷✷❆✱ ✷✷❇ ♦❢ Ly ❛r❡ ♦❢ t②♣❡
❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M6 ≃ 35 : (2×M11)✳ ❲❡ ❝♦♥str✉❝t ❛
♣❡r♠✉t❛t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢M6 ❛♥❞ ❛♣♣❧② ❆❧❣♦r✐t❤♠ ✷✳✶ t♦ s❡❡ t❤❛t t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ M6 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r 11, 22 ❛r❡ ♦❢ t②♣❡ ❉
✭s❡❡ t❤❡ ✜❧❡ ▲②✴st❡♣✸✳❧♦❣✮✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱ ✷✷❆✱
✷✷❇ ♦❢ Ly ❛r❡ ♦❢ t②♣❡ ❉✳ �



✺✷ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

❚❤❡♦r❡♠ ✺✳✹✻✳ ❚❤❡ ❣r♦✉♣ Ly ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ■t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✸❆✱ ✸✸❇✱ ✸✼❆✱ ✸✼❇✱
✻✼❆✱ ✻✼❇✱ ✻✼❈✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✼❆✱ ✸✼❇✱ ✻✼❆✱ ✻✼❇✱ ✻✼❈ ❛r❡ r❡❛❧✱
s♦ ▲❡♠♠❛ ✷✳✶✵ ❛♣♣❧✐❡s✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✸❆✱ ✸✸❇ ❛r❡ q✉❛s✐✲r❡❛❧ ✇✐t❤
j = 4 ❛♥❞ g16 6= g✱ s♦ ▲❡♠♠❛ ✷✳✶✶ ❛♣♣❧✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

✺✳✶✸✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi23

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r

4 089 470 473 293 004 800.

■t ❤❛s 98 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♦❢✮ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s✿

2.F i22 211.M23 26+8 : (A7 × S3)
O+

8 (3).3.2 31+8.21+6.31+2.2S4 S4 × S6(2)
22.U6(2) [310].(L3(3)× 2) S4(4).4
S8(2) A12.2 L2(23)
S3 ×O7(3) (22 × 21+8).(3× U4(2)).2

❙❡❡ t❤❡ ✜❧❡ ❋✐✷✸✴❢✉s✐♦♥s ❢♦r t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲❡ s♣❧✐t
t❤❡ ♣r♦♦❢ ✐♥t♦ s❡✈❡r❛❧ ▲❡♠♠❛s✳

▲❡♠♠❛ ✺✳✹✼✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Fi23 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✸✱
✺✱ ✻✱ ✼✱ ✽✱ ✶✵✱ ✶✶✱ ✶✸✱ ✶✹✱ ✶✻✱ ✷✵✱ ✷✶✱ ✷✻✱ ✹✷ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ M1 ≃ 2.F i22✳ ❈♦♥s✐❞❡r t❤❡ s❤♦rt
❡①❛❝t s❡q✉❡♥❝❡ 0 → 2 → 2.F i22 → Fi22 → 0✳ ❇② ▲❡♠♠❛ ✺✳✷✵✱ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Fi22 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 2, 22 ✐s ♦❢ t②♣❡ ❉✳
❚❤❡♥✱ ❜② ▲❡♠♠❛ ✷✳✷✹✱ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐♥ 2.F i22 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡
♦❢ ♦r❞❡r 6= 2, 22 ✐s ♦❢ t②♣❡ ❉✳ ❍❡♥❝❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✺✳✹✽✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❇✱ ✷❈✱ ✹❆✱ ✹❇✱ ✹❈✱ ✹❉✱ ✶✺❆✱ ✶✺❇✱
✶✼❆ ♦❢ Fi23 ❛r❡ ♦❢ t②♣❡ ❉✳ ❆❧s♦✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✷❆ ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✶✻ ❛♥❞ t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✱ ❜❡✲
❝❛✉s❡ S8(2) ✐s ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ Fi23✳ �

▲❡♠♠❛ ✺✳✹✾✳ ❊✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Fi23 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r
✶✷✱ ✸✾✱ ✻✵ ✐s ♦❢ t②♣❡ ❉✳ ❆❧s♦✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✾❇✱ ✾❈✱ ✾❉✱ ✾❊✱ ✶✽❆✱
✶✽❇✱ ✶✽❈✱ ✶✽❊✱ ✶✽❋✱ ✶✽❍✱ ✸✾❆✱ ✸✾❇ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✷✸ ❛♥❞ t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✱ ❜❡✲
❝❛✉s❡ O7(3)× S3 ✐s ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ Fi23✳ �

▲❡♠♠❛ ✺✳✺✵✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

✭✶✮ ✷✷❆✱ ✷✷❇✱ ✷✷❈❀

✭✷✮ ✷✼❆❀

✭✸✮ ✾❆✱ ✶✽❉✱ ✶✽●✱ ✷✹❆✱ ✷✹❇✱ ✷✹❈✱ ✸✻❆❀

✭✹✮ ✸✻❇✳

♦❢ Fi23 ❛r❡ ♦❢ t②♣❡ ❉✳



✺✳✶✹✳ ❚❤❡ ❚❤♦♠♣s♦♥ ❣r♦✉♣ Th ✺✸

Pr♦♦❢✳ ❲❡ ✉s❡ ❆❧❣♦r✐t❤♠s ✷✳✶ ♦r ✷✳✷ ✐♥ ❛ s✉✐t❛❜❧❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ❛♥❞
t❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❙❡❡ ❚❛❜❧❡ ✺✳✻
❢♦r t❤❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✉s❡❞ ❛♥❞ t❤❡ ❧♦❣✜❧❡s✳ �

❚❛❜❧❡ ✺✳✻✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✺✵

▼❛①✐♠❛❧ s✉❜❣r♦✉♣ ▲♦❣✜❧❡
✶ 22.U6(2).2 ❋✐✷✸✴st❡♣✹✳❧♦❣

✷ O+
8 (3) : S3 ❋✐✷✸✴st❡♣✺✳❧♦❣

✸ (22 × 21+8).(3× U4(2)).2 ❋✐✷✸✴st❡♣✻✳❧♦❣

✹ S4 × S6(2) ❋✐✷✸✴st❡♣✼✳❧♦❣

▲❡♠♠❛ ✺✳✺✶✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✽❆✱ ✸✵❆✱ ✸✵❇✱ ✸✵❈✱ ✸✺❆ ♦❢ Fi23 ❛r❡
♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M9 ≃ S12✳ ❇② ❈♦r♦❧❧❛r② ✸✳✶✵✱ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✷✽✱ ✸✵✱ ✸✺ ✐s ♦❢ t②♣❡ ❉✳ ❍❡♥❝❡✱
t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

❚❤❡♦r❡♠ ✺✳✺✷✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi23 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ■t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝❧❛ss❡s ✷✸❆✱ ✷✸❇✳ ❆♥❞ t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 2✱ s♦ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ▲❡♠♠❛ ✷✳✶✶✳ �

✺✳✶✹✳ ❚❤❡ ❚❤♦♠♣s♦♥ ❣r♦✉♣ Th

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r
90 745 943 887 872 000

■t ❤❛s 48 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♦❢✮ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s✿

3D4(2).3 32.33.32.32 : 2S4 PSL(3, 3)
25.PSL(5, 2) 35 : 2S6 A6.23

21+8.A9 51+2 : 4S4 31 : 15 = F465

U3(8).6 52 : 4S5 A5.2
(3×G2(3)) : 2 72 : (3× 2S4)
3.32.3.(3× 32).32 : 2S4 PSL(2, 19).2

❙❡❡ t❤❡ ✜❧❡ ❚❤✴❢✉s✐♦♥s ❢♦r t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❲❡ s♣❧✐t t❤❡
♣r♦♦❢ ✐♥t♦ s❡✈❡r❛❧ ▲❡♠♠❛s✳

▲❡♠♠❛ ✺✳✺✸✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✺❆✱ ✼❆✱ ✶✵❆✱ ✶✹❆✱ ✶✺❆✱ ✶✺❇✱ ✶✽❆✱
✶✽❇✱ ✷✵❆✱ ✷✽❆✱ ✸✵❆✱ ✸✵❇✱ ✸✻❆✱ ✸✻❇✱ ✸✻❈ ♦❢ Th ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ M3 ≃ 21+8.A9✳ ❈♦♥s✐❞❡r t❤❡ s❤♦rt
❡①❛❝t s❡q✉❡♥❝❡ 0 → 21+8 → 21+8.A9 → A9 → 0✳ ❇② ❈♦r♦❧❧❛r② ✸✳✶✵✱ ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ A9 ♥♦t ♦❢ t②♣❡ (3) ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✷✳✷✹✱
t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✺✳✺✹✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸❆✱ ✸❈✱ ✶✷❉✱ ✷✶❆✱ ✷✹❆✱ ✷✹❇ ♦❢ Th
❛r❡ ♦❢ t②♣❡ ❉



✺✹ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ M2 ≃ 25.PSL(5, 2)✳ ❈♦♥s✐❞❡r t❤❡
❡①❛❝t s❡q✉❡♥❝❡ 0 → 25 → 25.PSL(5, 2) → PSL(5, 2) → 0✳ ■♥ PSL(5, 2) ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 31 ✐s ♦❢ t②♣❡ ❉ ✭s❡❡ ▲❡♠♠❛
✹✳✷✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✹✳ �

