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t❡♠♣❡r❛t✉r❡s✱ Tw✱ ❛♥❞ ❝r✐t✐❝❛❧ ♣r❡✇❡tt✐♥❣ ♦♥❡s✱ Tcpw✳ ❲❡ ❢♦✉♥❞ t❤❛t ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s t❤❡r❡ ❛r❡ ❣r♦✉♥❞

st❛t❡s ✇✐t❤ ❞❡♥s✐t② ♣r♦✜❧❡s t❤❛t ❜r❡❛❦ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❡①❡rt❡❞ ❜② t❤❡ ✇❛❧❧s✳ ❚❤❡r❡ ✐s ❛ ❝♦rr❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ ♦❝✉rr❡♥❝❡ ♦❢ ❛s②♠♠❡tr✐❝ ♣r♦✜❧❡s ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣r❡✇❡tt✐♥❣ ❧✐♥❡s✳ ❋♦r s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✇❡
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s②st❡♠ ♦♥❡ ❛❧s♦ ❣❡ts ❛s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s✳
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✳
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❈❛♣ít✉❧♦ ✶

❉❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❚❡s✐s

❉✉r❛♥t❡ ❧♦s ú❧t✐♠♦s ❛ñ♦s ❤❛ ✐❞♦ ❝r❡❝✐❡♥❞♦ ❡❧ ✐♥t❡rés✱ t❛♥t♦ ❞❡ ♣❛rt❡ ❞❡ ❧❛ ❢ís✐❝❛ ❝♦♠♦ ❞❡ ❧❛ q✉í♠✐❝❛✱ ♣♦r ❡❧ ❡st✉❞✐♦

❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ② ❧❛ ❡str✉❝t✉r❛ ♠✐❝r♦s❝ó♣✐❝❛ ❞❡ ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s s♦❜r❡ s✉str❛t♦s só❧✐❞♦s✳

▲❛s ✐♥✈❡st✐❣❛❝✐♦♥❡s ❞❡s❛rr♦❧❧❛❞❛s ❡♥ ❧❛ ❡st❛ ❚❡s✐s ❡stá♥ r❡❧❛❝✐♦♥❛s ❝♦♥ ✉♥ t❡♠❛ q✉❡ ❞❡s♣❡rtó ♥✉❡str❛ ❝✉r✐♦s✐❞❛❞

❝✉❛♥❞♦ ❡①❛♠✐♥á❜❛♠♦s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❝♦♥ ✢✉✐❞♦s s✐♠♣❧❡s✳

❍❛❝❡ ②❛ ♠ás ❞❡ ❞♦s ❞é❝❛❞❛s✱ ✈❛♥ ▲❡❡✉✇❡♥ ② s✉s ❝♦❧❛❜♦r❛❞♦r❡s ❛❧ ❡st✉❞✐❛r ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ♣❧❛♥❛s s✐♠étr✐❝❛s

♠❡❞✐❛♥t❡ ❧❛ té❝♥✐❝❛ ❞❡ ❧❛ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ❡♥❝♦♥tr❛r♦♥ q✉❡✱ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♥♦

t✐❡♥❡♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ❡❥❡r❝❡ ❡❧ ♣❛r ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s s♦❜r❡ ❡❧ ✢✉✐❞♦ ❬✶✱ ✷❪✳ ❙❡ s✉♣♦♥❡ ✐♥✈❛r✐❛♥❝✐❛

❡♥ ❡❧ ♣❧❛♥♦ x✲y ❞❡ ❧❛s ♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛ ② q✉❡ ❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ❡s ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❝♦♦r❞❡♥❛❞❛ z ♣❡r♣❡♥❞✐❝✉❧❛r

❛ ❧❛s ♣❛r❡❞❡s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❛♣❛r❡❝í❛ ❡❧ ❢❡♥ó♠❡♥♦ ❞❡ r✉♣t✉r❛ ❡s♣♦♥tá♥❡❛ ❞❡ s✐♠❡trí❛ ✭❙❙❇✮✳ ❊st❡ ❡❢❡❝t♦ ❛♣❛r❡❝❡

❝✉❛♥❞♦ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ s✉str❛t♦ ② ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡❧ ✢✉✐❞♦ ♥♦ ❡s ♠✉❝❤♦ ♠ás ❢✉❡rt❡ q✉❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡

♣❛rtí❝✉❧❛s ❞❡❧ ✢✉✐❞♦✳ ❊❧ ✐♥t❡rés ♣♦r ❡❧ t❡♠❛ s❡ ✐♥❝r❡♠❡♥t♦ ❡♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s✳ ❘❡❝✐❡♥t❡♠❡♥t❡✱ ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ❬✸❪

❛♥❛❧✐③❛r♦♥ ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❞❡ ❈❖2 ❝♦♥ ❆r ❛♣❧✐❝❛♥❞♦ ❧❛ ❚❡♦rí❛ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❉❡♥s✐❞❛❞ ✭❉❋❚✮ ❡♥❝♦♥tr❛♥❞♦

q✉❡ ♣❛r❛ ❝✐❡rt❛s t❡♠♣❡r❛t✉r❛s ❛♣❛r❡❝❡ ❡❧ ❡❢❡❝t♦ ❙❙❇✱ ♦ s❡❛✱ q✉❡ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s t✐❡♥❡♥ ♠❡♥♦r ❡♥❡r❣í❛ ❧✐❜r❡ q✉❡

❧♦s s✐♠étr✐❝♦s✳ ❆q✉❡❧❧♦s ❝á❧❝✉❧♦s ❢✉❡r♦♥ r❡❛❧✐③❛❞♦s ♠❛♥t❡♥✐❡♥❞♦ ✜❥♦s ❧❛ t❡♠♣❡r❛t✉r❛✱ T ✱ ② ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛ ❞❡ ✉♥❛ ♣❛r❡❞✱ n = N/A✳ ❊st♦ ❡s s❡ ❝♦♥s✐❞❡r❛r♦♥ r❛♥✉r❛s ❝❡rr❛❞❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛❧ ❊♥s❛♠❜❧❡

❈❛♥ó♥✐❝♦ ✭❈❊✮✳

❘❡✈✐s❛♥❞♦ ❧♦s ❝á❧❝✉❧♦s ❞❡ ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ❝♦♥st❛t❛♠♦s q✉❡ ❡st♦s ❛✉t♦r❡s ❞❡❜✐❧✐t❛r♦♥ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ ✢✉✐❞♦

② ❧❛s ♣❛r❡❞❡s ❛♣❛♥t❛❧❧á♥❞♦❧❛s✳ ▼♦str❛♠♦s q✉❡ ❡❧✐♠✐♥❛♥❞♦ ❡❧ ❛♣❛♥t❛❧❧❛♠✐❡♥t♦ ❞❡s❛♣❛r❡❝❡♥ ❧♦s ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s

❬✹❪✳

❊st♦s ú❧t✐♠♦s r❡s✉❧t❛❞♦s ♥♦s ✐♥❞✉❥❡r♦♥ ❛ ❜✉s❝❛r ❧♦s s✐st❡♠❛s ♠ás ♣r♦♣✐❝✐♦♥s ♣❛r❛ ✉♥❛ ♣♦s✐❜❧❡ r❡❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❙❙❇✳

❊♥❝♦♥tr❛♠♦s q✉❡ ❧♦s ❣❛s❡s ♥♦❜❧❡s ✭◆❡✱ ❆r✱ ❑r ② ❳❡✮ ❛❞s♦r❜✐❞♦s s♦❜r❡ s✉str❛t♦s ❞❡ ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s ✭❈s✱ ❘❜✱ ❑✱

◆❛✱ ② ▲✐✮ s♦♥ ❧♦s s✐st❡♠❛s ♠ás ❛❞❡❝✉❛❞♦s✳ ❊♥❝❛r❛♠♦s ❡❧ ❡st✉❞✐♦ ❞❡ ❡st♦s s✐st❡♠❛s ✉t✐❧✐③❛♥❞♦ ✉♥❛ ✈❡rs✐ó♥ ❞❡ ❧❛ ❉❋❚

♣r♦♣✉❡st❛ ♣♦r ❆♥❝✐❧♦tt♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✺✱ ✻❪ ② ❧♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ ❛❞s♦r❝✐ó♥ r❡❛❧✐st❛s ♣r♦♣✉❡st♦s ♣♦r ❈❤✐③♠❡s❤②❛✱

❈♦❧❡✱ ② ❩❛r❡♠❜❛ ❬✼❪✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❡st❛ ❢♦r♠✉❧❛❝✐ó♥ t✐❡♥❡ ♣r♦❜❧❡♠❛s ❡♥ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s

❝❡r❝❛♥♦ ❛ ❧❛ tr✐♣❧❡ Tt ✭♣♦r ❡❥❡♠♣❧♦✱ ✐♠♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❝❛❧❝✉❧❛r ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡❧ ◆❡ ♣❛r❛ Tt ≤ T < ✸✷ ❑

❬✻❪✱ ❡rró♥❡♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❧❛ ✐s♦t❡r♠❛ ❞❡ ✽✺ ❑ ❡♥ ❡❧ s✐st❡♠❛ ❆r✴❈❖2 ❬✽❪✮✳ ■❞❡♥t✐✜❝❛♠♦s q✉❡ ❡❧ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❧♦

♣r♦✈♦❝❛❜❛ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ♣❛rtí❝✉❧❛s ❞❡❧ ✢✉✐❞♦✳ Pr♦♣✉s✐♠♦s ♦tr❛ ❢♦r♠❛ ♣❛r❛ ❡s❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡

♣❛r❡s ② ✈❡r✐✜❝❛♠♦s q✉❡ ♦❜t✐❡♥❡♥ s♦❧✉❝✐♦♥❡s ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❡❧ ♣✉♥t♦ tr✐♣❧❡ ② ❡❧ ❝rít✐❝♦

✶✺



✭Tt ≤ T ≤ Tc✮✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ♣r❡❞❡❝✐♠♦s ❝♦rr❡❝t❛♠❡♥t❡ ❧❛s t❡♥s✐♦♥❡s s✉♣❡r✜❝✐❛❧❡s ❞❡❧ ◆❡ ② ❞❡❧ ❆r ❬✾✱ ✶✵✱ ✶✶❪✳

❆♥t❡s ❞❡ ❛♥❛❧✐③❛r ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❡st✉❞✐❛♠♦s ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❣❛s❡s ♥♦❜❧❡s s♦❜r❡ ✉♥❛ s♦❧❛ ♣❛r❡❞ ♣❧❛♥❛ ❞❡ ♠❡t❛❧❡s

❛❧❝❛❧✐♥♦s ② ❛❧❣✉♥♦s ♦tr♦s s✉str❛t♦s ❬✾✱ ✶✵✱ ✶✶✱ ✶✷✱ ✶✸❪✳ ❈❛❧❝✉❧❛♠♦s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ② ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛

❡s♦s s✐st❡♠❛s✳ ❊♥ ❧♦s ❝❛s♦s ❞♦♥❞❡ ❤❛❜í❛ r✉❧♦s ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s ❤✐❝✐♠♦s ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ♣❡rt✐♥❡♥t❡s

② ♦❜t✉✈✐♠♦s ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦✳ ❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛s ❧í♥❡❛s✱ q✉❡ ❝♦♠✐❡♥③❛♥ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ Tw✱

❝♦❡①✐st❡♥ ✉♥❛ ♣❡❧í❝✉❧❛ ✏✜♥❛✑ ❝♦♥ ♦tr❛ ✏❣r✉❡s❛✑ q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ T ❛✉♠❡♥t❛ s❡ ♣❛r❡❝❡♥ ❝❛❞❛ ✈❡③ ♠ás ❤❛st❛ ❤❛❝❡rs❡

✐❣✉❛❧❡s ❛ ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✱ Tcpw✳ ▲❛ ❡①✐st❡♥❝✐❛ ❞❡ ❡st❛s ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ✐♥❞✐❝❛ q✉❡ ❤❛② tr❛♥s✐❝✐♦♥❡s ❞❡

❢❛s❡ ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ❛♥❛❧✐③á♥❞♦❧❛s ❞❡t❡r♠✐♥❛♠♦s Tw ② Tcpw✳ ▲❛ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ② ♣❡r✜❧❡s

❞❡ ❞❡♥s✐❞❛❞ ❝❛❧❝✉❧❛❞♦s ❝♦♥ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❡s ❡①✐t♦s❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❛♥❛❧✐③❛♠♦s ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s✱ q✉❡ ❝♦♠♦ ②❛ ❧♦ ❤❛❜í❛♠♦s s❡ñ❛❧❛❞♦ ❛♥t❡r✐♦r✲

♠❡♥t❡ ♣r♦❞✉❝❡♥ s♦❜r❡ ❡❧ ✢✉✐❞♦ ✉♥ ♣♦t❡♥❝✐❛❧ s✐♠étr✐❝♦ r❡s♣❡❝t♦ ❞❡❧ ♣❧❛♥♦ ♣❛r❛❧❡❧♦ ❛ ❧❛s ♣❛r❡❞❡s q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦

❞❡ ❧❛ r❛♥✉r❛✳ ❊♥❝♦♥tr❛♠♦s q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s q✉❡ ❞❛♥ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s ❝♦♥ ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❛s✐♠étr✐❝♦s

❛♣❛r❡❝❡♥ ❡♥ s✐st❡♠❛s q✉❡ ❡①❤✐❜❡♥ ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❬✶✵✱ ✶✷✱ ✶✹✱ ✶✺✱ ✶✻❪✳ ❊❧ ❡❢❡❝t♦ ❙❙❇ ♦❝✉rr❡ ❞❡♥tr♦ ❞❡ ✉♥ ❞❡t❡r✲

♠✐♥❛❞♦ r❛♥❣♦ ❞❡ n ② ❞❡s♣❛r❡❝❡ ♣♦r ❝♦♠♣❧❡t♦ ❝✉❛♥❞♦ ❧❛ T s✉♣❡r❛ ✉♥ ✈❛❧♦r ❝rít✐❝♦ Tsb✳ ❯♥ ❛♥á❧✐s✐s ❞❡t❛❧❧❛❞♦ ♠✉❡str❛

q✉❡ ❡❧ ❡❢❡❝t♦ ❙❙❇ ❝♦♥t✐♥ú❛ ♣❛r❛ T > Tw ❤❛st❛ ❛❧❝❛♥③❛r Tsb✱ q✉❡ r❡s✉❧t❛ s❡r ✐❣✉❛❧ ❛ ❧❛ Tcpw ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛

❝♦♠❜✐♥❛❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦ ❡st✉❞✐❛❞❛✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❞❡t❡r♠✐♥❛♠♦s q✉❡ ❤❛② ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡ ❧í♥❡❛s ❞❡

♣r❡✲♠♦❥❛❞♦ ② ♣❡r✜❧❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❛s✐♠étr✐❝♦s✳ ❊♥ ✉♥ r❡s❡r✈♦r✐♦ ❝❡rr❛❞♦ ❡st♦s ❡st❛❞♦s ❛s✐♠étr✐❝♦s✱ ❡♥ ♣r✐♥❝✐♣✐♦✱

♣♦❞rí❛♥ ❡st❛❜✐❧✐③❛rs❡✳

❙✐♥ ❡♠❜❛r❣♦✱ ❧♦s ❡①♣❡r✐♠❡♥t♦s ❣❡♥❡r❛❧♠❡♥t❡ s❡ r❡❛❧✐③❛♥ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ✉♥ r❡s❡r✈♦r✐♦ q✉❡ ♣❡r♠✐t❡ ✉♥ ✐rr❡str✐❝t♦

✐♥t❡r❝❛♠❜✐♦ ❞❡ ♣❛rtí❝✉❧❛s ✜❥❛♥❞♦ ❧❛ ♣r❡s✐ó♥ ♦ s✉ ❡q✉✐✈❛❧❡♥t❡ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ µ✳ ❊♥ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s✱ T ② µ

❝♦♥st❛♥t❡s✱ ❤❛② q✉❡ ❡st✉❞✐❛r ❡❧ s✐st❡♠❛ ❡♥ ❡❧ ♠❛r❝♦ ❞❡❧ ❊♥s❛♠❜❧❡ ●r❛♥ ❈❛♥ó♥✐❝♦ ✭●❈❊✮✳ ❘❡s♦❧✈✐♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s

❡♥ ❡st❛ ❡st❛❞íst✐❝❛ ② ♦❜t✉✈✐♠♦s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❝♦♥ ❧♦s ♠✐s♠♦s ❡st❛❞♦s ❡st❛❜❧❡s ② ♠❡t❛❡st❛❜❧❡s q✉❡ ❝♦♥

❡❧ ❈❊✳ ❊♥ ❡❧ ❡sq✉❡♠❛ ❞❡❧ ●❈❊ ❧♦s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s s♦♥ ❛q✉❡❧❧♦s q✉❡ t✐❡♥❡♥ ♠í♥✐♠♦ ❡❧ ❣r❛♥ ♣♦t❡♥❝✐❛❧ ✭♥♦

❧❛ ❡♥❡r❣í❛ ❧✐❜r❡✮✳ ❆❧ ❡①✐❣✐r ❡st❛ ❝♦♥❞✐❝✐ó♥ q✉❡❞❛ ✉♥ s♦❧♦ ❡st❛❞♦ ❛s✐♠étr✐❝♦ ❡st❛❜❧❡✱ ❛q✉❡❧ q✉❡ t✐❡♥❡ ❛❞♦s❛❞❛ ❛ ✉♥❛

♣❛r❡❞ ❧❛ ♣❡❧í❝✉❧❛ ✏✜♥❛✑ ② ❛❞♦s❛❞❛ ❛ ❧❛ ♦tr❛ ♣❛r❡❞ ❧❛ ♣❡❧í❝✉❧❛ ✏❣r✉❡s❛✑ q✉❡ ❝♦❡①✐st❡♥ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ s♦❜r❡

✉♥❛ s♦❧❛ ♣❛r❡❞✳ ❊st❡ ❡st❛❞♦ t✐❡♥❡ ❡❧ ♠✐s♠♦ ❣r❛♥ ♣♦t❡♥❝✐❛❧ q✉❡ ❧♦s ♣❡r✜❧❡s s✐♠étr✐❝♦s ❞♦♥❞❡ ❤❛② ✉♥❛ ♣❡❧í❝✉❧❛ ✏✜♥❛✑

❛❞♦s❛❞❛ ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ ♦ ❜✐❡♥✱ ❤❛② ✉♥❛ ♣❡❧í❝✉❧❛ ✏❣r✉❡s❛✑ ❛❞♦s❛❞❛ ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ❬✶✹✱ ✶✻❪✳ ❊❧

❛♥á❧✐s✐s ❞❡ s✐st❡♠❛s r❡❛❧✐st❛s ❧❧❡✈❛❞♦ ❛ ❝❛❜♦ ❡♥ ❡❧ ♠❛r❝♦ ❞❡❧ ●❈❊ ❡s t♦t❛❧♠❡♥t❡ ♦r✐❣✐♥❛❧✳

✶✻



❈❛♣ít✉❧♦ ✷

■♥tr♦❞✉❝❝✐ó♥ ❣❡♥❡r❛❧

✷✳✶✳ ❋❧✉✐❞♦s ❙✐♠♣❧❡s

▲♦s ❋❧✉✐❞♦s s✐♠♣❧❡s✱ s♦♥ ❛q✉❡❧❧♦s ❝♦♥st✐t✉✐❞♦s ♣♦r ♣❛rtí❝✉❧❛s ✭át♦♠♦s ♦ ♠♦❧é❝✉❧❛s✮ s✉✜❝✐❡♥t❡♠❡♥t❡ s✐♠étr✐❝❛s ❝♦♠♦

♣❛r❛ q✉❡ s✉s ú♥✐❝♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ s❡❛♥ ❧♦s tr❛s❧❛❝✐♦♥❛❧❡s✳ ❯♥ ❡❥❡♠♣❧♦ ❞❡ ❡❧❧♦✱ s♦♥ ❧♦s ✢✉✐❞♦s ❝♦♥st✐t✉✐❞♦s ♣♦r

❣❛s❡s ♥♦❜❧❡s✳ ❊st♦s ❡stá♥ ❝♦♥❢♦r♠❛❞♦s ♣♦r át♦♠♦s ❛♣♦❧❛r❡s ✭s✐♥ ♠♦♠❡♥t♦ ❞✐♣♦❧❛r ♣❡r♠❛♥❡♥t❡✮✱ ❞♦♥❞❡ ❧❛s ❢✉❡r③❛s ❞❡

✐♥t❡r❛❝❝✐ó♥ s♦♥ ❞❡❜✐❞❛s ❛ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ♠♦♠❡♥t♦s ❞✐♣♦❧❛r❡s tr❛♥s✐t♦r✐♦s✳ ▲♦s ♠♦♠❡♥t♦s tr❛♥s✐t♦r✐♦s s✉r❣❡♥ ❝♦♠♦

r❡s✉❧t❛❞♦ ❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❡♥ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ❧♦s ❡❧❡❝tr♦♥❡s q✉❡ ❝♦♥❢♦r♠❛♥ ❧❛s ♥✉❜❡s ❡❧❡❝tró♥✐❝❛s ❞❡ ❧♦s

át♦♠♦s ✭♦ ♠♦❧é❝✉❧❛s✮✳ ❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❛ ✢✉❝t✉❛❝✐ó♥✱ ❡♥ ✉♥♦ ❞❡ ❧♦s át♦♠♦s ♣✉❡❞❡ ❛♣❛r❡❝❡r ✉♥ ♠♦♠❡♥t♦

❞✐♣♦❧❛r tr❛♥s✐t♦r✐♦ q✉❡ ✐♥❞✉❝❡ ♦tr♦ ♠♦♠❡♥t♦ ❞✐♣♦❧❛r ❡♥ ❡❧ át♦♠♦ ✈❡❝✐♥♦ ✭❢❡♥ó♠❡♥♦ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ✐♥t❡r❛❝❝✐ó♥ ❞❡

❞✐s♣❡rs✐ó♥ ♦ ❞❡ ▲♦♥❞♦♥✮✳ ❯♥❛ r❡✈✐s✐ó♥ ♠✉② ❞❡t❛❧❧❛❞❛ ❛❝❡r❝❛ ❞❡ ❡st❛ t❡♠át✐❝❛ ♣✉❡❞❡ ❝♦♥s✉❧t❛rs❡ ❡♥ ❧❛ ❘❡❢✳ ❬✶✼❪✳

▲❛s ✢✉❝t✉❛❝✐♦♥❡s ❡♥ ❡❧ ♠♦♠❡♥t♦ ❞✐♣♦❧❛r s♦♥ t❛❧❡s q✉❡ ❡♥ ♣r♦♠❡❞✐♦ ❞❛♥ ✉♥ ✈❛❧♦r ♥✉❧♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ s❡❛ ❝✉❛❧ ❢✉❡r❛ ❧❛

♦r✐❡♥t❛❝✐ó♥ ❞✐♣♦❧❛r q✉❡ s❡ ❣❡♥❡r❡✱ ❧❛ ✐♥t❡r❛❝❝✐ó♥ q✉❡ s❡ ❡st❛❜❧❡❝❡ ❝♦♥ ❡❧ át♦♠♦ ✭♠♦❧é❝✉❧❛✮ ✈❡❝✐♥♦✱ ❝✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛

q✉❡ ♣❛rt✐❝✐♣❛♥ ♥♦ ♠ás ❞❡ ❞♦s át♦♠♦s ✭♠♦❧é❝✉❧❛s✮✱ ❡s s✐❡♠♣r❡ ❛tr❛❝t✐✈❛✳

▲❛ ♣♦❧❛r✐③❛❜✐❧✐❞❛❞ ❞❡♣❡♥❞❡ ❞❡❧ t✐♣♦ ❞❡ s✉st❛♥❝✐❛✱ ♣❡r♦ ✉♥❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧❛s ❡♥❡r❣í❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡st❛s ✐♥t❡r✲

❛❝❝✐♦♥❡s ❧❛s ❧✐♠✐t❛ ❛ ✉♥ ✈❛❧♦r ♥♦ s✉♣❡r✐♦r ❛ ❧❛ ❞❡❝❡♥❛ ❞❡ ❦❏✴♠♦❧ ❡♥ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❝❛s♦s✳ P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ ❡❧

❝❛s♦ ❞❡❧ ❆r ❡♥ s✉ ❢❛s❡ ❧íq✉✐❞❛✱ ❛ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✱ ❧❛ ❡♥❡r❣í❛ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❞♦s ❞✐♣♦❧♦s

✐♥❞✉❝✐❞♦s ❡s ❞❡ ✷ ❦❏✴♠♦❧✱ ✈❛❧❡ ❞❡❝✐r ✉♥❛ ❞✐❡③ ✈❡❝❡s ✐♥❢❡r✐♦r ❛ ❧❛s ❡♥❡r❣í❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ♣✉❡♥t❡s ❞❡ ❤✐❞r♦❣❡♥♦

❝♦♠♦ ❧♦s q✉❡ s❡ ❣❡♥❡r❛♥ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ❛❣✉❛ ② ✉♥❛s ❝✐❡♥ ✈❡❝❡s ♠❡♥♦r ❛ ❧❛s ❞❡ ❧♦s ✐♦♥❡s ❡♥ só❧✐❞♦s ❝r✐st❛❧✐♥♦s✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝✉❛♥❞♦ ❧♦s ❝♦♥st✐t✉②❡♥t❡s ❞❡ ❡st❛s s✉st❛♥❝✐❛s s❡ ✉❜✐❝❛♥ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ s✉ ❞✐st❛♥❝✐❛ ❡s r❡❧❛t✐✈❛♠❡♥t❡

♣❡q✉❡ñ❛✱ ❧❛s ❢✉❡r③❛s r❡♣✉❧s✐✈❛s q✉❡ ❛♣❛r❡❝❡♥ ❡♥tr❡ s✉s r❡s♣❡❝t✐✈❛s ♥✉❜❡s ❡❧❡❝tró♥✐❝❛s ② ❡♥tr❡ ❧♦s ♥ú❝❧❡♦s✱ ♣r❡❞♦♠✐♥❛♥

♣♦r s♦❜r❡ ❧❛s ❛tr❛❝t✐✈❛s ② ❧❛ ❡♥❡r❣í❛ ✐♥✈♦❧✉❝r❛❞❛ ❝r❡❝❡ ❡♥ ✈❛r✐♦s ór❞❡♥❡s ❞❡ ♠❛❣♥✐t✉❞✳

❊❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ♣♦t❡♥❝✐❛❧❡s r❡♣✉❧s✐✈♦s ❡s ♠✉② ❝♦♠♣❧❡❥♦ ② r❡q✉✐❡r❡ r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛ ❧❛ ❡str✉❝t✉r❛ ❡❧❡❝tró♥✐❝❛ ❞❡❧ s✐st❡♠❛✳ ❈✉❛♥❞♦ s❡ ♣r♦❞✉❝❡ ❡❧ s♦❧❛♣❛♠✐❡♥t♦ ❡♥tr❡ át♦♠♦s ♦ ♠♦❧é❝✉❧❛s s❡ ❞❡❜❡ t❡♥❡r ❡♥

❝✉❡♥t❛ ❡❧ ❝❛rá❝t❡r ❢❡r♠✐ó♥✐❝♦ ❞❡ ❧♦s ❡❧❡❝tr♦♥❡s✱ ❢❛❝t♦r q✉❡ ❛❣r❡❣❛ ❝♦♠♣❧❡❥✐❞❛❞ ❛❧ ♣r♦❜❧❡♠❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ♠✉❝❤♦s

♣r♦♣ós✐t♦s✱ ❜❛st❛ s❛❜❡r q✉❡ ❧❛ r❡♣✉❧s✐ó♥ ❛✉♠❡♥t❛ rá♣✐❞❛♠❡♥t❡ ❛❧ ❞✐s♠✐♥✉✐r ❧❛ ❞✐st❛♥❝✐❛ ② q✉❡ ♣❛r❛ s✉ ❞❡s❝r✐♣❝✐ó♥

♣✉❡❞❡♥ ❡♠♣❧❡❛rs❡ ❡①♣r❡s✐♦♥❡s t❛❧❡s ❝♦♠♦ Bexp(−αr)✱ ❞♦♥❞❡ r ❡s ❧❛ ✏❞✐st❛♥❝✐❛✑ ❡♥tr❡ át♦♠♦s ✭♦ ♠♦❧é❝✉❧❛s✮ ② ❧♦s

♣❛rá♠❡tr♦s B ② α ❞❡♣❡♥❞❡♥✱ ❡♥tr❡ ♦tr❛s ❝♦s❛s✱ ❞❡❧ t✐♣♦ ❞❡ s✉st❛♥❝✐❛✳ ❊st❛ ❡①♣r❡s✐ó♥✱ s✉r❣✐❞❛ ❡♥ ❧❛ ♠❡❝á♥✐❝❛ ❝✉á♥t✐❝❛

❬✶✽❪ ♣✉❡❞❡ r❡❞✉❝✐rs❡ ❛ B/rn✱ ❞♦♥❞❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s n✱ ♣✉❡❞❡ t♦♠❛r ✉♥ ✈❛❧♦r ❡♥tr❡ ✽ ② ✶✷✳

P❛r❛ ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ át♦♠♦s q✉❡ ❝♦♠♣♦♥❡♥ ❧♦s ❣❛s❡s ♥♦❜❧❡s✱ n = 12 ❡s ❡❧ ❡①♣♦♥❡♥t❡ q✉❡ ♠❡❥♦r ♣r❡❞✐❝❡ ❧♦s ❞❛t♦s

❡♠♣ír✐❝♦s✳

❆ ❞❡♥s✐❞❛❞❡s r❡❧❛t✐✈❛♠❡♥t❡ ❛❧t❛s✱ ❝♦♠♦ ❧❛s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ✉♥❛ ❢❛s❡ ❧íq✉✐❞❛ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ♥♦r♠❛❧❡s✱ s♦♥ ❧❛s ❢✉❡r③❛s

✶✼



r❡♣✉❧s✐✈❛s ❧❛s q✉❡ ❞❡t❡r♠✐♥❛♥ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ✢✉✐❞♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s✐ s❡ ❝♦♥♦❝❡ ❧❛ ❡str✉❝t✉r❛ ② ❧❛ t❡r♠♦❞✐♥á♠✐❝❛

❞❡ ✉♥ ✢✉✐❞♦ ♣✉r❛♠❡♥t❡ r❡♣✉❧s✐✈♦✱ ❧❛s ❢✉❡r③❛s ❛tr❛❝t✐✈❛s ♣✉❡❞❡♥ tr❛t❛rs❡ ❝♦♠♦ ✉♥ tér♠✐♥♦ ❣❡♥✉✐♥❛♠❡♥t❡ ♣❡rt✉r❜❛t✐✈♦

❞❡❧ ♣r♦❜❧❡♠❛✳

❆sí✱ ❡♥ ❡st❡ ❝♦♥t❡①t♦✱ ✉♥ ♠♦❞❡❧♦ ❛❞❡❝✉❛❞♦ ♣❛r❛ ❡st✉❞✐❛r ✢✉✐❞♦s s✐♠♣❧❡s ❝♦♥s✐st❡ ❡♥ ❝♦♥s✐❞❡r❛r❧♦s ❝♦♠♦ ✉♥ ❝♦♥❥✉♥t♦

❞❡ ♣❛rtí❝✉❧❛s ❛ ♠♦❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s ❛tr❛❝t✐✈❛s✳

✷✳✷✳ ▲❛ ❚❡♦rí❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭❉❋❚✮

✷✳✷✳✶✳ ❇r❡✈❡ ✐♥tr♦❞✉❝❝✐ó♥ ❤✐stór✐❝❛

▲❛ ❚❡♦rí❛ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❉❡♥s✐❞❛❞ ✭❉❋❚✮✱ ❝♦♥st✐t✉②❡ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ✈❛❧✐♦s❛ ♣❛r❛ ❡st✉❞✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦

❞❡ ❧♦s ✢✉✐❞♦s✳ ❙✐ ❜✐❡♥ s❡ ❞❡s❛rr♦❧❧ó ❡♥ ✶✾✷✵✱ ❝♦♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛❧t❡r♥❛t✐✈♦ ❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡

❙❝❤rö❞✐♥❣❡r✱ ❛♣❛r❡❝❡ ♣♦r ♣r✐♠❡r❛ ✈❡③ ❞❡ ♠❛♥❡r❛ ♠✉② ♣r❡❧✐♠✐♥❛r✱ ❡♥ ✉♥♦ ❞❡ ❧♦s tr❛❜❛❥♦s ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s ❞❡ ✶✽✾✹

❬✶✾❪✱ r❡❧❛❝✐♦♥❛❞♦ ❛ ♣r♦❜❧❡♠❛s ❞❡ ✐♥t❡r❢❛s❡s ♥♦ ❤♦♠♦❣é♥❡❛s ❡♥ s✐st❡♠❛s ❣❛s✲❧íq✉✐❞♦✳

❊❧ tr❛❜❛❥♦ ✈❛♥ ❞❡r ❲❛❛❧s ♥♦ t✉✈♦ ♠❛②♦r tr❛s❝❡♥❞❡♥❝✐❛ ② ❤✉❜♦ q✉❡ ❡s♣❡r❛r ❤❛st❛ ❧❛ ❞é❝❛❞❛ ❞❡❧ ✷✵✱ ❞♦♥❞❡ ❡❧

❛❜♦r❞❛❥❡ ❞❡✜♥✐t✐✈♦ ❞❡ ❧❛s ♣r✐♠❡r❛s ♥♦❝✐♦♥❡s ❞❡ ✉♥❛ t❡♦rí❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❢✉❡r♦♥ ❞❡s❛rr♦❧❧❛❞❛s✱ ❡♥

✶✾✷✼ ♣♦r ❚❤♦♠❛s ② ❋❡r♠✐✳ ❊st♦s ❛✉t♦r❡s ❝r❡❛r♦♥ ✉♥❛ ♣r✐♠❡r❛ ✈❡rs✐ó♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❡♥

❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❢ís✐❝❛ ❛tó♠✐❝❛✱ ❝✉❛♥❞♦ ❡st✉❞✐❛❜❛♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❧❝✉❧❛r ❧❛ ❡♥❡r❣í❛ ❞❡ ✉♥ át♦♠♦ r❡♣r❡s❡♥t❛♥❞♦

s✉ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❡❧❡❝tró♥✐❝❛ ② ❝♦♠❜✐♥❛♥❞♦ ❡st♦ ❝♦♥ ❧❛s ❡①♣r❡s✐♦♥❡s ❝❧ás✐❝❛s ❞❡

❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ♥ú❝❧❡♦✲❡❧❡❝tró♥ ② ❡❧❡❝tró♥✲❡❧❡❝tró♥ ✭q✉❡ t❛♠❜✐é♥ s❡ ♣✉❡❞❡♥ r❡♣r❡s❡♥t❛r ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❞❡♥s✐❞❛❞