▲❡♠♠❛ ✺✳✺✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

✭✶✮ ✷❆✱ ✸❇✱ ✶✾❆❀

✭✷✮ ✹❇✱ ✻❆✱ ✻❇✱ ✻❈✱ ✽❇✱ ✾❆✱ ✾❇✱ ✾❈✱ ✷✹❈✱ ✷✹❉✱ ✷✼❆✱ ✷✼❇✱ ✷✼❈❀

✭✸✮ ✹❆✱ ✽❆✱ ✶✷❆✱ ✶✷❇✱ ✶✷❈

♦❢ Th ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❋♦r ❛❧❧ ♦❢ t❤❡s❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇❡ ✉s❡ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✶ ✐♥ s♦♠❡
♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ Th✳ ◆♦t✐❝❡ t❤❛t ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ♠❛tr✐① r❡♣r❡s❡♥✲
t❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐♥s✐❞❡ GL(248, 2)✱ ✇✐t❤ ●❆P ✇❡ ❝♦♥str✉❝t
♣❡r♠✉t❛t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✼✳
❙❡❡ t❤❡ ❧♦❣✜❧❡s ❢♦r ❞❡t❛✐❧s✳ �

❚❛❜❧❡ ✺✳✼✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✺✺

▼❛①✐♠❛❧ s✉❜❣r♦✉♣ ▲♦❣✜❧❡
✶ PSL(2, 19).2 ❚❤✴st❡♣✸✳❧♦❣

✷ 32.33.32.32 : 2S4 ❚❤✴st❡♣✻✳❧♦❣

✸ 3.32.3.(3× 32).32 : 2S4 ❚❤✴st❡♣✺✳❧♦❣

▲❡♠♠❛ ✺✳✺✻✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✸❆✱ ✸✾❆✱ ✸✾❇ ♦❢ Th ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M5 ≃ (3×G2(3)) : 2✳ ■♥ G2(3) ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 13 ✐s ♦❢ t②♣❡ ❉ ✭s❡❡ ❚❤❡♦r❡♠
✹✳✶✸✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✶✸❆ ♦❢ Th ✐s ♦❢ t②♣❡ ❉✳ ❆❧s♦✱ ❜②
Pr♦♣♦s✐t✐♦♥ ✷✳✷✺ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✾❆✱ ✸✾❇ ♦❢ Th ❛r❡ ♦❢ t②♣❡ ❉ ✭❢♦r
t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s 3 × G2(3) → (3 × G2(3)) : 2 s❡❡ t❤❡ ✜❧❡
❚❤✴st❡♣✹✳❣✮✳ �

▲❡♠♠❛ ✺✳✺✼✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✶❆✱ ✸✶❇ ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ M2 ≃ 25.PSL(5, 2)✳ ■♥ t❤✐s ❣r♦✉♣
t❤❡r❡ ❛r❡ s✐① ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ♦r❞❡r ✸✶✳ ◆♦t✐❝❡ t❤❛t
t❤r❡❡ ♦❢ t❤❡s❡ ❝❧❛ss❡s ❣♦ t♦ t❤❡ ❝❧❛ss ♥❛♠❡❞ ✸✶❆ ♦❢ Th ❛♥❞ t❤❡ ♦t❤❡r t❤r❡❡
❣♦ t♦ ✸✶❇✳ ▲❡t A ❛♥❞ B ❜❡ t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ M2 t❤❛t ❣♦ t♦ t❤❡
❝❧❛ss ✸✶❆ ✭r❡s♣✳ ✸✶❇✮ ♦❢ Th✳ ❚❤❡♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ a ∈ A ❛♥❞ b ∈ B
s✉❝❤ t❤❛t (ab)2 6= (ba)2 ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ ❋♦r ❞❡t❛✐❧s✱ s❡❡ t❤❡ ✜❧❡
❚❤✴st❡♣✷✳❧♦❣✳ �

❚❤❡♦r❡♠ ✺✳✺✽✳ ❚❤❡ ❚❤♦♠♣s♦♥ ❣r♦✉♣ Th ✐s ♦❢ t②♣❡ ❉✳ �



✺✳✶✺✳ ❚❤❡ ❍❛r❛❞❛✲◆♦rt♦♥ ❣r♦✉♣ HN ✺✺

✺✳✶✺✳ ❚❤❡ ❍❛r❛❞❛✲◆♦rt♦♥ ❣r♦✉♣ HN

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r
273 030 912 000 000.

■t ❤❛s 54 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♦❢✮ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s✿

A12 51+4 : 21+4.5.4 M12.2
2.HS.2 26.U4(2) M12.2
U3(8).31 (A6 × A6).D8 34 : 2(A4 × A4).4
21+8.(A5 × A5).2 23.22.26.(3× PSL(3, 2)) 31+4 : 4A5

(D10 × U3(5)).2 52.5.52.4A5

▲❡♠♠❛ ✺✳✺✾✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❆✱ ✷❇✱ ✺❆✱ ✺❊✱ ✻❆✱ ✻❇✱ ✻❈✱ ✼❆✱ ✾❆✱
✶✶❆✱ ✶✺❆✱ ✷✵❈✱ ✷✶❆✱ ✸✵❆✱ ✸✺❆✱ ✸✺❇ ♦❢ HN ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M1 ≃ A12✳ ❇② ❈♦r♦❧❧❛r② ✸✳✶✵✱ ✐♥ t❤✐s
♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 3, 11
✐s ♦❢ t②♣❡ ❉✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢♦r ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✇✐t❤
r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 11✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss
✶✶❆ ♦❢ HN ✐s ♦❢ t②♣❡ ❉✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ❧❡t r = (1 2 3 4 5 6 7 8 9 10 11)
❛♥❞ s = (1 2 3 4 5 6 7 8 9 11 10) ❜❡ ❡❧❡♠❡♥ts ✐♥ A12✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t
(rs)2 6= (sr)2 ❛♥❞ t❤❛t r ❛♥❞ s ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ t❤❡
❣r♦✉♣ 〈r, s〉 ≃ A11✳ ❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✷ ❛♥❞ t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s✱ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✶✶❆ ♦❢ HN ✐s ♦❢ t②♣❡ ❉✳ �

▲❡♠♠❛ ✺✳✻✵✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

✭✶✮ ✸❆✱ ✸❇✱ ✹❆✱ ✹❇✱ ✹❈✱ ✶✷❈❀

✭✷✮ ✺❇✱ ✽❆✱ ✽❇✱ ✶✵❆✱ ✶✵❇✱ ✶✵❈✱ ✶✵❋✱ ✶✵●✱ ✶✵❍✱ ✶✷❆✱ ✶✷❇✱ ✶✹❆✱ ✷✵❆✱ ✷✵❇✱
✷✷❆✱ ✹✵❆✱ ✹✵❇

♦❢ HN ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ ✜rst ✐t❡♠ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✸✱ ❜❡❝❛✉s❡ Aut(M12) ≃M12.2
✐s ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣✳ ❚❤❡ s❡❝♦♥❞ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✺✳✼✱ ❜❡❝❛✉s❡ 2.HS.2
✐s ❛❧s♦ ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ HN ✳ �

▲❡♠♠❛ ✺✳✻✶✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

✭✶✮ ✺❈✱ ✺❉✱ ✶✵❉✱ ✶✵❊✱ ✶✺❇✱ ✶✺❈✱ ✷✵❉✱ ✷✵❊✱ ✸✵❇✱ ✸✵❈❀

✭✷✮ ✷✺❆✱ ✷✺❇❀

✭✸✮ ✶✾❆✱ ✶✾❇

♦❢ HN ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❆❧❣♦r✐t❤♠ ✷✳✷ ✐♥ s♦♠❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ HN ✳ ❲❡
❤❛✈❡ ✉s❡❞ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ HN ✐♥s✐❞❡ GL(760, 2) ❣✐✈❡♥ ✐♥ ❆❚▲❆❙ ❢♦r t❤❡
✜rst t✇♦ ✐t❡♠s✳ ❋♦r t❤❡ ❧❛st ✐t❡♠ ✇❡ ✉s❡❞ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛❧
s✉❜❣r♦✉♣ U3(8).31 ✐♥s✐❞❡ GL(133, 5)✳ ❙❡❡ ❚❛❜❧❡ ✺✳✽ ❢♦r ❞❡t❛✐❧s✳ �

❚❤❡♦r❡♠ ✺✳✻✷✳ ❚❤❡ ❍❛r❛❞❛✲◆♦rt♦♥ ❣r♦✉♣ HN ✐s ♦❢ t②♣❡ ❉✱ ❤❡♥❝❡ ✐t ✐s ♦❢
t②♣❡ ❇✳ �



✺✻ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

❚❛❜❧❡ ✺✳✽✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✻✶

▼❛①✐♠❛❧ s✉❜❣r♦✉♣ ▲♦❣✜❧❡
✶ 31+4 : 4A5 ❍◆✴st❡♣✹✳❧♦❣

✷ 52+1+2.4.A5 ❍◆✴st❡♣✻✳❧♦❣

✸ U3(8).31 ❍◆✴st❡♣✺✳❧♦❣

✺✳✶✻✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi′24

❚❤✐s ❣r♦✉♣ ❤❛s ♦r❞❡r

1 255 205 709 190 661 721 292 800.

■t ❤❛s 108 ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚❤❡ ❧✐st ♦❢ ✭r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
♦❢✮ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s ✭s❡❡ ❬▲❲✾✶❪✮✿

Fi23 33.[310].GL(3, 3) A6 × PSL(2, 8) : 3
2.F i22.2 32.34.38.(A5 × 2A4).2 7 : 6× A7

(3×O+
8 (3) : 3) : 2 (A4 ×O

+
8 (2).3).2 U3(3).2

O−
10(2) He : 2 U3(3).2

37.O7(3) He : 2 PSL(2, 13).2
31+10 : U5(2) : 2 23+12.(PSL(3, 2)× A6) PSL(2, 13).2
211.M24 26+8.(S3 × A8) 29 : 14 = F406

22.U6(2).3.2 (32 : 2×G2(3)).2
21+12.31.U4(3).22 (A5 × A9) : 2

▲❡♠♠❛ ✺✳✻✸✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸❆✱ ✸❇✱ ✸❈✱ ✸❉✱ ✹❆✱ ✹❇✱ ✹❈✱ ✺❆✱ ✻❆✱
✻❇✱ ✻❈✱ ✻❉✱ ✻❊✱ ✻❋✱ ✻●✱ ✻❍✱ ✻■✱ ✻❏✱ ✼❆✱ ✽❆✱ ✽❇✱ ✾❆✱ ✾❇✱ ✾❈✱ ✾❊✱ ✾❋✱ ✶✵❆✱
✶✵❇✱ ✶✶❆✱ ✶✷❆✱ ✶✷❇✱ ✶✷❈✱ ✶✷❉✱ ✶✷❊✱ ✶✷❋✱ ✶✷●✱ ✶✷❍✱ ✶✷❑✱ ✶✷▲✱ ✶✷▼✱ ✶✸❆✱
✶✹❆✱ ✶✺❆✱ ✶✺❈✱ ✶✻❆✱ ✶✼❆✱ ✶✽❆✱ ✶✽❇✱ ✶✽❈✱ ✶✽❉✱ ✶✽❊✱ ✶✽❋✱ ✷✵❆✱ ✷✶❆✱ ✷✷❆✱
✷✹❆✱ ✷✹❇✱ ✷✹❊✱ ✷✻❆✱ ✷✼❆✱ ✷✽❆✱ ✸✵❆✱ ✸✵❇✱ ✸✺❆✱ ✸✻❈✱ ✸✻❉✱ ✸✾❆✱ ✸✾❇✱ ✹✷❆✱
✻✵❆ ♦❢ Fi′24 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ M1 ≃ Fi23✳ ❇② ❙❡❝t✐♦♥ ✺✳✶✸✱ ✇❡
❦♥♦✇ t❤❛t ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ Fi23 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 2, 23
✐s ♦❢ t②♣❡ ❉ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✸✮✳ ❍❡♥❝❡✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✺✳✻✹✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷❆✱ ✷❇✱ ✸❊✱ ✻❑✱ ✼❇✱ ✶✷■✱ ✶✷❏✱ ✶✹❇✱
✷✶❇✱ ✷✶❈✱ ✷✶❉✱ ✷✹❈✱ ✷✹❉✱ ✹✷❇✱ ✹✷❈ ♦❢ Fi′24 ❛r❡ ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✽ ❛♥❞ t❤❡ ❢✉s✐♦♥ ♦❢ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s✱ ❜❡❝❛✉s❡ Fi′24 ❤❛s t✇♦ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✐s♦✲
♠♦r♣❤✐❝ t♦ Aut(He) ≃ He.2✳ �

▲❡♠♠❛ ✺✳✻✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✽❈✱ ✶✺❇✱ ✶✽●✱ ✶✽❍✱ ✷✵❇ ♦❢ Fi′24 ❛r❡
♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✾✱ ❜❡❝❛✉s❡ O−
10(2) ✐s ❛ ♠❛①✐♠❛❧

s✉❜❣r♦✉♣✳ �

▲❡♠♠❛ ✺✳✻✻✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✹❋✱ ✷✹●✱ ✸✻❆✱ ✸✻❇✱ ✹✺❆✱ ✹✺❇ ♦❢ Fi′24
❛r❡ ♦❢ t②♣❡ ❉✳



✺✳✶✼✳ ❈♦♥❝❧✉s✐♦♥s ✺✼

Pr♦♦❢✳ ❚❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣M5 ≃ 37.O7(3)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❤♦rt ❡①❛❝t
s❡q✉❡♥❝❡ 0 → 37 → 37.O7(3) → O7(3) → 0✳ ❇② ❚❤❡♦r❡♠ ✹✳✹✱ ❡✈❡r② ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss ♦❢ O7(3) ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r 6= 2 ✐s ♦❢ t②♣❡ ❉✳ ❚❤❡r❡❢♦r❡✱
❜② ▲❡♠♠❛ ✷✳✷✹✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✺✳✻✼✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✾❉ ✐s ♦❢ t②♣❡ ❉✳

Pr♦♦❢✳ ❲❡ ✉s❡ ●❆P t♦ ❝♦♥str✉❝t ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣
M19 ≃ A6 × PSL(2, 8) : 3 ❛♥❞ ✉s❡ ❆❧❣♦r✐t❤♠ ✷✳✶ t♦ ♣r♦✈❡ t❤❛t ❡✈❡r② ❝♦♥✲
❥✉❣❛❝② ❝❧❛ss ♦❢M19 ✇✐t❤ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♦r❞❡r ✾ ✐s ♦❢ t②♣❡ ❉ ✭s❡❡ t❤❡ ✜❧❡
✰❋✸✰✴st❡♣✺✳❧♦❣ ❢♦r ❞❡t❛✐❧s✮✳ �

❚❤❡♦r❡♠ ✺✳✻✽✳ ❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣ Fi′24 ✐s ♦❢ t②♣❡ ❇✳

Pr♦♦❢✳ ■t r❡♠❛✐♥s t♦ st✉❞② t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✸❆✱ ✷✸❇✱ ✷✼❆✱ ✷✼❇✱ ✷✼❈✱
✷✾❆✱ ✷✾❇✱ ✸✸❆✱ ✸✸❇✱ ✸✾❈✱ ✸✾❉✳ ❋♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✷✸❆✱ ✷✸❇ ✉s❡
▲❡♠♠❛ ✷✳✶✶✱ ❜❡❝❛✉s❡ t❤❡s❡ ❝❧❛ss❡s ❛r❡ q✉❛s✐✲r❡❛❧ ✇✐t❤ j = 2 ❛♥❞ g4 6= g✳
❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✉s❡ ▲❡♠♠❛ ✷✳✶✵ ❜❡❝❛✉s❡ ❛❧❧ ♦❢ t❤❡♠ ❛r❡
r❡❛❧✳ �

✺✳✶✼✳ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ st✉❞✐❡❞ ◆✐❝❤♦❧s ❛❧❣❡❜r❛s ❛❧♠♦st ❡✈❡r② s♣♦r❛❞✐❝ s✐♠♣❧❡
❣r♦✉♣✳ ❚❤❡ ❇❛❜② ▼♦♥st❡r ❛♥❞ t❤❡ ▼♦♥st❡r ✇❡r❡ st✉❞✐❡❞ ✐♥ ❬❆❋●❱✵✾❝✱
❆❋●❱✵✾❛❪✳ ■♥ ❚❛❜❧❡ ✺✳✾ ✇❡ r❡✈✐❡✇ t❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s st✉t✐❡❞ ♠♦st❧② ✇✐t❤
❆❧❣♦r✐t❤♠ ✷✳✸✳ ■♥ ❚❛❜❧❡ ✺✳✶✵ ✇❡ ❧✐st t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♦❢
t②♣❡ ❉✳

❚❛❜❧❡ ✺✳✾✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s st✉❞✐❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✷✳✸

G ▲♦❣ ✜❧❡ G ▲♦❣ ✜❧❡
M11 ▼✶✶✴▼✶✶✳❧♦❣ Ru ❘✉✴❘✉✳❧♦❣

M12 ▼✶✷✴▼✶✷✳❧♦❣ HS ❍❙✴❍❙✳❧♦❣

M22 ▼✷✷✴▼✷✷✳❧♦❣ He ❍❡✴❍❡✳❧♦❣

M23 ▼✷✸✴▼✷✸✳❧♦❣ McL ▼❝▲✴▼❝▲✳❧♦❣

M24 ▼✷✹✴▼✷✹✳❧♦❣ Co3 ❈♦✸✴❈♦✸✳❧♦❣

J1 ❏✶✴❏✶✳❧♦❣ Co2 ❈♦✷✴❈♦✷✳❧♦❣

J2 ❏✷✴❏✷✳❧♦❣ O′N ❖◆✴❖◆✳❧♦❣

J3 ❏✸✴❏✸✳❧♦❣ Fi22 ❋✐✷✷✴❋✐✷✷✳❧♦❣

Suz ❙✉③✴❙✉③✳❧♦❣ T ❚✴❚✳❧♦❣



✺✽ ✺✳ ❚❤❡ s♣♦r❛❞✐❝ ❣r♦✉♣s

❚❛❜❧❡ ✺✳✶✵✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ♥♦t ❦♥♦✇♥ ♦❢ t②♣❡ ❉✳

G ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♦❢ t②♣❡ ❉ ❘❡❢❡r❡♥❝❡
M11 ✽❆✱ ✽❇✱ ✶✶❆✱ ✶✶❇ ➓✺✳✷
M12 ✶✶❆✱ ✶✶❇ ➓✺✳✷
M22 ✶✶❆✱ ✶✶❇ ➓✺✳✷
M23 ✷✸❆✱ ✷✸❇ ➓✺✳✷
M24 ✷✸❆✱ ✷✸❇ ➓✺✳✷
J1 ✶✺❆✱ ✶✺❇✱ ✶✾❆✱ ✶✾❇✱ ✶✾❈ ➓✺✳✶✵
J2 ✷❆✱ ✸❆ ➓✺✳✶✵
J3 ✺❆✱ ✺❇✱ ✶✾❆✱ ✶✾❇ ➓✺✳✶✵
Suz ✸❆ ➓✺✳✺
Ru ✷✾❆✱ ✷✾❇ ➓✺✳✽
HS ✶✶❆✱ ✶✶❇ ➓✺✳✸
He ❛❧❧ ❝♦❧❧❛♣s❡ ➓✺✳✹
McL ✶✶❆✱ ✶✶❇ ➓✺✳✼
Co3 ✷✸❆✱ ✷✸❇ ➓✺✳✶✶
Co2 ✷❆✱ ✷✸❆✱ ✷✸❇ ➓✺✳✶✶
ON ✸✶❆✱ ✸✶❇ ➓✺✳✻
Fi22 ✷❆✱ ✷✷❆✱ ✷✷❇ ➓✺✳✾
Co1 ✸❆✱ ✷✸❆✱ ✷✸❇ ➓✺✳✶✶✳✸
Fi23 ✷❆✱ ✷✸❆✱ ✷✸❇ ➓✺✳✶✸
HN ❛❧❧ ❝♦❧❧❛♣s❡ ➓✺✳✶✺
Th ❛❧❧ ❝♦❧❧❛♣s❡ ➓✺✳✶✹
Ly ✸✸❆✱ ✸✸❇✱ ✸✼❆✱ ✸✼❇✱ ✻✼❆✱ ✻✼❇✱ ✻✼❈ ➓✺✳✶✷
J4 ✷✾❆✱ ✸✼❆✱ ✸✼❇✱ ✸✼❈✱ ✹✸❆✱ ✹✸❇✱ ✹✸❈ ➓✺✳✶✵✳✷
Fi′24 ✷✸❆✱ ✷✸❇✱ ✷✼❇✱ ✷✼❈✱ ✷✾❆✱ ✷✾❇✱ ✸✸❆✱ ✸✸❇✱ ✸✾❈✱ ✸✾❉ ➓✺✳✶✻



❆♣♣❡♥❞✐① ❆

❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥

s♣♦r❛❞✐❝ ❣r♦✉♣s

■♥ t❤✐s ❛♣❡♥❞✐① ✇❡ ❧✐st ❛❧❧ r❡❛❧ ❛♥❞ q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ t❤❡ s♣♦r❛❞✐❝
s✐♠♣❧❡ ❣r♦✉♣s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t r❡❛❧ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s ♦❢ ❛ ❣✐✈❡♥ ❣r♦✉♣ G ✐s ❡❛s② t♦ ♦❜t❛✐♥ ❢r♦♠ t❤❡ ❝❤❛r❛❝t❡r t❛❜❧❡ ♦❢ G✳

❚❤❡ kt❤ ♣♦✇❡rs ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ ❣✐✈❡♥ ❝♦♥❥✉❣❛❝② ❝❧❛ss ❢♦r♠ ❛♥♦t❤❡r
❝♦♥❥✉❣❛❝② ❝❧❛ss✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s st♦r❡❞ ✐♥ t❤❡ ❆❚▲❆❙✳ ❲✐t❤ t❤✐s ✐♥❢♦r✲
♠❛t✐♦♥ ❛t ❤❛♥❞ ✐t ✐s ❡❛s② t♦ ❞❡t❡r♠✐♥❡ t❤❡ q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♦❢ ❛
❣✐✈❡♥ ❣r♦✉♣✳

❣❛♣❃ ◗✉❛s✐❘❡❛❧❈❧❛ss❡s ✿❂ ❢✉♥❝t✐♦♥✭ ❝t ✮

❃ ❧♦❝❛❧ ♥❝✱ ♦❝✱ ❛✱ ❜✱ ♣✱ ❝✱ ❥✱ r❝❀

❃

❃ ♥❝ ✿❂ ◆r❈♦♥❥✉❣❛❝②❈❧❛ss❡s✭❝t✮❀

❃ ♦❝ ✿❂ ❖r❞❡rs❈❧❛ss❘❡♣r❡s❡♥t❛t✐✈❡s✭❝t✮❀

❃ r❝ ✿❂ ❘❡❛❧❈❧❛ss❡s✭❝t✮❀

❃

❃ ❛ ✿❂ ❬❪❀

❃ ❜ ✿❂ ❬❪❀

❃

❃ ❢♦r ❝ ✐♥ ❬✶✳✳♥❝❪ ❞♦

❃ ✐❢ ♥♦t ❝ ✐♥ r❝ t❤❡♥

❃ ❢♦r ❥ ✐♥ ❬✷✳✳♦❝❬❝❪✲✷❪ ❞♦

❃ ♣ ✿❂ P♦✇❡r▼❛♣✭❝t✱ ❥✮❀

❃ ✐❢ ♣❬❝❪ ❂ ❝ t❤❡♥

❃ ✐❢ ❥✲✶ ♠♦❞ ♦❝❬❝❪ ❁❃ ✵ t❤❡♥

❃ ✐❢ ♥♦t ❝ ✐♥ ❜ t❤❡♥

❃ ❆❞❞✭❛✱ ❬❝✱ ❥❪✮❀

❃ ❆❞❞✭❜✱ ❝✮❀

❃ ❢✐❀

❃ ❢✐❀

❃ ❢✐❀

✺✾



✻✵ ❆✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ s♣♦r❛❞✐❝ ❣r♦✉♣s

❃ ♦❞❀

❃ ❢✐❀

❃ ♦❞❀

❃ r❡t✉r♥ ❛❀

❃❡♥❞❀

❚❤❡ ❚✐ts ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✻❆✱ ✶✻❇✱ ✶✻❈✱ ✶✻❉
❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 9✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✽❆✱ ✽❇ ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢
t②♣❡ j = 5✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✳

❚❤❡ ▼❛t❤✐❡✉ ❣r♦✉♣s✳ ■♥ ❛♥② ♦❢ t❤❡ ▼❛t❤✐❡✉ s✐♠♣❧❡ ❣r♦✉♣s✱ ❡✈❡r② ❝♦♥❥✉✲
❣❛❝② ❝❧❛ss ✐s r❡❛❧ ♦r q✉❛s✐✲r❡❛❧✳ ❙❡❡ ❚❛❜❧❡ ❆✳✶ ❢♦r t❤❡ ❞❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ ♥♦t
r❡❛❧ ❜✉t q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳

❚❛❜❧❡ ❆✳✶✳ ▼❛t❤✐❡✉ ❣r♦✉♣s✿ ◗✉❛s✐✲r❡❛❧ ❝❧❛ss❡s

❈❧❛ss❡s ❚②♣❡
M11 ✽❆✱ ✽❇✱ ✶✶❆✱ ✶✶❇ j = 3
M12 ✶✶❆✱ ✶✶❇ j = 3
M22 ✼❆✱ ✼❇ j = 2

✶✶❆✱ ✶✶❇ j = 3
M23 ✼❆✱ ✼❇✱ ✶✺❆✱ ✶✺❇✱ ✷✸❆✱ ✷✸❇ j = 2

✶✶❆✱ ✶✶❇ j = 3
✶✹❆✱ ✶✹❇ j = 9

M24 ✼❆✱ ✼❇✱ ✶✺❆✱ ✶✺❇✱ ✷✶❆✱ ✷✶❇✱ ✷✸❆✱ ✷✸❇ j = 2
✶✹❆✱ ✶✹❇ j = 9

❚❤❡ ❈♦♥✇❛② ❣r♦✉♣s✳ ■♥ t❤❡ ❈♦♥✇❛② ❣r♦✉♣s Co1✱ Co2 ❛♥❞ Co3 ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧ ♦r q✉❛s✐✲r❡❛❧✳ ◆♦t r❡❛❧ ❜✉t q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ❆✳✷✳