❡❧❡❝tró♥✐❝❛✮✳ ❯♥ ❛ñ♦ ♠❛s t❛r❞❡ ❡❧ ♠♦❞❡❧♦ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ❢✉❡ ♠❡❥♦r❛❞♦ ♣♦r ❉✐r❛❝✱ q✉✐❡♥ ❛ñ❛❞✐ó ✉♥ ❢✉♥❝✐♦♥❛❧

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♥❡r❣í❛ ❞❡ ✐♥t❡r❝❛♠❜✐♦✳

P❡s❡ ❛ ❧♦s ❧♦❣r♦s ❛❧❝❛♥③❛❞♦s ❡♥ ❡s❡ ♠♦♠❡♥t♦✱ ❧❛ t❡♦rí❛ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐✲❉✐r❛❝ ♥♦ r❡s✉❧t❛❜❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣r❡❝✐s❛

♣❛r❛ ❧❛ ♠❛②♦rí❛ ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s✳ ❊st❛ ❢❛❧t❛ ❞❡ ♣r❡❝✐s✐ó♥ ❡st❛❜❛ ❧✐❣❛❞❛ ❝♦♥ ❧❛ ♠❛♥❡r❛ ♣♦❝♦ ❛❞❡❝✉❛❞❛ ❞❡ r❡♣r❡s❡♥t❛r

❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛✱ ❝♦♠♦ ✉♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❡❧❡❝tró♥✐❝❛✳

▲❛ ❜❛s❡ t❡ór✐❝❛ ♣❛r❛ ❧❛ ❉❋❚ ❛❝t✉❛❧ ❢✉❡ ❞❛❞❛ r❡❝✐é♥ ❡♥ ✶✾✻✹ ♣♦r ❍♦❤❡♥❜❡r❣ ② ❑♦❤♥✱ q✉✐❡♥❡s ❞❡♠♦str❛r♦♥ q✉❡ ❧❛

❡♥❡r❣í❛ ♣♦❞í❛ ❡①♣r❡s❛rs❡ ❝♦♠♦ ✉♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ② q✉❡ ❛❞❡♠ás ❧❛ ❞❡♥s✐❞❛❞ ✈❡r❞❛❞❡r❛ ❞❡❧ s✐st❡♠❛ ❡s ❧❛ q✉❡

♠✐♥✐♠✐③❛ ❡st❡ ❢✉♥❝✐♦♥❛❧✳ ❊❧ t❡♦r❡♠❛ ❞❡ ❍♦❤❡♥❜❡r❣ ② ❑♦❤♥ ❬✷✵❪✱ ❡s ✈á❧✐❞♦ t❛♥t♦ ♣❛r❛ ❜♦s♦♥❡s ❝♦♠♦ ♣❛r❛ ❢❡r♠✐♦♥❡s✳

▲❛ ❛♣❧✐❝❛❝✐ó♥ ♠ás ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ t❡♦rí❛ ❛♣❛r❡❝✐ó ❛❧ ❛ñ♦ s✐❣✉✐❡♥t❡✱ ❝✉❛♥❞♦ ❑♦❤♥ ② ❙❤❛♠ ♠♦str❛r♦♥ q✉❡ ❛ ♣❛rt✐r ❞❡

❡❧❧❛ ❡s ♣♦s✐❜❧❡ ❡s❝r✐❜✐r ✉♥❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ♦r❜✐t❛❧❡s ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛✱ ❞❡ ❧♦s ❝✉❛❧❡s s❡ ♦❜t✐❡♥❡ ❧❛ ❞❡♥s✐❞❛❞ ❡❧❡❝tró♥✐❝❛✳

❊st❛ ❢♦r♠✉❧❛❝✐ó♥ ♥❛❝❡ ❡♥t♦♥❝❡s ❝♦♠♦ ✉♥❛ t❡♦rí❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❡❧❡❝tró♥✐❝❛✱ s✐♥ ❡♠❜❛r❣♦ ♥♦ ❢✉❡ ❤❛st❛

♠❡❞✐❛❞♦s ❞❡ ❧♦s ❛ñ♦s ✶✾✻✵ ❝✉❛♥❞♦ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❍♦❤❡♥❜❡r❣✱ ❑♦❤♥ ② ❙❤❛♠ ❡st❛❜❧❡❝✐❡r♦♥ ❡❧ ❢♦r♠❛❧✐s♠♦

t❡ór✐❝♦ ❡♥ ❡❧ q✉❡ s❡ ❜❛s❛ ❡❧ ♠ét♦❞♦ ✉s❛❞♦ ❛❝t✉❛❧♠❡♥t❡✳

❊♥ ✶✾✾✽ ❑♦❤♥ r❡❝✐❜✐ó ❡❧ ♣r❡♠✐♦ ◆ó❜❡❧ ❞❡ ◗✉í♠✐❝❛ ♣♦r s✉s ❛♣♦rt❡s ❛❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❉❋❚✳

▼ás t❛r❞❡✱ ❧♦ q✉❡ ♦r✐❣✐♥❛❧♠❡♥t❡ s❡ ❞❡s❛rr♦❧❧ó ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛ t❡♦rí❛ ❝✉á♥t✐❝❛ ♥♦ r❡❧❛t✐✈✐st❛ ❧✐❣❛❞❛ ❝♦♥ át♦♠♦s

❡st❛❝✐♦♥❛r✐♦s✱ s❡ ❡①t❡♥❞✐ó ❛❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝✉á♥t✐❝❛ ❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ t✐❡♠♣♦ ② ❛❧ ❡st✉❞✐♦ ❞❡ ❧❛ ♠❛t❡r✐❛

❝♦♥❞❡♥s❛❞❛✳ ❊♥ ✶✾✽✹ ❘✉♥❣❡ ② ●r♦ss ♣✉❜❧✐❝❛r♦♥ ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❍♦❤❡♥❜❡r❣ ② ❑♦❤♥ ♣❛r❛ ❡❧ ❝❛s♦

❞❡ ♣r♦❜❧❡♠❛s ❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣❡♥❡r❛❧❡s✱ ❧♦ q✉❡ s❡♥tó ❧❛s ❜❛s❡s ♣❛r❛ ❧❛

❞❡♥♦♠✐♥❛❞❛ ✏❚❡♦rí❛ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❉❡♥s✐❞❛❞ ❉❡♣❡♥❞✐❡♥t❡ ❞❡❧ ❚✐❡♠♣♦✑ ♦ ❚❉❉❋❚ ✭❡♥ s✉s s✐❣❧❛s ❡♥ ✐♥❣❧❡s✮ ②

❤♦② ❞í❛ ②❛ s❡ ❤❛❜❧❛ ✐♥❝❧✉s✐✈❡ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❡st❡ ❢♦r♠❛❧✐s♠♦ ❡♥ ❡❧ ❞♦♠✐♥✐♦ r❡❧❛t✐✈✐st❛✳

❊♥ ❧❛ ❛❝t✉❛❧✐❞❛❞ ❧♦s ♠ét♦❞♦s ❞❡ ❝á❧❝✉❧♦ ❞❡r✐✈❛❞♦s ❞❡ ❧❛ ❚❡♦rí❛ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❉❡♥s✐❞❛❞ s♦♥ ❧♦s ♠ás ✉t✐❧✐③❛✲

❞♦s t❛♥t♦ ❡♥ ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❡❧❡❝tró♥✐❝❛ ❞❡ ❧❛ ♠❛t❡r✐❛✱ ❝♦♠♦ ❡♥ ❧❛ ❢ís✐❝❛ ❞❡ ❧❛ ♠❛t❡r✐❛

❝♦♥❞❡♥s❛❞❛ ❡♥ ❣❡♥❡r❛❧ ② ❡♥ ❧❛ q✉í♠✐❝❛ ❝✉á♥t✐❝❛✳

✶✽



❙✐ ❜✐❡♥ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❡r♠✐t❡ ❞❡s❝r✐❜✐r ❞❡ ❢♦r♠❛ ❡①❛❝t❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ s✐st❡♠❛s

♠✐❝r♦s❝ó♣✐❝♦s✱ s✉ ❝❛♣❛❝✐❞❛❞ ❞❡ ♣r❡❞✐❝❝✐ó♥ s❡ ✈❡ ❧✐♠✐t❛❞❛ ♣♦r ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s✉s ❡❝✉❛❝✐♦♥❡s s♦♥ ❞❡♠❛s✐❛❞♦ ❝♦♠♣❧❡❥❛s

❞❡ r❡s♦❧✈❡r ♥✉♠ér✐❝❛♠❡♥t❡ ♦ ♠❡♥♦s ❛ú♥ ❛♥❛❧ít✐❝❛♠❡♥t❡✳ ❈♦♥ ❧❛ ❉❋❚ s❡ ♣✉❞♦ ❛❜♦r❞❛r ❡st❡ ♣r♦❜❧❡♠❛ r❡❢♦r♠✉❧á♥❞♦❧♦✱

♣❛r❛ s❡r ❝❛♣❛③ ❞❡ ♦❜t❡♥❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❡♥❡r❣í❛ ② ❧❛ ❞✐str✐❜✉❝✐ó♥ ❡❧❡❝tró♥✐❝❛ ❞❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♣r❡s❝✐♥❞✐❡♥❞♦

❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♦♥❞❛ ❞❡❧ s✐st❡♠❛✳ ❯♥❛ ✈❡♥t❛❥❛ ❡s❡♥❝✐❛❧ ❛ ❧❛ ❤♦r❛ ❞❡❧ ❝á❧❝✉❧♦✱ r❛❞✐❝❛ ❡♥ q✉❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ✉♥ s✐st❡♠❛

❞❡ N ♣❛rtí❝✉❧❛s✱ ❡s ✉♥❛ ♠❛❣♥✐t✉❞ ♠✉❝❤♦ ♠ás s✐♠♣❧❡ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♦♥❞❛ ♣✉❡s ❡♥ ♣r✐♥❝✐♣✐♦✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❛q✉❡❧❧❛✱

❞❡♣❡♥❞❡ s♦❧♦ ❞❡ ✸ ✈❛r✐❛❜❧❡s ✭❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡❧ ♣✉♥t♦✮✳

❯♥❛ ❞❡s✈❡♥t❛❥❛ ❡s q✉❡ s❛❧✈♦ ❡♥ ❧♦s ❝❛s♦s ♠ás s✐♠♣❧❡s✱ ♥♦ s❡ ❝♦♥♦❝❡ ❞❡ ♠❛♥❡r❛ ❡①❛❝t❛ ❡❧ ❢✉♥❝✐♦♥❛❧ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛

❞❡♥s✐❞❛❞ ❝♦♥ ❧❛ ❡♥❡r❣í❛ ❞❡❧ s✐st❡♠❛✳

❆ ♣❛rt✐r ❞❡ ❧♦s ❛ñ♦s ✬✼✵ ❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡ ❧❛ ❉❋❚ ❢✉❡ ❛♠♣❧✐❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❝á❧❝✉❧♦s ❞❡ ❢ís✐❝❛ ❞❡❧ ❡st❛❞♦

só❧✐❞♦✱ s✐♥ ❡♠❜❛r❣♦ s❡ ❝♦♥s✐❞❡r❛❜❛ q✉❡ ♥♦ ❡r❛ ❧♦ ❜❛st❛♥t❡ ♣r❡❝✐s♦ ❡♥ ❝á❧❝✉❧♦s ✉t✐❧✐③❛❞♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ q✉í♠✐❝❛

❝✉á♥t✐❝❛✳

❚❛♠❜✐é♥ ❡♥ ❡s♦s ❛ñ♦s ❡st❛ ❢♦r♠✉❧❛❝✐ó♥ s❡ ❛♣❧✐❝♦ ❛❧ ❝❛s♦ ❞❡ ✢✉✐❞♦s ❤♦♠♦❣é♥❡♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡

❡s❢❡r❛s ❞✉r❛s ✭❍❙✮ ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ t✐♣♦ ❛tr❛❝t✐✈❛s✳ ❈♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧❛s ❍❙ s❡ ❤❛❜í❛♥ ♣r♦♣✉❡st♦

✈❛r✐❛s ❡①♣r❡s✐♦♥❡s ❝❡rr❛❞❛s ♣❛r❛ r❡♣r❡s❡♥t❛r ❧❛ s✉♠❛ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♥❡r❣í❛

❧✐❜r❡✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❢♦r♠❛ ❝❛s✐ ❡①❛❝t❛ ❞❡ ❈❛r♥❛❤❛♥ ② ❙t❛r❧✐♥❣ ❬✷✶❪✳

❍❛❝✐❛ ✜♥❡s ❞❡ ❧❛ ❞é❝❛❞❛ ❞❡❧ ✼✵✱ s❡ ❝♦♠❡♥③ó ❛ ❡st✉❞✐❛r s✐st❡♠❛s ♥♦ ❤♦♠♦❣é♥❡♦s ❝♦♠♦ ❧♦s q✉❡ ❛♣❛r❡❝❡♥ ❝✉❛♥❞♦ ✉♥

✢✉✐❞♦ s❡ ❛❞s♦r❜❡ s♦❜r❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ✉♥ só❧✐❞♦✳

❊♥ ❧❛s ❞é❝❛❞❛s ❞❡ ❧♦s ✽✵ ② ❧♦s ✾✵ s❡ ✐♥tr♦❞✉❥❡r♦♥ ♠❡❥♦r❛s ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ❞❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❧❛s ❍❙✱

❝♦♠♣♦♥❡♥t❡ ❡s❡♥❝✐❛❧ ❞❡ ❧❛ t❡♦rí❛✳ Pr✐♠❡r♦ s❡ s✉♣✉s♦ q✉❡ ❡s❡ tér♠✐♥♦ ❞❡❜í❛ ❞❡♣❡♥❞❡r ❞❡ ✉♥❛ ❞❡♥s✐❞❛❞ ♣r♦♠❡❞✐❛❞❛

s♦❜r❡ ✉♥❛ ❡s❢❡r❛ ❞❡ ❞✐á♠❡tr♦ ✐❣✉❛❧ ❛❧ ❞❡ ❧❛s ❡s❢❡r❛s ❞✉r❛s q✉❡ ❝♦♠♣♦♥í❛♥ ❡❧ ✢✉✐❞♦✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡ ❡stá

♣✉❜❧✐❝❛❞♦ ❡♥ ✉♥ tr❛❜❛❥♦ ❞❡ ❚❛r❛③♦♥❛ ❬✷✷❪✱ ❝♦♥t❡♥í❛ ♣❛rá♠❡tr♦s q✉❡ s❡ ❛❥✉st❛❜❛♥ ♣❛r❛ r❡♣r♦❞✉❝✐r ❧❛ ❢✉♥❝✐ó♥ ❞❡

❝♦rr❡❧❛❝✐ó♥ ❞❡ ❞♦s ❝✉❡r♣♦s✳

❊♥ ✶✾✽✾ s❡ ♣r♦♣✉s♦ ♦tr❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❧❛s ❍❙✱ q✉❡ ♥♦ ❝♦♥t❡♥í❛ ♣❛rá♠❡tr♦s ❧✐❜r❡s

❛❞❡♠ás ❞❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❞✐á♠❡tr♦ ❞❡ ❧❛s ❡s❢❡r❛s ❞✉r❛s q✉❡ r❡♣r❡s❡♥t❛❜❛♥ ❛ át♦♠♦s ♦ ♠♦❧é❝✉❧❛s ❞❡❧ ✢✉✐❞♦✳

❊st❛ ❛♣r♦①✐♠❛❝✐ó♥ ♣r♦♣✉❡st❛ ♣♦r ❘♦s❡♥❢❡❧❞ ❬✷✹❪ ② r❡❢♦r♠✉❧❛❞❛ ♣♦r ❑✐❡r❧✐❦ ② ❘♦s✐♥❜❡r❣ ❬✷✺❪ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ✏❚❡♦rí❛

❞❡ ❧❛s ▼❡❞✐❞❛s ❋✉♥❞❛♠❡♥t❛❧❡s✑ ✭❋▼❚✮✳

✷✳✷✳✷✳ ▲❛ t❡♦rí❛ ❛♣❧✐❝❛❞❛ ❛ ✢✉✐❞♦s✿ ❛s♣❡❝t♦s ❝✐❡♥tí✜❝♦s ② t❡❝♥♦❧ó❣✐❝♦s

❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❝✐❡♥tí✜❝♦✱ ❡❧ ❡st✉❞✐♦ ❞❡❧ ❡st❛❞♦ ❧íq✉✐❞♦ ♣❧❛♥t❡❛ ♥✉❡✈♦s ❞❡s❛❢í♦s s✐❡♥❞♦ ❡❧ ❡st❛❞♦ ❞❡ ❧❛ ♠❛t❡r✐❛

q✉❡ ♣r❡s❡♥t❛ ♠❛②♦r ❞✐✜❝✉❧t❛❞ ♣❛r❛ s✉ ❝♦♠♣r❡♥s✐ó♥✳ ▼✐❡♥tr❛s q✉❡ ❡①✐st❡♥ ❜✉❡♥♦s ♠♦❞❡❧♦s t❡ór✐❝♦s ♣❛r❛ só❧✐❞♦s ②

❣❛s❡s✱ ❛✉♥ ♥♦ ❡s ♣♦s✐❜❧❡ ♦❜t❡♥❡r ❜✉❡♥♦s ♠♦❞❡❧♦s ♣❛r❛ ❡❧ ❝❛rá❝t❡r ✐♥t❡r♠❡❞✐♦ ❡♥tr❡ ❡st♦s ❞♦s ❡st❛❞♦s ❞❡ ❧❛ ♠❛t❡r✐❛✳

❉✉r❛♥t❡ ❡st❡ s✐❣❧♦ s❡ ❤❛♥ ❞❡t❡r♠✐♥❛❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ❝♦♥ ❜✉❡♥❛ ♣r❡❝✐s✐ó♥✱ ❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡

✉♥ ❣r❛♥ ♥ú♠❡r♦ ❞❡ ❧íq✉✐❞♦s✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ✈❛❧✐❞❛r ❧♦s ❞✐✈❡rs♦s ♠♦❞❡❧♦s ❞❡s❛rr♦❧❧❛❞♦s✱ ❝♦♥tr❛st❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s

q✉❡ ♣r❡❞✐❝❡♥ ❡st♦s ♠♦❞❡❧♦s ❝♦♥ ❧♦s ❞❛t♦s ❡♠♣ír✐❝♦s✳

❊❧ ❡st✉❞✐♦ ❞❡❧ ❡st❛❞♦ ❧íq✉✐❞♦ t❛♠❜✐é♥ r❡s✉❧t❛ ❞❡ ❣r❛♥ ✐♠♣♦rt❛♥❝✐❛ ❞❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ t❡❝♥♦❧ó❣✐❝♦✱ ♣✉❡s ❜❛st❛

r❡❝♦r❞❛r q✉❡ ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡ ❧♦s ♣r♦❝❡s♦s ✐♥❞✉str✐❛❧❡s t✐❡♥❡♥ ❧✉❣❛r ❡♥ ❡st❛❞♦ ❧íq✉✐❞♦✳ ▲❛ ■♥❣❡♥✐❡rí❛ ◗✉í♠✐❝❛

♠♦❞❡r♥❛ s❡ ❡♥❢r❡♥t❛ ❛ ❞✐❛r✐♦ ❛ ♣r♦❜❧❡♠❛s q✉❡ r❡q✉✐❡r❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ✉♥ ❧íq✉✐❞♦

♣✉r♦ ♦ ❞❡ ✉♥❛ ♠❡③❝❧❛ ❧íq✉✐❞❛✱ ❞❡ ❧❛ ❡♥t❛❧♣í❛ ❞❡ ✈❛♣♦r✐③❛❝✐ó♥✱ ❞❡ ❧❛ ❝❛♣❛❝✐❞❛❞ ❝❛❧♦rí✜❝❛ ❡t❝✳ P❛r❛ ❞❡t❡r♠✐♥❛r ❡st❛s

♣r♦♣✐❡❞❛❞❡s s❡ ✉t✐❧✐③❛♥ ❣❡♥❡r❛❧♠❡♥t❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❡♠♣ír✐❝❛s✳

▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❝ú❜✐❝❛s✱ ❝♦♥st✐t✉②❡♥ s✐♥ ❞✉❞❛ ❧❛s ♠ás ♣♦♣✉❧❛r❡s ❞❡❜✐❞♦ ❛ s✉ s✐♠♣❧✐❝✐❞❛❞✳ ✈❛♥ ❞❡r ❲❛❛❧s

❢✉❡ ❡❧ ♣r✐♠❡r♦ ❡♥ ♣r♦♣♦♥❡r ❡st❡ t✐♣♦ ❞❡ ❡❝✉❛❝✐♦♥❡s✳ ❉❡s❞❡ ❡♥t♦♥❝❡s ❤❛♥ ❛♣❛r❡❝✐❞♦ ♦tr❛s✱ s✐♥ ❞✉❞❛ s✉♣❡r✐♦r❡s✱ ❝♦♠♦

✶✾



s♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❘❡❞❧✐❝❤✲❑✇♦♥✲❙♦❛✈❡ ② ❧❛ ❞❡ P❡♥❣✲❘♦❜❜✐♥s♦♥✳ ❚♦❞❛s ❡st❛s ❡❝✉❛❝✐♦♥❡s✱ ❝♦♥❝❡❜✐❞❛s ❡♥ ✉♥ ♣r✐♥❝✐♣✐♦

♣❛r❛ s✉st❛♥❝✐❛s ♣✉r❛s✱ ❤❛♥ s✐❞♦ ❡①t❡♥❞✐❞❛s ❛ ♠❡③❝❧❛s✱ ✉t✐❧✐③❛♥❞♦ ❧❛s ❞❡♥♦♠✐♥❛❞❛s ✏r❡❣❧❛s ❞❡ ♠❡③❝❧❛✑✳ ❉❡s❞❡ ❡❧ ♣✉♥t♦

❞❡ ✈✐st❛ t❡❝♥♦❧ó❣✐❝♦ ❧❛s ✈✐rt✉❞❡s ❞❡ ❡st❡ t✐♣♦ ❞❡ ❡①♣r❡s✐♦♥❡s s❡ r❡❧❛❝✐♦♥❛♥ ♥♦ s♦❧♦ ❝♦♥ s✉ s❡♥❝✐❧❧❡③✱ s✐♥♦ ❛❞❡♠ás ❝♦♥

❧❛ r❛♣✐❞❡③ ❝♦♥ ❧❛ q✉❡ ♣❡r♠✐t❡♥ ❧❧❡✈❛r ❛ ❝❛❜♦ ❧♦s ❝á❧❝✉❧♦s✱ ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝✐❛❧♠❡♥t❡ ❞❡s❡❛❜❧❡s ❝✉❛♥❞♦ ❡❧ ❝á❧❝✉❧♦

❞❡ ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡❜❡ ♦❝✉♣❛r s♦❧♦ ✉♥❛ ♣❡q✉❡ñ❛ ♣❛rt❡ ❞❡❧ t✐❡♠♣♦ ❡♠♣❧❡❛❞♦ ❡♥ ❡❧ ❞✐s❡ñ♦ ❞❡❧ ♣r♦❝❡s♦

✐♥❞✉str✐❛❧✳ P♦r ♦tr♦ ❧❛❞♦✱ ❞❡❜✐❞♦ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❛ s✉ ❣é♥❡s✐s✱ ❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ♠❡❥♦r❛r ❧❛s ♣r❡❞✐❝❝✐♦♥❡s q✉❡

s❡ ❡①tr❛❡♥ ❞❡ ❡❧❧❛s s♦♥ ♠✉② ❧✐♠✐t❛❞❛s✳ ▲❛s ❞❡s✈✐❛❝✐♦♥❡s r❡s♣❡❝t♦ ❛ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s✱ q✉❡ s❡ ♦❜t✐❡♥❡♥

❛ ♣❛rt✐r ❞❡ ❡st❛s ❡❝✉❛❝✐♦♥❡s✱ ♠✉❡str❛♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡rrát✐❝♦ q✉❡ ❞❡❜✐❞♦ ❛❧ ❝❛rá❝t❡r ❡♠♣ír✐❝♦ ❞❡ ❧❛s ♠✐s♠❛s

❤❛❝❡ ✐♠♣♦s✐❜❧❡ ❧❛ t❛r❡❛ ❞❡ ❞❡t❡r♠✐♥❛r ❝♦♥ ♣r❡❝✐s✐ó♥ ❡❧ ♦r✐❣❡♥ ❞❡ t❛❧❡s ❞❡✜❝✐❡♥❝✐❛s✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ♠❡③❝❧❛s✱ ❡❧ ❝❛rá❝t❡r ♣r❡❞✐❝t✐✈♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❝ú❜✐❝❛s ❡♠♣ír✐❝❛s✱ ❡s ♠✉② ❧✐♠✐t❛❞♦✳

P❡s❡ ❛ q✉❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❡①♣r❡s✐♦♥❡s ❡♠♣ír✐❝❛s s✐❣✉❡ ♦❝✉♣❛♥❞♦ ✉♥ r♦❧ ✐♠♣♦rt❛♥t❡✱ ❡♥ ❧❛ ❛❝t✉❛❧✐❞❛❞ r❡s✉❧t❛ ❡✈✐❞❡♥t❡

q✉❡ ✉♥❛ ♠❡❥♦r❛ s✉st❛♥❝✐❛❧ ❡♥ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✱ t❛♥t♦ ♣❛r❛ s✉st❛♥❝✐❛s ♣✉r❛s ❝♦♠♦ ♣❛r❛ ♠❡③❝❧❛s✱

só❧♦ s❡ ❝♦♥s❡❣✉✐rá ❛t❡♥❞✐❡♥❞♦ ❛ ❧❛ ♥❛t✉r❛❧❡③❛ ♠♦❧❡❝✉❧❛r ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ♣❛rtí❝✉❧❛s ② ✉t✐❧✐③❛♥❞♦ ♠ét♦❞♦s

q✉❡ s❡ ❛♣♦②❡♥ s♦❜r❡ ❧❛ ❜❛s❡ ✜r♠❡ ❝r❡❛❞❛ ♣♦r ❧❛ ▼❡❝á♥✐❝❛ ❊st❛❞íst✐❝❛✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ ❡st♦s ú❧t✐♠♦s ❛ñ♦s✱ ❞❡❜✐❞♦ ❡♥ ♣❛rt❡ ❛❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ♥❛♥♦t❡❝♥♦❧♦❣í❛✱ ❡❧ ❢♦r♠❛❧✐s♠♦ ❉❋❚ ❝♦❜ró ✉♥

♥✉❡✈♦ ✐♠♣✉❧s♦ ❡♥ s✉ ❛♣❧✐❝❛❝✐ó♥ ❛ s✐st❡♠❛s ❝♦♥st✐t✉✐❞♦s ♣♦r ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s s♦❜r❡ s✉str❛t♦s só❧✐❞♦s✳ ▲❛ ❝❛♣❛❝✐❞❛❞

❛❝t✉❛❧ ❞❡ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡ ❧❛ ♠❛t❡r✐❛ ❡♥ ❧❛ ❡s❝❛❧❛ ♠♦❧❡❝✉❧❛r ② ❛tó♠✐❝❛ ♣❡r♠✐t❡ ❡❧ ❞✐s❡ñ♦ ② ❢❛❜r✐❝❛❝✐ó♥ ❞❡ ❧♦s ♠ás

❞✐✈❡rs♦s ❞✐s♣♦s✐t✐✈♦s q✉❡ ❝♦♥tr♦❧❛♥ ❡❧ ❛❧♠❛❝❡♥❛♠✐❡♥t♦✱ ❝✐r❝✉❧❛❝✐ó♥ ② r❡❛❝❝✐ó♥ ❞❡ ❞✐✈❡rs♦s ✢✉✐❞♦s ❡♥tr❡ sí ② ❝♦♥

♠❛t❡r✐❛❧❡s só❧✐❞♦s ② ❜❧❛♥❞♦s✱ ❝♦♥t❛♥❞♦ ❝♦♥ ❝❛♥❛❧❡s✱ ✈á❧✈✉❧❛s ② ❝♦♠♣✉❡rt❛s ❡♥ ❡s❝❛❧❛s q✉❡ ✈❛♥ ❞❡s❞❡ ♠✐❝ró♠❡tr♦s

❤❛st❛ ♥❛♥ó♠❡tr♦s✳ ❯♥ ♣❛♥♦r❛♠❛ ❞❡ ❧♦s ❞✐st✐♥t♦s t✐♣♦s ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ♣♦s✐❜❧❡s✱ ❞❡s❞❡ ❞✐s♣♦s✐t✐✈♦s ✐♥❞✉str✐❛❧❡s ❤❛st❛

❛♣❛r❛t♦s ❛ s❡r ✉t✐❧✐③❛❞♦s ❡♥ ❜✐♦❧♦❣í❛ ② ♠❡❞✐❝✐♥❛✱ ❡stá r❡s✉♠✐❞♦ ❡♥ ✉♥ tr❛❜❛❥♦ ❞❡ ❙q✉✐r❡s ② ◗✉❛❦❡ ✭❘❡❢✳ ❬✷✻❪✮✳

❖tr❛ ❛♣❧✐❝❛❝✐ó♥ t❡❝♥♦❧ó❣✐❝❛ ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❡st❛ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❤✐❞ró❣❡♥♦ ❝♦♠♦ ❢✉❡♥t❡ ❞❡

❡♥❡r❣í❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ❛❧♠❛❝❡♥❛♠✐❡♥t♦ ❞❡ ❤✐❞ró❣❡♥♦ ♠♦❧❡❝✉❧❛r ❝♦♥✜♥❛❞♦ ❡♥ ❣r❛♣❤❡♥♦ ❡stá tr❛t❛❞♦ ❡♥ ❧❛ ❘❡❢✳

❬✷✼❪✳

P♦r t♦❞♦ ❧♦ ❞✐❝❤♦ ❛♥t❡s s❡ ❤❛❝❡ ❝♦♥✈❡♥✐❡♥t❡ ❝♦♠♣r❡♥❞❡r ❧♦s ❢❡♥ó♠❡♥♦s ❧✐❣❛❞♦s ❝♦♥ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ✢✉✐❞♦s s♦❜r❡

s✉♣❡r✜❝✐❡s✳ ▲❛ ❡str✉❝t✉r❛ ❞❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥ só❧✐❞♦ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♥ ❜❛❧❛♥❝❡ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s

só❧✐❞♦✲✢✉✐❞♦ ② ✢✉✐❞♦✲✢✉✐❞♦✳ ❊❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ♣✉❡❞❡ ♣r❡s❡♥t❛rs❡ ❝♦♠♦ ❧íq✉✐❞♦ ♦ ✈❛♣♦r ♦ ✐♥❝❧✉s✐✈❡ ❡♥ ❢❛s❡ só❧✐❞❛✱

❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❧♦❝❛❧✳ ●❡♥❡r❛❧♠❡♥t❡ ❡❧ ✢✉✐❞♦ ♠ás ❝❡r❝❛♥♦ ❛❧ s✉str❛t♦ ❡stá ❡♥ ❢❛s❡ ❧íq✉✐❞❛ ♦ ✐♥❝❧✉s✐✈❡

só❧✐❞❛✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ♠ás ❛❧❡❥❛❞♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❢❛s❡ ❣❛s❡♦s❛✳ ❊st♦s s✐st❡♠❛s ❛❞s♦r❜✐❞♦s ♣r❡s❡♥t❛♥ ✐♥t❡r❢❛s❡s

❧íq✉✐❞♦✲✈❛♣♦r ❝✉②❛s ♣r♦♣✐❡❞❛❞❡s ❡str✉❝t✉r❛❧❡s ② t❡r♠♦❞✐♥á♠✐❝❛s s♦♥ ♣r♦❢✉s❛♠❡♥t❡ ❛♥❛❧✐③❛❞❛s ❡♥ ❢♦r♠❛ t❡ór✐❝❛✳

✷✳✸✳ ❖tr❛s ❤❡rr❛♠✐❡♥t❛s t❡ór✐❝❛s

❊♥ ❣❡♥❡r❛❧ ❧♦s tr❛t❛♠✐❡♥t♦s ❞❡ ✐♥t❡r❢❛s❡s s♦♥ ✐♥trí♥s❡❝❛♠❡♥t❡ ❞✐✜❝✉❧t♦s♦s ♣♦rq✉❡ ♣r❡s❡♥t❛♥ ♣❡r✜❧❡s ❞❡ ❧❛ ❞❡♥s✐❞❛❞

q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ♣♦s✐❝✐ó♥✱ ❞♦♥❞❡ ❛❞❡♠ás ❧♦s ❣r❛❞✐❡♥t❡s ♣✉❡❞❡♥ s❡r ♠✉② ✐♥t❡♥s♦s✳ P❛r❛ r❡s♦❧✈❡r ❡st❛ ❝❧❛s❡ ❞❡

s✐st❡♠❛s s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r✱ ❛❞❡♠ás ❞❡ ❧❛ t❡♦rí❛ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❉❡♥s✐❞❛❞✱ ♠ét♦❞♦s ❜❛s❛❞♦s ❡♥ s✐♠✉❧❛❝✐♦♥❡s ❞❡

▼♦♥t❡ ❈❛r❧♦ ♦ ❛❧❣♦r✐t♠♦s ❞❡ ❝á❧❝✉❧♦ q✉❡ ✉t✐❧✐③❛♥ ❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡ ❧❛ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r✱ ❡♥tr❡ ♦tr♦s✳ ❊♥ ✈❛r✐♦s

❧✐❜r♦s ❞❡ r❡❝✐❡♥t❡ ♣✉❜❧✐❝❛❝✐ó♥ s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r r❡sú♠❡♥❡s ❣❡♥❡r❛❧❡s ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❡st❛s ❢♦r♠✉❧❛❝✐♦♥❡s ✭✈❡r

♣♦r ❡❥❡♠♣❧♦ ❧❛s r❡❢❡r❡♥❝✐❛s ❬✷✽✱ ✷✾❪✮✳

❈♦♠❡♥③❛r❡♠♦s ❡st❡ ❛♣❛rt❛❞♦ ❝♦♥ ✉♥ ❜r❡✈❡ r❡s✉♠❡♥ ❛❝❡r❝❛ ❞❡ ❡st❛s ♦tr❛s ❤❡rr❛♠✐❡♥t❛s✳

▲❛s t❡♦rí❛s ♠♦❞❡r♥❛s ❞❡❧ ❡st❛❞♦ ❧íq✉✐❞♦✱ q✉❡ ❝♦♠❡♥③❛r♦♥ ❝♦♠♦ ✉♥ ✐♥t❡♥t♦ ❞❡ ❞❡s❝r✐❜✐r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ t❡r♠♦❞✐✲

♥á♠✐❝♦ ❞❡ ❧íq✉✐❞♦s s✐♠♣❧❡s✱ ❝♦♠♦ ❧♦s ❝♦♥st✐t✉✐❞♦s ♣♦r ❣❛s❡s ♥♦❜❧❡s ❡♥ ❡st❛❞♦ ❧íq✉✐❞♦ ❬✸✵❪✱ ♣✉❡❞❡♥ ❛❣r✉♣❛rs❡ ❡♥ tr❡s

❣r❛♥❞❡s ❢❛♠✐❧✐❛s✿

✶✲▼ét♦❞♦s ❞❡ ❙✐♠✉❧❛❝✐ó♥✳

✷✵



✷✲❚❡♦rí❛s ❞❡ ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s✳

✸✲❚❡♦rí❛s ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✳

✷✳✸✳✶✳ ▼ét♦❞♦s ❞❡ ❙✐♠✉❧❛❝✐ó♥

●r❛❝✐❛s ❛❧ ❡♥♦r♠❡ ❛✈❛♥❝❡ ❧♦❣r❛❞♦ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧♦s s✐st❡♠❛s ❞❡ ❝ó♠♣✉t♦✱ s❡ ❤❛ ❡❝❤♦ ♣♦s✐❜❧❡ ❞❡t❡r♠✐♥❛r ❧❛s

♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡ ❞✐✈❡rs♦s ✢✉✐❞♦s✱ ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s✱ ✉t✐❧✐③❛♥❞♦ ❧♦s ❞❡s❛rr♦❧❧♦s

t❡ór✐❝♦s q✉❡ s❡ ❞❡s♣r❡♥❞❡♥ ❞❡ ❧❛ ▼❡❝á♥✐❝❛ ❊st❛❞íst✐❝❛ ✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❘❡❢✳ ❬✸✵❪✮✳

▲❛s té❝♥✐❝❛s ❞❡ s✐♠✉❧❛❝✐ó♥ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝♦♠❡♥③❛r♦♥ ❛ ❞❡s❛rr♦❧❧❛rs❡ ❛ ♣❛rt✐r ❞❡ ❧♦s ❛ñ♦s ✽✵ ❝♦♥ ❡❧ ❛❞✈❡♥✐♠✐❡♥t♦

❞❡ ♠♦❞❡r♥❛s ② ♣♦❞❡r♦s❛s ❝♦♠♣✉t❛❞♦r❛s✳

▲❛s s✐♠✉❧❛❝✐♦♥❡s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s r❡q✉✐❡r❡♥ ❝♦♠♦ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❡♥tr❛❞❛ ❡❧ ♣♦t❡♥❝✐❛❧ ✐♥t❡r♠♦❧❡❝✉❧❛r✳ P♦r ♦tr♦ ❧❛❞♦

❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ át♦♠♦s ♦ ♠♦❧é❝✉❧❛s✱ ❡s ✉♥ ♣r♦❜❧❡♠❛ ♥♦ ❞❡❧ t♦❞♦ r❡s✉❡❧t♦✱ q✉❡

❝❛❡ ❞❡ ❧❧❡♥♦ ❡♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛ ▼❡❝á♥✐❝❛ ❈✉á♥t✐❝❛✳ ▲♦s ♣♦t❡♥❝✐❛❧❡s ✐♥t❡r♠♦❧❡❝✉❧❛r❡s✱ ♦❜t❡♥✐❞♦s ❛ tr❛✈és ❞❡ ❝á❧❝✉❧♦s

♠❡❝á♥✐❝♦✲❝✉á♥t✐❝♦s s♦♥ t♦❞❛✈í❛ ♣♦❝♦ ♣r❡❝✐s♦s ♦ ❞✐r❡❝t❛♠❡♥t❡ ✐♥❡①✐st❡♥t❡s✳ ❆ ❡st♦ s❡ ❛ñ❛❞❡ ❧❛ ❞✐✜❝✉❧t❛❞ r❡❧❛❝✐♦♥❛❞❛

❝♦♥ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ tr❡s ♦ ♠❛s ❝✉❡r♣♦s✱ q✉❡ ❞❡ ❛❧❣✉♥❛ ♠❛♥❡r❛ s❡ s✉❜s❛♥❛ ✉t✐❧✐③❛♥❞♦ ♣♦t❡♥❝✐❛❧❡s ❡❢❡❝t✐✈♦s✳ P❛r❛

❞❡t❡r♠✐♥❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡❧ ❡st❛❞♦ ❧íq✉✐❞♦✱ ♣✉❡❞❡ s❡r ♥❡❝❡s❛r✐♦ ✉♥ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ ♣♦t❡♥❝✐❛❧

q✉❡ s❡ ♦r✐❣✐♥❛ ❡♥tr❡ ♠ás ❞❡ ❞♦s ❝✉❡r♣♦s✱ ♣✉❡s ❡♥ ❡st❡ ❡st❛❞♦✱ át♦♠♦s ♦ ♠♦❧é❝✉❧❛s ♣✉❡❞❡♥ ✐♥t❡r❛❝t✉❛r ♥♦ s♦❧♦ ❞❡

❛ ♣❛r❡s✳ ❊♥ ❧❛ ❛❝t✉❛❧✐❞❛❞ s❡ ❝♦♥♦❝❡ ♠✉② ♣♦❝♦ ❡♥ r❡❢❡r❡♥❝✐❛ ❛ ♣♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ q✉❡ ✐♥✈♦❧✉❝r❡♥ ❛ ♠ás ❞❡

❞♦s ❝✉❡r♣♦s✳ P♦r ❡st❛ r❛③ó♥✱ t♦❞♦s ❧♦s ♠ét♦❞♦s ❞❡ s✐♠✉❧❛❝✐ó♥ ❛❝t✉❛❧❡s✱ ❜❛s❛❞♦s ❡♥ ❧❛ ❚❡r♠♦❞✐♥á♠✐❝❛ ❊st❛❞íst✐❝❛✱

✉t✐❧✐③❛♥ ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s ❡♠♣ír✐❝♦s ♦ s❡♠✐✲❡♠♣ír✐❝♦s✱ q✉❡ ♣✉❡❞❡♥ ❝♦♥s✐❞❡r❛rs❡ ❝♦♠♦

♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s ❡❢❡❝t✐✈♦s✱ q✉❡ ❞❛♥ ❝✉❡♥t❛ ❡♥t♦♥❝❡s ❞❡ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❡st❡ t✐♣♦ ❞❡ ✐♥t❡r❛❝❝✐♦♥❡s✳

▲❛s té❝♥✐❝❛s ❞❡ s✐♠✉❧❛❝✐ó♥ ❤❛❜✐t✉❛❧♠❡♥t❡ ✉t✐❧✐③❛❞❛s s♦♥ ❜ás✐❝❛♠❡♥t❡ ❞♦s✿ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮

❬✸✶❪ ② ❧❛ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ❬✸✷❪✳ ❊♥ ❛♠❜❛s s❡ tr❛❜❛❥❛ ❝♦♥ ✉♥♦s ♣♦❝♦s ♠✐❧❡s ❞❡ ♠♦❧é❝✉❧❛s ♣❛r❛ ❡✈✐t❛r ✉♥ ❛❧t♦

❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ▲❛ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ ❞❡ ❡st❛s ♠♦❧é❝✉❧❛s ❡✈♦❧✉❝✐♦♥❛♥ ❛❝♦r❞❡ ❛ ❞❡t❡r♠✐♥❛❞❛s ❡❝✉❛❝✐♦♥❡s ❞❡

♠♦✈✐♠✐❡♥t♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ▼♦♥t❡ ❈❛r❧♦✱ s❡ ❜✉s❝❛ q✉❡ ❧❛s ❞✐❢❡r❡♥t❡s ❝♦♥✜❣✉r❛❝✐♦♥❡s q✉❡ s❡ ✈❛♥ ❣❡♥❡r❛♥❞♦✱ r❡s✉❧t❡♥

♣r♦♣♦r❝✐♦♥❛❧❡s ❛❧ ❢❛❝t♦r ❞❡ ❇♦❧t③♠❛♥♥✳ ❊st❡ t✐♣♦ ❞❡ s✐♠✉❧❛❝✐♦♥❡s ♣r♦♣♦r❝✐♦♥❛♥ s♦❧♦ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡❧

s✐st❡♠❛✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r s❡ r❡s✉❡❧✈❡♥✱ ♣❛r❛ ❝❛❞❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❣❡♥❡r❛❞❛✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦

❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s ♦ ♠♦❧é❝✉❧❛s✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❢✉❡r③❛s ② ❧♦s t♦rq✉❡s ❡❥❡r❝✐❞♦s s♦❜r❡ ❡s❛s ♣❛rtí❝✉❧❛s✳ ❊♥

❡st❡ ú❧t✐♠♦ ❝❛s♦ s❡ ♦❜t✐❡♥❡♥ t❛♠❜✐é♥ ♣r♦♣✐❡❞❛❞❡s ❞✐♥á♠✐❝❛s ❞❡❧ s✐st❡♠❛ ❡♥ ❝✉❡st✐ó♥✳

P❛r❛ ❛♠❜❛s té❝♥✐❝❛s ❧♦s t✐❡♠♣♦s ❞❡ ❝ó♠♣✉t♦ s♦♥ ❣❡♥❡r❛❧♠❡♥t❡ ❣r❛♥❞❡s ② ❛✉♠❡♥t❛♥ rá♣✐❞❛♠❡♥t❡ ❝♦♥ ❡❧ ♥ú♠❡r♦ ❞❡

♣❛rtí❝✉❧❛s ✐♥✈♦❧✉❝r❛❞❛s✳

✷✳✸✳✷✳ ❚❡♦rí❛s ❞❡ ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s

▲❛s t❡♦rí❛s s♦❜r❡ ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s ♥❛❝✐❡r♦♥ ❛ ♣r✐♥❝✐♣✐♦s ❞❡ ❡st❡ s✐❣❧♦✱ ♠❡r❝❡❞ ❛ ❧♦s tr❛❜❛❥♦s ❞❡ ❖r♥❛t❡í♥ ②

❩❡r♥t❦❡✱ q✉❡ ❝♦♥❞✉❥❡r♦♥ ❛ ❧❛ ❞❡♥♦♠✐♥❛❞❛ ✏❊❝✉❛❝✐ó♥ ❞❡ ❖r♥st❡✐♥✲❩❡r♥✐❦❡✑ ✭❖❩✮ ❬✸✵❪✳ ❊st❛ ❡❝✉❛❝✐ó♥ ❡s ❡♥ r❡❛❧✐❞❛❞

✉♥❛ ❡❝✉❛❝✐ó♥ ✐♥t❡❣r❛❧ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ t♦t❛❧✱ ❝♦♥ ❧❛ ❞❡♥♦♠✐♥❛❞❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛✳

❊❧ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s ❡s ❡♥❝♦♥tr❛r ✉♥❛ s❡❣✉♥❞❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡st❛s ❢✉♥❝✐♦♥❡s✱

❞❡♥♦♠✐♥❛❞❛ r❡❧❛❝✐ó♥ ❞❡ ❝✐❡rr❡✳ ❊st❛ r❡❧❛❝✐ó♥ ♣❡r♠✐t❡ r❡s♦❧✈❡r ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡r✐✈❛❞♦ ❞❡❧

❢♦r♠❛❧✐s♠♦✳ ▲❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❞❡ ❧❛ t❡♦rí❛ ❡stá♥ ♣✉❡s ❝♦♥t❡♥✐❞❛s ❡♥ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❝✐❡rr❡✳ ❊①✐st❡♥ ❜ás✐❝❛♠❡♥t❡ ❧❛s

s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s ❞❡ ❝✐❡rr❡✿

✐✲▲❛ r❡❧❛❝✐ó♥ ❞❡ ❝✐❡rr❡ ❢♦r♠✉❧❛❞❛ ♣♦r P❡r❝✉s ② ❨❡✈✐❝❦ ✭P❨✮ ❬✸✸❪✳

✷✶



✐✐✲▲❛ r❡❧❛❝✐ó♥ ❞❡ ❝✐❡rr❡ ❞❡ ❝❛❞❡♥❛ ❤í♣❡r❝♦♥❡❝t❛❞❛ ✭❍◆❈✮✳

✐✐✐✲▲❛ r❡❧❛❝✐ó♥ ❞❡ ❝✐❡rr❡ ❞❡ ❝❛❞❡♥❛ ❤í♣❡r❝♦♥❡❝t❛❞❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✭ ❘❍◆❈✮ ❬✸✹❪✳

❊♥ ✉♥ tr❛❜❛❥♦ ❞❡ r❡✈✐s✐ó♥ ❞❡ ❊✈❛♥s✱ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ✉♥❛ ❞❡r✐✈❛❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❖❩ ② ❞❡ ❛❧❣✉♥❛s ❞❡ s✉s

r❡❧❛❝✐♦♥❡s ❞❡ ❝✐❡rr❡ ❞❡❞✉❝✐❞❛s ❛ ♣❛rt✐r ❞❡ ❧❛ t❡♦rí❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❬✸✺❪✳

❚♦❞❛s ❡st❛s ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s s❡ ❤❛♥ ❛♣❧✐❝❛❞♦ ❛❧ ❡st✉❞✐♦ ❞❡ ❧íq✉✐❞♦s ❝♦♥ ❞✐❢❡r❡♥t❡s ♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s✱ ❞♦♥❞❡

❡st♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❣❡♥❡r❛❧♠❡♥t❡ ♣♦s❡❡♥ s✐♠❡trí❛ ❡s❢ér✐❝❛✳✳

❊♥ ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡ ❧♦s ❝❛s♦s ❡s ♥❡❝❡s❛r✐❛ ✉♥❛ r❡s♦❧✉❝✐ó♥ ♥✉♠ér✐❝❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✐♥t❡❣r❛❧ ② ❡♥ ♠✉② ♣♦❝♦s ❝❛s♦s

❧❛ s♦❧✉❝✐ó♥ ❡s ❛♥❛❧ít✐❝❛✳

P❛r❛ ❡❧ ♠♦❞❡❧♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s ❲❡rt❤❡✐♠ ❬✸✻❪ ❡♥❝♦♥tró ✉♥❛ s♦❧✉❝✐ó♥ ❛♥❛❧ít✐❝❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❖❩✱ ✉t✐❧✐③❛♥❞♦ ❧❛

r❡❧❛❝✐ó♥ ❞❡ ❝✐❡rr❡ ❞❡ P❨✳ ❊st♦ ♣❡r♠✐t✐ó ♦❜t❡♥❡r ✈❛❧♦r❡s ❛♥❛❧ít✐❝♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧✳

P♦st❡r✐♦r♠❡♥t❡ ❱❡r❧❡t ② ❲❡✐ss ❬✸✼❪ ❝♦rr✐❣✐❡r♦♥ ❡♠♣ír✐❝❛♠❡♥t❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❖❩ ❝♦♥ ❧❛ r❡❧❛❝✐ó♥ ❞❡

❝✐❡rr❡ P❨ ② ♣r♦♣♦r❝✐♦♥❛r♦♥ ❢ór♠✉❧❛s ❛♥❛❧ít✐❝❛s ♠ás ♣r❡❝✐s❛s ♣❛r❛ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ✉♥ ✢✉✐❞♦ ❞❡

❡s❢❡r❛s ❞✉r❛s✳

✷✳✸✳✸✳ ❚❡♦rí❛s ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s

▲❛s t❡♦rí❛s ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ♥❛❝❡♥ ❡♥ ❧♦s ❛ñ♦s ✺✵ ② s❡ ❛♣❧✐❝❛♥ ❝♦♥ ❜✉❡♥♦s r❡s✉❧t❛❞♦s ❞✉r❛♥t❡ ❧❛ ❞é❝❛❞❛ ❞❡ ❧♦s ✻✵✳

❙❡ ❜❛s❛♥ ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ ❞❡ ✉♥ ❧íq✉✐❞♦ q✉❡ ✐♥t❡r❛❝❝✐♦♥❛ s❡❣ú♥ ✉♥ ♣♦t❡♥❝✐❛❧ U ✱

♣✉❡❞❡ ❞❡s❛rr♦❧❧❛rs❡ ❡♥ t♦r♥♦ ❛ ❧❛ ❞❡ ✉♥ ✏s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✑ q✉❡ ❝♦♥s✐st❡ ❡♥ ✉♥ ♠♦❞❡❧♦ ❞❡ ✢✉✐❞♦ ❝✉②❛s ♠♦❧é❝✉❧❛s

✐♥t❡r❛❝tú❛♥ s❡❣ú♥ ✉♥ ♣♦t❡♥❝✐❛❧ U0✱ ❞❡♥♦♠✐♥❛❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ❡♥ s❡♥t✐❞♦ q✉❡ U = U0 + δU ✱ s✐❡♥❞♦

‖δU‖ << ‖U0‖✳
▲♦s tér♠✐♥♦s ❞❡❧ ❞❡s❛rr♦❧❧♦ ❡♥ s❡r✐❡✱ ❞❡♥♦♠✐♥❛❞♦s tér♠✐♥♦s ♣❡rt✉r❜❛t✐✈♦s✱ ✐♠♣❧✐❝❛♥ ♣r♦♠❡❞✐♦s ② ✢✉❝t✉❛❝✐♦♥❡s ❞❡❧

♣♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉r❜❛❝✐ó♥ ❞❡❧ ✢✉✐❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✳

▲❛ ❡❧❡❝❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❞❡❜❡ s❛t✐s❢❛❝❡r ❞♦s r❡q✉✐s✐t♦s ❢✉♥❞❛♠❡♥t❛❧❡s✿

✐✲●❛r❛♥t✐③❛r ✉♥❛ rá♣✐❞❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✳

✐✐✲P❡r♠✐t✐r q✉❡ ❧❛ ❡str✉❝t✉r❛ ② ❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ s❡❛♥ ❢á❝✐❧♠❡♥t❡ ❞❡t❡r♠✐✲

♥❛❜❧❡s✳

❆sí ♣❛r❛ ❧íq✉✐❞♦s s✐♠♣❧❡s✱ ❡♥❝♦♥tr❛♠♦s ❧❛ ❞✐✈✐s✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ② ♣❡rt✉r❜❛❝✐ó♥ ❞❛❞❛ ♣♦r ❇❛r❦❡r ②

❍❡♥❞❡rs♦♥ ✭❇❍✮ ❬✸✽❪ ② ❧❛ ❞❛❞❛ ♣♦r ♣♦r ❲❡❡❦s✱ ❈❤❛♥❞❧❡r ② ❆♥❞❡rs❡♥ ✭❲❈❆✮ ✭❘❡❢✳ ❬✸✾❪ ② ❛♣é♥❞✐❝❡ ❆✮✳

▲❛ ♣r✐♠❡r❛ ❞✐✈✐❞❡ ❛❧ ♣♦t❡♥❝✐❛❧ s❡❣ú♥ s✉ s✐❣♥♦ ② ❧❛ s❡❣✉♥❞❛ s❡❣ú♥ ❡❧ s✐❣♥♦ ❞❡ s✉ ♣r✐♠❡r❛ ❞❡r✐✈❛❞❛✱ ❡st♦ ❡s✱ ❡❧ ❞❡ ❧❛s

❢✉❡r③❛s ✐♥t❡r♠♦❧❡❝✉❧❛r❡s ♦ ✐♥t❡r❛tó♠✐❝❛s✳

▲❛ s❡r✐❡ ♣❡rt✉r❜❛t✐✈❛ ❝♦♥✈❡r❣❡ ❝♦♥ ♠❛②♦r r❛♣✐❞❡③ ❝✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ❧❛ ❞✐✈✐s✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ s❡❣ú♥ ❡❧ ❝r✐t❡r✐♦ ❲❈❆

q✉❡ ❝✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ❧❛ ❞✐✈✐s✐ó♥ ❇❘✳ ❈♦♠♦ ❜✐❡♥ ❤❛♥ ♣✉❡st♦ ❞❡ ♠❛♥✐✜❡st♦ ❧♦s ❡st✉❞✐♦s ❞❡ s✐♠✉❧❛❝✐ó♥✱ s♦♥ ❧❛s ❢✉❡r③❛s

r❡♣✉❧s✐✈❛s ❧❛s q✉❡ ❞❡t❡r♠✐♥❛♥✱ ❛ ❛❧t❛s ❞❡♥s✐❞❛❞❡s✱ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ✢✉✐❞♦ ❬✹✵❪ ♣r♦✈♦❝❛♥❞♦ ✉♥❛ rá♣✐❞❛ ❝♦♥✈❡r❣❡♥❝✐❛

❞❡❧ ❞❡s❛rr♦❧❧♦ ♣❡rt✉r❜❛t✐✈♦ ❝✉❛♥❞♦ s❡ ✐♥❝❧✉②❡♥ t♦t❛❧♠❡♥t❡ ❡♥ ❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳

❊❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❲❈❆ ♣✉❡❞❡ r❡❧❛❝✐♦♥❛rs❡ ❢á❝✐❧♠❡♥t❡ ❝♦♥ ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ♣❛r❛ ❡❧ q✉❡ s❡ ❞✐s♣♦♥❡

❞❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦✱ t❛❧ ❝♦♠♦ ❧❛ ❞❡ ❈❛r♥❛❤❛♥✲❙t❛r❧✐♥❣ ❬✷✶❪ ② ✉♥❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ♠✉② ♣r❡❝✐s❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥

❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ❬✸✼❪✳

❆sí ♣✉❡s✱ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❲❈❆ ❞❡♥tr♦ ❞❡ ❧♦s ❡sq✉❡♠❛s ♣❡rt✉r❜❛t✐✈♦s ♣❡r♠✐t❡ ♣r❡❞❡❝✐r r❡s✉❧t❛❞♦s q✉❡

❡stá♥ ❡♥ ❜✉❡♥ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s ❡①♣❡r✐♠❡♥t❛❧❡s✱ ❝♦♥ ❧❛ ✈❡♥t❛❥❛ ♦♣❡r❛t✐✈❛ ❞❡ r❡❞✉❝✐r ❧♦s t✐❡♠♣♦s ❞❡ ❝♦♠♣✉t♦ ❡♥ r❡❧❛❝✐ó♥

❛ ❧♦s ❡♠♣❧❡❛❞♦s ❡♥ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s ♦ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s

P♦r ❧♦ t❛♥t♦ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ❛ ♣❛rt✐r ❞❡ ❧♦s ❛ñ♦s ✻✵ ② ♣r✐♠❡r❛ ♠✐t❛❞ ❞❡ ❧♦s ✼✵ s❡ ♣✉❞✐❡r♦♥ ❝❛❧❝✉❧❛r ✈❛r✐❛s

♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❛ ♣❛rt✐r ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❛❞♦ ❬✸✵❪✳

✷✷



❈❛♣ít✉❧♦ ✸

❚❡♦rí❛ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞

✸✳✶✳ ■♥tr♦❞✉❝❝✐ó♥ ❛❧ ❢♦r♠❛❧✐s♠♦

❯♥ ♠♦❞❡❧♦ ❞❡ ✢✉✐❞♦ s✐♠♣❧❡ ❝♦♥s✐st❡ ❡♥ ✉♥ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ❞❡ ♠❛s❛ m✱ q✉❡ ✐♥t❡r❛❝tú❛♥ ❡♥tr❡ s✐ ❡♥ ♣r✐♥❝✐♣✐♦

❞❡ ❛ ♣❛r❡s ♠❡❞✐❛♥t❡ ✉♥ ♣♦t❡♥❝✐❛❧ U ✳ ❈♦♥s✐❞❡r❛♠♦s t❛♠❜✐é♥ q✉❡ ❝❛❞❛ ✉♥❛ ❞❡ ❡st❛s ♣❛rtí❝✉❧❛s✱ ✉❜✐❝❛❞❛s ❡♥ ❧❛s

♣♦s✐❝✐♦♥❡s ✏ri✑✱ ♣✉❡❞❡♥ ❡st❛r s♦♠❡t✐❞❛s ❛ ✉♥ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ Uext✳ P♦❞❡♠♦s ❞❡s❝r✐❜✐r ❛ ❡st❡ s✐st❡♠❛ ♠❡❞✐❛♥t❡ ✉♥

❤❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❧❛ ❢♦r♠❛✿

HT =
∑

i

− ~
2

2m
∇2

i +
∑

i,j

U (ri − rj) + Uext(r). ✭✸✳✶✮

▲❛s ❝❛r❛❝t❡ríst✐❝❛s ❢ís✐❝❛s ❞❡❧ s✐st❡♠❛ ❡stá♥ ❝♦♥t❡♥✐❞❛s ❡♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ψ✱ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❙❝❤rö✲

❞✐♥❣❡r✿

HTψ = Eψ. ✭✸✳✷✮

✭E r❡♣r❡s❡♥t❛ ❛ ❧❛ ❡♥❡r❣í❛✮ ❊❧ ❡st❛❞♦ ψ s❡rá ✉♥❛ ❢✉♥❝✐ó♥ ❞❡♣❡♥❞✐❡♥t❡✱ ❛ ♣r✐♦r✐✱ ❞❡N+1 ✈❛r✐❛❜❧❡s✿ ψ = ψ(r1,r2,........rN,t)✳

▲✉❡❣♦✱ ❧❛ ❞❡♥s✐❞❛❞ ✭❢✉♥❝✐ó♥ ❞❡ ✉♥ ❝✉❡r♣♦✮ ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ❧❛ ❡①♣r❡s✐ó♥✿

ρ(r1) = N

´

dr2dr3.......drNψ
2(r1, r2, ........rN)

´

dr1dr2.......drNψ2(r1, r2, ........rN)
. ✭✸✳✸✮

❊①✐st❡ ♠ás ❞❡ ✉♥ ❡sq✉❡♠❛ ❞❡ ❛♣r♦①✐♠❛❝✐♦♥❡s ♣❛r❛ ❛❜♦r❞❛r ❡st❡ ♣r♦❜❧❡♠❛ ❞❡ ♠✉❝❤♦s ❝✉❡r♣♦s✳

❯♥ ♣♦s✐❜❧❡ ❝❛♠✐♥♦ ♣❛r❛ s✉ tr❛t❛♠✐❡♥t♦ ♣r♦✈✐❡♥❡ ❥✉st❛♠❡♥t❡ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❍♦❤❡♥❜❡r❣✱ ❑♦❤♥ ❬✷✵❪ ② ▼❡r♠✐♥ ❬✹✶❪✱

q✉❡ ❞❡♠✉❡str❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❜✐✲✉♥í✈♦❝❛ ❡♥tr❡ ❧❛ ❞❡♥s✐❞❛❞ ρ ② ❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❛♣❧✐❝❛❞♦ ❛❧ s✐st❡♠❛

✭Uext✮✿

Uext(r) ⇐⇒ ρ(r). ✭✸✳✹✮

P❛r❛ ♥✉❡str♦ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s✱ s♦♠❡t✐❞♦ ❛ ✉♥ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❡❧ ❣r❛♥

♣♦t❡♥❝✐❛❧ ✏Ω✑✱ ❝♦♠♦ ✉♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡❧ s✐st❡♠❛✿

✷✸



Ω[ρ, Uext] = Fint[ρ] +

ˆ

drρ(r)Uext(r)− µN. ✭✸✳✺✮

❊♥ ❡st❛ ❡①♣r❡s✐ó♥ µ ❡s ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ② Fint r❡♣r❡s❡♥t❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ✐♥trí♥s❡❝❛ ❞❡ ❍❡❧♠❤♦❧t③✳ ❊st❛ s❡ ❞❡✜♥❡

❝♦♠♦ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡❧ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ❝✉❛♥❞♦ ♥♦ ✐♥t❡r❛❝tú❛ ❝♦♥ ♥✐♥❣ú♥ ♠❡❞✐♦ ❡①t❡r♥♦✳

❊❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✱ ❛ tr❛✈és ❞❡ ❧❛ ❡①♣r❡s✐ó♥✿

N =

ˆ

ρ(r)dr, ✭✸✳✻✮

▼❡❞✐❛♥t❡ ❡❧ ❣r❛♥ ♣♦t❡♥❝✐❛❧ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❧❛ ❞❡♥s✐❞❛❞✱ r❡s♦❧✈✐❡♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛ ✈❛r✐❛❝✐♦♥❛❧✿

δΩ[ρ, Uext]

δρ(r)
= 0, ✭✸✳✼✮

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✿

δFint[ρ]

δρ(r)
= µ− Uext(r). ✭✸✳✽✮

▲❛ ❡♥❡r❣í❛ ❧✐❜r❡ ✐♥trí♥s❡❝❛ ❞❡ ❍❡❧♠❤♦❧t③ ❞❡❧ s✐st❡♠❛ s❡ ♣✉❡❞❡ ❝♦♥str✉✐r ❛ ♣❛rt✐r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝❛♥ó♥✐❝❛

QN (V, T )✿

Fint(V, T ) = −kBT lnQN (V, T ). ✭✸✳✾✮

❊st❛ ❡♥❡r❣í❛ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦ s✉♠❛ ❞❡ ✉♥❛ ❡♥❡r❣í❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ❣❛s ✐❞❡❛❧ ✭Fid)✱ ❛❞✐❝✐♦♥❛❞❛ ❛ ✉♥❛

❡♥❡r❣í❛ ❞❡❜✐❞❛ ❛ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s✱ ❞♦♥❞❡ ❛ s✉ ✈❡③✱ ♣❛r❛ ♥✉❡str♦ ♠♦❞❡❧♦✱ ❡st❛ ✉❧t✐♠❛ s❡ ♣✉❡❞❡

♣❡♥s❛r ❝♦♠♣✉❡st❛ ♣♦r ❞♦s tér♠✐♥♦s✿ ✉♥♦ ❧✐❣❛❞♦ ❝♦♥ ❧❛ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❡s❢❡r❛s rí❣✐❞❛s ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s ♣✉r❛♠❡♥t❡

r❡♣✉❧s✐✈❛s FHS ② ❡❧ ♦tr♦ ❛s♦❝✐❛❞♦ ❛ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❛tr❛❝t✐✈❛s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠♦❧é❝✉❧❛s ♣❡r❢❡❝t❛♠❡♥t❡ ❡s❢ér✐❝❛s

Fatt✳ ❖ s❡❛✿

Fint = Fid + FHS + Fatt. ✭✸✳✶✵✮

✸✳✶✳✶✳ ❋❧✉✐❞♦s ❤♦♠♦❣é♥❡♦s

▲♦s ✢✉✐❞♦s ❤♦♠♦❣é♥❡♦s s♦♥ ❛q✉❡❧❧♦s ❞♦♥❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❝♦♥st✐t✉②❡ ✉♥ ❝❛♠♣♦ ❡s❝❛❧❛r ✉♥✐❢♦r♠❡✳

▲❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝❛♥ó♥✐❝❛ ❬✹✷❪ ❝♦♥t✐❡♥❡ ❛❧ ❤❛♠✐❧t♦♥✐❛♥♦ ❡s❝r✐t♦ ❡♥ tér♠✐♥♦s ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥

❞❡ ♣❛r❡s U(rij)✱ ❞♦♥❞❡ rij = ri − rj ② ❞❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡ ❧❛s N ♣❛rtí❝✉❧❛s p2i /2m✿

H =

N
∑

i=1

p2i
2m

+

N
∑

i=1

N
∑

j>1

U(ri,j). ✭✸✳✶✶✮

▲✉❡❣♦✱ ❡♥ ❡❧ ❝❛s♦ ❝❧ás✐❝♦✿

QN (V, T ) =
1

N !h3N

ˆ

..

ˆ

exp



−β





N
∑

i=1

p2i
2m

+
N
∑

i=1

N
∑

j>1

U(ri,j)







 dp1...dpN =

=
1

N !h3N

ˆ

..

ˆ

exp

[

−β
∑

i

p2i
2m

]

dp1..dpN .

✷✹



ˆ

..

ˆ

exp



−β
N
∑

i=1

N
∑

i>j

U(ri,j)



 dr1..drN =

=
1

N !

[

(

2πm

βh2

)
1

2

]3N
ˆ

..

ˆ

exp



−β
N
∑

i=1

N
∑

i>j

U(ri,j)



 dr1...drN =

=
1

N !

[

(

2πm

βh2

)
1

2

]3N

ZN (V, T ). ✭✸✳✶✷✮

❊♥ ❡st❛ ❡①♣r❡s✐ó♥ β = 1/kBT ② kB ❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✳

❊♥ ❧❛ ❊❝ ✭✸✳✶✷✮✱ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s ❡stá♥ ❝♦♥t❡♥✐❞❛s ❡♥ ❧❛ ❞❡♥♦♠✐♥❛❞❛ ✐♥t❡❣r❛❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥

r❡♣r❡s❡♥t❛❞❛ ♣♦r✿

ZN (V, T ) =

ˆ

..

ˆ

exp



−β
N
∑

i=1

N
∑

i>j

U(ri,j)



 dr1...drN . ✭✸✳✶✸✮

❊❧ r❡st♦ ❞❡ ❡st❛ ❡①♣r❡s✐ó♥ s❡ ♣✉❡❞❡ ✐❞❡♥t✐✜❝❛r ❝♦♥ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ❞♦♥❞❡ s❡ ♣✉❡❞❡♥

❞❡s♣r❡❝✐❛r ❧♦s ❡❢❡❝t♦s ❝✉á♥t✐❝♦s✳

▲❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝❛♥ó♥✐❝❛ s❡ ❢❛❝t♦r✐③❛ ❡♥t♦♥❝❡s ❡♥ tér♠✐♥♦s q✉❡ ❡①♣r❡s❛♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ✐❞❡❛❧ ❞❡❧ s✐st❡♠❛

② ♦tr♦s tér♠✐♥♦s q✉❡ ❞❛♥ ❝✉❡♥t❛ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s✳ ❊s ❞❡❝✐r✿

QN−int(V, T ) = QN−id(V, T )
ZN (V, T )

V N
= QN−idQN−inter. ✭✸✳✶✹✮

❙❡❣✉✐❞❛♠❡♥t❡ ❡①♣r❡s❛♠♦s ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ❢❛❝t♦r❡s ♣❛r❛ ❧✉❡❣♦ ❡s❝r✐❜✐r ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥❡r❣í❛s ❧✐❜r❡s ❛s♦❝✐❛❞❛s

❝♦♥ ❡❧❧♦s

✸✳✶✳✶✳✶✳ ❋✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❣❛s ✐❞❡❛❧

❆✲●❛s ✐❞❡❛❧ ❝❧ás✐❝♦✿

❊❧ ❢❛❝t♦r ❛s♦❝✐❛❞♦ ❛❧ ❣❛s ✐❞❡❛❧ s❡ ♦❜t✐❡♥❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❧♦s tér♠✐♥♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ✭Uij✮ s♦♥

✐❞é♥t✐❝❛♠❡♥t❡ ♥✉❧♦s✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ s❡ ❡s❝r✐❜❡ ❝♦♠♦✿

QN−id(V, T ) =
1

N !