❚❛❜❧❡ ❆✳✷✳ ❈♦♥✇❛② ❣r♦✉♣s✿ ◗✉❛s✐✲r❡❛❧ ❝❧❛ss❡s

❈❧❛ss❡s ❚②♣❡
Co1 ✷✸❆✱ ✷✸❇✱ ✸✾❆✱ ✸✾❇ j = 2
Co2 ✶✺❇✱ ✶✺❈✱ ✷✸❆✱ ✷✸❇ j = 2

✶✹❇✱ ✶✹❈ j = 9
✸✵❇✱ ✸✵❈ j = 17

Co3 ✷✸❆✱ ✷✸❇ j = 2
✶✶❆✱ ✶✶❇✱ ✷✵❆✱ ✷✵❇✱ ✷✷❆✱ ✷✷❇ j = 3

❚❤❡ ❏❛♥❦♦ ❣r♦✉♣s✳ ■♥ t❤❡ ❏❛♥❦♦ ❣r♦✉♣s J1 ❛♥❞ J2 ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss
✐s r❡❛❧✳ ■♥ t❤❡ ❏❛♥❦♦ ❣r♦✉♣ J3 t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✾❆✱ ✶✾❇ ❛r❡ q✉❛s✐✲r❡❛❧
♦❢ t②♣❡ j = 4 ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✳ ■♥ t❤❡ ❣r♦✉♣ J4

❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ ❛❧❧ ♦❢ t❤❡♠
q✉❛s✐✲r❡❛❧✿

✭✶✮ ✼❆✱ ✼❇✱ ✷✶❆✱ ✷✶❇✱ ✸✺❆✱ ✸✺❇ ✭♦❢ t②♣❡ j = 2✮❀

✭✷✮ ✶✹❆✱ ✶✹❇✱ ✶✹❈✱ ✶✹❉✱ ✷✽❆✱ ✷✽❇ ✭♦❢ t②♣❡ j = 9✮❀



❆✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ s♣♦r❛❞✐❝ ❣r♦✉♣s ✻✶

✭✸✮ ✹✷❆✱ ✹✷❇ ✭♦❢ t②♣❡ j = 11✮✳

❚❤❡ ❋✐s❝❤❡r ❣r♦✉♣s✳ ■♥ t❤❡ ❋✐s❝❤❡r ❣r♦✉♣s Fi22✱ Fi23 ❛♥❞ Fi′24 ❡✈❡r②
❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧ ♦r q✉❛s✐✲r❡❛❧✳ ◆♦t r❡❛❧ ❜✉t q✉❛s✐✲r❡❛❧ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s
❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ❆✳✸✳

❚❛❜❧❡ ❆✳✸✳ ❋✐s❝❤❡r ❣r♦✉♣s✿ ◗✉❛s✐✲r❡❛❧ ❝❧❛ss❡s

❈❧❛ss❡s ❚②♣❡
Fi22 ✶✶❆✱ ✶✶❇✱ ✶✻❆✱ ✶✻❇✱ ✷✷❆✱ ✷✷❇ j = 3

✶✽❆✱ ✶✽❇ j = 7
Fi23 ✶✻❆✱ ✶✻❇✱ ✷✷❇✱ ✷✷❈ j = 3

✷✸❆✱ ✷✸❇ j = 2
Fi′24 ✷✸❆✱ ✷✸❇ j = 2

✶✽●✱ ✶✽❍ j = 7

❚❤❡ ❍✐❣❤♠❛♥✲❙✐♠s ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱
✷✵❆✱ ✷✵❇ ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 3✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡
r❡❛❧✳

❚❤❡ ▲②♦♥s ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✶❆✱ ✶✶❇✱ ✷✷❆✱ ✷✷❇
❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 3✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✸✸❆✱ ✸✸❇ ❛r❡ q✉❛s✐✲r❡❛❧
♦❢ t②♣❡ j = 4✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✳

❚❤❡ ❍❛r❛❞❛✲◆♦rt♦♥ ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✱
✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ ❛❧❧ ♦❢ t❤❡♠ q✉❛s✐✲r❡❛❧✿

✭✶✮ ✶✾❆✱ ✶✾❇ ✭♦❢ t②♣❡ j = 4✮❀

✭✷✮ ✸✺❆✱ ✸✺❇ ✭♦❢ t②♣❡ j = 3✮❀

✭✸✮ ✹✵❆✱ ✹✵❇ ✭♦❢ t②♣❡ j = 7✮✳

❚❤❡ ❍❡❧❞✲❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✱ ✇✐t❤ t❤❡
❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ ❛❧❧ ♦❢ t❤❡♠ q✉❛s✐✲r❡❛❧✿

✭✶✮ ✼❆✱ ✼❇✱ ✼❉✱ ✼❊✱ ✷✶❈✱ ✷✶❉ ✭♦❢ t②♣❡ j = 2✮❀

✭✷✮ ✶✹❆✱ ✶✹❇✱ ✶✹❈✱ ✶✹❉✱ ✷✽❆✱ ✷✽❇ ✭♦❢ t②♣❡ j = 9✮✳

❚❤❡ ▼❛❝▲❛✉❣❤❧✐♥ ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✱ ✇✐t❤
t❤❡ ❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ ❛❧❧ ♦❢ t❤❡♠ q✉❛s✐✲r❡❛❧✿

✭✶✮ ✼❆✱ ✼❇✱ ✶✺❆✱ ✶✺❇ ✭♦❢ t②♣❡ j = 2✮❀

✭✷✮ ✶✶❆✱ ✶✶❇ ✭♦❢ t②♣❡ j = 3✮❀

✭✸✮ ✾❆✱ ✾❇ ✭♦❢ t②♣❡ j = 4✮❀

✭✹✮ ✶✹❆✱ ✶✹❇ ✭♦❢ t②♣❡ j = 9✮❀

✭✺✮ ✸✵❆✱ ✸✵❇ ✭♦❢ t②♣❡ j = 17✮✳



✻✷ ❆✳ ❈♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ s♣♦r❛❞✐❝ ❣r♦✉♣s

❚❤❡ ❖✬◆❛♥ ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✱ ✇✐t❤ t❤❡
❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ ❛❧❧ ♦❢ t❤❡♠ q✉❛s✐✲r❡❛❧✿

✭✶✮ ✸✶❆✱ ✸✶❇ ✭♦❢ t②♣❡ j = 2✮❀

✭✷✮ ✷✵❆✱ ✷✵❇ ✭♦❢ t②♣❡ j = 3✮✳

❚❤❡ ❘✉❞✈❛❧✐s ❣r♦✉♣ Ru✳ ■♥ t❤✐s ❣r♦✉♣ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✶✻❆✱ ✶✻❇
❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 5✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✳

❚❤❡ ❙✉③✉❦✐ ❣r♦✉♣ Suz✳ ■♥ t❤✐s ❣r♦✉♣s t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✻❇✱ ✻❈✱ ✇✐t❤
❝❡♥tr❛❧✐③❡rs ♦❢ s✐③❡ 1296 ❛r❡ ♥❡✐t❤❡r r❡❛❧ ♥♦r q✉❛s✐✲r❡❛❧✳ ❚❤❡ ❝❧❛ss❡s ✾❆✱ ✾❇
❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡ j = 4✱ ❛♥❞ t❤❡ ❝❧❛ss❡s ✶✽❆✱ ✶✽❇ ❛r❡ q✉❛s✐✲r❡❛❧ ♦❢ t②♣❡
j = 7✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ❛r❡ r❡❛❧✳

❚❤❡ ❚❤♦♠♣s♦♥ ❣r♦✉♣✳ ■♥ t❤✐s ❣r♦✉♣ ❡✈❡r② ❝♦♥❥✉❣❛❝② ❝❧❛ss ✐s r❡❛❧✱ ✇✐t❤
t❤❡ ❡①❝❡♣t✐♦♥s ♦❢ t❤❡s❡ ❝❧❛ss❡s✱ ❛❧❧ ♦❢ t❤❡♠ q✉❛s✐✲r❡❛❧✿

✭✶✮ ✶✺❆✱ ✶✺❇✱ ✸✶❆✱ ✸✶❇✱ ✸✾❆✱ ✸✾❇ ✭♦❢ t②♣❡ j = 2✮❀

✭✷✮ ✷✼❇✱ ✷✼❈ ✭♦❢ t②♣❡ j = 4✮❀

✭✸✮ ✷✹❈✱ ✷✹❉ ✭♦❢ t②♣❡ j = 5✮❀

✭✹✮ ✶✷❆✱ ✶✷❇✱ ✷✹❆✱ ✷✹❇✱ ✸✻❇✱ ✸✻❈ ✭♦❢ t②♣❡ j = 7✮❀

✭✺✮ ✸✵❆✱ ✸✵❇ ✭♦❢ t②♣❡ j = 17✮✳



❆♣♣❡♥❞✐① ❇

◆♦t❛t✐♦♥s

❇✳✶✳ ◆♦t❛t✐♦♥s ❢♦r ❣r♦✉♣ str✉❝t✉r❡s

❲❡ ✉s❡ t❤❡ ❆❚▲❆❙ ♥♦t❛t✐♦♥s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❈❈◆+✽✺✱ ♣❛❣❡ ①①❪✮✳ ❚❤❡r❡
❛r❡ ✈❛r✐♦✉s ✇❛②s t♦ ❝♦♠❜✐♥❡ ❣r♦✉♣s ♦r ❛❜r❡✈✐❛t❡ s♦♠❡ ❣r♦✉♣s str✉❝t✉r❡s✿