[

(

2πm

βh2

)1/2
]3N

Z0
N (V, T ) =

1

N !Λ3N
Z0
N (V, T ) =

V N

N !Λ3N
, ✭✸✳✶✺✮

❞♦♥❞❡ Λ ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ ❞❡ ❉❵❇r♦❣❧✐❡ ❞❡✜♥✐❞❛ ♣♦r✿

Λ = h/(2πmkBT )
1/2. ✭✸✳✶✻✮

❊♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ✐♥trí♥s❡❝❛ ❞❡ ❍❡❧♠❤♦❧t③ ❞❡ ❣❛s ✐❞❡❛❧ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡

♣❛rt✐❝✐ó♥ ❝❛♥ó♥✐❝❛ ♠❡❞✐❛♥t❡ ❧❛ ❊❝✳ ✭✸✳✾✮✱ ❞❡ ❡st❛ ♠❛♥❡r❛✿

FN,id(V, T ) = −kBT
[

Nln

(

Λ3

V

)

+NlnN −N

]

= kBTN

[

ln

(

Λ3N

V

)

− 1

]

, ✭✸✳✶✼✮

❛sí✱ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ✉♥✐❞❛❞ ❞❡ ✈♦❧✉♠❡♥ s❡ ❡①♣r❡s❛ ❝♦♠♦✿

✷✺



FN,id(V, T )

V
= kBTρ

[

ln
(

Λ3ρ
)

− 1
]

, ✭✸✳✶✽✮

❞♦♥❞❡✿

ρ =
N

V
, ✭✸✳✶✾✮

r❡♣r❡s❡♥t❛ ❧❛ ❞❡♥s✐❞❛❞ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❤♦♠♦❣é♥❡♦✳

❇✲●❛s ✐❞❡❛❧ ❝✉á♥t✐❝♦✿

▲❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣❛r❛ ✉♥ ❣❛s ❞❡ ❜♦s♦♥❡s s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦✿

FN,id(V, T )

V
= kBTρ

[

ln
(

Λ3ρ
)

− 1

Λ3ρ
g5/2(Λ

3ρ)

]

, ✭✸✳✷✵✮

❞♦♥❞❡ ❧❛ ❢✉♥❝íó♥✿

g5/2(ρΛ
3) =

∞
∑

s=1

(ρΛ3)s

s5/2
. ✭✸✳✷✶✮

◆ót❡s❡ q✉❡ s✐ ρΛ3 ≪ 1✱ ♦ s❡❛ s✐ ❧❛s ♠♦❧é❝✉❧❛s ❡stá♥ ♠✉② ❞✐st❛♥❝✐❛❞❛s ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ ❞❡

❉✬❇r♦❣❧✐❡ q✉❡ t✐❡♥❡♥ ❛s♦❝✐❛❞❛s✱ s❡ r❡❝✉♣❡r❛ ❧❛ ❡①♣r❡s✐ó♥ ❝❧ás✐❝❛ ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡✳

✸✳✶✳✶✳✷✳ ❋✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❛s♦❝✐❛❞❛ ❝♦♥ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s✿

▲❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❛s♦❝✐❛❞❛ ❛ ✉♥ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s q✉❡ ✐♥t❡r❛❝tú❛♥ ❡♥tr❡ sí ② q✉❡ ❛q✉í ❤❡♠♦s ❞❡♥♦t❛❞♦

♣♦r QN,inter✱ s❡ ❡s❝r✐❜❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥✿

QN,inter(V, T ) =
ZN (V, T )

V N
. ✭✸✳✷✷✮

❆ ♣❛rt✐r ❞❡ ❡st❛ ú❧t✐♠❛ ❡①♣r❡s✐ó♥ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ ❛s♦❝✐❛❞❛ ❛ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡

❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♥st✐t✉②❡♥ ❛❧ ✢✉✐❞♦✿

FN,inter(V, T ) = −KBT ln [QN,inter(V, T )] =

= −KBT ln

[

ZN (V, T )

V N

]

. ✭✸✳✷✸✮

▲✉❡❣♦ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡✱ ♣♦r ✉♥✐❞❛❞ ❞❡ ✈♦❧✉♠❡♥✱ s❡ ❡s❝r✐❜❡ ❝♦♠♦✿

FN,inter(V, T )

V
= −KBT

1

V
ln

(

ZN (V, T )

V N

)

. ✭✸✳✷✹✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r ❧❛ ❡①♣♦♥❡♥❝✐❛❧ q✉❡ ❝♦♠♣♦♥❡ ❛ ZN (V, T )✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s s❡

s✉❝❡❞❡♥ ♠❛②♦r♠❡♥t❡ ❞❡ ❛ ♣❛r❡s✱ ❡❧ ✐♥t❡❣r❛♥❞♦ s❡ ♣✉❡❞❡ r❡❡s❝r✐❜✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

exp



−β
N
∑

i=1

N
∑

i>j

U(ri,j)



 =
∏

pares

exp [−βU(ri,j)] . ✭✸✳✷✺✮

✷✻



❙✐ ❧✉❡❣♦ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❞♦s ♣❛rtí❝✉❧❛s ❞❡♣❡♥❞❡ s♦❧♦ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ q✉❡ s❡♣❛r❛

❛ ❞✐❝❤❛s ♣❛rtí❝✉❧❛s✳

❖ s❡❛ s✐✿

U(ri,j) = U (‖ri − rj‖) = U(rij) ✭✸✳✷✻✮

✭❛♣r♦①✐♠❛❝✐ó♥ ✈❛❧✐❞❛ ❡♥ ✉♥ ♠♦❞❡❧♦ ❞❡ ✢✉✐❞♦ ❞♦♥❞❡ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛s ♠♦❧é❝✉❧❛s q✉❡ ❧♦ ❝♦♠♣♦♥❡♥ s♦♥ ♣❡r❢❡❝t❛♠❡♥t❡

❡s❢ér✐❝❛s✮ ♣♦❞❡♠♦s ❡s❝r✐❜✐r t♦❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❞❡♥♦♠✐♥❛s ❢✉♥❝✐♦♥❡s ❞❡ ▼❛②❡r ✭fij ✮ ❬✹✺❪✳

exp [−βU(ri,j)] = 1− βU(ri,j) +
1

2
β2U2(ri,j) + ............ = 1 + fij . ✭✸✳✷✼✮

❙❛❧✈♦ ❡♥ ❝❛s♦ ❡♥ q✉❡ ❧❛s ♣❛rtí❝✉❧❛s ❡sté♥ ♠✉② ❝❡r❝❛s✱ ❝♦♠♦ ♦❝✉rr❡ ♣❛r❛ ✢✉✐❞♦s ♠✉② ❞❡♥s♦s✱ fij ❡s ♣❡q✉❡ñ❛ ② ❡♥t♦♥❝❡s

❡❧ s✐❣✉✐❡♥t❡ ❞❡s❛rr♦❧❧♦✱ ❞♦♥❞❡ s❡ r❡t✐❡♥❡♥ s♦❧❛♠❡♥t❡ ❧♦s tér♠✐♥♦s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❞✐❛❣r❛♠❛s ✐rr❡❞✉❝✐❜❧❡s ❬✹✻❪✱

r❡♣r♦❞✉❝❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❛❧ ✐♥t❡❣r❛♥❞♦✿

exp



−β
N
∑

i=1

N
∑

i>j

U(ri,j)



 =
∏

pares

exp [−βU(ri,j)] =
∏

pares

[1 + fij ] =

=
∑

ij

fij +
∑

ijk

fijfjkfki + ..........., ✭✸✳✷✽✮

❧✉❡❣♦✿

ZN (V, T )

V N
=

1

V N

ˆ

....

ˆ





∑

ij

fij +
∑

ijk

fijfjkfki + ...........



 dr1dr2.......drN =

= 1 +
N(N − 1)

2

1

V 2

ˆ ˆ

f12dr1dr2 +
N(N − 1)(N − 2)

6

1

V 3

ˆ ˆ ˆ

f12f13f23dr1dr2dr3 + ..... . ✭✸✳✷✾✮

② ❡♥ ❡❧ ❧í♠✐t❡ t❡r♠♦❞✐♥á♠✐❝♦✿

N

V
≃ N − 1

V
≃ N − 2

V
≃ ... ≃ ρ. ✭✸✳✸✵✮

❙✐ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❛❞❡♠ás✱ q✉❡ ❧♦s tér♠✐♥♦s ✐♥t❡❣r❛❧❡s s♦♥ tér♠✐♥♦s ❞❡ ❝♦rr❡❝❝✐ó♥✱ ♣♦r ❡♥❞❡ ♣❡q✉❡ñ♦s✱ ❡♥t♦♥❝❡s

s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❧❛ ❛♣r♦①✐♠❛❝✐ó♥✿ ln(1 + x) ≃ x✳

▲✉❡❣♦✿
FN,inter(V, T )

V
= −KBT

1

V
ln

(

ZN (V, T )

V N

)

=

= −kBT
1

V
ln

[

1 +
1

2
ρ2
ˆ ˆ

f12dr1dr2 +
1

6
ρ3
ˆ ˆ ˆ

f12f13f23dr1dr2dr3 + ......

]

=

= −kBT
1

V

[

1

2
ρ2
ˆ ˆ

f12dr1dr2 +
1

6
ρ3
ˆ ˆ ˆ

f12f13f23dr1dr2dr3 + ......

]

. ✭✸✳✸✶✮

❊st♦ ú❧t✐♠♦ ❝♦♥st✐t✉②❡ ✉♥ ❞❡s❛rr♦❧❧♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭❞❡s❛rr♦❧❧♦ ✈✐r✐❛❧✮✳

❆♥á❧✐s✐s ❞❡ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ❧❛ ❡♥❡r❣í❛✿

❆♥t❡s ❞❡ ❡s❝r✐❜✐r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ ✐♥trí♥s❡❝❛ q✉❡ s❡ ❞❡r✐✈❛♥ ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛

✐♥t❡❣r❛❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥✱ ❤❛❝❡♠♦s ❛❧❣✉♥❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s r❡s♣❡❝t♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s ♣❛rtí❝✉❧❛s

q✉❡ ❝♦♥st✐t✉②❡♥ ❛❧ ✢✉✐❞♦✳ P❛r❛ ❧♦ q✉❡ s✐❣✉❡ ❛s✉♠✐r❡♠♦s q✉❡✿

✷✼



✶✲❊st❡ ♣♦t❡♥❝✐❛❧ s❡ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡r ❝♦♠♦ ❧❛ s✉♠❛ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ r❡♣✉❧s✐✈♦ Urep✱ q✉❡ ❛❝tú❛ ❤❛st❛ ✉♥❛ ❞✐st❛♥❝✐❛

r0 ② ♦tr♦ ❛tr❛❝t✐✈♦ Uatt q✉❡ ❛❝tú❛ ♣❛r❛ ❞✐st❛♥❝✐❛s ♠❛②♦r❡s ❛ r0✳ ❱❛❧❡ ❞❡❝✐r✿

U =







Urep r < r0

Uatt r ≥ r0
. ✭✸✳✸✷✮

✷✲❙❡ ❝♦♥s✐❞❡r❛ q✉❡ ❡❧ s✐st❡♠❛ ❝♦♥st❛ ❞❡ N ❡s❢❡r❛s ❞✉r❛s ❞❡ r❛❞✐♦ r0✱ ❧✉❡❣♦✿

Urep ≡ ∞ r < r0. ✭✸✳✸✸✮

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ t♦❞♦ ❡st♦ s❡ ♣✉❡❞❡♥ ❝❛❧❝✉❧❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ❞✐❢❡r❡♥t❡s ór❞❡♥❡s✳

❆✲❝♦♥tr✐❜✉❝✐ó♥ ❛ ♦r❞❡♥ ❝✉❛❞rát✐❝♦✿
F

(2)
N,inter(V, T )

V
= −kBT

1

2V
ρ2
ˆ ˆ

f12dr1dr2 = −kBT
1

2
ρ24π

ˆ

∞

0

f12(r)r
2dr =

−2πkBTρ
2

[
ˆ r0

0

(−1)r2dr +

ˆ

∞

0

[

exp

(

Uatt(r)

kBT

)

− 1

]

r2dr

]

⇒

F
(2)
N,inter(V, T )

V
=

2π

3
kBTr

3
0ρ

2 + 2πρ2
ˆ

∞

r0

Uatt(r)r
2dr. ✭✸✳✸✹✮

❊❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❡♥ ❧❛ ú❧t✐♠❛ ❡①♣r❡s✐ó♥✱ ❡st❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❡s❢❡r❛s

❞✉r❛s✱ ♠✐❡♥tr❛s q✉❡ ❡❧ s❡❣✉♥❞♦ ❡st❛ ❧✐❣❛❞♦ ❛ ✉♥ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ t✐♣♦ ❛tr❛❝t✐✈❛s✳

❇✲❝♦♥tr✐❜✉❝✐ó♥ ❛ ór❞❡♥❡s s✉♣❡r✐♦r❡s✿

❊♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ♠❛②♦r ♦r❞❡♥ ❡♥ ❧❛ ❞❡♥s✐❞❛❞✱ s♦❧♦ s❡ r❡t✐❡♥❡ ❡❧ ♣♦t❡♥❝✐❛❧ r❡♣✉❧s✐✈♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✳ ❆sí✱ ♣♦r

❡❥❡♠♣❧♦ ❛ t❡r❝❡r ♦r❞❡♥✱ ❧❛ ❝♦rr❡❝❝✐ó♥ s❡ ❡s❝r✐❜❡ ❝♦♠♦✿

F
(3)
N,inter(V, T )

V
= −kBT

1

6V
ρ3
ˆ ˆ ˆ

f12f13f23dr1dr2dr3 = kBT
5

16

(

2π

3
r30

)2

ρ3. ✭✸✳✸✺✮

❞♦♥❞❡✿

η =
π

6
r30ρ, ✭✸✳✸✻✮

❡s ❧❛ ❢r❛❝❝✐ó♥ ❞❡ ✈♦❧✉♠❡♥ ♦❝✉♣❛❞♦ ♣♦r ❧❛s ❡s❢❡r❛s ❞✉r❛s ✭❢r❛❝❝✐ó♥ ❞❡ ❡♠♣❛q✉❡t❛♠✐❡♥t♦✮✳

▲✉❡❣♦✱ ❧❛ ❝♦rr❡❝❝✐ó♥ ❛ t❡r❝❡r ♦r❞❡♥ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦✿

F
(3)
N,inter(V, T )

V
= kBTρ4η. ✭✸✳✸✼✮

❆♥á❧♦❣❛♠❡♥t❡ ❡s ♣♦s✐❜❧❡ ❡①♣r❡s❛r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ❝✉❛rt♦ ② q✉✐♥t♦ ♦r❞❡♥✿

F
(4)
N,inter(V, T )

V
= kBTρ5η

2, ✭✸✳✸✽✮

F
(5)
N,inter(V, T )

V
= kBTρ

3673

600
η3. ✭✸✳✸✾✮

❆❧❣✉♥♦s ❞❡ ❡st♦s tér♠✐♥♦s ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s ♣♦r ❘❡❡ ② ❍♦♦✈❡r ❬✹✼❪✳

✷✽



❉❡ ❡st❛ ❢♦r♠❛ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ✐♥trí♥s❡❝❛ q✉❡❞❛ ❡s❝r✐t❛ ❝♦♠♦✿
Fint(V, T )

V
= kBTρ

[

ln
(

Λ3ρ
)

− 1
]

+ kBTρ

[

4η + 5η2 +
3673

600
η3 + .....

]

+

+2πρ2
ˆ

∞

r0

Uatt(r)r
2dr. ✭✸✳✹✵✮

▲❛ s✉♠❛ ❞❡ tér♠✐♥♦s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ♣❛r❛ ✉♥ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ tér♠✐♥♦s✱ ❢✉❡

❡✈❛❧✉❛❞❛ ❞❡ ♠❛♥❡r❛ ❛♣r♦①✐♠❛❞❛ ♣♦r ❈❛r♥❛❤❛♥ ② ❙t❛r❧✐♥❣ ❬✷✶❪✱ ❡❧ r❡s✉❧t❛❞♦ ❡s✿

4η + 5η2 +
3673

600
η3 + ..... ≃ 4η − 3η2

(1− η)
2 = △fHS [ρ] ✭✸✳✹✶✮

❊❧ tér♠✐♥♦ △fHS [ρ] ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ♣❛r❛ ✉♥ ❣❛s ❞❡ ❡s❢❡r❛s rí❣✐❞❛s✳

▲✉❡❣♦✱ ❛t❡♥❞✐❡♥❞♦ ❛ ❝♦♠♦ s❡ ❡s❝r✐❜❡ ❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❣❛s ✐❞❡❛❧✱ ♣♦❞❡♠♦s ❞✐st✐♥❣✉✐r ❞♦s s✐t✉❛❝✐♦♥❡s✿

✶✲❈❛s♦ ❝❧ás✐❝♦✿

FN,int(V, T )

V
= kBTρ

[

ln
(

Λ3ρ
)

− 1
]

+ kBTρ△fHS [ρ] + 2πρ2
ˆ

∞

r0

Uatt(r)r
2dr. ✭✸✳✹✷✮

✷✲❈❛s♦ ❝✉á♥t✐❝♦✿

FN,int(V, T )

V
= kBTρ

[

ln
(

Λ3ρ
)

− 1

Λ3ρ
g5/2(Λ

3ρ)

]

+ kBTρ△fHS [ρ] + 2πρ2
ˆ

∞

r0

Uatt(r)r
2dr. ✭✸✳✹✸✮

✸✳✷✳ ❋✉♥❝✐♦♥❡s ❞❡ ❝♦rr❡❧❛❝✐ó♥

▲❛s ❢✉♥❝✐♦♥❡s ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞❡ ✉♥♦ ② ❞♦s ❝✉❡r♣♦s✱ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r✱ ❛ ♣❛rt✐r ❞❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ Fexc

❬❊❝✳✭✸✳✺✶✮❪✳ ❊♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ ❡❧ ✢✉✐❞♦ ✐♥t❡r❛❝tú❡ ❝♦♥ ❝❛♠♣♦s ❡①t❡r♥♦s✱ ❡st❡ tér♠✐♥♦ ❝♦♥t✐❡♥❡ ❛❞❡♠ás ❞❡ ❧❛ ❡♥❡r❣í❛

❞❡❜✐❞❛ ❛ ✐♥t❡r❛❝❝✐♦♥❡s ✐♥t❡r♥❛s✱ ❧❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧♦s ❝❛♠♣♦s ❡①t❡r♥♦s✳ ❊st❛s ❢✉♥❝✐♦♥❡s s❡ ♦❜t✐❡♥❡♥ ❡♥t♦♥❝❡s

♠❡❞✐❛♥t❡ ❞❡r✐✈❛❝✐ó♥ ❢✉♥❝✐♦♥❛❧ ❞❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ✭❊❝s✳ ✷✵ ② ✷✷ ❞❡ ❧❛ ❘❡❢ ❬✸✺❪✮✳

c(1)(r) = −
δ
(

1
kBT Fexc[ρ]

)

δρ(r)
, ✭✸✳✹✹✮

c(2)(r, r′) = −
δ2
(

1
kBT Fexc[ρ]

)

δρ(r)δρ(r′)
. ✭✸✳✹✺✮

✸✳✸✳ ❋❧✉✐❞♦s ♥♦ ❤♦♠♦❣é♥❡♦s✿ ❚❡♦rí❛s ❧♦❝❛❧❡s ② ♥♦ ❧♦❝❛❧❡s

▲❛s ♣r✐♠❡r❛s t❡♦rí❛s ❞❡s❛rr♦❧❧❛❞❛s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❢✉❡r♦♥ ❧❛s ❞❡♥♦♠✐♥❛❞❛s t❡♦rí❛s ❞❡

❛♣r♦①✐♠❛❝✐ó♥ ❧♦❝❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭▲❉❆✮✳

▲❛ ▲❉❆ s❡ ❜❛s❛ ❡♥ ❧❛ t❡r♠♦❞✐♥á♠✐❝❛ ❞❡ ✉♥ ✢✉✐❞♦ ✉♥✐❢♦r♠❡✱ ρ(r) = ρ0✱ ♣❛r❛ ❡❧ ❝✉❛❧✿

F [ρ] = Nf(ρ0), ✭✸✳✹✻✮

s✐❡♥❞♦ f(ρ0) ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ ♣♦r ♣❛rtí❝✉❧❛✳

✷✾



❉❡ ❡st❛ ♠❛♥❡r❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ▲❉❆ ❝♦♥s✐st❡ s✐♠♣❧❡♠❡♥t❡ ❡♥ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❊❝✳ ✭✸✳✹✻✮ ♣❛r❛ ❡❧ ❝❛s♦ ♥♦

✉♥✐❢♦r♠❡✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❬❊❝✳ ✭✸✳✻✮❪✿

FLDA =

ˆ

ρ(r)f(ρr)dr. ✭✸✳✹✼✮

❊st❛ ❛♣r♦①✐♠❛❝✐ó♥ s❡ ♣✉❡❞❡ ❥✉st✐✜❝❛r s✐ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ✢✉✐❞♦ q✉❡ ♣r❡s❡♥t❛ ✈❛r✐❛❝✐♦♥❡s ❡s♣❛❝✐❛❧❡s ♠✉② s✉❛✈❡s

❞❡ ❧❛ ❞❡♥s✐❞❛❞✳ ❉❡ ❛❧❣✉♥❛ ♠❛♥❡r❛ ❡s ❝♦♠♦ tr❛t❛r ❛❧ ✢✉✐❞♦ ♥♦ ❤♦♠♦❣é♥❡♦ ❝♦♠♦ tr♦③♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ✢✉✐❞♦

❤♦♠♦❣é♥❡♦✳

❙✉ ✈❛❧✐❞❡③ ❡♥ s✐st❡♠❛s ❝❧ás✐❝♦s ❡s ♠✉② ❧✐♠✐t❛❞❛ ✭♥♦ ❛sí ❡♥ s✐st❡♠❛s ❝✉á♥t✐❝♦s✱ ❞♦♥❞❡ ❡❧ ♠❡♥♦r ❛❧❝❛♥❝❡ ❞❡ ❧❛s

❝♦rr❡❧❛❝✐♦♥❡s ❧❛ ❝♦♥✈✐❡rt❡ ❡♥ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ r❛③♦♥❛❜❧❡♠❡♥t❡ ❜✉❡♥❛ ❡♥ ♠✉❝❤❛s s✐t✉❛❝✐♦♥❡s✮✳

▲❛ ❢♦r♠✉❧❛❝✐ó♥ ▲❉❆ ❡s ❡①❛❝t❛ ♣❛r❛ ❡❧ ❣❛s ✐❞❡❛❧✱ ❞❡ ❤❡❝❤♦ ❡s ❡❧ ú♥✐❝♦ s✐st❡♠❛ q✉❡ s❡ ❞❡s❝r✐❜❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❝♦♥

❡st❛ ❛♣r♦①✐♠❛❝✐ó♥✳ P❛r❛ ❝♦rr♦❜♦r❛r ❡st♦ ❜❛st❛ ❝♦♥ ✐♥tr♦❞✉❝✐r ❧❛ ❊❝✳ ✭✸✳✹✼✮ ❡♥ ❧❛ ❊❝✳ ✭✸✳✹✺✮✳ ❊❧ r❡s✉❧t❛❞♦ ❡s✿

c(2)(r) ≈ δ(r). ✭✸✳✹✽✮

❊s ❞❡❝✐r ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ♥♦ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡❧ ♣✉♥t♦✱ ❞❡s♣r❡❝✐❛♥❞♦ ♣♦r ❧♦ t❛♥t♦

❧♦s ❡❢❡❝t♦s ❞❡ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s✳

❊❧ ♠♦❞❡❧♦ ▲❉❆ s❡ ♣✉❡❞❡ ♠❡❥♦r❛r ❝♦♥ ✉♥ ❞❡s❛rr♦❧❧♦ ❡♥ ❣r❛❞✐❡♥t❡s ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭❢♦r♠❛❧✐s♠♦ ❞❡♥♦♠✐♥❛❞♦ ✏❙●❆✑✮

❘❡❡s❝r✐❜✐❡♥❞♦ ❧❛ ❊❝✳ ✭✸✳✹✼✮ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ✉♥✐❞❛❞ ❞❡ ✈♦❧✉♠❡♥✿

f(ρ(r)) = ρ(r)ψ(ρ(r)), ✭✸✳✹✾✮

② tr✉♥❝❛♥❞♦ ❡st❡ ❞❡s❛rr♦❧❧♦ ❡♥ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ❬✸✺❪✳ ❘❡s✉❧t❛ ❡♥t♦♥❝❡s✿

FSGA[ρ] =

ˆ

dr
[

f(ρ(r)) + f2(ρ(r))(∇ρ(r))2 + .........
]

, ✭✸✳✺✵✮

❞♦♥❞❡ f(ρ(r))✱ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡❧ s✐st❡♠❛ ✉♥✐❢♦r♠❡ ② ❡❧ t❡r♠✐♥♦ f2(ρ(r)) ✭② ❧♦s s✉❝❡s✐✈♦s tér♠✐♥♦s✱

❡♥ ❝❛s♦ ❞❡ ❝♦♥t✐♥✉❛r ❧❛ ❡①♣❛♥s✐ó♥✮ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❡s♣❛❝✐❛❧❡s ❞❡ ❧❛ ❞❡♥s✐❞❛❞✳

P❛r❛ ♦❜t❡♥❡r ❧❛ ❡①♣r❡s✐ó♥ ❞❡ f2(ρ(r)) t❡♥❡♠♦s q✉❡ ✐♠♣♦♥❡r ❛❧❣✉♥❛ ❝♦♥❞✐❝✐ó♥ ❛❞✐❝✐♦♥❛❧ ❛ ♥✉❡str♦ ❢✉♥❝✐♦♥❛❧✱ ❝♦♠♦

♣♦r ❡❥❡♠♣❧♦ q✉❡ r❡♣r♦❞✉③❝❛ ❧❛ r❡s♣✉❡st❛ ❧✐♥❡❛❧ ❡s♣❡r❛❞❛ ❝✉❛♥❞♦ ♣❡rt✉r❜❛♠♦s ❡❧ s✐st❡♠❛✳ ▲❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙●❆

❡s ✈á❧✐❞❛ ✐♥❝❧✉s♦ ❡♥ s✐t✉❛❝✐♦♥❡s ❞♦♥❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✈❛rí❛ ❢✉❡rt❡♠❡♥t❡✱ ♣❡r♦ ❝♦♥ ❧❛ ❡str✐❝t❛ r❡str✐❝❝✐ó♥ ❞❡ q✉❡ ❞✐❝❤♦

❝❛♠❜✐♦ ❤❛ ❞❡ ♣r♦❞✉❝✐rs❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ ❞✐st❛♥❝✐❛ ♠✉② ❣r❛♥❞❡ ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❛❧ r❛♥❣♦ ❞❡ ✈❛r✐❛❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧

✐♥t❡r♠♦❧❡❝✉❧❛r✳ ❊♥ ❧❛ ♣rá❝t✐❝❛ ❡st❛ r❡str✐❝❝✐ó♥ ❧✐♠✐t❛ ♠✉❝❤♦ ❡❧ ✉s♦ ❞❡ ❙●❆✱ s✐ ❜✐❡♥ s❡ ❤❛ ✉s❛❞♦ ❝♦♥ é①✐t♦ ♣❛r❛ ❞❡s❝r✐❜✐r

❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❝❡r❝❛ ❞❡ ✉♥ ♣✉♥t♦ ❝rít✐❝♦✱ ♣r♦❜❧❡♠❛s ❝♦♥ ✐♥t❡r❢❛s❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦

❡♥ ♠❡③❝❧❛s✱ ♣r♦❜❧❡♠❛s ❞❡ ♠♦❥❛❞♦✱ ❡t❝✳

▲❛s t❡♦rí❛s ♥♦ ❧♦❝❛❧❡s ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭◆▲❉❋❚✮✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛s ❧♦❝❛❧❡s✱ t✐❡♥❡♥ ❡♥ ❝✉❡♥t❛ ❧❛s

❝♦rr❡❧❛❝✐♦♥❡s ♠♦❧❡❝✉❧❛r❡s ❞❡ ❝♦rt♦ r❛♥❣♦ ② ❡♥t♦♥❝❡s ♣r♦✈❡❡♥ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ✐♠♣r❡s❝✐♥❞✐❜❧❡ ♣❛r❛ ❡st✉❞✐❛r s✐st❡♠❛s

✐♥❤♦♠♦❣é♥❡♦s ❝♦♥ ❢✉❡rt❡s ✈❛r✐❛❝✐♦♥❡s ❡♥ ❡❧ ♣❡r✜❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✳ ❊st♦s ♣r♦❜❧❡♠❛s ❛♣❛r❡❝❡♥ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❡❧

❡st✉❞✐♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ✢✉✐❞♦s s✐♠♣❧❡s s♦❜r❡ s✉str❛t♦s só❧✐❞♦s✳ ▲♦s ♠ét♦❞♦s ❞❡r✐✈❛❞♦s ❞❡ ◆▲❉❋❚ ❞❡s❝r✐❜❡♥

❛♣r♦♣✐❛❞❛♠❡♥t❡ ❢❡♥ó♠❡♥♦s t❛❧❡s ❝♦♠♦ tr❛♥s✐❝✐♦♥❡s ❞❡ ❢❛s❡✱ ❝♦♥❞❡♥s❛❝✐ó♥ ❝❛♣✐❧❛r✱ ❢❡♥ó♠❡♥♦s ❞❡ ♠♦❥❛❞♦ ❡t❝✳

▲♦s ❢♦r♠❛❧✐s♠♦s ♥♦ ❧♦❝❛❧❡s ❞❛♥ ❝✉❡♥t❛ t❛♠❜✐é♥ ❞❡ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❡❧ ♣❡r✜❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❝✉❛♥❞♦

❡❧ ✢✉✐❞♦ s❡ ❛❞s♦r❜❡ s♦❜r❡ ✉♥❛ ♣❛r❡❞✱ r❡s✉❧t❛❞♦ ❡✈✐❞❡♥❝✐❛❞♦ t❛♥t♦ ❡♥ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡❝❛r❧♦ ❝♦♠♦ ❞❡ ❉✐♥á♠✐❝❛

▼♦❧❡❝✉❧❛r✱ q✉❡ ❡st❛ ❛✉s❡♥t❡ ❡♥ ❧♦s ❝á❧❝✉❧♦s ❧❧❡✈❛❞♦s ❛❞❡❧❛♥t❡ ♠❡❞✐❛♥t❡ ❧♦s ❢♦r♠❛❧✐s♠♦s ❧♦❝❛❧❡s✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ◆▲❉❋❚ s❡ ❞❡st❛❝❛♥ ❞♦s ❢♦r♠✉❧❛❝✐♦♥❡s✿ ✉♥❛ ❞❡ ❡❧❧❛s ❞❡❜✐❞❛ ❛ ❚❛r❛③♦♥❛✱ ❊✈❛♥s ② ❍❡♥❞❡rs♦♥✱ ❧❛

q✉❡ ❤❡♠♦s ❞❡♥♦♠✐♥❛❞♦ ✏❙❉❆✑ ✭s♠♦♦t❤❡❞ ❞❡♥s✐t② ❛♣♣r♦①✐♠❛t✐♦♥✮ ✉t✐❧✐③❛ ✉♥ ❝❛♠♣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♣r♦♠❡❞✐❛❞♦ ❝♦♥

✸✵



❝✐❡rt♦s ❢❛❝t♦r❡s ❞❡ ♣❡s♦ q✉❡ ❝♦♥st✐t✉②❡♥ ♣❛rá♠❡tr♦s ❧✐❜r❡s ❞❡ ❧❛ t❡♦rí❛ ✳

❊❧ ♦tr♦ ❢♦r♠❛❧✐s♠♦✱ ❞❡♥♦♠✐♥❛❞♦ ❚❡♦rí❛ ❞❡ ❧❛s ▼❡❞✐❞❛s ❋✉♥❞❛♠❡♥t❛❧❡s ✭❋▼❚✮ ❞❡s❛rr♦❧❧❛❞♦ ♣♦r ❘♦s❡♥❢❡❧❞✱ ❑✐❡r❧✐❦

② ❘♦s✐♥❜❡r❣✱ ♥♦ ❝♦♥t✐❡♥❡ ♣❛rá♠❡tr♦s ❧✐❜r❡s✳

❖tr❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s r❡❢❡r✐❞❛s ❛ ❧♦s ❢♦r♠❛❧✐s♠♦s ▲❉❆ ② ❙❉❆ s♦♥ ❧❛s s✐❣✉✐❡♥t❡s ❬✷✸❪✿

✐✲❈✉❛♥❞♦ s❡ ❡st✉❞✐❛♥ tr❛♥s✐❝✐♦♥❡s ❞❡ ♠♦❥❛❞♦ ✭✇❡tt✐♥❣✮✱ ❧❛s t❡♦rí❛s ❧♦❝❛❧❡s ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛ ❙❉❆✱ s♦❜r❡❡st✐♠❛♥ ❡❧

á♥❣✉❧♦ ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❧❛ ♣❛r❡❞ ② ❡❧ ✢✉✐❞♦ ❡♥ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧✳

✐✐✲❊♥ ❝♦♥tr❛st❡ ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡ ▲❉❆ ❡st❡ ❢♦r♠❛❧✐s♠♦ ❞❡s❝r✐❜❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲❣❛s✱ ❡♥

s✐st❡♠❛s ✢✉✐❞♦s ❜✐❞✐♠❡♥s✐♦♥❛❧❡s ❝♦♥✜♥❛❞♦s ❡♥ ♣♦r♦s ♠✉② ❡str❡❝❤♦s ❛ t❡♠♣❡r❛t✉r❛s ✐♥❢❡r✐♦r❡s ❛ ❧❛ ❝rít✐❝❛✳

✐✐✐✲P♦r ♦tr♦ ❧❛❞♦✱ ❝✉❛♥❞♦ s❡ ❡st✉❞✐❛ ❧❛ tr❛♥s✐❝✐ó♥ ❝❛♣✐❧❛r ❞❡ ✢✉✐❞♦s ❝♦♥✜♥❛❞♦s ❡♥tr❡ ♣❛r❡❞❡s✱ tr❛♥s✐❝✐ó♥ ❞♦♥❞❡ s❡

♣❛s❛ ❞❡ ✉♥ ❧íq✉✐❞♦ ❞❡♥s♦ ❛ ✉♥ ❣❛s ❞✐❧✉✐❞♦ ❛ ♣r❡s✐♦♥❡s ♠❛②♦r❡s ❛ ❧❛ ❞❡ s❛t✉r❛❝✐ó♥✱ ❧❛s ❧í♥❡❛s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❝❛♣✐❧❛r

❝❛❧❝✉❧❛❞❛s ♠❡❞✐❛♥t❡ ▲❉❆ ♥♦ ❞✐✜❡r❡♥ ❞❡♠❛s✐❛❞♦ ❞❡ ❧❛s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ ❝❛❧❝✉❧♦ ❞❡ ❙❉❆✳ ❊st♦ s✉❣✐❡r❡ q✉❡ ❧❛s

❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡ ♥♦ s♦♥ ✱ ❡♥ ❡st❡ ❝❛s♦✱ ✐♠♣♦rt❛♥t❡s✳

✐✈✲P❛r❛ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧✱ ❧❛ ♣r❡s✐ó♥ ❞❡ ❝♦♥❞❡♥s❛❝✐ó♥ ♦❜t❡♥✐❞❛ ♠❡❞✐❛♥t❡ ❙❉❆ ❡st❛ ❡♥ ❜✉❡♥ ❛❝✉❡r❞♦

❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s q✉❡ ❤❛❝❡ ❧❛ ❧❡② ❞❡ ▲❛♣❧❛❝❡ ♦ ❑❡❧✈✐♥ ♣❛r❛ ❛❞s♦r❝✐ó♥ ❡♥ ♣♦r♦s ❡str❡❝❤♦s ✭❝♦♥ r❛❞✐♦s s✉♣❡r✐♦r❡s ❛

❧♦s ❝✐♥❝♦ ❞✐á♠❡tr♦s ♠♦❧❡❝✉❧❛r❡s✮ ♦ ♣❛r❡❞❡s ❞✐st❛♥❝✐❛❞❛s ❡♥ ✉♥♦s ♣♦❝♦s ❞✐á♠❡tr♦s ♠♦❧❡❝✉❧❛r❡s✳

❊♥ ❡st❡ tr❛❜❛❥♦ ✉t✐❧✐③❛♠♦s ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❡❧ ♠♦❞❡❧♦ ❋▼❚ ❛✉♥q✉❡ ♣r❡s❡♥t❛♠♦s ✉♥❛ ❜r❡✈❡ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❛♠❜♦s

❢♦r♠❛❧✐s♠♦s✳

✸✳✸✳✶✳ ❋♦r♠❛❧✐s♠♦ ❞❡ ❚❛r❛③♦♥❛✲❊✈❛♥s✲❍❡♥❞❡rs♦♥

❊❧ tr❛t❛♠✐❡♥t♦ ❞❡ s✐st❡♠❛s ♥♦ ❤♦♠♦❣é♥❡♦s ❝♦♥❧❧❡✈❛✱ ❝♦♥ ❧♦s ❛♥t❡r✐♦r❡s ♠ét♦❞♦s✱ ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ f(ρr) ❬❊❝✳ ✭✸✳✹✾✮❪

❡♥ s✐t✉❛❝✐♦♥❡s ❞♦♥❞❡ ρ t♦♠❛ ✈❛❧♦r❡s ♠✉② ❛❧t♦s✳ ❊♥ t❛❧❡s ❝✐r❝✉♥st❛♥❝✐❛s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ✉♥✐❢♦r♠❡

s❡rá ♣r❡s✉♠✐❜❧❡♠❡♥t❡ ♠✉② ❞✐❢❡r❡♥t❡ ❛❧ q✉❡ ♣r❡s❡♥t❛r❛ ❡❧ s✐st❡♠❛ r❡❛❧✳ ❯♥ ❡❥❡♠♣❧♦ ❞❡ ❡st♦ ú❧t✐♠♦ ❧♦ ❝♦♥st✐t✉②❡ ❡❧

❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✳ ❊♥ ❡st❡ ❝❛s♦ ♥♦ ♣♦❞rí❛♠♦s tr❛t❛r s✐t✉❛❝✐♦♥❡s ❡♥ ❞♦♥❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❧♦❝❛❧ s✉♣❡r❡

❡❧ ❧í♠✐t❡ ❞❡ ❡♠♣❛q✉❡t❛♠✐❡♥t♦ ♠á①✐♠♦✳

▲♦s ❢✉♥❝✐♦♥❛❧❡s ❝❛♣❛❝❡s ❞❡ tr❛t❛r ❞✐❝❤♦s s✐st❡♠❛s s❡ ❞❡s❛rr♦❧❧❛r♦♥ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❧❛ ❞é❝❛❞❛ ❞❡ ❧♦s ✽✵ ✭❘❡❢s✳

❬✹✽✱ ✷✷✱ ✺✵❪ ✮✳ ❙❡ ✉t✐❧✐③❛r♦♥ ♣❛r❛ ❡❧❧♦ té❝♥✐❝❛s ❝♦♠♦ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ❡①❝❡s♦ ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ✭Fexc[ρ]✮ ❛❧r❡❞❡❞♦r ❞❡

❧❛ ❞❡♥s✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ✉♥✐❢♦r♠❡✱ ❡❧ ❞❡s❛rr♦❧❧♦ ♣❡rt✉r❜❛t✐✈♦ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ✢✉✐❞♦ ❞❡ r❡❢❡r❡♥❝✐❛ ❜✐❡♥ ❝♦♥♦❝✐❞♦ ❡t❝✳

❙✐❣✉✐❡♥❞♦ ❧❛s ✐❞❡❛s ❞❡ ◆♦r❞❤♦❧♠ ❬✺✶❪✱ ❚❛r❛③♦♥❛ ♣r♦♣✉s♦ ✐♥tr♦❞✉❝✐r ❝♦rr❡❝❝✐♦♥❡s ♥♦ ❧♦❝❛❧❡s ❛❧ ❢✉♥❝✐♦♥❛❧ ♠❡❞✐❛♥t❡ ❡❧

✉s♦ ❞❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ ♣❡s❛❞❛ ✭❝♦❛rs❡ ❣r❛✐♥❡❞✮ ρ̄(r) q✉❡ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♥♦ ❧♦❝❛❧ ❞❡ ρ(r)✱ ❡♥ ❝❛❞❛ ♣✉♥t♦

r ❞❡❧ s✐st❡♠❛ ✢✉✐❞♦✳ ❙❡ ♣✉❡❞❡ ✐♠❛❣✐♥❛r ❛ ρ̄(r) ❝♦♠♦ s✐ ❢✉❡r❛ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ❞❡♥s✐❞❛❞ ♣r♦♠❡❞✐❛❞❛ ❡♥ ✉♥ ✈♦❧✉♠❡♥

r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡❧ ❛❧❝❛♥❝❡ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s✳ ▲♦s ♣✐❝♦s ❡♥ ❧❛ ❞❡♥s✐❞❛❞ ❧♦❝❛❧✱ s♦♥ s✉❛✈✐③❛❞♦s ❡♥ ρ̄(r) ② ♥♦ s❡ ❝♦rr❡

❡❧ r✐❡s❣♦ ❞❡ ❡✈❛❧✉❛r ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❡♥ ♣✉♥t♦s ❞♦♥❞❡ ❡❧ ❡♠♣❛q✉❡t❛♠✐❡♥t♦ ❛❧❝❛♥③❛ ✈❛❧♦r❡s ❝❛r❡♥t❡s ❞❡ s❡♥t✐❞♦ ❢ís✐❝♦✳

❊♥ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❡①❝❡s♦✱ ❧✐❣❛❞❛ ❝♦♥ ❧❛s ❡s❢❡r❛s ❞✉r❛s✱ s❡ ❡s❝r✐❜❡ ❝♦♠♦✿

Fexc−HS [ρ] =

ˆ

drρ(r)△fHS [ρ̄(r)], ✭✸✳✺✶✮

❞♦♥❞❡ △fHS ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ s✐st❡♠❛ ✉♥✐❢♦r♠❡✳ P❛r❛ ❡❧

s✐st❡♠❛ ❞❡ ❡s❢❡r❛s ❞✉r❛s ❞❡ ❞✐á♠❡tr♦ σ ♣♦❞❡♠♦s ✉s❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ❈❛r♥❛❤❛♠✲❙t❛r❧✐♥❣ ❬✷✶❪✳

P❛r❛ ♣♦❞❡r ♦♣❡r❛r ❝♦♥ ❧❛ ❊❝✳ ✭✸✳✺✶✮ ❡s ♥❡❝❡s❛r✐❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ρ̄(r)✳ ❯♥❛ ♣♦s✐❜✐❧✐❞❛❞ ❡s ✭❘❡❢s✳ ❬✹✾✱ ✺✷❪✮✳

ρ̄(r) =

ˆ

d3r′ρ(r′)w (|r− r
′|) , ✭✸✳✺✷✮

❞♦♥❞❡ w(r) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♣❡s♦✳

✸✶



P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦ s❡ ✐♠♣♦♥❡♥ ❞♦s ❝♦♥❞✐❝✐♦♥❡s✿

✐✲▲❛ ❢✉♥❝✐ó♥ ❞❡ ♣❡s♦ ❞❡❜❡ ❡st❛r ♥♦r♠❛❧✐③❛❞❛

✐✐✲❊❧ ❢✉♥❝✐♦♥❛❧ ❞❡❜❡ r❡❝✉♣❡r❛r✱ ❞❡ ❢♦r♠❛ r❛③♦♥❛❜❧❡✱ ❡❧ ❧í♠✐t❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ✢✉✐❞♦ ✉♥✐❢♦r♠❡✳

❊s ❞❡❝✐r✱ ❡♥ ❧❛ ♠❛♥❡r❛ ❞❡ ❧♦ ♣♦s✐❜❧❡✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛ q✉❡ r❡s✉❧t❛ ❞❡ ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❢✉♥❝✐♦♥❛❧

❬❊❝✳ ✸✳✹✺❪ ❤❛ ❞❡ ❡st❛r ❡♥ ❜✉❡♥ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ❬✸✸❪✱ q✉❡ ❝♦♥st✐t✉②❡ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥

r❡❢❡r❡♥t❡ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❧íq✉✐❞♦s ❤♦♠♦❣é♥❡♦s✳

▲❛ ❡❧❡❝❝✐ó♥ ♠ás s❡♥❝✐❧❧❛ ♣♦s✐❜❧❡ ♣❛r❛ w(r) ❡s ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧ó♥✿

w(r) =







3
4πσ

−3 r < σ

0 r > σ
. ✭✸✳✺✸✮

❊st❛ ❡❧❡❝❝✐ó♥ r❡♣r♦❞✉❝❡ ✉♥❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛✱ ❝♦♠♦ ❧❛ ❞✐s❝♦♥t✐♥✉✐❞❛❞

❡♥ r = σ✱ ♣❡r♦ s♦❜r❡st✐♠❛ ❡❧ ❛❧❝❛♥❝❡ ❞❡ ❧❛ ♠✐s♠❛✳ ❆✉♥ ❛sí✱ s❡ ♦❜t✐❡♥❡ ✉♥ ❢✉♥❝✐♦♥❛❧ q✉❡ ♣r♦♣♦r❝✐♦♥❛ r❡s✉❧t❛❞♦s

❝✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❜✉❡♥♦s ❡♥ ♣r♦❜❧❡♠❛s ❞♦♥❞❡ s❡ ❡st✉❞✐❛♥ ✐♥t❡r❢❛s❡s ❡♥tr❡ ✢✉✐❞♦s ❞❡ ❡s❢❡r❛s ❞✉r❛s ② ✉♥❛ ♣❛r❡❞ ❞✉r❛

♦ tr❛♥s✐❝✐♦♥❡s ✢✉✐❞♦✲só❧✐❞♦ ❬✹✾✱ ✺✷❪✳

❚❛r❛③♦♥❛ ❬✷✷❪✱ ♣r♦♣✉s♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ♣❡s♦ ❝♦♥ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥ ❧❛ ❞❡♥s✐❞❛❞ ♣❛r❛ ♠❡❥♦r❛r ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡

❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛ c(r) q✉❡ s❡ ❞❡s♣r❡♥❞❡ ❞❡❧ ❢✉♥❝✐♦♥❛❧✳ ❈♦♥ ❡st❛ ♥✉❡✈❛ ❢✉♥❝✐ó♥ ❧❛ ❞❡♥s✐❞❛❞ ♣❡s❛❞❛

r❡s✉❧t❛✿

ρ̄(r) =

ˆ

d3r′ρ(r′)w (|r− r
′| ; ρ̄(r)) . ✭✸✳✺✹✮

❊st❛ ♥✉❡✈❛ ❞❡✜♥✐❝✐ó♥ ✐♥tr♦❞✉❝❡✱ ❛❧ ❤❛❝❡r ❧❛ ❞❡r✐✈❛❞❛ ❢✉♥❝✐♦♥❛❧✱ ♥✉❡✈♦s tér♠✐♥♦s ❡♥ c(r) ② ♣♦r t❛♥t♦ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r

✉♥ ♣❡s♦ q✉❡ r❡♣r♦❞✉③❝❛ ♠❡❥♦r ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ✈♦❧✉♠❡♥✳

❙❡ ❛s✉♠❡ q✉❡ w(r, ρ) s❡ ♣✉❡❞❡ ❞❡s❛rr♦❧❧❛r ❡♥ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❞❡ ❧❛ ❞❡♥s✐❞❛❞✿

w(r; ρ) = w0(r) + w1(r)ρ+ w2(r)ρ
2 + ....... . ✭✸✳✺✺✮

▲❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♥♦r♠❛❧✐③❛❝✐ó♥ s♦❜r❡ w(r, ρ) ✐♠♣❧✐❝❛ ♥❡❝❡s❛r✐❛♠❡♥t❡✿

ˆ

drwi(r) =







1 i = 0

0 i = 1, 2, ...
. ✭✸✳✺✻✮

❯s❛♥❞♦ ❡❧ ❞❡s❛rr♦❧❧♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ w(r) ❞❛❞♦ ♣♦r ❧❛ ❊❝✳ ✭✸✳✺✺✮ ② ❞✐❢❡r❡♥❝✐❛♥❞♦ ❡❧ ❢✉♥❝✐♦♥❛❧ s❡❣ú♥

❧❛ ❊❝✳ ✭✸✳✹✺✮ s❡ ♦❜t✐❡♥❡ ✉♥ ❞❡s❛rr♦❧❧♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛✳ P♦❞❡♠♦s

❝♦♠♣❛r❛r ❞✐❝❤♦ ❞❡s❛rr♦❧❧♦ ❝♦♥ ❡❧ q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ ✉♥❛ ❡①♣❛♥s✐ó♥ ❞❡❧ ✈✐r✐❛❧ ❞❡ c(r) ② ❞❡ ❡s❛ ❢♦r♠❛ r❡❝❛❜❛r ❧❛

✐♥❢♦r♠❛❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦ wi✳

❉❡ ❡st❛ ♠❛♥❡r❛ w0(r) ❡s ❞❡ ♥✉❡✈♦ ❧❛ ❢✉♥❝✐ó♥ ❡s❝❛❧ó♥ ❞❛❞❛ ♣♦r ❧❛ ❊❝✳ ✭✸✳✺✸✮ ② ♣❛r❛ w1(r) s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡❝✉❛❝✐ó♥

✐♥t❡❣r❛❧ q✉❡ ❤❛ ❞❡ r❡s♦❧✈❡rs❡ ♥✉♠ér✐❝❛♠❡♥t❡✳

P❛r❛ ❡❧ r❡st♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s wi, i ≥ 2 s❡ ♥❡❝❡s✐t❛♥ t❛♠❜✐é♥ ❧♦s tér♠✐♥♦s ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ △fHS(ρ)✳

◆ót❡s❡ q✉❡ ❡♥ ❡st❡ ♣✉♥t♦ ❤❛② ✉♥❛ ♣❡q✉❡ñ❛ ✐♥❝♦♥s✐st❡♥❝✐❛✿ ♣♦r ✉♥ ❧❛❞♦ s❡ ✉t✐❧✐③❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ❈❛r♥❛❤❛♠✲

❙t❛r❧✐♥❣ ② ♣♦r ♦tr♦ s❡ ♣r❡t❡♥❞❡ r❡❝✉♣❡r❛r ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛s

❝♦rr❡❧❛❝✐♦♥❡s ② ❧❛ ❡♥❡r❣í❛ ❞❡ ❡①❝❡s♦ ♣♦r ♣❛rtí❝✉❧❛✱ ❡stá♥ r❡❧❛❝✐♦♥❛❞❛s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ✈♦❧✉♠❡♥ ❞❡ ❧❛ c(r)✳

❉❡❜✐❞♦ ❛ ❡st❛ ✐♥❝♦♥s✐st❡♥❝✐❛ ♥♦ ❡s ♣♦s✐❜❧❡ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ tér♠✐♥♦ ❛ tér♠✐♥♦ ❞❡ wi ♣❛r❛ i ≥ 2✳ ❯♥❛ ❛❧t❡r♥❛t✐✈❛

♣❛r❛ ❧♦❣r❛r ❝♦♥s✐st❡♥❝✐❛✱ ❡s tr✉♥❝❛r ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❊❝✳ ✭✸✳✺✺✮ ❡♥ i = 2✱ r❡❛❧✐③❛♥❞♦ ✉♥ ❛❥✉st❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡

✸✷



♣❡s♦ w2(r)✱ ♣❛r❛ q✉❡ s❡ ♦❜t❡♥❣❛ ✉♥❛ ❜✉❡♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ c(r) ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ✭s✐ s❡ tr✉♥❝❛ ❡❧

❞❡s❛rr♦❧❧♦ ❡♥ i = 1 ú♥✐❝❛♠❡♥t❡ s❡ r❡♣r♦❞✉❝❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ c(r) ❡♥ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♣❡q✉❡ñ♦✮✳ ❙✐♥

s❡❣✉✐r ✐♥❝✉rs✐♦♥❛♥❞♦ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ♠ét♦❞♦✱ tr❛♥s❝r✐❜✐♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ♣❛r❛

❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦

w0(r) =







3
4πσ3 r < σ

0 r > σ
, ✭✸✳✺✼✮

w1(r) =



















0,475− 0,648
(

r
σ

)

+ 0,113
(

r
σ

)2
r < σ

0,288
(

σ
r

)

− 0,924 + 0,764
(

r
σ

)

− 0,187
(

r
σ

)2
σ < r < 2σ

0 r > 2σ

, ✭✸✳✺✽✮

w2(r) =



















5πσ3

144 (6− 12)
(

r
σ

)

+ 0,113
(

r
σ

)2
r < σ

0,288
(

σ
r

)

− 0,924 + 0,764
(

r
σ

)

− 0,187
(

r
σ

)2
σ < r < 2σ

0 r > 2σ

. ✭✸✳✺✾✮

▲✉❡❣♦✱ ❝♦♥ ❧❛ ρ̄(r) ❛sí ❝♦♥str✉✐❞❛✱ s❡ r❡❝✉♣❡r❛ ❧❛ c(r) ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ❡♥ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♠✉② ❛♠♣❧✐♦✳ ❊❧

❢✉♥❝✐♦♥❛❧ q✉❡ s❡ ♦❜t✐❡♥❡ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❉❆✱ ❝♦♥str✉✐❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛✱ ❡s ❝❛♣❛③ ❞❡ ❞❡s❝r✐❜✐r s❛t✐s❢❛❝t♦r✐❛♠❡♥t❡

s✐t✉❛❝✐♦♥❡s ❡s♣❛❝✐❛❧♠❡♥t❡ ♠✉② ✐♥❤♦♠♦❣é♥❡❛s ❝♦♠♦ ❧❛s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ♣r♦❜❧❡♠❛s ❞❡ só❧✐❞♦s ❞❡ ❡s❢❡r❛s ❞✉r❛s ♦ ❞❡

✐♥t❡r❢❛s❡s ❡♥tr❡ ❡s❢❡r❛s ❞✉r❛s ② ♣❛r❡❞❡s ❞✉r❛s ❬✷✷❪✳

❊①✐st❡♥ ♦tr❛s t❡♦rí❛s ❞♦♥❞❡ s❡ tr❛❜❛❥❛ ❝♦♥ ❞❡♥s✐❞❛❞❡s ♣r♦♠❡❞✐❛❞❛s✱ ♣♦❞❡♠♦s ❝✐t❛r ❛❧ r❡s♣❡❝t♦ ❧❛ t❡♦rí❛ ❞❡ ❈✉rt✐♥ ②

❆s❤❝r♦❢t ❬✺✸❪✳ ❊♥ ❡st❛ ❢♦r♠✉❧❛❝✐ó♥ ❡♥ ❧✉❣❛r ❞❡ ❤❛❝❡r ✉♥❛ ❡①♣❛♥s✐ó♥ ❡♥ ❞❡♥s✐❞❛❞ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦✱

❡st❛s s❡ ❝❛❧❝✉❧❛♥ ♥✉♠ér✐❝❛♠❡♥t❡ ♣❛r❛ q✉❡ ❡❧ ❢✉♥❝✐♦♥❛❧ r❡❝✉♣❡r❡ ❧❛ ❝♦rr❡❧❛❝✐ó♥ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡

❞❡♥s✐❞❛❞❡s✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ ❡❧ ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡s ♠✉❝❤♦ ♠❛②♦r✳

❚❛♠❜✐é♥ ♠❡r❡❝❡♥ ✉♥❛ ♠❡♥❝✐ó♥ ❧❛s t❡♦rí❛s ❙❉❆ ❜❛s❛❞❛s ❡♥ ✉♥ ♣❡s♦ q✉❡ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ♣♦s✐❝✐ó♥✱ ♣♦r ❡❥❡♠♣❧♦

❧❛ ▼❙❉❆ ✭♦ ▼❲❉❆✮ ❞❡ ❉❡♥t♦♥ ② ❆s❤❝r♦❢t ❬✺✹❪✱ ♦ ❧❛ ●❊▲❆ ❞❡ ▲✉ts❦♦ ② ❇❛✉s ❬✺✺❪✳

▲❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❡s ♠ás s❡♥❝✐❧❧❛ ❛ ❝♦st❛ ❞❡ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ♠ás r✉❞✐♠❡♥t❛r✐❛ ❞❡❧ s✐st❡♠❛✳

✸✳✸✳✷✳ ❚❡♦rí❛ ❞❡ ❧❛s ▼❡❞✐❞❛s ❋✉♥❞❛♠❡♥t❛❧❡s ✭❋▼❚✮

❊♥ ❧❛ ú❧t✐♠❛ ❞é❝❛❞❛ ❞❡❧ s✐❣❧♦ ❳❳✱ ❘♦s❡♥❢❡❧❞ ♣r♦♣✉s♦ ❧♦ q✉❡ ❞❡♥♦♠✐♥♦ ✏❚❡♦rí❛ ❞❡ ❧❛s ▼❡❞✐❞❛s ❋✉♥❞❛♠❡♥t❛❧❡s✑

✭❋▼❚✮ ② ❡♥ ❜❛s❡ ❛ ❡❧❧❛ ♦❜t✉✈♦ ✉♥ ♥✉❡✈♦ t✐♣♦ ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❬✷✹✱ ✺✻✱ ✷✺❪✳ ❊st♦s ❢✉♥❝✐♦♥❛❧❡s s♦♥ ❡s♣❡❝í✜❝♦s ♣❛r❛

❝✉❡r♣♦s ❞✉r♦s ✭❞✐s❝♦s✱ ❡s❢❡r❛s✱ ❝✐❧✐♥❞r♦s ❡t❝✮ ② t✐❡♥❡♥ ✉♥❛ ❡str✉❝t✉r❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❛ ❧♦s ❞❡r✐✈❛❞♦s ❞❡

❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❉❆✱ ❜❛s❛❞❛ ❡♥ ❧❛ ❣❡♦♠❡trí❛ ♠♦❧❡❝✉❧❛r ❡♥ ❧✉❣❛r ❞❡❧ ✈♦❧✉♠❡♥ ❡①❝❧✉✐❞♦ ❡♥tr❡ ❞♦s ♣❛rtí❝✉❧❛s✳ ❊st❛

t❡♦rí❛ ❢✉❡ ❞❡s❛rr♦❧❧❛❞❛ ❡♥ ♣r✐♥❝✐♣✐♦ ♣❛r❛ tr❛t❛r ♣r♦❜❧❡♠❛s ❞❡ ♠❡③❝❧❛s ❞❡ ✢✉✐❞♦s✳

❊♥ s✉ ❢♦r♠✉❧❛❝✐ó♥ ♦r✐❣✐♥❛❧✱ ❧❛ ❡♥❡r❣í❛ ❞❡ ❡①❝❡s♦ ♣❛r❛ ✉♥❛ ♠❡③❝❧❛ ❞❡ ❡s❢❡r❛s ❞✉r❛s s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦✿

Fexc−HS [ρi(r)]

kBT
=

ˆ

dr′△fHS [nα(r
′)] , ✭✸✳✻✵✮

❞♦♥❞❡ ρi ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ❡s♣❡❝✐❡ i ② △fHS s❡ ❡s❝r✐❜❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ ❧❛s nα✱ q✉❡ ❝♦♥st✐t✉②❡♥ ♣r♦♠❡❞✐♦s ❞❡ ❧❛s

♠❡❞✐❞❛s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ✭r❛❞✐♦✱ s❡❝❝✐ó♥✱ ✈♦❧✉♠❡♥ ❡t❝✮✿

nα(r
′) =

∑

i

ˆ

dr′ρi(r
′)ω

(α)
i ✭r− r

′✮✳ ✭✸✳✻✶✮

✸✸



▲❛s ❢✉♥❝✐♦♥❡s ♣❡s♦ ω(α)
i ❡stá♥ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♥st✐t✉②❡♥ ❡❧ ✢✉✐❞♦ ✭át♦♠♦s ♦

♠♦❧é❝✉❧❛s✮ ② s♦♥ ❡❧ ♣✉♥t♦ ❝❧❛✈❡ ❡♥ ❧❛ t❡♦rí❛✳ ❊❧ ✈❛❧♦r ❞❡ α ❡st❛ ❧✐❣❛❞♦ ❝♦♥ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❞❡❧ ❡s♣❛❝✐♦✱ ❛ ❧❛ q✉❡

❞❡♥♦♠✐♥❛r❡♠♦s D ✭0 < α < D✮✳ ❊st♦s ♣❡s♦s s❡ ♦❜t✐❡♥❡♥ ❧❧❡✈❛♥❞♦ ❛ ❝❛❜♦ ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡

▼❛②❡r ❬✹✺❪✱ ❡♥ tér♠✐♥♦s ❞❡ s✉♠❛s ❞❡ ❝♦♥✈♦❧✉❝✐♦♥❡s ❞❡ ❢✉♥❝✐♦♥❡s ♣❡s♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s ❡①✐st❡ ✉♥❛ ú♥✐❝❛

❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❡st❡ t✐♣♦ q✉❡ ✐♥✈♦❧✉❝r❛ ✻ ❢✉♥❝✐♦♥❡s ω(α)
i ✳ ❊♥ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♥ q✉❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ❡s♣❛❝✐♦

❡s ✸✱ ❞♦s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦ s♦♥ ❡s❝❛❧❛r❡s ② r❡♣r❡s❡♥t❛♥ ❡❧ ✈♦❧✉♠❡♥ ② ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ❧❛ ❡s❢❡r❛ ② ✉♥❛ t❡r❝❡r❛ ❡s ✉♥

✈❡❝t♦r ❞❡ s✉♣❡r✜❝✐❡ ✭❧❛s r❡st❛♥t❡s s♦♥ ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ ❡st❛s tr❡s✮✳ ❍❛❝✐❡♥❞♦ ✉♥ ❛♥á❧✐s✐s ❞✐♠❡♥s✐♦♥❛❧ ② t❡♥✐❡♥❞♦

❡♥ ❝✉❡♥t❛ ❧❛s r❡❧❛❝✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♣❛rtí❝✉❧❛ ❡s❝❛❧❛❞❛ ❬✺✼✱ ✺✽❪✱ ✭❡♥ ♣❛rt✐❝✉❧❛r q✉❡ ❛❜r✐r ❡♥ ✉♥

✢✉✐❞♦ ✉♥✐❢♦r♠❡ ✉♥❛ ❝❛✈✐❞❛❞ ❡s❢ér✐❝❛ ❞❡ r❛❞✐♦ R → ∞ s✉♣♦♥❡ ✉♥ tr❛❜❛❥♦ q✉❡ ✈❛❧❡✿ PV ✱ ❞♦♥❞❡ P ❡s ❧❛ ♣r❡s✐ó♥

② V ❡❧ ✈♦❧✉♠❡♥ ❞❡ ❞✐❝❤❛ ❝❛✈✐❞❛❞✮ s❡ ♦❜t✐❡♥❡ ❢á❝✐❧♠❡♥t❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ ❡♥❡r❣í❛ ❞❡ ❡①❝❡s♦✳ ❊❧ ❢✉♥❝✐♦♥❛❧ ❛sí

❝♦♥str✉✐❞♦✱ ♣r❡❞✐❝❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ♣r♦❜❧❡♠❛s ❝♦♥ ❝❛♠♣♦s ❞❡ ❞❡♥s✐❞❛❞ ❛❧t❛♠❡♥t❡

♥♦ ✉♥✐❢♦r♠❡s ✭♣r♦❜❧❡♠❛s ❞♦♥❞❡ s❡ ❡st✉❞✐❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❡s❢❡r❛s ❞✉r❛s s♦❜r❡ ✉♥❛ ♣❛r❡❞ ❞✉r❛✮✳

❖tr❛s ✈❡♥t❛❥❛s ✐♠♣♦rt❛♥t❡s ❞❡ ❧❛ ❋▼❚ ❡stá♥ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❡❧ ❡❝❤♦ ❞❡ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❝♦rr❡❧❛❝✐ó♥ s❡ ♦❜t✐❡♥❡♥

rá♣✐❞❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ❧♦s ♣❡s♦s✳ ❆❧ ❛♣❧✐❝❛r❧❛ ❛ ✉♥ ✢✉✐❞♦ ✉♥✐❢♦r♠❡ ♠♦♥♦❝♦♠♣♦♥❡♥t❡✱ ❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❘♦s❡♥❢❡❧❞

r❡❝✉♣❡r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ② ❧❛ ❝♦rr❡❧❛❝✐ó♥ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ✭♥ót❡s❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❝♦♥ ❧❛s t❡♦rí❛s ❙❉❆✱ ❝♦♥str✉✐❞❛s

❡①♣❧í❝✐t❛♠❡♥t❡ ♣❛r❛ q✉❡ s❡ ♦❜t❡♥❣❛ ❡st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦✮✳

❆ ♣❡s❛r ❞❡ ❡st❛s ✈❡♥t❛❥❛s✱ ❡❧ ❢✉♥❝✐♦♥❛❧ ♣r❡s❡♥t❛ ❝✐❡rt♦s ♣r♦❜❧❡♠❛s ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡❧ só❧✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ♣✉❡s

♣r❡❞✐❝❡ q✉❡ ❡s s✐❡♠♣r❡ ✐♥❡st❛❜❧❡ ❢r❡♥t❡ ❛❧ ❧íq✉✐❞♦✳ ❊♥ ✉♥❛ ❢❛s❡ só❧✐❞❛ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❡stá ❝♦♥✜♥❛❞❛ ❡♥ ✉♥❛ ❝❛✈✐❞❛❞

❝✉❛s✐✲✵❉ ❞♦♥❞❡✱ ❡♥ ♣r♦♠❡❞✐♦ ❧❛ ♦❝✉♣❛❝✐ó♥ ✈❛rí❛ ❡♥tr❡ ✵ ② ✶✳ ❈✉❛♥❞♦ s❡ ❡st✉❞✐❛ ❡❧ ❧í♠✐t❡ ✵❉ ❝♦♥ ❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡

❘♦s❡♥❢❡❧❞✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❞✐✈❡r❣❡♥❝✐❛ ❡♥ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡✱ q✉❡ ❡♥ ❡s❡♥❝✐❛ ❡s ❡❧ ♦r✐❣❡♥ ❞❡❧ ❢❛❧❧♦ ❞❡ ❧❛ t❡♦rí❛✳ ❊st❛

✐♥t❡r♣r❡t❛❝✐ó♥ ♣r♦♣✐❝✐ó ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❜❛s❛❞♦s ❡♥ ❋▼❚ ❞❡s❞❡ ♦tr♦ ♣✉♥t♦ ❞❡ ✈✐st❛✱ ❝♦♥♦❝✐❞♦ ❝♦♠♦

r❡❞✉❝❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ ✭❞✐♠❡♥s✐♦♥❛❧ ❝r♦ss♦✈❡r✮✳ ❊♥ ❡st❡ ❝❛s♦✱ s❡ ❧❡ ✐♠♣♦♥❡ ❛❧ ❢✉♥❝✐♦♥❛❧ q✉❡ r❡❝✉♣❡r❡ ❡❧ ❧í♠✐t❡ ❡①❛❝t♦

❡♥ ❝❛✈✐❞❛❞❡s ❝✉❛s✐✲✵❉ ❬✺✾✱ ✻✵❪✳ ❊❧ r❡s✉❧t❛❞♦ s♦♥ ❢✉♥❝✐♦♥❛❧❡s q✉❡ ❛❧ ❛♣❧✐❝❛r❧♦s ❡♥ ♦tr❛s ❞✐♠❡♥s✐♦♥❡s✱ r❡❝✉♣❡r❛♥ ❧❛

s♦❧✉❝✐ó♥ ❡①❛❝t❛ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ❡♥ ✶❉ ❬✻✶❪ ② ❡♥ ✷❉✱ ❧❛ s♦❧✉❝✐ó♥ q✉❡ ❛rr♦❥❛ ❧❛ t❡♦rí❛ ❞❡ ♣❛rtí❝✉❧❛ ❡s❝❛❧❛❞❛✳

❊♥ tr❡s ❞✐♠❡♥s✐♦♥❡s s✐♥ ❡♠❜❛r❣♦✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ q✉❡ ♥♦ ♣r♦❞✉❝❡ r❡s✉❧t❛❞♦s ❛❝❡♣t❛❜❧❡s✳ P❛r❛

r❡s♦❧✈❡r ❡st❡ ✐♥❝♦♥✈❡♥✐❡♥t❡✱ ❚❛r❛③♦♥❛ ❬✻✷❪✱ ♣r♦♣✉s♦ ✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❡♥ ✉♥♦ ❞❡ ❧♦s tér♠✐♥♦s ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❘♦✲

s❡♥❢❡❧❞ ✐♥❝♦r♣♦r❛♥❞♦ ✉♥ ♣❡s♦ t❡♥s♦r✐❛❧✳ ❉✐❝❤♦ ❢✉♥❝✐♦♥❛❧ ♥♦ t✐❡♥❡ ❞✐✈❡r❣❡♥❝✐❛s ❡♥ ❡❧ ❧í♠✐t❡ ✵❉✱ r❡❝✉♣❡r❛ ❡❧ r❡s✉❧t❛❞♦

❡①❛❝t♦ ❡♥ ✶❉ ② r❡♣r♦❞✉❝❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ② ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ♣❛r❛ ❡❧ ✢✉✐❞♦ ✉♥✐❢♦r✲

♠❡✳ ❘❡s♣❡❝t♦ ❛ ❧❛ ❢❛s❡ só❧✐❞❛✱ ❞❡s❝r✐❜❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧❛ ❡str✉❝t✉r❛ ❛✉♥q✉❡ ❢❛❧❧❛ ❡♥ ❧❛ ♣r❡❞✐❝❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞❡s

❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡❜✐❞♦ ❛ q✉❡ ❡❧ ✢✉✐❞♦ s❡ ❞❡s❝r✐❜❡ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦✳ ❙❡ ♣✉❡❞❡♥ ♠❡❥♦r❛r

❧❛s ♣r❡❞✐❝❝✐♦♥❡s ♣❛r❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ s✐ s❡ ♠♦❞✐✜❝❛ ❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❢♦r♠❛ q✉❡ s❡ ♦❜t❡♥❣❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡

❈❛r♥❛❤❛♥✲❙t❛r❧✐♥❣ ❬✻✸❪✱ ♣❡r♦ ❡♥t♦♥❝❡s ❡♠♣❡♦r❛ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡❧ só❧✐❞♦✳