• A×B ✐s t❤❡ ❞✐r❡❝t ♣r♦❞✉❝t ♦❢ A ❛♥❞ B❀

• Am ❞❡♥♦t❡s t❤❡ ❞✐r❡❝t ♣r♦❞✉❝t ♦❢ m ❣r♦✉♣s ✐s♦♠♦r♣❤✐❝ t♦ A❀

• pm✱ ❢♦r p ♣r✐♠❡✱ ❞❡♥♦t❡s t❤❡ ❡❧❡♠❡♥t❛r② ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦❢ ♦r❞❡r pm❀

• A.B ♦r AB ❞❡♥♦t❡s ❛♥② ❣r♦✉♣ ❤❛✈✐♥❣ ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ✐s♦♠♦r♣❤✐❝
t♦ A ❢♦r ✇❤✐❝❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉♦t✐❡♥t ✐s ✐s♦♠♦r♣❤✐❝ t♦ B❀

• A : B ✐♥❞✐❝❛t❡s t❤❡ ❝❛s❡ A.B ✇❤✐❝❤ ✐s ❛ s❡♠✐✲❞✐r❡❝t ♣r♦❞✉❝t❀

• [m]✱ ❢♦r m ∈ N✱ ❞❡♥♦t❡s ❛♥ ❛❜✐tr❛r② ❣r♦✉♣ ♦❢ ♦r❞❡r m❀

• m ❞❡♥♦t❡s t❤❡ ❝②❝❧✐❝ ❣r♦✉♣ Cm❀

• pn+m ✐♥❞✐❝❛t❡s ❛ ❝❛s❡ ♦❢ pn.pm✳

• p1+2n ♦r p1+2n
+ ♦r p1+2n

− ✐s ✉s❡❞ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛♥ ❡①tr❛s♣❡❝✐❛❧
❣r♦✉♣✳

Pr♦❞✉❝t ♦❢ t❤r❡❡ ♦r ♠♦r❡ ❣r♦✉♣s ❛r❡ ❧❡❢t✲❛ss♦❝✐❛t❡❞✳ ❚❤✐s✱ A.B.C ♠❡❛♥s
(A.B).C✱ ❛♥❞ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ✐s♦♠♦r♣❤✐❝ t♦ A✳

❇✳✷✳ ◆♦t❛t✐♦♥s ❢♦r ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s

❲❡ ❛❧s♦ ✉s❡ t❤❡ ❆❚▲❆❙ ♥♦t❛t✐♦♥s ❢♦r ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s✳ ❚❤❡ ❝♦♥❥✉❣❛❝②
❝❧❛ss❡s t❤❛t ❝♦♥t❛✐♥ ❡❧❡♠❡♥ts ♦❢ ♦r❞❡r n ❛r❡ ♥❛♠❡❞ n❆✱ n❇✱ n❈✳ ✳ ✳ ✱ ❛♥❞
r❡♠❛r❦ t❤❛t t❤❡ ❛❧♣❤❛❜❡t ✉s❡❞ ❤❡r❡ ✐s ♣♦t❡♥t✐❛❧❧② ✐♥✜♥✐t❡✮✳ ■♥ s♦♠❡ ❝❛s❡s ✇❡
✇✐❧❧ ♥♦t❡ t❤❡ ❝❧❛ss❡s ✇✐t❤ ❧♦✇❡r❝❛s❡ ❧❡tt❡rs n❛✱ n❜✱ n❝✳ ✳ ✳ ✱ ✐♥ ♦r❞❡r t♦ r❡♠❛r❦
t❤❛t t❤✐s ♦r❞❡r✐♥❣ ❢♦r t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ♠✐❣❤t ❜❡ ♥♦t ❡q✉❛❧ t♦ t❤❡ ♦♥❡
❣✐✈❡♥ ✐♥ t❤❡ ❆❚▲❆❙✳

✻✸





❆♣♣❡♥❞✐① ❈

❆ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ❢♦r

r❛❝❦s

❚❤❡ ●❆P ♣❛❝❦❛❣❡ ❘✐● ♣r♦✈✐❞❡s ❛ ❢r❡❡ ❧✐❜r❛r② ♦❢ ❢✉♥❝t✐♦♥s ❢♦r ❝♦♠♣✉t❛t✐♦♥s
r❡❧❛t❡❞ t♦ r❛❝❦s✳ ■t ✐s ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ▼❛tí❛s ●r❛ñ❛✳ ■t ❝❛♥ ❜❡ ❞♦✇♥❧♦❛❞❡❞
❢r♦♠ ❬●♥❱✵✽❪✳ ❚❤✐s ♣❛❝❦❛❣❡ ❝❛♥ ❜❡ ✉s❡❞ t♦✿

✭✶✮ ❈♦♠♣✉t❡ r❛❝❦s ❛♥❞ ✷✲❝♦❝②❝❧❡s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❣✐✈❡♥ ❣r♦✉♣❀

✭✷✮ ❈♦♠♣✉t❡ s✉❜r❛❝❦s ❛♥❞ q✉♦t✐❡♥ts❀

✭✸✮ ❈♦♠♣✉t❡ r❛❝❦ ❛♥❞ q✉❛♥❞❧❡ ✭❝♦✮❤♦♠♦❧♦❣② ❣r♦✉♣s❀

✭✹✮ ❈♦♠♣✉t❡ ❣r♦✉♣ t❤❡♦r❡t✐❝ str✉❝t✉r❡s r❡❧❛t❡❞ t♦ r❛❝❦s✳

✭✺✮ ❈♦♠♣✉t❡ s♦♠❡ r❡❧❛t✐♦♥s ♦❢ B(X, q)✳

❚♦ ❧♦❛❞ t❤❡ ♣❛❝❦❛❣❡✿

❣❛♣❃ ▲♦❛❞P❛❝❦❛❣❡✭✧r✐❣✧✮❀

tr✉❡

❲❡ ♣r❡s❡♥t s♦♠❡ ❡①❛♠♣❧❡s ♦❢ r❛❝❦s✳

❊①❛♠♣❧❡ ❈✳✶ ✭❚r✐✈✐❛❧ r❛❝❦✮✳ ▲❡t n ∈ N✳ ❚❤❡ tr✐✈✐❛❧ r❛❝❦ ♦❢ ♦r❞❡r n ✐s ❣✐✈❡♥
❜② X = {1, . . . , n} ❛♥❞ t❤❡ ❛❝t✐♦♥ i ⊲ j = j✳ ❚❤❡ ❘✐● ❢✉♥❝t✐♦♥ ✉s❡❞ t♦ ❞❡✜♥❡
t❤✐s r❛❝❦ ✐s ❚r✐✈✐❛❧❘❛❝❦✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ✇✐t❤ n = 3✳

❣❛♣❃ ❚r✐✈✐❛❧❘❛❝❦✭✸✮❀

❬ ❬ ✶✱ ✷✱ ✸ ❪✱

❬ ✶✱ ✷✱ ✸ ❪✱

❬ ✶✱ ✷✱ ✸ ❪ ❪

❊①❛♠♣❧❡ ❈✳✷ ✭❉✐❤❡❞r❛❧ r❛❝❦✮✳ ▲❡t n ≥ 2✳ ❆ ❞✐❤❡❞r❛❧ r❛❝❦ ✭♦❢ ♦r❞❡r n✮ ✐s
❣✐✈❡♥ ❜② X = {1, . . . , n} ❛♥❞ i ⊲ j = 2i− j (mod n)✳ ❚❤❡ ❘✐● ❢✉♥❝t✐♦♥ ✉s❡❞
t♦ ❞❡✜♥❡ t❤✐s r❛❝❦ ✐s ❉✐❤❡❞r❛❧❘❛❝❦✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ✇✐t❤ n = 3✿

❣❛♣❃ ❉✐❤❡❞r❛❧❘❛❝❦✭✸✮❀

❬ ❬ ✶✱ ✸✱ ✷ ❪✱

❬ ✸✱ ✷✱ ✶ ❪✱

❬ ✷✱ ✶✱ ✸ ❪ ❪

✻✺



✻✻ ❈✳ ❆ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ❢♦r r❛❝❦s

❊①❛♠♣❧❡ ❈✳✸ ✭❖❝t❛❤❡❞r❛❧ r❛❝❦✮✳ (X, ⊲) ✐s t❤❡ ♦❝t❛❤❡❞r❛❧ r❛❝❦ ✐❢ X ✐s t❤❡
❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ tr❛♥s♣♦s✐t✐♦♥s ✐♥ S4 ❛♥❞ ⊲ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♥❥✉❣❛t✐♦♥✳
❲✐t❤ t❤❡ ●❆P ❢✉♥❝t✐♦♥ ❘❛❝❦❋r♦♠❈♦♥❥✉❣❛❝②❈❧❛ss ✇❡ ❝♦♥str✉❝t t❤✐s r❛❝❦✳
❍❡r❡ ✐s t❤❡ ♦✉t♣✉t✿