✸✳✸✳✷✳✶✳ ❆s♣❡❝t♦s ❢♦r♠❛❧❡s ❞❡ ❧❛ t❡♦rí❛

❈♦♠♦ s❡ ❡①♣r❡s♦ ❛♥t❡s✱ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❋▼❚ ❡stá ✐♥s♣✐r❛❞❛ ❡❧ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❛♥❛❧♦❣í❛s ❡♥tr❡ ❧❛s t❡♦rí❛s ❞❡ ♣❛rtí❝✉❧❛

❡s❝❛❧❛❞❛ ② ❧❛ ❞❡ P❡r❝✉s✲❨❡✈✐❝❦ ♣❛r❛ ❡s❢❡r❛s rí❣✐❞❛s✳ ▲❛ t❡♦rí❛ ❞❡ ♣❛rtí❝✉❧❛ ❡s❝❛❧❛❞❛✱ ❡♥ ❡st❡ ❝♦♥t❡①t♦✱ s♦❧♦ ❛♣♦rt❛ ❧❛

t❡r♠♦❞✐♥á♠✐❝❛ ❞❡❧ ♣r♦❜❧❡♠❛✳

▲❛ ❞❡r✐✈❛❝✐ó♥ ❞❡ ❧❛ t❡♦rí❛ ❋▼❚ ❬✸✵✱ ✻✹❪✱ ♣❛rt❡ ❞❡ ✉♥❛ ♦❜s❡r✈❛❝✐ó♥ ✐♥❢❡r✐❞❛ ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ P❡r❦✉s✲❨❡✈✐❝❦✱

r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❞♦s ♣❛rtí❝✉❧❛s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✳

P♦❞❡♠♦s ❡①♣r❡s❛r ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❝♦♠♦✿

c(x) =







−λ1 − 6ηλ2x− 1
2ηλ1x

3 x < 1

0 x > 1
, ✭✸✳✻✷✮

✸✹



❋✐❣✉r❛ ✸✳✶✿
●❡♦♠❡trí❛ ❞❡ ❞♦s ❡s❢❡r❛s rí❣✐❞❛s q✉❡ s❡ ✐♥t❡rs❡❝❛♥✳ ▲❛ t❡♦rí❛ ❋▼❚ s❡ ❜❛s❛ ❡♥ ❡❧ ❝♦♥t❡♥✐❞♦ ❣❡♦♠étr✐❝♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥
❞❡ ❝♦rr❡❧❛❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡✱ ❡♥ ❡st❡ ❝❛s♦✱ ❛ ❞♦s ❡s❢❡r❛s rí❣✐❞❛s q✉❡ s❡ ✐♥t❡rs❡❝❛♥✳ ❊♥ ❧❛ ✜❣✉r❛✱ R ❝♦rr❡s♣♦♥❞❡ ❛❧
r❛❞✐♦ ❞❡ ❧❛s ❡s❢❡r❛s ② r ❡s ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ s✉s ❝❡♥tr♦s✳ ❊❧ s❡❝t♦r ∆S ♠❛r❝❛ ❡❧ ár❡❛ tr❛♥s✈❡rs❛❧ ❞❡ ✐♥t❡rs❡❝❝✐ó♥✳

❞♦♥❞❡✿ x = r/d, η ❡s ❧❛ ❢r❛❝❝✐ó♥ ❞❡ ❡♠♣❛q✉❡t❛♠✐❡♥t♦ ②✿

λ1 =
(1 + 2η)

2

(1− η)
4 , ✭✸✳✻✸✮

λ2 =
− (2 + η)

2

4 (1− η)
4 . ✭✸✳✻✹✮

▲❛ ❊❝✳ ✭✸✳✻✶✮ ♣✉❡❞❡ s❡r r❡s❝r✐t❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❝✐❡rt❛s ❝❛♥t✐❞❛❞❡s q✉❡ ❝❛r❛❝t❡r✐③❛♥ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❞♦s ❡s❢❡r❛s q✉❡

s❡ ✐♥t❡rs❡❝❛♥✳ ❊st❛s ❡s❢❡r❛s t✐❡♥❡♥ r❛❞✐♦ ✏R✑ ② ❡stá♥ s❡♣❛r❛❞❛s ✉♥❛ ❞✐st❛♥❝✐❛ ✏r✑✱ ❞♦♥❞❡✿

r < 2R

❊♥ ❧❛ ❋✐❣✳ ✸✳✶ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥ ❡sq✉❡♠❛ ❞❡ ❧❛ s✐t✉❛❝✐ó♥✳

▲❛s ❝❛♥t✐❞❛❞❡s ♠❡♥❝✐♦♥❛❞❛s s♦♥✿ ❡❧ ✈♦❧✉♠❡♥ ❞❡ ✐♥t❡rs❡❝❝✐ó♥ ✏△V ✑✱ ❧❛ s❡❝❝✐ó♥ tr❛♥s✈❡rs❛❧ ❞❡ ❧❛ ✐♥t❡rs❡❝❝✐ó♥✏∆S(r)✑

② ❡❧ r❛❞✐♦ ❞❡ ❧❛ ♠✐s♠❛✿ ∆R(r) = 2R−R ❞♦♥❞❡✿ R = R+ r/4✳

❊①♣r❡s❛❞❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❡st❛s ❝❛♥t✐❞❛❞❡s ♣✉r❛♠❡♥t❡ ❣❡♦♠étr✐❝❛s✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ s❡ ❡s❝r✐❜❡ ❝♦♠♦✿

−c(r) = χ(3)∆V (r) + χ(2)∆S(r) + χ(1)∆R(r) + χ(0)Θ(|r| − 2R), ✭✸✳✻✺✮

❞♦♥❞❡✿

χ(0) =
1

1− ξ3
, ✭✸✳✻✻✮

χ(1) =
ξ2

(1− ξ3)
2 , ✭✸✳✻✼✮

✸✺



χ(2) =
ξ1

(1− ξ3)
2 +

ξ22

4π (1− ξ3)
3 , ✭✸✳✻✽✮

χ(3) =
ξ0

(1− ξ3)
2 +

2ξ1ξ2

(1− ξ3)
3 +

ξ32

4π (1− ξ3)
4 , ✭✸✳✻✾✮

❝♦♥✿

ξα = ρR(α). ✭✸✳✼✵✮

❆q✉í✱ ❧❛s R(α) ❝♦♥st✐t✉②❡♥ ❧❛s ♠❛❣♥✐t✉❞❡s ❣❡♦♠étr✐❝❛s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ✐♥t❡rs❡❝❝✐ó♥✿

R(0) = 1, ✭✸✳✼✶✮

R(1) = R, ✭✸✳✼✷✮

R(2) = 4πR2, ✭✸✳✼✸✮

R(3) =
4

3
πR3, ✭✸✳✼✹✮

❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❤♦♠♦❣é♥❡♦✱ ❡st❛s ❝❛♥t✐❞❛❞❡s ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧♦s ❢❛❝t♦r❡s ❞❡ ♣❡s♦ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ t❡♦rí❛ ❞❡

♣❛rtí❝✉❧❛ ❡s❝❛❧❛❞❛ ❬✸✵❪✳

▲❛s ❝❛♥t✐❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❛❧ ♦✈❡r❧❛♣ ✭✈♦❧✉♠❡♥✱ ár❡❛ ② r❛❞✐♦✮ ♣✉❡❞❡♥ s❡r ❡①♣r❡s❛❞❛s ❡♥ tér♠✐♥♦s ❞❡ ❝♦♥✈♦❧✉❝✐♦♥❡s

❞❡ ❢✉♥❝✐♦♥❡s✱ ❝♦♥ ❧❛s q✉❡ ❞❡s♣✉és s❡ ✈❛♥ ❛ ✏♣❡s❛r✑ ❧❛s ❞❡♥s✐❞❛❞❡s✱ ❛s♦❝✐❛❞❛s ❝♦♥ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧❛s ❡s❢❡r❛s✳ ❉❡✜♥✐♠♦s

❡♥t♦♥❝❡s ❧❛s s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦ ❡s❝❛❧❛r❡s q✉❡ s♦❧♦ ✐♥✈♦❧✉❝r❛♥ ❛ ❝❛♥t✐❞❛❞❡s ❣❡♦♠étr✐❝❛s ❢✉♥❞❛♠❡♥t❛❧❡s✿

ω(3)(r) = Θ(|r| −R), ✭✸✳✼✺✮

ω(2)(r) = δ(|r| −R), ✭✸✳✼✻✮

ω(1)(r) =
ω(2)(r)

4πR
, ✭✸✳✼✼✮

ω(0)(r) =
ω(2)(r)

4πR2
, ✭✸✳✼✽✮

Pr ♦tr♦ ❧❛❞♦ t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦ ✈❡❝t♦r✐❛❧❡s✿

ω(V 2)(r) = −∇ω(3)(r) =
r

R
δ(|r| −R), ✭✸✳✼✾✮

ω(V 1)(r) =
ω(V 2)(r)

4πR
, ✭✸✳✽✵✮

❘❡❝✐❡♥t❡♠❡♥t❡ ❢✉❡r♦♥ ♣r♦♣✉❡st❛s ♦tr❛s ❝❛♥t✐❞❛❞❡s t❡♥s♦r✐❛❧❡s ♣❛r❛ ❝♦♥s❡❣✉✐r ❛♣r♦①✐♠❛❝✐♦♥❡s ♠ás ♣r❡❝✐s❛s✳ ❊st❛s

❝❛♥t✐❞❛❞❡s ♥♦ s❡rá♥ t❡♥✐❞❛s ❡♥ ❝✉❡♥t❛ ❡♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳

✸✻



▼❡❞✐❛♥t❡ ❡❧ ❡♠♣❧❡♦ ❞❡ ❡st❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❡s♦✱ ♣♦❞❡♠♦s ❡①♣r❡s❛r ❡❧ ✈♦❧✉♠❡♥ ② ❡❧ ár❡❛ ❞❡ ✐♥t❡rs❡❝❝✐ó♥ ❝♦♠♦✿

∆V (r) = ω(3) ⊗ ω(3) =

ˆ

Θ(|r′| −R)Θ(|r− r
′| −R)dr′ =

=
2

3
π
(

2R3 − 3R2r + r3
)

Θ(|r′| − 2R), ✭✸✳✽✶✮

∆S(r) = 2ω(3) ⊗ ω(2) = 2

ˆ

Θ(|r′| −R)δ(|r− r
′| −R)dr′ =

= 4πR2Θ(|r′| − 2R)
(

1− r

2R

)

, ✭✸✳✽✷✮

∆R(r) =
∆S(r)

8πR
+

1

2
RΘ(|r| − 2R) =

(

R− r

4

)

Θ(|r| − 2R), ✭✸✳✽✸✮

P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡❧ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s rí❣✐❞❛s s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦ s❡ ✐♥❞✐❝❛ ❡♥ ❧❛ ❊❝✳

✭✸✳✻✵✮✱ ❞♦♥❞❡ nα(r) ❝♦rr❡s♣♦♥❞í❛ ❛ ❧❛ ❞❡♥s✐❞❛❞ ♣r♦♠❡❞✐❛❞❛✱ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❝♦♥ ❞❡♥s✐❞❛❞ ✉♥✐❢♦r♠❡✱

❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ✉♥❛ t❡♦rí❛ ❞❡ ♣❛rtí❝✉❧❛ ❡s❝❛❧❛❞❛✿

n0 = ρ, ✭✸✳✽✹✮

n1 = Rρ, ✭✸✳✽✺✮

n2 = 4πR2ρ, ✭✸✳✽✻✮

n3 =
4

3
πR3ρ, ✭✸✳✽✼✮

▲❛ ❞❡♥s✐❞❛❞ ♣r♦♠❡❞✐❛❞❛✱ ♣❛r❛ ✉♥❛ ú♥✐❝❛ ❡s♣❡❝✐❡ ❞❡ ♣❛rtí❝✉❧❛s✱ s❡ ❡①♣r❡s❛ ❝♦♠♦✿

nα(r) =

ˆ

dr′ρ✭r′✮ω(α)✭r− r
′✮. ✭✸✳✽✽✮

▲❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❛ tr❛✈és ❞❡ ❧❛ ❞❡r✐✈❛❝✐ó♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❡♥❡r❣í❛

❧✐❜r❡✿

c(1)(r) = − 1

kBT

δFHS [ρ]

δρ(r)
=

ˆ

dr′
∑

α

∂△fHS

∂nα
ω(α)✭r− r

′✮, ✭✸✳✽✾✮

② ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ s❡ ♣✉❡❞❡ r❡❧❛❝✐♦♥❛r ❝♦♥ ❧❛s ❞❡♥s✐❞❛❞❡s ♣r♦♠❡❞✐❛❞❛s ♠❡❞✐❛♥t❡ ❧❛ ❡①♣r❡s✐ó♥✿

△fHS = n0ln(1− n3) +
n1n2 − nV1 ◦ nV2

1− n3
+

1/3n3
2 − n2(nV2 ◦ nV2)

8π(1− n3)2
. ✭✸✳✾✵✮

❆q✉í✱ nV1 ② nV2 s♦♥ ✈❡❝t♦r❡s✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ✢✉✐❞♦s ❝♦♥ ❞❡♥s✐❞❛❞ ✉♥✐❢♦r♠❡✱ s❡ r❡❡♥❝✉❡♥tr❛ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ P❡r❦✉s✲❨❡✈✐❝❦ ♣❛r❛

❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✿

△fHS [ρ] = −ln(1− η) +
1

2

6η − 3η2

(1− η)2
. ✭✸✳✾✶✮
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❈❛♣ít✉❧♦ ✹

❖♣t✐♠✐③❛❝✐ó♥ ❞❡❧ ❋✉♥❝✐♦♥❛❧ ♣r♦♣✉❡st♦ ❡♥

❡st❛ ❚❡s✐s

❊♥ ❡st❡ ❈❛♣ít✉❧♦ ♣r❡s❡♥t❛♠♦s ✉♥❛ ♥✉❡✈❛ ♣r♦♣✉❡st❛ ♣❛r❛ ♦♣t✐♠✐③❛r ❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ✉♥ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦✳

❊❧ ❢✉♥❝✐♦♥❛❧ ❛sí ♦♣t✐♠✐③❛❞♦ ❢✉❡ ✈❛❧✐❞❛❞♦ tr❛s q✉❡ ♣❡r♠✐t✐ó r❡♣r♦❞✉❝✐r ❝♦♥ ❛❞❡❝✉❛❞❛ ♣r❡❝✐s✐ó♥ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧✱

♣r♦♣✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❞❡ ♠♦❥❛❞♦ ❞❡ s✉♣❡r✜❝✐❡s ✭t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦✮ ② ♦tr❛s ♣r♦♣✐❡❞❛❞❡s

❧✐❣❛❞❛s ❝♦♥ ❧❛ ❛❞s♦r❝✐ó♥ ❡♥ ♣❛r❡❞❡s ② r❛♥✉r❛s ❡str❡❝❤❛s✱ t❛❧❡s ❝♦♠♦ ❢❡♥ó♠❡♥♦s ❞❡ r✉♣t✉r❛ ❞❡ s✐♠❡trí❛ ❡♥ ❧♦s ♣❡r✜❧❡s

❞❡ ❞❡♥s✐❞❛❞✱ q✉❡ ♣✉❡❞❡♥ ❛♣❛r❡❝❡r ❝✉❛♥❞♦ ❡❧ ✢✉✐❞♦ s❡ ❛❞s♦r❜❡ ❡♥ ✉♥❛ r❛♥✉r❛ ♣❧❛♥❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s✳

✹✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

❯♥❛ t❡♦rí❛ ♠♦❧❡❝✉❧❛r ❞❡ ✢✉✐❞♦s✱ ❞❡❜❡ s❡r ❝❛♣❛③ ❞❡ ♣r❡❞❡❝✐r ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡q✉✐❧✐❜r✐♦ t❛❧ ❝♦♠♦

❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❧❛s ❢❛s❡s ❧íq✉✐❞♦✲✈❛♣♦r✱ ❝✉❛♥❞♦ ❡❧ ✢✉✐❞♦ ♥♦ s❡ ❡♥❝✉❡♥tr❛ s♦♠❡t✐❞♦ ❛ ♥✐♥❣ú♥ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳

❊♥ ❧♦s ❝á❧❝✉❧♦s ❡❢❡❝t✉❛❞♦s ♣❛r❛ ✢✉✐❞♦s ❝♦♥❢♦r♠❛❞♦s ♣♦r ❣❛s❡s ♥♦❜❧❡s✱ ❞❡♥tr♦ ❞❡❧ ❡sq✉❡♠❛ t❛♥t♦ ❞❡ ❧❛ ❉✐♥á♠✐❝❛

▼♦❧❡❝✉❧❛r ✭▼❉✮ ❝♦♠♦ ❞❡ ❧♦s ♠ét♦❞♦s ❞❡ s✐♠✉❧❛❝✐ó♥ ✭▼♦♥t❡ ❈❛r❧♦ ♦ ●r❛♥ ❈❛♥ó♥✐❝♦ ▼♦♥t❡ ❈❛r❧♦ ✏●❈▼❈✑✮ ② ❞❡

❧❛ ❉❋❚✱ s❡ ❛s✉♠❡ q✉❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ♠♦❧é❝✉❧❛s ❛♣♦❧❛r❡s ✭❝♦♠♦ ❧❛s q✉❡ ❝♦♥❢♦r♠❛♥ ❛ ❡st❛ ❝❧❛s❡ ❞❡ s✉st❛♥❝✐❛s✮✱

s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ♠❡❞✐❛♥t❡ ✉♥ ♣♦t❡♥❝✐❛❧ Φ✱ ❞❡ t✐♣♦ ▲❡♥♥❛r❞✲❏♦♥❡s ✶✷✲✻ ✭▲✲❏ ✶✷✲✻✮ ♦ ❛❧❣ú♥ ♦tr♦ ♣♦t❡♥❝✐❛❧ q✉❡

❤❡r❡❞❡ ❛❧❣✉♥❛s ❞❡ s✉s ❝❛r❛❝t❡ríst✐❝❛s ❡s❡♥❝✐❛❧❡s ❬✻✺❪✳ ▲❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡st❡ ♣♦t❡♥❝✐❛❧ ❡s✿

Φ(r) = ΦLJ(r) = 4εff

[

(σff
r

)12

−
(σff
r

)6
]

, ✭✹✳✶✮

❞♦♥❞❡ εff ❡s ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❝♦♥ ❡❧ q✉❡ ✐♥t❡r❛❝tú❛♥ ❧❛s ♣❛rtí❝✉❧❛s ✭át♦♠♦s ♦ ♠♦❧é❝✉❧❛s✮✱ σff ❡s s✉

❞✐á♠❡tr♦ ② r ❡s ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❡❧❧❛s✳

▲♦s ♣❛rá♠❡tr♦s εff ② σff ❞❡♣❡♥❞❡♥ ❞❡❧ t✐♣♦ ❞❡ s✉st❛♥❝✐❛ ✭✈❡r ❈✉❛❞r♦ ✹✳✷✮✳ ❊♥ ❡st❡ ❡st✉❞✐♦ ♥♦s♦tr♦s tr❛❜❛❥❛♠♦s

❝♦♥ ✢✉✐❞♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❛ ♣r❡s✐♦♥❡s q✉❡ ♥♦ s♦♥ ❡①tr❡♠❛s✱ ❡♥ ❡st❡ ❝❛s♦ ❧❛ ♠❛②♦r ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥

✐♥t❡r♠♦❧❡❝✉❧❛r ♦ ✐♥t❡r❛tó♠✐❝❛✱ ♣r♦✈✐❡♥❡ ❞❡ ♠♦❧é❝✉❧❛s ♦ át♦♠♦s q✉❡ ✐♥t❡r❛❝tú❛♥ ❞❡ ❛ ♣❛r❡s ✭♣♦r ❞❡❜❛❥♦ ❞❡ ❧♦s ✷✵

❑❜❛r ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ❛ ❞♦s ❝✉❡r♣♦s s♦♥ ❧❛s ❞♦♠✐♥❛♥t❡s ❬✻✺❪✮✳

▼❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s✱ ❛ ♣❛rt✐r ❞❡ ▼❉ ♦ ●❈▼❈✱ s❡ ❧♦❣r❛ r❡♣r♦❞✉❝✐r ❝♦♥ ❜✉❡♥❛ ♣r❡❝✐s✐ó♥ ❧❛ ❝✉r✈❛ ❞❡

❝♦❡①✐st❡♥❝✐❛ ❡①♣❡r✐♠❡♥t❛❧ ✭❝✉❛♥❞♦ s❡ ❡♠♣❧❡❛ ❡♥ ❡st❡ ♣♦t❡♥❝✐❛❧ ✈❛❧♦r❡s t✐♣✐❝♦s ♣❛r❛ εff ② σff ✳✮
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❋✐❣✉r❛ ✹✳✶✿
❈✉r✈❛s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❧íq✉✐❞♦✲✈❛♣♦r ♣❛r❛ ❡❧ ◆❡✳ ▲♦s ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ②
❧❛ ❝✉r✈❛ ✐♥❢❡r✐♦r ❛ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ❝✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡❧ ▲✲❏ ✶✷✲✻✳ ❊❧ ✈❛❧♦r Tc ❤❛❝❡
r❡❢❡r❡♥❝✐❛ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳

❊♥ ❡❧ ❢♦r♠❛❧✐s♠♦ ❉❋❚✱ ❣❡♥❡r❛❧♠❡♥t❡ ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❞♦s ❝✉❡r♣♦s ✭ρ(2)✮ s❡ t♦♠❛ ❡♥ ❝✉❡♥t❛ ❧❛

s✐❣✉✐❡♥t❡ ❛♣r♦①✐♠❛❝✐ó♥✿

ρ(2)(r, r′) = g(r, r′)ρ(r)ρ(r′) ∼ ρ(r)ρ(r′) , ✭✹✳✷✮

✈❛❧❡ ❞❡❝✐r q✉❡ s❡ ❞❡s♣r❡❝✐❛ ❧❛ ❡str✉❝t✉r❛ ❝♦♥t❡♥✐❞❛ ❡♥ g ✭❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞❡ ♣❛r❡s✮✳ ❊♥ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥

✉t✐❧✐③❛♥❞♦ ❧♦s ✈❛❧♦r❡s ❞❡ εff ② σff ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ ▲✲❏ ✶✷✲✻ q✉❡ ♣❡r♠✐t❡♥ r❡♣r♦❞✉❝✐r ❛❞❡❝✉❛❞❛♠❡♥t❡ ❡❧ ❞✐❛❣r❛♠❛ ❞❡

❢❛s❡ ❡♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s✱ ♥♦ s❡ ❧♦❣r❛ r❡♣r♦❞✉❝✐r ❞❡ ♠❛♥❡r❛ ó♣t✐♠❛ ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✳

❊♥ ❧❛ ❋✐❣✳ ✹✳✶ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ♠❡❞✐❛♥t❡ ❧❛ ❉❋❚✱ ❝✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ❝♦♠♦ ♣♦t❡♥❝✐❛❧

❞❡ ♣❛r❡s ❡❧ ▲✲❏ ✶✷✲✻✱ ♣❛r❛ ✉♥ ✢✉✐❞♦ ❝♦♠♦ ❡❧ ◆❡✳ P❛r❛ ❡❧ r❡st♦ ❞❡ ❧♦s ✢✉✐❞♦s q✉❡ ❛q✉í ❡st✉❞✐❛♠♦s ♥♦ s❡ ❧♦❣r❛♥ ♠❡❥♦r❡s

❛❥✉st❡s ✭✈❡r ❧❛s ❋✐❣s✳ ✹✳✼✱ ✹✳✶✵ ② ✹✳✶✸✮✳

▼❡❥♦r❡s r❡s✉❧t❛❞♦s s❡ ♣✉❡❞❡♥ ❝♦♥s❡❣✉✐r s✐ s❡ tr❛❜❛❥❛ ❝♦♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡s❛rr♦❧❧❛❞♦ ♣♦r ❲❡❡❦s✱ ❈❤❛♥❞❧❡r ② ❆♥❞❡rs❡♥

♦ ✏❲❈❆✑ ✭✈❡r ❘❡❢✳ ❬✸✾❪ ② ❛♣é♥❞✐❝❡ ❆✮ ❝✉②❛ ❡①♣r❡s✐ó♥ ❡s✿

ΦWCA =







4εff

[

(σff

r

)12 −
(σff

r

)6
]

si r ≥ 21/6σff

−εff si r ≤ 21/6σff
. ✭✹✳✸✮

❙✉ ❣rá✜❝♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ❋✐❣✳ ✹✳✷ ❞♦♥❞❡ s❡ ❧♦ ❝♦♠♣❛r❛ ❝♦♥ ✉♥ ▲✲❏ ✶✷✲✻✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ❤❛ ❝♦♥s✐❞❡r❛❞♦ q✉❡

❡❧ ❞✐á♠❡tr♦ ❞❡ ❧❛ ❡s❢❡r❛ rí❣✐❞❛ ❡s ✐❣✉❛❧ ❛❧ ♣❛rá♠❡tr♦ σff ❞❡❧ ▲✲❏ ✶✷✲✻✳ ❊❧ ❲❈❆ ♣r❡s❡r✈❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♣❛r❛

❧❛r❣♦ r❛♥❣♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ▲✲❏✱ ❧✐❣❛❞♦ ❝♦♥ ❡❧ tér♠✐♥♦ ❛tr❛❝t✐✈♦ ❞❡❧ ♠✐s♠♦ ✭❡s ❞❡❝✐r ❝♦♥ ❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛ r−6✮✱ ❛❧❣♦ q✉❡ ❡s r❡❧❡✈❛♥t❡ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❢❡♥ó♠❡♥♦s ❞❡ ❛❞s♦r❝✐ó♥✳

❊♥ ❧❛ ❋✐❣✳ ✹✳✸ ✭q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✷❛ ❞❡ ❧❛ ❘❡❢✳ ❬✻✹❪✮ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲

✈❛♣♦r ♣❛r❛ ✉♥ ✢✉✐❞♦ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s ❝❛❧❝✉❧❛❞❛ ♠❡❞✐❛♥t❡ ❡st❡ t✐♣♦ ❞❡ ♣♦t❡♥❝✐❛❧❡s t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❞❡t❡r♠✐♥❛❞❛s

❛♣r♦①✐♠❛❝✐♦♥❡s✳ ❊♥ ❡st❡ ❣rá✜❝♦ ❧♦s tr✐á♥❣✉❧♦s s❡ ❞❡r✐✈❛♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ♣r♦♣✉❡st❛ ♣♦r ❏♦❤♥s♦♥ ② ❝♦❧❛❜♦r❛✲

✹✵
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❋✐❣✉r❛ ✹✳✷✿
P♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ✐♥t❡r♠♦❧❡❝✉❧❛r✱ ❡♥ ✉♥✐❞❛❞❡s ❛r❜✐tr❛r✐❛s✳ ▲❛ ❝✉r✈❛ ❞❡ ♣✉♥t♦s ② r❛②❛s
❝♦rr❡s♣♦♥❞❡ ❛❧ ♣♦t❡♥❝✐❛❧ ❲❈❆✳ ▲❛ ❝✉r✈❛ ❞❡ tr❛③♦ só❧✐❞♦ r❡♣r❡s❡♥t❛ ❛❧ ♣♦t❡♥❝✐❛❧ ❞❡ ▲✲❏ ✶✷✲✻✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ❤❛
❝♦♥s✐❞❡r❛❞♦ q✉❡ dHS = σff

❞♦r❡s ❬✻✻❪ q✉❡ ❛❥✉st❛ ♣❡r❢❡❝t❛♠❡♥t❡ ❛ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s✳ ▲♦s ❝✉❛❞r❛❞♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s

♠❡❞✐❛♥t❡ ❉❋❚✱ ✉s❛♥❞♦ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❡s❢❡r❛s ❞✉r❛s ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s ❛tr❛❝t✐✈❛s

r❡♣r❡s❡♥t❛❞❛s ♣♦r ❡❧ ♣♦t❡♥❝✐❛❧ ❲❈❆✱ ❞♦♥❞❡ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ✏dHS✑ ❞❡ ❧❛s ❡s❢❡r❛s ❡s t♦♠❛❞♦ ❞❡ ❧❛ ❡①♣r❡s✐ó♥

❞❡ ❇❛r❦❡r✲❍❡♥❞❡rs♦♥ ❬✸✽❪✳

▲❛ ❧í♥❡❛ ❞❡ ♣✉♥t♦s ❝♦rr❡s♣♦♥❞❡ ❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s t❛♠❜✐é♥ ♠❡❞✐❛♥t❡ ❉❋❚ ② ❝♦♥ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❲❈❆ ♣❡r♦

❞♦♥❞❡ s❡ ✉t✐❧✐③ó ❡❧ ♠♦❞❡❧♦ ❞❡ ▲✉ ② ❝♦❧❛❜♦r❛❞♦r❡s ✭❊❝✳ ✷✻ ❞❡ ❧❛ ❘❡❢✳ ❬✻✼❪✮ ❡♥ ❡❧ ❝✉❛❧ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ❞❡♣❡♥❞❡

❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❧í♥❡❛ só❧✐❞❛ s❡ ❤❛ ❝♦♥s✐❞❡r❛❞♦ ❛❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ❝♦♠♦ ✉♥❛ ❝♦♥st❛♥t❡ ✐❣✉❛❧

❛❧ σff ✳

P❛r❛ ♠❡❥♦r❛r ❧❛s ♣r❡❞✐❝❝✐♦♥❡s r❡❧❛❝✐♦♥❛❞❛s ❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s✱ ❇r✉♥♦✱ ❈❛❝❝❛♠♦ ② ❚❛r❛③♦♥❛ ✭❇❈❚✮ ✭❡♥

❡st✉❞✐♦s s♦❜r❡ ❛❞s♦r❝✐ó♥ ❞❡ ❆r ❡♥ ❈O2✮ ❤❛♥ ❡♥s❛②❛❞♦ ♦tr♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ✐♥❝❧✉②❡♥❞♦ ❡♥ s✉s ❝á❧❝✉❧♦s ❡①♣r❡s✐♦♥❡s

❞❡r✐✈❛❞❛s ❞❡ ❢♦r♠✉❧❛❝✐♦♥❡s ♥♦ ❧♦❝❛❧❡s ❞❡ ❧❛ ❉❋❚ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❙❉❆ ✭✈❡r ❈❛♣ít✉❧♦ ✷✮✳ ❙✐❣✉✐❡♥❞♦ ❡❧ ❝♦rr❡❧❛t♦

❞❡ ❧❛ r❡❢❡r❡♥❝✐❛ ❬✻✽❪✱ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ♣✉❡❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ✉s❛♥❞♦ ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ② ❧❛ ♣r❡s✐ó♥✱

❡①♣r❡s✐♦♥❡s q✉❡ ❞❡r✐✈❛♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③✿

F [ρ(r)] = FHS [ρ(r)] +
1

2

ˆ

dr

ˆ

dr′ρ(r)ρ(r′)Φatt(|r− r
′|) , ✭✹✳✹✮

❞♦♥❞❡ FHS ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ ❞❡ ✉♥ ❣❛s ❞❡ ❡s❢❡r❛s ❞✉r❛s ② Φatt ❡s ❧❛ ♣❛rt❡ ❛tr❛❝t✐✈❛ ❞❡❧

♣♦t❡♥❝✐❛❧ ✐♥t❡r♠♦❧❡❝✉❧❛r✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❤♦♠♦❣é♥❡♦ ❞❡ ❞❡♥s✐❞❛❞ ρ✱ ❞❡ ❧❛ ❊❝✳ ✹✳✹ s❡ ❞❡s♣r❡♥❞❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❣❡♥❡r❛❧✐③❛❞❛s

❞❡ ✈❛♥ ❞❡r ❲❛❛❧s✿

P = PCS
HS +

1

2
bρ2, ✭✹✳✺✮

µ = µCS
HS + bρ, ✭✹✳✻✮

✹✶
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❋✐❣✉r❛ ✹✳✸✿
❉✐❛❣r❛♠❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❧íq✉✐❞♦✲✈❛♣♦r✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ✢✉✐❞♦ ▲✲❏ ✭❡st❡ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳
✷❛ ❞❡ ❧❛ ❘❡❢✳ ❬✻✹❪✮✳ ▲♦s tr✐á♥❣✉❧♦s s❡ ♦❜t✐❡♥❡♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ❏♦❤♥s♦♥ ❬✻✻❪✳ ▲♦s ❝✉❛❞r❛❞♦s✱ ❧❛ ❧í♥❡❛ ❞❡
♣✉♥t♦s ② ❧❛ ❧í♥❡❛ ❧❧❡♥❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ♠❡❞✐❛♥t❡ ❉❋❚✱ ✉s❛♥❞♦ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❛❧ ❲❈❆✱
❞♦♥❞❡ s❡ ❤❛♥ ✉t✐❧✐③❛❞♦ tr❡s ❛♣r♦①✐♠❛❝✐♦♥❡s ❞✐st✐♥t❛s ♣❛r❛ ❡❧ ❞✐á♠❡tr♦ q✉❡ s❡ ❛s✐❣♥❛ ❛ ❧❛s ♠♦❧é❝✉❧❛s ✭✈❡r t❡①t♦✮✳

❞♦♥❞❡✿

b =

ˆ

drΦatt✭r✮, ✭✹✳✼✮

s✐❡♥❞♦ PCS
HS ② µCS

HS ❧❛ ♣r❡s✐ó♥ ② ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡

❈❛r♥❛❤❛♥✲❙t❛r❧✐♥❣ ♣❛r❛ ✉♥ ❣❛s ❞❡ ❡s❢❡r❛s ❞✉r❛s ❬✻✾❪✳

❉❡ ❡st❛s ❡❝✉❛❝✐♦♥❡s s❡ ❞❡r✐✈❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ Tc ✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ❆r ✿

kBTc =
−0,09010

d3HS

b. ✭✹✳✽✮

❊♥ tr❛❜❛❥♦s ♣r❡✈✐♦s ❞❡ ❊✈❛♥s ② ❚❛r❛③♦♥❛ ❬✺✷✱ ✼✵❪ ✭❞♦♥❞❡ s❡ ❛♥❛❧✐③❛ ❡❧ ❆r✮ s❡ ❝♦♥s✐❞❡r❛ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❛tr❛❝t✐✈♦

Φatt ❛ t♦❞❛ ❧❛ ♣❛rt❡ ♥❡❣❛t✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ▲✲❏✳ ▲❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ q✉❡ s❡ ❞❡r✐✈❛ ❞❡ ❡st♦s ♠♦❞❡❧♦s✱ ❡st❛ s✐❣♥✐✜✲

❝❛t✐✈❛♠❡♥t❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ♠❡❞✐❞❛ ② ❞❡ ❧❛ ❝❛❧❝✉❧❛❞❛ ❛ tr❛✈és ❞❡ ❡❝✉❛❝✐♦♥❡s ✐♥t❡❣r❛❧❡s ♦ ❞❡s❞❡

s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✳

▲❛ r❛③ó♥ ❞❡ ❡st♦ ❡s q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ♣❛rt✐❝✐♣❛ ❡♥ ❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③✱ r❡♣r❡s❡♥t❛ ❡❧

♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ r❡❛❧✱ ♣❡s❛❞♦ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞❡ ♣❛r❡s✱ ❧❛ ❝✉❛❧ ♣♦s❡❡ ✉♥ ♣r✐♠❡r ♣✐❝♦ ♠✉②

♣r♦♥✉♥❝✐❛❞♦ ❛❧r❡❞❡❞♦r ❞❡❧ ♠í♥✐♠♦ ❞❡❧ ♣♦t❡♥❝✐❛❧✳ ❱❛❧❡ ❞❡❝✐r✱ ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ ✐♥❝r❡♠❡♥t❛ ❡❧ r♦❧ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s

❛tr❛❝t✐✈❛s✱ ♣❡r♦ ❡♥ ❡st❡ ♠♦❞❡❧♦ ❞❡ ❝❛♠♣♦ ♠❡❞✐♦ s❡ ❡st❛ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ g = 1 ❡♥ t♦❞♦ ♣✉♥t♦ ❞❡❧ ✢✉✐❞♦✱ ❧✉❡❣♦ ♣❛r❛

✐♥tr♦❞✉❝✐r ❞❡ ❛❧❣✉♥❛ ♠❛♥❡r❛ ❧♦s ❡❢❡❝t♦s ❞❡ g✱ s✐♥ ♣❡r❞❡r ❞❡ ✈✐st❛ q✉❡ ❞❡❜❡ ❝✉♠♣❧✐rs❡✿

Φatt(r) = ΦL−J(r → ∞) = −4ε
(σff
r

)6

, ✭✹✳✾✮

✭♣❛r❛ ♣r❡❞❡❝✐r ❝♦rr❡❝t❛♠❡♥t❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦✮ ❧♦s ❝✐t❛❞♦s ❛✉t♦r❡s ❛❣r❡❣❛♥ ✉♥ ♣❛rá♠❡tr♦ λ ❡♥ ❡❧ tér♠✐♥♦

r❡♣✉❧s✐✈♦ ❞❡❧ ▲✲❏ ② ❛sí ❛❞♦♣t❛♥ ❡❧ s✐❣✉✐❡♥t❡ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ♣❛r❡s✿

✹✷



0  0.3 0.6
1.1 

1.2 

1.3 

ρ*

T
*

Ar

❋✐❣✉r❛ ✹✳✹✿
❉✐❛❣r❛♠❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❆r ✭❡st❛ ✜❣✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✸ ❞❡ ❧❛ r❡❢❡r❡♥❝✐❛ ❬✻✽❪✮✳
❊♥ ❡❧ ❣rá✜❝♦ s❡ ❝♦♠♣❛r❛♥ ❧❛s ❝✉r✈❛s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ ▼❍◆❈✱ ✉t✐❧✐③❛♥❞♦ ✸✷ ♣✉♥t♦s ✭❧í♥❡❛ só❧✐❞❛✮ ❢r❡♥t❡ ❛❧ q✉❡
♦❜t✐❡♥❡♥ ❧♦s ❛✉t♦r❡s ✭❧í♥❡❛ r❛②❛❞❛✮✱ ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡ ❉❋❚✳

ΦBCT =







4εff

[

λ
(σff

r

)12 −
(σff

r

)6
]

si r > λ1/6σff

0 si r ≤ λ1/6σff
. ✭✹✳✶✵✮

❛❥✉st❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ λ ❞❡ ♠❛♥❡r❛ t❛❧ ❞❡ ♦❜t❡♥❡r✱ ♣❛r❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✱ ❡❧ ♠✐s♠♦ ✈❛❧♦r q✉❡ s❡

♦❜t✐❡♥❡ ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡ ❝❛❞❡♥❛s ❤✐♣❡r❝♦♥❡❝t❛❞❛s ♠♦❞✐✜❝❛❞♦ ✭▼❍◆❈✮✱ q✉❡ ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♠✉② ❜✉❡♥

❛❥✉st❡ ❞❡ ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳

❊♥ ❧❛ ❋✐❣✳ ✹✳✹ s❡ ♠✉❡str❛ ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡r✐✈❛❞❛ ❛ tr❛✈és ❞❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡

❛❥✉st❡ ② s❡ ❧❛ ❝♦♠♣❛r❛ ❝♦♥ ❧❛ ♦❜t❡♥✐❞❛ ❞❡s❞❡ ▼❍◆❈ ✉t✐❧✐③❛♥❞♦ ✸✷ ♣✉♥t♦s ✭❡st❛ ✜❣✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✸ ❞❡ ❧❛

❘❡❢✳ ❬✻✽❪✮✳ ◆ót❡s❡ q✉❡ s❡ ♦❜t✐❡♥❡ ✉♥ ❛❥✉st❡ r❡❧❛t✐✈❛♠❡♥t❡ ❛❝❡♣t❛❜❧❡ s♦❧♦ ♣❛r❛ ❧❛ ❢❛s❡ ❞❡ ✈❛♣♦r✳

P♦st❡r✐♦r♠❡♥t❡ ❆♥❝✐❧♦tt♦ ② ❚♦✐❣♦ ✭❆❚✮ ❬✺❪✱ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦ ♠❡❞✐♦ ✭▼❋❆✮✱ ♣❛rt✐❡♥❞♦ ❞❡ ❧❛

♣r♦♣✉❡st❛ ❞❡ ❇❈❚✱ ❝♦♥s✐❞❡r❛♥ q✉❡ ❡❧ t❛♠❛ñ♦ ❡❢❡❝t✐✈♦ ♣❛r❛ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ✭σ̃ff ✮ ❞❡♣❡♥❞❡ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✳

▲✉❡❣♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ΦBCT−AT ✱ ❛❞♦♣t❛❞♦ ♣♦r ❡st♦s ❛✉t♦r❡s ❡s ✐❞é♥t✐❝♦ ❛❧ ❞❡ ❇❈❚ ❝♦♥ ❧❛ s❛❧✈❡❞❛❞ q✉❡

σ̃ff = σff (T )✿

ΦBCT−AT =











4εff

[

λ
(

σ̃ff

r

)12

−
(

σ̃ff

r

)6
]

si r > λ1/6σ̃ff

0 si r ≤ λ1/6σ̃ff

. ✭✹✳✶✶✮

❊♥ ❡st❡ ❝❛s♦ ❧♦s ♣❛rá♠❡tr♦s λ ② σ̃ff (T ) s❡ ❛❥✉st❛♥✱ ♣❛r❛ ❝❛❞❛ t❡♠♣❡r❛t✉r❛✱ ♣❛r❛ r❡♣r♦❞✉❝✐r ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧❛s

❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❡♥tr❡ ❡❧ ❧íq✉✐❞♦ ② s✉ ✈❛♣♦r✱ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ② ❧✐❜r❡ ❞❡ ✐♥t❡r❛❝❝✐♦♥❡s ❡①t❡r♥❛s✳

❖ s❡❛✿

P (ρv) = P (ρl) = Pcoex, ✭✹✳✶✷✮

❞♦♥❞❡ ρv ② ρl r❡♣r❡s❡♥t❛♥ ❧❛ ❞❡♥s✐❞❛❞❡s ❞❡ ✈❛♣♦r ② ❧íq✉✐❞♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ② Pcoex ❡s ❧❛ ♣r❡s✐ó♥ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡

❛♠❜❛s ❢❛s❡s ✭❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ♣✉❡❞❡♥ ❡①tr❛❡rs❡ ♣♦r ❡❥❡♠♣❧♦ ❞❡ ❧❛ ❘❡❢✳ ❬✼✶❪✮✳

✹✸



❊♥ ✉♥ ❛♥á❧✐s✐s ♣♦st❡r✐♦r✱ ❆♥❝✐❧♦tt♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✻❪ ✉t✐❧✐③❛♥ ❡❧ ♠✐s♠♦ ♣♦t❡♥❝✐❛❧ ♣❡r♦

❛❣r❡❣❛♥ ✉♥ ♣❛rá♠❡tr♦ ❛❞✐❝✐♦♥❛❧ ❛❧ ❢✉♥❝✐♦♥❛❧✱ ❛❧ tér♠✐♥♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❣❛s ✐❞❡❛❧✳ ❊st♦s tr❡s ♣❛rá♠❡tr♦s ❧✉❡❣♦

s♦♥ ❛❥✉st❛❞♦s s✐♠✉❧tá♥❡❛♠❡♥t❡ ♣❛r❛ r❡♣r♦❞✉❝✐r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ② ❡st❛❜✐❧✐❞❛❞✱ ✈❛❧❡ ❞❡❝✐r✿



















P (ρv) = P (ρl) = Pcoex

µ(ρv) = µ(ρl)

✭✹✳✶✸✮

❊st❡ ♠♦❞❡❧♦ ♣r❡s❡♥t❛ ♣r♦❜❧❡♠❛s ❝✉❛♥❞♦ s❡ ✐♥t❡♥t❛ ❛❥✉st❛r ♦tr❛ ❞❡ ❧❛s ✐♠♣♦rt❛♥t❡s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡ ✉♥

✢✉✐❞♦✱ ♥♦s r❡❢❡r✐♠♦s ❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧✱ ❛s♣❡❝t♦ q✉❡ ❛♥❛❧✐③❛r❡♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✳

✹✳✷✳ ◆✉❡str❛ ♣r♦♣✉❡st❛

◆♦s♦tr♦s ❤❡♠♦s ❛❞♦♣t❛❞♦ ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❋▼❚ ✭✈❡r ❈❛♣ít✉❧♦ ✸✮✱ ❞♦♥❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡

♣❡s♦✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦ q✉❡ ♦❝✉rr❡ ❡♥ ❧❛ ❙❉❆✱ ❡stá♥ ❜❛s❛❞❛s ❡♥ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♥st✐t✉②❡♥ ❛❧

✢✉✐❞♦✳

❊♥ ♣r✐♥❝✐♣✐♦ ✉t✐❧✐③❛r❡♠♦s ✉♥❛ ✈❡rs✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s Φ✱ q✉❡ ❝♦♥t✐❡♥❡ ✉♥ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥

♣♦t❡♥❝✐❛❧ ❞❡ ❡s❢❡r❛s ❞✉r❛s ② ✉♥❛ ❝♦♠♣♦♥❡♥t❡ ❛tr❛❝t✐✈❛ ❛s♦❝✐❛❞❛ ❛❧ ♣♦t❡♥❝✐❛❧ ❲❈❆ ✭❋✐❣✳ ✹✳✷✮✳

❚r❛❜❛❥❛♥❞♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❋▼❚ ♠❡❞✐❛♥t❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❡st❡ ♣♦t❡♥❝✐❛❧ ♠ás ❡❧❛❜♦r❛❞♦✱ t❛♠♣♦❝♦ s❡ ❧♦❣r❛

❝♦♥s❡❣✉✐r ✉♥ ❜✉❡♥ ❛❥✉st❡ ❞❡ ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ✭❝♦♠♦ ♣✉❡❞❡

❛♣r❡❝✐❛rs❡ ❡♥ ❧❛s ❋✐❣s✳ ✹✳✼✱ ✹✳✶✵✱ ✹✳✶✸✮✳

▲❛ ♣r♦♣✉❡st❛ ❞❡ ❡st❛ t❡s✐s ❝♦♥s✐st❡ ❡♥t♦♥❝❡s ❡♥ ❡♠♣❧❡❛r ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛✱ ✉♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❝♦♥ ❧❛s

s✐❣✉✐❡♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿

✶✲❈♦♠♦ s❡ ❝♦♠❡♥t♦ ❛♥t❡s ❧❛ ❝♦♠♣♦♥❡♥t❡ ❛tr❛❝t✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s s❡rá ❡❧ ❲❈❆✱ ♣❡r♦ ❝♦♥ ♣❛rá♠❡tr♦s ε̃ff (T )

② σ̃ff (T ) ❛❥✉st❛❞♦s ❞❡s❞❡ εff ② σff ✱ ❞❡ ♠❛♥❡r❛ t❛❧ ❞❡ r❡♣r♦❞✉❝✐r ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲

✈❛♣♦r ② ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ✢✉✐❞♦ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ❧✐❜r❡ ❞❡ ✐♥t❡r❛❝❝✐♦♥❡s ❡①t❡r♥❛s✳

▲❛ ♣❛rt❡ r❡♣✉❧s✐✈❛ ❞❡ ❡st❡ ♣♦t❡♥❝✐❛❧ ❝♦rr❡s♣♦♥❞❡rá ❛❧ ❞❡ ❡s❢❡r❛s ❞✉r❛s ❞❡ ❞✐á♠❡tr♦ dHS = σ̃ff (T )✳

❊s ❞❡❝✐r✿

Φ =







∞ si r < σ̃ff

ΦWCA si r ≥ σ̃ff
✭✹✳✶✹✮

✷✲❊❧ tér♠✐♥♦ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✱ ❧✐❣❛❞♦ ❛ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧✱ ♣♦❞rá ❝♦♥t❡♥❡r ♦tr♦ ♣❛rá♠❡tr♦

❛❞✐❝✐♦♥❛❧ q✉❡ t❛♠❜✐é♥ s❡ ❛❥✉st❛ ❡♥ s✐♠✉❧tá♥❡♦ ❝♦♥ ❧♦s ❞♦s ❛♥t❡r✐♦r❡s ♣❛r❛ r❡♣r♦❞✉❝✐r ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ② ❧❛

❝♦♥❞✐❝✐ó♥ ❞❡ ❡st❛❜✐❧✐❞❛❞✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ◆❡✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ♠♦t✐✈❛❝✐ó♥ ❞❡ ✉t✐❧✐③❛r ✉♥ ❢❛❝t♦r ❞❡ ❝♦rr❡❝❝✐ó♥ ❡♥ ❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧

❣❛s ✐❞❡❛❧✱ q✉❡❞❛ ❛✈❛❧❛❞❛ ♣♦r ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❡❢❡❝t♦s ❝✉á♥t✐❝♦s✳ P❛r❛ ❞❡s♣r❡❝✐❛r ❡st♦s ❡❢❡❝t♦s ❡♥ ❡❧ ❝❛s♦ ❞❡ ✢✉✐❞♦s

❛tó♠✐❝♦s ❞❡❜❡ ✈❡r✐✜❝❛rs❡ q✉❡ ❬✸✵❪ ✿

Λ ≪ l ✭✹✳✶✺✮

❞♦♥❞❡ Λ ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ tér♠✐❝❛ ❞❡ ❞❡ ❇r♦❣❧✐❡ ② l r❡♣r❡s❡♥t❛ ❡❧ ❡s♣❛❝✐❛❞♦ ✐♥t❡r✲♣❛rtí❝✉❧❛ ✱ ✈❛❧❡ ❞❡❝✐r✿

l ≈ (V/N)
1/3

= ρ−1/3 ✭✹✳✶✻✮

✹✹



❈✉❛❞r♦ ✹✳✶✿

❙❡ t❛❜✉❧❛♥✱ ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s s✉st❛♥❝✐❛s✱ ❧❛ t❡♠♣❡r❛t✉r❛ tr✐♣❧❡ ✭❡♥ ✉♥✐❞❛❞❡s ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥✮ ② ❡❧
❢❛❝t♦r Λ/l q✉❡ ✐♥❞✐❝❛ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧♦s ❡❢❡❝t♦s ❝✉á♥t✐❝♦s✳ ❈✉❛♥t♦ ♠ás ❝❡r❝❛♥♦ ❛ ✉♥♦ s❡❛ ❡❧ ✈❛❧♦r ❞❡ ❡st❛ r❡❧❛❝✐ó♥✱
♠ás ✐♠♣♦rt❛♥t❡s s♦♥ ❧♦s ❡❢❡❝t♦s ❝✉á♥t✐❝♦s✳

▲íq✉✐❞♦ Tt ❬❑❪ Λ/l

❍✐❞r♦❣❡♥♦ ✭❍2✮ ✶✹✳✶ ✵✳✾✼
◆❡ó♥ ✷✹✳✺ ✵✳✷✻
❆r❣ó♥ ✽✹ ✵✳✵✽✸
❳❡♥ó♥ ✶✻✶✳✸✻ Λ = 0,01194x10−9m

▲❛s ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ❢❛s❡ ❧íq✉✐❞❛✱ ❡s ❧❛ tí♣✐❝❛ q✉❡ ♣♦s❡❡ ❧❛ ♣♦r❝✐ó♥ ✢✉✐❞❛ ❛ ✉♥❛ ♣r❡s✐ó♥ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❞❡

❝♦❡①✐st❡♥❝✐❛ ❝♦♥ s✉ ❢❛s❡ ❞❡ ✈❛♣♦r ❛ ❡s❛ t❡♠♣❡r❛t✉r❛✳ ❊♥ ❧❛ t❛❜❧❛ ✹✳✶ s❡ t❛❜✉❧❛♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛ r❡❧❛❝✐ó♥ Λ/l ❛ ❧❛

t❡♠♣❡r❛t✉r❛ tr✐♣❧❡✱ ♣❛r❛ ❧♦s ✢✉✐❞♦s ❝♦♥ ❧♦s q✉❡ tr❛t❛♠♦s ❡♥ ❡st❡ tr❛❜❛❥♦ ② s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧

❤✐❞ró❣❡♥♦ ✭❞♦♥❞❡ ❧❛ r❡❧❛❝✐ó♥ ✈❛❧❡ ♣rá❝t✐❝❛♠❡♥t❡ ❧❛ ✉♥✐❞❛❞✮✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ✉♥ tér♠✐♥♦ ❞❡ ❝♦rr❡❝❝✐ó♥ ❛❧ ❣❛s ✐❞❡❛❧ ❝❧ás✐❝♦ s❡ ❥✉st✐✜❝❛ t❛♥t♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ◆❡✱ ❝♦♠♦ ❡♥ ♠❡♥♦r

❣r❛❞♦✱ ♣❛r❛ ❡❧ ❆r✳

P♦r ♦tr❛ ♣❛rt❡ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛ ❝rít✐❝❛✱ ❞♦♥❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s s❡ ✈✉❡❧✈❡♥ ✐♠♣♦rt❛♥t❡s✱ ♣♦❞rí❛

❥✉st✐✜❝❛rs❡ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❡st❡ tér♠✐♥♦ ❞❡❜✐❞♦ ❛❧ ❛♣❛rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❣❛s ✐❞❡❛❧ ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡

❡st❛s ✢✉❝t✉❛❝✐♦♥❡s

✹✳✷✳✶✳ ❆❥✉st❡ ❞❡❧ ❢✉♥❝✐♦♥❛❧

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦s ♣r✐♥❝✐♣✐♦s ❞❡ ❧❛ t❡r♠♦❞✐♥á♠✐❝❛ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❡♥❡r❣í❛ ✐♥t❡r♥❛ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❡♥ tér♠✐♥♦s

❞❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡✿

dE = dF + d(TS) =⇒ dF = dE − TdS − SdT = −PdV + µdN − SdT. ✭✹✳✶✼✮

▲❛ ♣r❡s✐ó♥ ② t❛♠❜✐é♥ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ♣✉❡❞❡♥ ❞❡r✐✈❛rs❡ ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③✿

P = −
(

∂F

∂V

)

T,N

= ρ2
∂f

∂ρ
, ✭✹✳✶✽✮

µ =

(

∂F

∂N

)

T,V

= f + ρ
∂f

∂ρ
. ✭✹✳✶✾✮

❊♥ ❡st❛s ❡①♣r❡s✐♦♥❡s f = F/N ❡s ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ ♣♦r ♣❛rtí❝✉❧❛✳

❊st❛ ❡♥❡r❣í❛ ❡s ❧❛ q✉❡ ♦❜t❡♥❞r❡♠♦s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡ s✉r❣❡♥ ❞❡ ♥✉❡str♦ ❢♦r♠❛❧✐s♠♦ ❋▼❚ ② ❧❛ ❧❧❛♠❛r❡♠♦s fDF ✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❤♦♠♦❣é♥❡♦ ❝♦♥ ✐♥t❡r❛❝❝✐♦♥❡s ❛tr❛❝t✐✈❛s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❧♦ ❝♦♥st✐t✉②❡♥✱ ❧❛ ❡♥❡r❣í❛

❧✐❜r❡ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿

fDF = fid +∆fHS +
1

2
bρ+ αkBT

[

ln
(

Λ3ρ
)

− 1
]

=

= fHS +
1

2
bρ+ αkBT

[

ln
(

Λ3ρ
)

− 1
]

✭✹✳✷✵✮

✹✺



❞♦♥❞❡✱ ❝♦♠♦ ❛♥t❡s✱ s❡ ❞❡✜♥❡ ❛ b =
´

Φattrdr✳ P❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧ ▲✲❏✱ b = −(32π/9)εffσ
3
ff ✱ ♠✐❡♥tr❛s q✉❡ ♣❛r❛ ❡❧

♣♦t❡♥❝✐❛❧ ♣r♦♣✉❡st♦ s❡rá✿

b = −(32π
√
2/9)ε̃ff (T )σ̃

3
ff (T ) ✭✹✳✷✶✮

❆❧ tér♠✐♥♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❣❛s ✐❞❡❛❧✱ ❧❡ ❤❡♠♦s ❛❣r❡❣❛❞♦ ✉♥ ♣❛rá♠❡tr♦ ❛❞✐❝✐♦♥❛❧ q✉❡ ❧❧❛♠❛♠♦s ✏α✏✱ q✉❡ ❝♦rr✐❣❡ ❧❛

❞❡s✈✐❛❝✐ó♥ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ✐❞❡❛❧ ✭❞❡❜✐❞♦ ❛ ❧♦s ❡❢❡❝t♦s ❝✉á♥t✐❝♦s ♦ ♣❛r❛ ❛❥✉st❛r ♠❡❥♦r ❧♦s ✈❛❧♦r❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛✮✳

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❊❝s✳ ✹✳✶✽ ② ✹✳✶✾✿

P (T ) = PHS(T ) + αkBTρ− (32π
√
2/18)ε̃ff (T )σ̃

3
ff (T )ρ

2 ✭✹✳✷✷✮

µ(T ) = µHS(T ) + αkBT ln
(

Λ3ρ
)

− (32π
√
2/9)ε̃ff (T )σ̃

3
ff (T )ρ ✭✹✳✷✸✮

❊♥ ♥✉❡str♦ ❝♦♥t❡①t♦ ❞❡ tr❛❜❛❥♦✱ t❛♥t♦ ♣❛r❛ ❧❛ ♣r❡s✐ó♥ ❝♦♠♦ ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s

✭PHS ② µHS✮✱ ❛❞♦♣t❛♠♦s ❧❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ P❡r❦✉s✲❨❡✈✐❝❦ ❬✸✸❪✱ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❢♦r♠❛❧✐s♠♦

❞❡ ❧❛ ❋▼❚✳

❊s ❞❡❝✐r✿

PHS(T ) = PPY
HS = kBTρ

(

1 + η + η2

(1− η)
3

)

✭✹✳✷✹✮

µHS(T ) = µPY
HS = kBT

{

η

2

(

14− 13η + 5η2

(1− η)
3

)

− ln(1− η) + ln(Λ3ρ)

}

✭✹✳✷✺✮

❞♦♥❞❡ η ❡s ❡❧ ❢❛❝t♦r ❞❡ ❡♠♣❛q✉❡t❛♠✐❡♥t♦✿

η =
π

6
ρσ̃3

ff (T ) ✭✹✳✷✻✮

▲✉❡❣♦✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦ ❛♥t❡r✐♦r✱ ♣❛r❛ ❝❛❞❛ t❡♠♣❡r❛t✉r❛ s❡ ✐♠♣♦♥❡ ❡❧ ❛❥✉st❡ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛✱

❞❡r✐✈❛❞♦s ❞❡❧ ❝á❧❝✉❧♦✱ ❛ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s✿

P (ρl) = P (ρv) = P0 ✭✹✳✷✼✮

❥✉♥t♦ ❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡st❛❜✐❧✐❞❛❞✿

µ(ρv) = µ(ρl) ✭✹✳✷✽✮

❊st❛ ✐♠♣♦s✐❝✐ó♥ ✜❥❛ ❧♦s ♥✉❡✈♦s ✈❛❧♦r❡s ❞❡ εff ✱ σff ✭q✉❡ ❤❡♠♦s r❡♥♦♠❜r❛❞♦ ❝♦♥ ε̃ff (T ) ② σ̃ff (T ) ✮ ② ❡❧ ✈❛❧♦r ❞❡ α✳

❙❡ ♣♦st✉❧❛ q✉❡ ❡st♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ♣❛r❛ ✉♥❛ ✢✉✐❞♦ ❤♦♠♦❣é♥❡♦ s♦♥ ❧♦s ❛♣r♦♣✐❛❞♦s ♣❛r❛ ❡st✉❞✐❛r ♣r♦❜❧❡♠❛s ❞❡

✢✉✐❞♦s ✐♥❤♦♠♦❣é♥❡♦s ❝♦♠♦ ❧♦s q✉❡ s❡ ♣r❡s❡♥t❛♥ ❝✉❛♥❞♦ ❡st♦s s♦♥ ❛❞s♦r❜✐❞♦s s♦❜r❡ s✉str❛t♦s só❧✐❞♦s✳

✹✳✸✳ ❘❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡♥ ❧♦s ❞✐❢❡r❡♥t❡s ❣rá✜❝♦s✱ s❡ ❡①❤✐❜❡♥ ② s❡ ❝♦♠♣❛r❛♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❛♣❧✐❝❛r ❡❧ ❢♦r♠❛❧✐s♠♦

❉❋❚ ❝♦♥ ❡❧ ❢✉♥❝✐♦♥❛❧ ♠♦❞✐✜❝❛❞♦ s❡❣ú♥ ♥✉❡str❛ ♣r♦♣✉❡st❛✱ ♣❛r❛ ❡❧ ◆❡✱ ❆r ② ❳❡✱ ❡♥ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s q✉❡

✹✻



❈✉❛❞r♦ ✹✳✷✿

❊♥ ❡st❛ t❛❜❧❛ s❡ ♣✉❡❞❡♥ ❛♣r❡❝✐❛r ❧♦s ✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ✢✉✐❞♦✲✢✉✐❞♦✱ ❛❧
❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ② ❧❛s t❡♠♣❡r❛t✉r❛s tr✐♣❧❡s ② ❝rít✐❝❛s ❞❡❧ ◆❡✱ ❆r ② ❳❡✱ ❥✉♥t♦ ❛ ❧❛s r❡❢❡r❡♥❝✐❛s ❞❡ ❞♦♥❞❡ ❢✉❡r♦♥
❡①tr❛í❞♦s✳

✢✉✐❞♦ εff/kB ❬❑❪ σff ❬♥♠❪ Tt ❬❑❪ Tc ❬❑❪ ❘❡❢
◆❡ ✸✸✳✾ ✵✳✷✼✽✵ ✷✹✳✺✺ ✹✹✳✹ ❬✺❪
❆r ✶✶✾✳✽ ✵✳✸✹✵✺ ✽✸✳✽✶ ✶✺✵✳✽✻ ❬✺✱ ✼✷❪
❳❡ ✷✷✶✳✵ ✵✳✹✶✵✵ ✶✻✶✳✸✻ ✷✽✾✳✼✹ ❬✼✸✱ ✼✹❪

✈❛♥ ❞❡s❞❡ ❡❧ ♣✉♥t♦ tr✐♣❧❡ ❛❧ ❝rít✐❝♦ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦✳ ❊♥ ❡st♦s ❣rá✜❝♦s s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❧♦s ❛❥✉st❡s ❞❡ ❧❛ ❝✉r✈❛

❞❡ ❝♦❡①✐st❡♥❝✐❛ ❝✉❛♥❞♦ s❡ ✉t✐❧✐③❛♥ ♣♦t❡♥❝✐❛❧❡s t✐♣♦ ▲✲❏ ♦ ❲❈❆✱ t♦♠❛♥❞♦ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s σff ② εff ❧♦s ✈❛❧♦r❡s

❞❡ r❡❢❡r❡♥❝✐❛ q✉❡ ✜❣✉r❛♥ ❡♥ ❧❛ t❛❜❧❛ ✹✳✷✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ r❡❧❛❝✐ó♥ ❛ ❧❛ ♣r♦♣✉❡st❛ ❞❡ ❡st❛ t❡s✐s✱ s❡ ❣r❛✜❝❛r♦♥ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s ♣♦r❝❡♥t✉❛❧❡s ❡♥ ❡❧ ✈❛❧♦r ❞❡ ❧♦s

♣❛rá♠❡tr♦s ❞❡❧ ❲❈❆ ✭❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r✱ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s✮ ② ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❛s♦❝✐❛❞♦ ❛❧ ❣❛s ✐❞❡❛❧

❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ q✉❡ ♣❡r♠✐t❡ ❡❧ ❝♦rr❡❝t♦ ❛❥✉st❡ ❛ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛✳

◆ót❡s❡ q✉❡ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s s♦♥ ♠á①✐♠❛s ❛❧ ❛♣r♦①✐♠❛rs❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝r✐t✐❝❛✱ ❞♦♥❞❡ ❧❛ ❝♦♠✲

♣r❡s✐❜✐❧✐❞❛❞ ✐s♦tér♠✐❝❛ χT ❞✐✈❡r❣❡ ② ♣♦r ❡♥❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❡♥ ❧❛ ❞❡♥s✐❞❛❞ s♦♥ ✐♠♣♦rt❛♥t❡s✱ ♣✉❡s✿

< N2 > − < N >

< N >
= ρkBTχT ✭✹✳✷✾✮

❚❛♠❜✐é♥ s❡ ♠✉❡str❛ ❝♦♠♦ s❡ ♠♦❞✐✜❝❛ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ✏r✑ ❡♥tr❡ ♠♦❧é❝✉❧❛s

✹✳✸✳✶✳ ❆❥✉st❡ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ◆❡ó♥

✹✳✸✳✶✳✶✳ ❱❛r✐❛❝✐ó♥ ❞❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ② ❞❡ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s

❊♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❋✐❣✳ ✹✳✺ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❝♦♠♦ s❡ ♠♦❞✐✜❝❛♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♣❛r❛ ❛❥✉st❛r ❧♦s

❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❡st❡ ✢✉✐❞♦✳ ❆❧❧í s❡ ♠✉❡str❛♥ ❧❛ ✈❛r✐❛❝✐ó♥ ♣♦r❝❡♥t✉❛❧ ❞❡❧ ❞✐á♠❡tr♦

♠♦❧❡❝✉❧❛r tí♣✐❝♦ ✭δσ✮ ② ❞❡ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ✭δε✮✳

❊❧ ❡❧ ❝❛s♦ ❞❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ❡st❛s ❞❡s✈✐❛❝✐♦♥❡s s❡ ♠❛♥t✐❡♥❡♥ ♣♦r ❞❡❜❛❥♦ ❞❡❧ ✶✵✪ ♠✐❡♥tr❛s q✉❡ ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧

♥♦ s✉♣❡r❛♥ ❡❧ ✶✺✪ ♣❛r❛ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳

✹✳✸✳✶✳✷✳ ❱❛r✐❛❝✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧ ② ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛

❊♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❋✐❣✳ ✹✳✻ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❝♦♠♦ ❝❛♠❜✐❛ ❝♦♥ ❧❛ t❡♠♣❡r❛t✉r❛ ❡❧ tér♠✐♥♦ ❞❡ ❝♦rr❡❝❝✐ó♥ ❞❡ ❣❛s

✐❞❡❛❧ ✭♣❛rá♠❡tr♦ ❞❡♥♦t❛❞♦ ♣♦r α✮ ② t❛♠❜✐é♥ ❝♦♠♦ s❡ ♠♦❞✐✜❝❛ ❧❡✈❡♠❡♥t❡ ❡❧ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ❧❛s t❡♠♣❡r❛t✉r❛s tr✐♣❧❡

② ❝rít✐❝❛✳

❊❧ ❢❛❝t♦r q✉❡ ❝♦rr✐❣❡ ❡❧ tér♠✐♥♦ ❞❡ ❣❛s ✐❞❡❛❧ s❡ ❛❝❡r❝❛ ❛ ✵✳✶ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ ❡st❛ ❛♣❛rt❛❞❛ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛

❝rít✐❝❛ ❡♥ ♠❡♥♦s ❞❡ ✉♥ ✷✪✳ ❱❛❧❡ ❞❡❝✐r ❡st❡ ❢❛❝t♦r s❡ ♠❛♥t✐❡♥❡ ♣rá❝t✐❝❛♠❡♥t❡ ♣❡q✉❡ñ♦ s❛❧✈♦ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛

s❡ ❛❝❡r❝❛ ❞❡♠❛s✐❛❞♦ ❛ ❧❛ ❝rít✐❝❛✳ ❆✉♥ ❡♥ ❡st❛ t❡♠♣❡r❛t✉r❛ α s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ✵✳✶✽✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❧❛s ❞❡s✈✐❛❝✐♦♥❡s r❡s♣❡❝t♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❲❈❆ ❝❛❧❝✉❧❛❞♦ ❝♦♥ ♣❛rá♠❡tr♦s σ ② ε ✜❥♦s

♥♦ s✉♣❡r❛♥ ❡❧ ✶✹✪ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳

✹✼
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❋✐❣✉r❛ ✹✳✺✿
❆♠❜♦s ❣rá✜❝♦s ♠✉❡str❛♥ ❝♦♠♦ ❞❡❜❡♥ ♠♦❞✐✜❝❛rs❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ♣❛r❛
❛❥✉st❛r ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✭✹✳✼✮✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❝ó♠♦ ❞❡❜❡ ♠♦❞✐✲
✜❝❛rs❡ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r✳ ❆ ❧❛ ❞❡r❡❝❤❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ❝❛♠❜✐♦ ♥❡❝❡s❛r✐♦ ❡♥ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡
♣❛r❡s✳ ▲❛s ♠á①✐♠❛s ❞❡s✈✐❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s s♦♥ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛ ❝rít✐❝❛✳
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❋✐❣✉r❛ ✹✳✻✿
❆ ❧❛ ✐③q✉✐❡r❞❛ s❡ ♦❜s❡r✈❛ ❡❧ ✈❛❧♦r ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ✭✈❛❧♦r ♣♦r❝❡♥t✉❛❧✮✳
❆ ❧❛ ❞❡r❡❝❤❛✱ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ✭❝✉r✈❛ ♠❛r❝❛❞❛ ❝♦♥ Tc✮ ② tr✐♣❧❡ ✭❝✉r✈❛
s❡ñ❛❧❛❞❛ ❝♦♥ Tt✮✱ s❡ ❣r❛✜❝❛ ❥✉♥t♦ ❛❧ ❲❈❆ ✭❝✉r✈❛ r❛②❛❞❛✮✳ ▲❛ r❡st❛♥t❡ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ▲✲❏ ✶✷✲✻✳
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❈♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ◆❡✳ ❙❡ ♦❜s❡r✈❛✱ ❡♥ ❧í♥❡❛ ❧❧❡♥❛✱ ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛
❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳ ▲♦s ❝ír❝✉❧♦s ❡♥❣❛r③❛❞♦s ❡♥ ❡s❛ ❧í♥❡❛✱ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ✉t✐❧✐③❛♥❞♦ ♥✉❡str❛
♣r♦♣✉❡st❛✳ P♦r ❞❡❜❛❥♦✱ ❡♥ ❧í♥❡❛ ❞❡ r❛②❛s s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝á❧❝✉❧♦ ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s♠♦ ❉❋❚✱ ❡♥
❞♦♥❞❡ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s s❡ ✉t✐❧✐③ó ✉♥ ▲✲❏ ✶✷✲✻✳ ❊♥ ❧í♥❡❛ ❞❡ r❛②❛s ② ♣✉♥t♦s s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❝❛❧❝✉❧❛❞♦s
❞❡♥tr♦ ❞❡❧ ♠✐s♠♦ ❢♦r♠❛❧✐s♠♦✱ ♣❡r♦ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡❧ ❲❈❆✳