❣❛♣❃ ❣r ✿❂ ❙②♠♠❡tr✐❝●r♦✉♣✭✹✮❀❀

❣❛♣❃ ❘❛❝❦❋r♦♠❆❈♦♥❥✉❣❛❝②❈❧❛ss✭❣r✱ ✭✶✱✷✮✮❀

❬ ❬ ✶✱ ✸✱ ✷✱ ✹✱ ✻✱ ✺ ❪✱

❬ ✸✱ ✷✱ ✶✱ ✺✱ ✹✱ ✻ ❪✱

❬ ✷✱ ✶✱ ✸✱ ✻✱ ✺✱ ✹ ❪✱

❬ ✶✱ ✺✱ ✻✱ ✹✱ ✷✱ ✸ ❪✱

❬ ✻✱ ✹✱ ✸✱ ✷✱ ✺✱ ✶ ❪✱

❬ ✺✱ ✷✱ ✹✱ ✸✱ ✶✱ ✻ ❪ ❪

❲✐t❤ ❘✐● ❢✉♥❝t✐♦♥ ■s♦♠♦r♣❤✐s♠❘❛❝❦s ✐t ✐s ♣♦ss✐❜❧❡ t♦ st✉❞② ✐s♦♠♦r✲
♣❤✐s♠s ♦❢ r❛❝❦s✳ ❍❡r❡ ✐s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ❈✳✹✳ ▲❡t R ✭r❡s♣✳ S✮ ❜❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ✭❛s ❛ r❛❝❦✮ ♦❢ (1 2 3)
✭r❡s♣✳ (1 3 2)✮ ✐♥ A4✳ ❚❤❡s❡ t✇♦ r❛❝❦s ❛r❡ ✐s♦♠♦r♣❤✐❝✿

❣❛♣❃ ❣r ✿❂ ❆❧t❡r♥❛t✐♥❣●r♦✉♣✭✹✮❀❀

❣❛♣❃ r ✿❂ ❘❛❝❦❋r♦♠❆❈♦♥❥✉❣❛❝②❈❧❛ss✭❣r✱ ✭✶✱✷✱✸✮✮❀❀

❣❛♣❃ s ✿❂ ❘❛❝❦❋r♦♠❆❈♦♥❥✉❣❛❝②❈❧❛ss✭❣r✱ ✭✶✱✸✱✷✮✮❀❀

❣❛♣❃ ■s♦♠♦r♣❤✐s♠❘❛❝❦s✭r✱s✮❀

✭✸✱✹✮

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ R ❛r❡ (1 2 3), (1 4 2), (1 3 4), (2 4 3)✳ ❚❤❡
❡❧❡♠❡♥ts ♦❢ S ❛r❡ (1 3 2), (1 2 4), (1 4 3), (2 3 4)✳ ❆♥❞ t❤❡ ✐s♦♠♦r♣❤✐s♠
❜❡t✇❡❡♥ R ❛♥❞ S ✐s ❣✐✈❡♥ ❜②

(1 2 3) 7→ (1 3 2)

(1 4 2) 7→ (1 2 4)

(1 3 4) 7→ (2 3 4)

(2 4 3) 7→ (1 4 3)

❍❡r❡ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡✱ ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❊①❛♠♣❧❡ ❈✳✺✳ ❚❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ ❡❧❡♠❡♥ts ♦❢ t②♣❡ (23) ✐♥ S6 ✐s ✐s♦✲
♠♦r♣❤✐❝✱ ❛s ❛ r❛❝❦✱ t♦ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss ♦❢ t❤❡ tr❛♥s♣♦s✐t✐♦♥s ✐♥ S6✱ s✐♥❝❡
❛♥② ♠❛♣ ✐♥ t❤❡ ❝❧❛ss ♦❢ t❤❡ ♦✉t❡r ❛✉t♦♠♦r♣❤✐s♠ ♦❢ S6 ❛♣♣❧✐❡s (1 2) ✐♥
(1 2)(3 4)(5 6) ✭s❡❡ ❬❏❘✽✷❪✮✳

❣❛♣❃ ❝ ✿❂ ✭✶✱✷✮❀❀

❣❛♣❃ ❞ ✿❂ ✭✶✱✷✮✭✸✱✹✮✭✺✱✻✮❀❀

❣❛♣❃ r ✿❂ ❘❛❝❦❋r♦♠❆❈♦♥❥✉❣❛❝②❈❧❛ss✭❙②♠♠❡tr✐❝●r♦✉♣✭✻✮✱ ❝✮❀❀

❣❛♣❃ s ✿❂ ❘❛❝❦❋r♦♠❆❈♦♥❥✉❣❛❝②❈❧❛ss✭❙②♠♠❡tr✐❝●r♦✉♣✭✻✮✱ ❞✮❀❀

❣❛♣❃ ■s♦♠♦r♣❤✐s♠❘❛❝❦s✭r✱s✮❀

✭✷✱✺✱✶✸✱✶✺✮✭✸✱✾✱✽✱✻✱✶✹✱✹✱✶✶✱✼✱✶✵✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✐♥♥❡r ❣r♦✉♣ ❛♥❞ t❤❡ ❛✉t♦♠♦r✲
♣❤✐s♠ ❣r♦✉♣ ♦❢ ❛ ❞❡❝♦♠♣♦s❛❜❧❡ r❛❝❦✳

❊①❛♠♣❧❡ ❈✳✻✳ ■t ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧ t❤❛t Inn(X) = Aut(X)✳



❈✳ ❆ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ❢♦r r❛❝❦s ✻✼

❣❛♣❃ r ✿❂ ❉✐❤❡❞r❛❧❘❛❝❦✭✹✮❀

❬ ❬ ✶✱ ✹✱ ✸✱ ✷ ❪✱

❬ ✸✱ ✷✱ ✶✱ ✹ ❪✱

❬ ✶✱ ✹✱ ✸✱ ✷ ❪✱

❬ ✸✱ ✷✱ ✶✱ ✹ ❪ ❪

❣❛♣❃ ❙tr✉❝t✉r❡❉❡s❝r✐♣t✐♦♥✭■♥♥❡r●r♦✉♣✭r✮✮❀

✧❈✷ ① ❈✷✧

❣❛♣❃ ❙tr✉❝t✉r❡❉❡s❝r✐♣t✐♦♥✭❆✉t♦♠♦r♣❤✐s♠●r♦✉♣✭r✮✮❀

✧❉✽✧

❲✐t❤ ❘✐● ❢✉♥❝t✐♦♥s ❘❛❝❦❍♦♠♦❧♦❣② ❛♥❞ ❘❛❝❦❈♦❤♦♠♦❧♦❣② ✐t ✐s ♣♦ss✐❜❧❡ t♦
❝♦♠♣✉t❡ r❛❝❦s ✭❝♦✮❤♦♠♦❧♦❣② ❣r♦✉♣s✳ ❋♦r t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤✐s ✭❝♦✮❤♦♠♦❧♦❣②
❣r♦✉♣s s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❆●✵✸❪✳

❊①❛♠♣❧❡ ❈✳✼✳ ▲❡t X ❜❡ ❛ ❞✐❤❡❞r❛❧ r❛❝❦ ♦❢ ♦r❞❡r 3✳ ❲❡ ❤❛✈❡✿

✭✶✮ H2
R(X,Z) ≃ H3

R(X,Z) ≃ Z❀

✭✷✮ H4
R(X,Z) ≃ Z⊕ Z/3❀

✭✸✮ H5
R(X,Z) ≃ Z⊕ Z/3⊕ Z/3❀

✭✹✮ H6
R(X,Z) ≃ Z⊕ Z/3⊕ Z/3⊕ Z/3⊕ Z/3✳

❍❡r❡ ✐s t❤❡ ♦✉t♣✉t✿

❣❛♣❃ ❘❛❝❦❈♦❤♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✸✮✱✷✮❀

❬ ✶✱ ❬ ❪ ❪

❣❛♣❃ ❘❛❝❦❈♦❤♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✸✮✱✸✮❀

❬ ✶✱ ❬ ❪ ❪

❣❛♣❃ ❘❛❝❦❈♦❤♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✸✮✱✹✮❀

❬ ✶✱ ❬ ✸ ❪ ❪

❣❛♣❃ ❘❛❝❦❈♦❤♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✸✮✱✺✮❀

❬ ✶✱ ❬ ✸✱ ✸ ❪ ❪

❣❛♣❃ ❘❛❝❦❈♦❤♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✸✮✱✻✮❀

❬ ✶✱ ❬ ✸✱ ✸✱ ✸✱ ✸ ❪ ❪

❊①❛♠♣❧❡ ❈✳✽✳ ▲❡t X ❜❡ t❤❡ ♦❝t❛❤❡❞r❛❧ r❛❝❦✳ ❚❤❡♥✱

✭✶✮ HR
2 (X,Z) ≃ Z⊕ Z/2❀

✭✷✮ HR
3 (X,Z) ≃ Z⊕ Z/2⊕ Z/6✳

❍❡r❡ ✐s t❤❡ ♦✉t♣✉t✿

❣❛♣❃ ❘❛❝❦❍♦♠♦❧♦❣②✭r✱ ✷✮❀

❬ ✶✱ ❬ ✷ ❪ ❪

❣❛♣❃ ❘❛❝❦❍♦♠♦❧♦❣②✭r✱ ✸✮❀

❬ ✶✱ ❬ ✷✱ ✻ ❪ ❪

❚❤✐s ♣❛❝❦❛❣❡ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ ◗✉❛♥❞❧❡ ✭❝♦✮❤♦♠♦❧♦❣② ❣r♦✉♣s✳
❚♦ t❤✐s ♣✉r♣♦s❡ ✇❡ ❤❛✈❡ t❤❡ ❢✉♥❝t✐♦♥ ◗✉❛♥❞❧❡❍♦♠♦❧♦❣②✳ ❋♦r t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤✐s ✭❝♦✮❤♦♠♦❧♦❣② t❤❡♦r② s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❈❏❑+✵✸❪✳

❊①❛♠♣❧❡ ❈✳✾✳ ▲❡t X ❜❡ ❛ ❞✐❤❡❞r❛❧ r❛❝❦ ♦❢ ♦r❞❡r ✺✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡s❡
q✉❛♥❞❧❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s✿

✭✶✮ HQ
2 (X,Z) ≃ 1❀



✻✽ ❈✳ ❆ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ❢♦r r❛❝❦s

✭✷✮ HQ
3 (X,Z) ≃ HQ

4 (X,Z) ≃ Z/5✳

❍❡r❡ ✐s t❤❡ ♦✉t♣✉t✿

❣❛♣❃ ◗✉❛♥❞❧❡❍♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✺✮✱ ✷✮❀

❬ ✵✱ ❬ ❪ ❪

❣❛♣❃ ◗✉❛♥❞❧❡❍♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✺✮✱ ✸✮❀

❬ ✵✱ ❬ ✺ ❪ ❪

❣❛♣❃ ◗✉❛♥❞❧❡❍♦♠♦❧♦❣②✭❉✐❤❡❞r❛❧❘❛❝❦✭✺✮✱ ✹✮❀

❬ ✵✱ ❬ ✺ ❪ ❪

❆s ✇❡ s❛✐❞✱ ❘✐● ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ ❧♦✇ ❞❡❣r❡❡ r❡❧❛t✐♦♥s ♦❢ t❤❡
◆✐❝❤♦❧s ❛❧❣❡❜r❛ B(X, q)✳ ❚♦ t❤✐s ♣✉r♣♦s❡ ✇❡ ✉s❡ ●❇◆P✱ ❛ ♥♦♥✲❝♦♠♠✉t❛t✐✈❡
●❆P ●rö❜♥❡r ❜❛s✐s ♣❛❝❦❛❣❡✱ ✇r✐tt❡♥ ❜② ❆r❥❡❤ ▼✳ ❈♦❤❡♥ ✭s❡❡ ❬❈❑✶✵❪ ❢♦r
❞❡t❛✐❧s✮✳

❊①❛♠♣❧❡ ❈✳✶✵✳ ▲❡t ω ❜❡ ❛ ❝✉❜✐❝ r♦♦t ♦❢ ✶✳ ▲❡t X ❜❡ t❤❡ ❝♦♥❥✉❣❛❝② ❝❧❛ss
✭❛s ❛ r❛❝❦✮ ♦❢ (1 2 3) ✐♥ A4✳ ❆♥❞ ❧❡t q ❜❡ t❤❡ ❝♦♥st❛❝t ✷✲❝♦❝②❝❧❡ ❡q✉❛❧ t♦
ω✳ ■t ✐s ♥♦t ❦♥♦✇ ✐❢ t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛ B(X, q) ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✳ ❲✐t❤
❘✐● ❢✉♥❝t✐♦♥ ❉✐♠❡♥s✐♦♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ✜rst ❞✐♠❡♥s✐♦♥s✿

❣❛♣❃ ❢♦r ♥ ✐♥ ❬✵✳✳✼❪ ❞♦

❃ Pr✐♥t✭❉✐♠❡♥s✐♦♥✭r✱ q✱ ♥✮✱ ✧❭♥✧✮❀

❃ ♦❞❀

✶

✹

✶✻

✺✷

✶✼✷

✺✹✹

✺✸✶✷

✶✻✹✶✷

❙♦✱ t❤❡ ✜rst ❞✐♠❡♥s✐♦♥s ❛r❡✿

1, 4, 16, 52, 172, 544, 1712, 5312, 16412, ...

✭◆♦t✐❝❡ t❤❛t ❢♦r t❤✐s ❡①❛♠♣❧❡ ❛ ❧♦t ♦❢ ♠❡♠♦r② ✇❛s ♥❡❡❞❡❞✳✮ ❲✐t❤ ❘✐● ✇❡
❝♦♠♣✉t❡ t❤❡ ❞❡❣r❡❡ t❤r❡❡ r❡❧❛t✐♦♥s ❛♥❞ ✇✐t❤ ●❇◆P ❢✉♥❝t✐♦♥ Pr✐♥t◆P▲✐st ✇❡
❣❡t ❛ ♥✐❝❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s✳ ❚❤❡ ❝♦❞❡

❣❛♣❃ ▲♦❛❞P❛❝❦❛❣❡✭✧❣❜♥♣✧✮❀❀

❣❛♣❃ Pr✐♥t◆P▲✐st✭❘❡❧❛t✐♦♥s✹●❆P✭r✱ q✱ ✸✮✮❀❀



❈✳ ❆ ❝♦♠♣✉t❡r ♣❛❝❦❛❣❡ ❢♦r r❛❝❦s ✻✾

❣✐✈❡s ✉s t❤❡s❡ t✇❡❧✈❡ r❡❧❛t✐♦♥s✿

a3 = b3 = c3 = d3 = 0,

a2b+ abc+ aca+ bc2 + cac+ c2d+ cda+ da2 = 0,

a2d+ aba+ adb+ bab+ b2c+ bca+ ca2 + db2 = 0,

acb− ωadc− ωbcd+ bda+ cad− ωcba− ωdab+ dbc = 0,

abd− ω2adc+ bac− ω2bcd− ω2cba+ cdb− ω2dab+ dca = 0,

ab2 + b2d+ bcb+ bdc+ cab+ cbc+ c2a+ dc2 = 0,

ac2 + bd2 + cbd+ c2b+ cdc+ dac+ dcd+ d2a = 0,

a2c+ acd+ ada+ ba2 + cd2 + dad+ dba+ d2b = 0,

ad2 + bad+ b2a+ bdb+ cb2 + dbd+ dcb+ d2c = 0.

❆❧s♦✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ t❤❡ r❡❧❛t✐♦♥s ♦❢ ❞❡❣r❡❡ ✻ ✭t❤❡r❡ ❛r❡ t✇❡♥t② ♦❢ t❤❡♠✮✳
❚❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ ♦♠✐tt❡❞ ♦✇✐♥❣ t♦ ❧❡♥❣t❤✳

❊①❛♠♣❧❡ ❈✳✶✶✳ ▲❡t ω ❜❡ ❛ ❝✉❜✐❝ r♦♦t ♦❢ 1✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ◆✐❝❤♦❧s ❛❧❣❡❜r❛
❣✐✈❡♥ ❜② t❤❡ ❛❜❡❧✐❛♥ r❛❝❦ X = {a, b, c} ✇✐t❤ t❤❡ ✷✲❝♦❝②❝❧❡ ❣✐✈❡♥ ❜②

q =





−1 ω ω
1 −1 ω
1 1 −1





❇② t❤❡ ✇♦r❦ ♦❢ ❍❡❝❦❡♥❜❡r❣❡r✱ ✇❡ ❦♥♦✇ t❤❛t t❤✐s ◆✐❝❤♦❧s ❛❧❣❡❜r❛ ❤❛s ❞✐♠❡♥s✐♦♥
✹✸✷✳ ❲✐t❤ ❘✐● ✭❛♥❞ t❤❡ ●rö❜♥❡r ♣❛❝❦❛❣❡ ●❇◆P✮ ✇❡ ♦❜t❛✐♥ t❤❡s❡ r❡❧❛t✐♦♥s✿

a2 = b2 = c2 = 0,

abc+ ω2acb+ ω2bac+ ωbca+ ωcab+ cba = 0,

cbcbcb− bcbcbc = bababa− ababab = cacaca− acacac = 0





✼✶





❇✐❜❧✐♦❣r❛♣❤②

❬❆❋✵✼❛❪ ◆✳ ❆♥❞r✉s❦✐❡✇✐ts❝❤ ❛♥❞ ❋✳ ❋❛♥t✐♥♦✳ ❖♥ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ❛ss♦❝✐✲
❛t❡❞ ✇✐t❤ ❛❧t❡r♥❛t✐♥❣ ❛♥❞ ❞✐❤❡❞r❛❧ ❣r♦✉♣s✳ ❘❡✈✳ ❯♥✳ ▼❛t✳ ❆r❣❡♥t✐♥❛✱
✹✽✭✸✮✿✺✼✕✼✶ ✭✷✵✵✽✮✱ ✷✵✵✼✳ ✈✐✐✱ ①✱ ✶✷✱ ✸✵

❬❆❋✵✼❜❪ ◆✳ ❆♥❞r✉s❦✐❡✇✐ts❝❤ ❛♥❞ ❋✳ ❋❛♥t✐♥♦✳ ❖♥ ♣♦✐♥t❡❞ ❍♦♣❢ ❛❧❣❡❜r❛s ❛s✲
s♦❝✐❛t❡❞ ✇✐t❤ ✉♥♠✐①❡❞ ❝♦♥❥✉❣❛❝② ❝❧❛ss❡s ✐♥ Sm✳ ❏✳ ▼❛t❤✳ P❤②s✳✱
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