✹✳✸✳✶✳✸✳ ❈✉r✈❛s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ◆❡ó♥

❊♥ ❧❛ ❋✐❣✳ ✹✳✼ s❡ ♠✉❡str❛ ❝♦♠♦ ❛❧❣✉♥♦s ♠♦❞❡❧♦s ❞❡ ♣♦t❡♥❝✐❛❧ ✉t✐❧✐③❛❞♦s ❞❡♥tr♦ ❞❡ ✉♥ ❢♦r♠❛❧✐s♠♦ ❞❡ ❉❋❚✱ ❛❥✉st❛♥

❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✳ ◆ót❡s❡ ❧♦s ♠❛❣r♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ❝♦♥s✐❣✉❡♥ s✐ s❡ ✉t✐❧✐③❛ ✉♥ ♣♦t❡♥❝✐❛❧ ▲✲❏✳

❈♦♥ ✉♥ ♣♦t❡♥❝✐❛❧ ❝♦♠♦ ❡❧ ❲❈❆✱ ❡❧ ❛❥✉st❡ ❡s ♠ás ♣r❡❝✐s♦ ❡♥ ✉♥ r❛♥❣♦ ♥♦ ♠✉② ❛♠♣❧✐♦ ❞❡ ❞❡♥s✐❞❛❞❡s✳

✹✳✸✳✷✳ ❈á❧❝✉❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❆r❣ó♥

✹✳✸✳✷✳✶✳ ❱❛r✐❛❝✐ó♥ ❞❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ② ❞❡ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s

❊♥ ❡st❡ ❝❛s♦ ❧❛ ✈❛r✐❛❝✐ó♥ ♣♦r❝❡♥t✉❛❧ ❞❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ✭❋✐❣✳ ✹✳✽✮ s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡❧ ✶✵✪ ♣❛r❛

♣rá❝t✐❝❛♠❡♥t❡ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛✳ ▲❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s s❡ ❞❡s✈í❛ ❡♥ ♥♦ ♠ás ❞❡❧ ✶✼✪

♠❛♥t❡♥✐é♥❞♦s❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ✶✷✪ ❤❛st❛ ❧♦s ✶✹✵ ❑✱ ❡s ❞❡❝✐r ❤❛st❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✾✸✪ ❞❡ ❧❛

❝rít✐❝❛✳

✹✳✸✳✷✳✷✳ ❱❛r✐❛❝✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧ ② ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛

❊❧ ✈❛❧♦r ❞❡❧ ❝♦❡✜❝✐❡♥t❡ α s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ✵✳✶ ❤❛st❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✾✵✪ ❞❡ ❧❛ ❝rít✐❝❛✳

❊❧ ✈❛❧♦r ♠á①✐♠♦ q✉❡ ❛❧❝❛♥③❛ ❡s ✵✳✷ ❡♥ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ✭❋✐❣✳ ✹✳✾✮✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❧❛s ❞❡s✈✐❛❝✐♦♥❡s r❡s♣❡❝t♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❲❈❆ ❝❛❧❝✉❧❛❞♦ ❝♦♥ ♣❛rá♠❡tr♦s σ ② ε ✜❥♦s

♥♦ s✉♣❡r❛♥ ❡❧ ✶✷✪ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳

✹✳✸✳✷✳✸✳ ❈✉r✈❛s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r
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❋✐❣✉r❛ ✹✳✽✿
❆♠❜♦s ❣rá✜❝♦s ♠✉❡str❛♥ ❝♦♠♦ ❞❡❜❡♥ ♠♦❞✐✜❝❛rs❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ♣❛r❛
❛❥✉st❛r ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r ✭✹✳✶✵✮✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❝♦♠♦ ❞❡❜❡
✈❛r✐❛rs❡ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r✳ ❆ ❧❛ ❞❡r❡❝❤❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ❝❛♠❜✐♦ ♥❡❝❡s❛r✐♦ ❡♥ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧
❞❡ ♣❛r❡s✳ ▲❛s ♠á①✐♠❛s ❞❡s✈✐❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s s♦♥ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛ ❝rít✐❝❛✳
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❋✐❣✉r❛ ✹✳✾✿
❆ ❧❛ ✐③q✉✐❡r❞❛ s❡ ♦❜s❡r✈❛ ❡❧ ✈❛❧♦r ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧ q✉❡ ❛♣❛r❡❝❡ ❡♥ ♥✉❡str♦ ❢✉♥❝✐♦♥❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛
t❡♠♣❡r❛t✉r❛✳ ❆ ❧❛ ❞❡r❡❝❤❛✱ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ✭❧í♥❡❛ ♠❛r❝❛❞❛ ❝♦♥ Tc✮ ② tr✐♣❧❡
✭❧í♥❡❛ s❡ñ❛❧❛❞❛ ❝♦♥ Tt✮✱ s❡ ❣r❛✜❝❛ ❥✉♥t♦ ❛❧ ❲❈❆ ✭❧í♥❡❛ r❛②❛❞❛✮✳ ▲❛ r❡st❛♥t❡ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ▲✲❏ ✶✷✲✻✳
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❈♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ❆r✳ ❙❡ ♦❜s❡r✈❛ ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❞❛t♦s ❡①♣❡r✐♠❡♥✲
t❛❧❡s ✭❧í♥❡❛ ❧❧❡♥❛✮✳ ▲♦s ❝ír❝✉❧♦s ❡♥❣❛r③❛❞♦s ❡♥ ❡s❛ ❧í♥❡❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ✈❛❧♦r❡s ❛❥✉st❛❞♦s ✉t✐❧✐③❛♥❞♦ ♥✉❡str♦
❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✳ P♦r ❞❡❜❛❥♦✱ ❡♥ ❧í♥❡❛ ❞❡ r❛②❛s s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝á❧❝✉❧♦ ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s✲
♠♦ ❞❡ ❉❋❚✱ ❡♥ ❞♦♥❞❡ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s s❡ ✉t✐❧✐③ó ✉♥ ▲✲❏ ✶✷✲✻✳ ❊♥ ❧í♥❡❛ ❞❡ r❛②❛s ② ♣✉♥t♦s s❡ ♠✉❡str❛♥ ❧♦s
r❡s✉❧t❛❞♦s ❝❛❧❝✉❧❛❞♦s ❞❡♥tr♦ ❞❡❧ ♠✐s♠♦ ❢♦r♠❛❧✐s♠♦ ♣❡r♦ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡❧ ❲❈❆✳

❊♥ ❧❛ ❋✐❣✳ ✹✳✶✵ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✱ ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ❆r✳ ◆ót❡s❡✱ q✉❡ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧

❝❛s♦ ❛♥t❡r✐♦r✱ ♥♦ s❡ ❝♦♥s✐❣✉❡♥ ❜✉❡♥♦s r❡s✉❧t❛❞♦s ❝✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ✉♥ ▲✲❏✱ ♠✐❡♥tr❛s q✉❡ ❡❧

♣♦t❡♥❝✐❛❧ ❲❈❆ s✐ ❜✐❡♥ ❝♦♥s✐❣✉❡ ✉♥ ♠❡❥♦r r❡s✉❧t❛❞♦✱ ❧❛ t❡♥❞❡♥❝✐❛ ❞❡ ❧❛ ❝✉r✈❛ ❞❛ ❝✉❡♥t❛ ❞❡ ✉♥ ❛❥✉st❡ ♥♦ ✉♥✐❢♦r♠❡

❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ♣❛r❛ ❡❧ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❢❛s❡ ❧íq✉✐❞❛✳

✹✳✸✳✸✳ ❈á❧❝✉❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❳❡♥ó♥

✹✳✸✳✸✳✶✳ ❉✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ② ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s✳

❊♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❋✐❣✳ ✹✳✶✶ s❡ ♠✉❡str❛♥ ❝♦♠♦ ❞❡❜❡♥ ♠♦❞✐✜❝❛rs❡ ❡❧ ✈❛❧♦r ❡st♦s ♣❛rá♠❡tr♦s ♣❛r❛ ❝♦♥s❡❣✉✐r ❛❥✉st❛r

❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✳ ▲❛ ✈❛r✐❛❝✐ó♥ ❡♥ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡❧ ✶✵✪ ❤❛st❛

✉♥❛ t❡♠♣❡r❛t✉r❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✾✵✪ ❞❡ ❧❛ ❝rít✐❝❛✳ ▲❛ ♠á①✐♠❛ ❞❡s✈✐❛❝✐ó♥ ❡s ❞❡ ❛♣r♦①✳ ✉♥ ✶✷✪ ② s❡ ❛❧❝❛♥③❛ ❡♥

❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳ ❊♥ ❝✉❛♥t♦ ❛ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ s✉ ✈❛r✐❛❝✐ó♥ s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦

❞❡❧ ✶✵✪ ❤❛st❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❝❛s✐ ❡❧ ✾✺✪ ❞❡ ❧❛ ❝rít✐❝❛✳ ❊♥ ❡st❡ ✈❛❧♦r ❞❡ t❡♠♣❡r❛t✉r❛ ❡st❛ ✈❛r✐❛❝✐ó♥ ❛❧❝❛♥③❛

✉♥ ♠á①✐♠♦ ❞❡❧ ✶✺✪✳

✹✳✸✳✸✳✷✳ ❱❛r✐❛❝✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧ ② ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛✳

P❛r❛ ❡❧ ❳❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ α ✭❋✐❣✳ ✹✳✶✷✮ s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ✵✳✶ ❤❛st❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡

✷✼✵ ❑ ✭❡s ❞❡❝✐r ❤❛st❛ ❛♣r♦①✳ ❡❧ ✾✸✪ ❞❡ ❧❛ ❝rít✐❝❛✮ ❛❧❝❛♥③❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ✵✳✷ ♣rá❝t✐❝❛♠❡♥t❡ ❡♥ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❧❛s ❞❡s✈✐❛❝✐♦♥❡s r❡s♣❡❝t♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❲❈❆ ❝❛❧❝✉❧❛❞♦ ❝♦♥ ♣❛rá♠❡tr♦s σ ② ε ✜❥♦s

♥♦ s✉♣❡r❛♥ ❡❧ ✶✺✪ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳

✹✳✸✳✸✳✸✳ ❈✉r✈❛s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r
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❊❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ♠✉❡str❛ ❝ó♠♦ ❞❡❜❡ ❝❛♠❜✐❛r ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ♣❛r❛ ❝♦♥s❡❣✉✐r ✉♥ ❜✉❡♥ ❛❥✉st❡ ❞❡ ❧❛
❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r ❡❝✭✹✳✶✸✮✳ ❆ ❧❛ ❞❡r❡❝❤❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ❝❛♠❜✐♦ ♥❡❝❡s❛r✐♦ ❡♥ ❧❛ ✐♥t❡♥s✐❞❛❞
❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s✳ ▲❛s ♠á①✐♠❛s ❞❡s✈✐❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛ ❝rít✐❝❛
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❆ ❧❛ ✐③q✉✐❡r❞❛ s❡ ♦❜s❡r✈❛ ❡❧ ✈❛❧♦r ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❣❛s ✐❞❡❛❧ q✉❡ ❛♣❛r❡❝❡ ❡♥ ♥✉❡str♦ ❢✉♥❝✐♦♥❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛
t❡♠♣❡r❛t✉r❛✳ ❆ ❧❛ ❞❡r❡❝❤❛✱ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ✭❧í♥❡❛ ♠❛r❝❛❞❛ ❝♦♥ Tc✮ ② tr✐♣❧❡
✭❧í♥❡❛ s❡ñ❛❧❛❞❛ ❝♦♥ Tt✮✱ s❡ ❣r❛✜❝❛ ❥✉♥t♦ ❛❧ ❲❈❆ ✭❧í♥❡❛ r❛②❛❞❛✮✳ ▲❛ r❡st❛♥t❡ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ▲✲❏ ✶✷✲✻
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❈♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ❳❡✳ ❙❡ ♦❜s❡r✈❛ ❧❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❞❛t♦s ❡①♣❡r✐♠❡♥✲
t❛❧❡s ✭❧í♥❡❛ ❧❧❡♥❛✮✳ ▲♦s ❝ír❝✉❧♦s ❡♥❣❛r③❛❞♦s ❡♥ ❡s❛ ❧í♥❡❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ✈❛❧♦r❡s ❛❥✉st❛❞♦s ✉t✐❧✐③❛♥❞♦ ♥✉❡str♦
❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✳ P♦r ❞❡❜❛❥♦✱ ❡♥ ❧í♥❡❛ ❞❡ r❛②❛s s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝á❧❝✉❧♦ ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s✲
♠♦ ❞❡ ❉❋❚✱ ❡♥ ❞♦♥❞❡ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s s❡ ✉t✐❧✐③ó ✉♥ ▲✲❏ ✶✷✲✻✳ ❊♥ ❧í♥❡❛ ❞❡ r❛②❛s ② ♣✉♥t♦s s❡ ♠✉❡str❛♥ ❧♦s
r❡s✉❧t❛❞♦s ❝❛❧❝✉❧❛❞♦s ❞❡♥tr♦ ❞❡❧ ♠✐s♠♦ ❢♦r♠❛❧✐s♠♦ ♣❡r♦ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡❧ ❲❈❆✳

❊♥ ❧❛ ❋✐❣✳ ✹✳✶✸ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❧♦s ❛❥✉st❡s ❧♦❣r❛❞♦s ❝✉❛♥❞♦ ❡♥ ❧❛ ❉❋❚ s❡ ✉t✐❧✐③❛♥ ❝♦♠♦ ♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s ❡❧

▲✲❏ ♦ ❡❧ ❲❈❆✳ ❊❧ ❝❛s♦ ❞❡❧ ▲✲❏ ❡s t❛♥ ❞❡✜❝✐t❛r✐♦ ❝♦♠♦ ♣❛r❛ ❡❧ ◆❡ ② ❡❧ ❆r✳ ❊♥ ❝✉❛♥t♦ ❛❧ ❲❈❆✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❢❛s❡

❞❡ ✈❛♣♦r s❡ ♦❜t✐❡♥❡ ✉♥ ❛❥✉st❡ r❛③♦♥❛❜❧❡ ♣❛r❛ ✉♥ ✷✵✪ ❛♣r♦①✳ ❞❡❧ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❡s❛ ❢❛s❡✳

✺✸
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❈❛♣ít✉❧♦ ✺

❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧

▼❡❞✐❛♥t❡ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ♣r♦♣✉❡st♦ ❡♥ ❡st❛ ❚❡s✐s✱ s❡ ❝❛❧❝✉❧ó ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧

❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ♣❛r❛ ❡❧ ◆❡ ❡❧ ❆r ② ❡❧ ❳❡✳ ▲♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s

❢✉❡r♦♥ ❡①tr❛í❞♦s ❞❡ ❧❛ ❘❡❢✳ ❬✼✻❪✳ ❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣r♦♣✉❡st♦ ❡♥ ❡st❛ ❚❡s✐s ♣❛r❛ ♦♣t✐♠✐③❛r ❡❧ ❢✉♥❝✐♦♥❛❧ ♥♦s ♣❡r♠✐t✐ó

♣r❡❞❡❝✐r ❝♦♥ ❛❞❡❝✉❛❞❛ ♣r❡❝✐s✐ó♥ ❧♦s ✈❛❧♦r❡s ❞❡ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ♣❛r❛ ❧♦s ✢✉✐❞♦s q✉❡ ❛q✉í ❡st✉❞✐❛♠♦s✳ ▲❛ ❞❡s✈✐❛❝✐ó♥

r❡s♣❡❝t♦ ❞❡ ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ♥♦ s✉♣❡r❛ ❡❧ ✶✵✪ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳

✺✳✶✳ ❇r❡✈❡ ✐♥tr♦❞✉❝❝✐ó♥

▲❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ✢✉✐❞♦ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦✱ ❡s

❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❜❛❧❛♥❝❡ ❞❡ ❢✉❡r③❛s ✐♥t❡r♠♦❧❡❝✉❧❛r❡s ♦ ✐♥t❡r❛tó♠✐❝❛s ② ❞❡♣❡♥❞❡ ❞❡ s✉ t❡♠♣❡r❛t✉r❛✳

❊st❛ t❡♥s✐ó♥ γlv ♣✉❡❞❡ r❡❧❛❝✐♦♥❛rs❡ ❝♦♥ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡❧ ✢✉✐❞♦ ♠❡❞✐❛♥t❡ ✉♥❛ ❡①♣r❡s✐ó♥ s✉r❣✐❞❛ ❞❡ ❧❛ t❡♦rí❛

❞❡ ❢❡♥ó♠❡♥♦s ❝rít✐❝♦s✿

γlv = γ0lv

[

1− T

Tc

]p

. ✭✺✳✶✮

❊♥ ❡st❛ ❡①♣r❡s✐ó♥ γ0lv ❞❡♣❡♥❞❡ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡❧ ✢✉✐❞♦ ② p ❡s ✉♥ ❡①♣♦♥❡♥t❡ ❝rít✐❝♦ ❝✉②♦ ✈❛❧♦r ❤❛ s✐❞♦ ❡st✐♠❛❞♦

♣♦r ❞✐❢❡r❡♥t❡s ❛✉t♦r❡s ❜❛❥♦ ❞✐❢❡r❡♥t❡s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❬✼✺❪✳

P♦r ❡❥❡♠♣❧♦✱ ❲✐❞♦♠ ❬✼✾❪✱ ❧♦ ❡st✐♠ó ✐❞❡♥t✐✜❝❛♥❞♦ ❡❧ ✏❡s♣❡s♦r✑ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❝♦♥ ❧❛ ❧♦♥❣✐t✉❞ ❞❡

❝♦rr❡❧❛❝✐ó♥ q✉❡ ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ❚❡♦rí❛ ❞❡ ❈♦rr❡❧❛❝✐ó♥ ▼♦❧❡❝✉❧❛r ❞❡s❛rr♦❧❧❛❞❛ ♣♦r ❖r♥st❡✐♥✱ ❩❡r♥✐❦❡ ② ❉❡❜②❡✳ ❉❡

❛❝✉❡r❞♦ ❛❧ ♠♦❞❡❧♦ ❛❞♦♣t❛❞♦ ✭❣❛s ❞❡ s✐t✐♦s ♦ ✢✉✐❞♦ ❝♦♥t✐♥✉♦✮ ❧♦s ✈❛❧♦r❡s q✉❡ ♦❜t✉✈♦ ❢✉❡r♦♥ ✶✳✷✵ ♦ ✶✳✷✾✳

❊♥ ✉♥ tr❛❜❛❥♦ ♣♦st❡r✐♦r ❞❡ ❙♠✐t❤ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✼✽❪✱ s❡ ❛♥❛❧✐③ó ✉♥❛ ♠✉❡str❛ ❞❡ ❳❡ ❞❡ ❛❧t❛ ♣✉r❡③❛ ✭❝♦♥t❛♠✐♥❛❞♦ ❛

❧♦ s✉♠♦ ❝♦♥ ✺✵♣♣♠✱ ❡♥ ✈♦❧✉♠❡♥✱ ❞❡ ♥✐tró❣❡♥♦ ② ✷✺ ♣♣♠ ❞❡ ❑r✮✳ P❛r❛ ❡st❛ ♠✉❡str❛ s❡ ❡♥❝♦♥tró q✉❡ ❧♦s ♣❛rá♠❡tr♦s

ó♣t✐♠♦s ✈❛❧❡♥✿







γ0lv = 54.6± 0.1 dyn cm−1

p = 1.287± 0.017
✭✺✳✷✮

✺✺



❋✐❣✉r❛ ✺✳✶✿
❈❛❥❛ r❡❝t❛♥❣✉❧❛r ✉t✐❧✐③❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❉❋❚✳ ▲❛s ♣❛r❡❞❡s✱ ♣❛r❛❧❡❧❛s ❡♥tr❡
s✐✱ ❡stá♥ s❡♣❛r❛❞❛s ✉♥❛ ❞✐st❛♥❝✐❛ ▲ ② ♥♦ ✐♥t❡r❛❝tú❛♥ ❝♦♥ ❡❧ ✢✉✐❞♦ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡ ❡❧❧❛s✳ P❛r❛ ❡❧ ❝á❧❝✉❧♦ s❡
❝♦♥s✐❞❡r❛ q✉❡ ❧❛ ❡①t❡♥s✐ó♥ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❡st❛s ♣❛r❡❞❡s ❡♥ ✐♥✜♥✐t❛✳ ❊♥ ❡st❡ ❡sq✉❡♠❛ z r❡♣r❡s❡♥t❛ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡
♣♦s✐❝✐ó♥✱ t♦♠❛♥❞♦ ❝♦♠♦ ♦r✐❣❡♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛ ❧❛ ♣❛r❡❞ ✐③q✉✐❡r❞❛✳

❙✐ ❜✐❡♥ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✱ ❡st♦s ✈❛❧♦r❡s ♣❡r♠✐t❡♥ ♣r❡❞❡❝✐r ❝♦♥ ❛❞❡❝✉❛❞❛

♣r❡❝✐s✐ó♥ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧✱ ❡♥ ✉♥ r❛♥❣♦ ❡str❡❝❤♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥ t♦r♥♦ ❞❡ ❧❛ ❝rít✐❝❛✱ ❧♦s ✈❛❧♦r❡s q✉❡ ♣r❡❞✐❝❡

❡st❡ ♠♦❞❡❧♦ ✭❝♦♥ ❧♦s ❛♥t❡r✐♦r❡s ♣❛rá♠❡tr♦s✮✱ s❡ ❞❡s✈í❛♥ ❞❡ ❧♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❡♥ ♠ás ❞❡ ✉♥ ✺✵✪✳ ▲❛ t❡♥s✐ó♥

s✉♣❡r✜❝✐❛❧ ❡♥ ❡st❡ r❛♥❣♦ ❡str❡❝❤♦ ❢✉❡ ♠❡❞✐❞❛ ♣❛r❛ ❡❧ ❳❡✱ ♣♦r ❩♦❧❧✇❡❣ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✽✵❪ ✉t✐❧✐③❛♥❞♦ té❝♥✐❝❛s ❞❡

❡s♣❡❝tr♦s❝♦♣✐❛ ó♣t✐❝❛ ❞❡ ♠❡③❝❧❛✳ ❊♥ ❡st❛ té❝♥✐❝❛ s❡ ❛♥❛❧✐③❛ ❡❧ ❡s♣❡❝tr♦ ❞❡ ❧✉③ q✉❡ s❡ ❞✐❢✉♥❞❡ ✐♥❡❧ást✐❝❛♠❡♥t❡ ❡♥ ❧❛

✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r✱ ❞❡❜✐❞♦ ❛ ❧❛s ❡①❝✐t❛❝✐♦♥❡s tér♠✐❝❛s ❬✽✶✱ ✽✷❪✳

✺✳✷✳ ❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ② ♣♦t❡♥❝✐❛❧ t❡r♠♦❞✐♥á♠✐❝♦

▲❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❛ tr❛✈és ❞❡❧ ❣r❛♥ ♣♦t❡♥❝✐❛❧ Ω✿

γlv =
1

2A
[Ω + P0V ] =

1

2
[Ω/A+ P0L] . ✭✺✳✸✮

❞♦♥❞❡✿

Ω = F − µN . ✭✺✳✹✮

❊♥ ❧❛ ❊❝✳ ✭✺✳✸✮✱ P0 r❡♣r❡s❡♥t❛ ❧❛ ♣r❡s✐ó♥ ❞❡ s❛t✉r❛❝✐ó♥ ❞❡ ✈❛♣♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ t❡♠♣❡r❛t✉r❛✱

N ✱ ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❞❡ ✢✉✐❞♦ ② L ❡s ❡❧ ❛♥❝❤♦ ❞❡ ❧❛ ❝❛❥❛ ✭✈❡r ❋✐❣✳ ✼✳✸✮✱ ❞❡♥tr♦ ❞❡ ❧❛ ❝✉❛❧ s❡ r❡s✉❡❧✈❡♥ ❧❛s

❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲✱ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❉❋❚✱ ✉t✐❧✐③❛♥❞♦ ♣❛r❛ ❡❧❧♦ ❧❛ ♣r♦♣✉❡st❛ ♣r❡s❡♥t❛❞❛ ♣❛r❛ ❡❧ ❢✉♥❝✐♦♥❛❧ ❬✾✱ ✶✷❪✳

❊♥ ❧♦s ❝á❧❝✉❧♦s s❡ t♦♠❛ ✉♥ ✈❛❧♦r ✜❥♦ ♣❛r❛ N ✭✈❛❧❡ ❞❡❝✐r ❧♦s ❝á❧❝✉❧♦s s♦♥ r❡❛❧✐③❛❞♦s ❞❡♥tr♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✮✳

✺✻



▲❛s ♣❛r❡❞❡s ❞❡ ❧❛ ❝❛❥❛ ♥♦ ✐♥t❡r❛❝tú❛♥ ❝♦♥ ❧❛s ♠♦❧é❝✉❧❛s ❛✉♥q✉❡ ✜❥❛♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ s♦❜r❡ ❧❛ ❞❡♥s✐❞❛❞✳ ▲❛s

♠♦❧é❝✉❧❛s ❞❡ ✢✉✐❞♦ ✐♥t❡r❛❝tú❛♥ ❡♥tr❡ sí ♠❡❞✐❛♥t❡ ✉♥ ♣♦t❡♥❝✐❛❧ Uff (r) = Φ (|r− r
′|)✳

❙✐ s❡ s✉♣♦♥❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ❡s ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✭❝❛s♦ ❞❡ ❝♦♥s✐❞❡r❛r q✉❡ ❡❧ ár❡❛ ❞❡ ❧❛s ♣❛r❡❞❡s t✐❡♥❡ ❡①t❡♥s✐ó♥

✐♥✜♥✐t❛✮✱ ❞❡✜♥✐❡♥❞♦ ❛ z ❝♦♠♦ ✈❛r✐❛❜❧❡ ❞❡ ♣♦s✐❝✐ó♥✱ s❡ ✐♠♣♦♥❡✿

ρ(z = 0) = ρ(z = L) = 0 . ✭✺✳✺✮

P❛r❛ r❡s♦❧✈❡r ❧❛s ❡❝✉❛❝✐♦♥❡s✱ ❝♦♥ ❧❛s ❞❡❜✐❞❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s✱ s❡ ❡❧✐❣❡ ❛ ❧❛ ❝❛❥❛ ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡

❛♥❝❤❛ ❝♦♠♦ ♣❛r❛ ❛s❡❣✉r❛r q✉❡ ❡❧ ✢✉✐❞♦ s❡ ❡♥❝✉❡♥tr❡ ❡♥ ❢❛s❡ ❧íq✉✐❞❛✱ ❡♥ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❝❛❥❛✱ r♦❞❡❛❞♦ ❞❡ s✉ ✈❛♣♦r

✭❡♥ ❧❛s ♣❛r❡❞❡s ❞❡ ❧❛ ♠✐s♠❛✮✱ ❡s ❞❡❝✐r✿

ρ(z ≃ L/2) = ρl(T ) . ✭✺✳✻✮

❡♥ ♥✉❡str♦s ❝á❧❝✉❧♦s ❤❡♠♦s ❛❞♦♣t❛❞♦ ❛♥❝❤♦s ❞❡ ✹✵ ♦ 60σff ✳

▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ s❡ ♣✉❡❞❡♥ ❡s❝r✐❜✐r ❝♦♠♦✿

νidkBT ln
[

Λ3ρ(z)
]

+Q(z) = µ . ✭✺✳✼✮

❞♦♥❞❡✿

Q(z) = fHS [ρ̄(z); dHS ] +

ˆ L

0

dz′ρ(z′)
δfHS [ρ̄(z′); dHS ]

δρ̄(z′)

δρ̄(z′)

δρ(z)

+

ˆ L

0

dz′ρ(z′)Φatt (|z − z′|) + Usf (z) . ✭✺✳✽✮

❈♦♠♦ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ♥♦ ❡①✐st❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ ✢✉✐❞♦ ② ❧❛s ♣❛r❡❞❡s ❞❡❧ r❡❝✐♣✐❡♥t❡ q✉❡ ❧♦ ❝♦♥t✐❡♥❡♥✿ Usf (z) = 0✳

P❛r❛ r❡s♦❧✈❡r ❡st❛s ❡❝✉❛❝✐♦♥❡s ❡s út✐❧ r❡❡s❝r✐❜✐r❧❛s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

ρ(z) = ρ0 exp

( −Q(z)

νidkBT

)

, ✭✺✳✾✮

❞♦♥❞❡✿

ρ0 =
1

Λ3
exp

(

µ

νidkBT

)

, ✭✺✳✶✵✮

♣♦r ♦tr♦ ❧❛❞♦ s❡ ❞❡✜♥❡ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛✿

n =
1

A

ˆ L

0

ρ(z)dz . ✭✺✳✶✶✮

▲❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ✭♦ ❡❧ ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡✱ s✐ t❡♥❡♠♦s ❡♥ ❝✉❡♥t❛ q✉❡ tr❛❜❛❥❛♠♦s ❡♥ ❡❧

❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✮ ② n✱ q✉❡ ❝♦♥st✐t✉②❡ ✉♥ ❞❛t♦ ❞❡ ♥✉❡str♦ ♣r♦❜❧❡♠❛ s❡ ♦❜t✐❡♥❡ s✉st✐t✉②❡♥❞♦ ❧❛ ❊❝✳ ✭✺✳✾✮ ❡♥ ❧❛

❊❝✳ ✭✺✳✶✶✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛

µ = −νidkBT ln
[

1

nΛ3

ˆ L

0

dz exp

( −Q(z)

νidkBT

)

]

. ✭✺✳✶✷✮

❊st❡ s✐st❡♠❛ s❡ r❡s✉❡❧✈❡ ✐t❡r❛t✐✈❛♠❡♥t❡✱ ❞❡✜♥✐❡♥❞♦ ❝♦♠♦ ✉s✉❛❧♠❡♥t❡ s❡ ❤❛❝❡✱ ✈❛r✐❛❜❧❡s ❛❞✐♠❡♥s✐♦♥❛❧❡s✱ t❛❧❡s ❝♦♠♦✿

✺✼
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❉❡♥s✐❞❛❞ ❞❡❧ ◆❡✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ t❡♠♣❡r❛t✉r❛✳ ❊❧ ✢✉✐❞♦
❡st❛ ❝♦♥✜♥❛❞♦ ❡♥ ✉♥❛ ❝❛❥❛ r❡❝t❛♥❣✉❧❛r ❞❡ ✉♥ ❛♥❝❤♦ ❡q✉✐✈❛❧❡♥t❡ ❛ 60σff ✳ ▲❛s t❡♠♣❡r❛t✉r❛s ✈❛❧❡♥✿ ✹✷ ❑ ✭❧í♥❡❛ ❞❡
♣✉♥t♦s✮✱ ✸✻ ❑ ✭❧í♥❡❛ ❞❡ r❛②❛s✮ ② ✸✵ ❑ ✭❧í♥❡❛ só❧✐❞❛✮✳

z∗ =
z

σ̃ff
, ✭✺✳✶✸✮

ρ∗ = ρσ̃3
ff , ✭✺✳✶✹✮

L∗ =
L

σ̃ff
. ✭✺✳✶✺✮

❊♥ ❧❛ ❋✐❣✳ ✺✳✷ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✱ ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ❛❧❣✉♥♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ q✉❡ s❡ ♦❜t✐❡♥❡♥✱ ❧✉❡❣♦ ❞❡ r❡s♦❧✈❡r

❡st❛s ❡❝✉❛❝✐♦♥❡s ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ◆❡✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ t❡♠♣❡r❛t✉r❛✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ✉t✐❧✐③ó ✉♥❛ ❝❛❥❛ ❞❡

60σff ❞❡ ❛♥❝❤♦ ❞♦♥❞❡ σff = ✵✳✷✼✽ ♥♠✳

✺✳✷✳✶✳ ❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ◆❡ó♥

❊♥ ✉♥ tr❛❜❛❥♦ ❞❡ ❆♥❝✐❧♦tt♦✱ ❈✉rt❛r♦❧♦✱ ❚♦✐❣♦ ② ❈♦❧❡ ✭❆❈❚❈✮ ❬✻❪✱ s❡ ❝❛❧❝✉❧❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❡st❡ ✢✉✐❞♦ ❡♥ ❡❧

❝♦♥t❡①t♦ ❞❡ ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦ ♠❡❞✐♦✱ ✉t✐❧✐③❛♥❞♦ ♣❛r❛ ❡❧❧♦ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❞❡ t✐♣♦ ▲✲❏ ✶✷✲✻ ❝♦♥ ♣❛rá♠❡tr♦s

❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ✭✈❡r ❈❛♣ít✉❧♦ ✹✮✳ ▲♦s ✈❛❧♦r❡s ❞❡ ❡st♦s ♣❛rá♠❡tr♦s ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♥❛

♣r♦♣✉❡st❛ ❞❡ ❇r✉♥♦✱ ❈❛❝❝❛♠♦ ② ❚❛r❛③♦♥❛ ✭❇❈❚✮ ❬✻✽❪✳ ▲♦s ❝✐t❛❞♦s ❛✉t♦r❡s ❝♦♥str✉②❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♠❛♥❡r❛ t❛❧

❞❡ s✐♠✉❧❛r ❡❧ ❡❢❡❝t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞❡ ♣❛r❡s g(|r− r
′|)✱ ❤❛❝✐❡♥❞♦ ♠ás ♣r♦❢✉♥❞♦ ❡❧ ♠í♥✐♠♦ q✉❡ ♣♦s❡❡ ❡❧

♣♦t❡♥❝✐❛❧ ▲✲❏✳ ❊♥ ❧❛ ❋✐❣✳ ✺✳✸ s❡ ❝♦♠♣❛r❛ ❧❛ ♣❛rt❡ ❛tr❛❝t✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ▲❏ ❝♦♥ ❡❧ ❲❈❆ ② ❝♦♥ ❧❛ ♣r♦♣✉❡st❛ ❆❈❚❈

❝♦rr❡s♣♦♥❞✐❡♥t❡✳

✺✽
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P♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ✐♥t❡r❛tó♠✐❝❛ ♣❛r❛ ❡❧ ◆❡✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣♦t❡♥❝✐❛❧
▲✲❏ ✶✷✲✻✳ ▲❛ ❝✉r✈❛ ❡♥ ❧í♥❡❛ r❛②❛❞❛ ❡s ❡❧ ♣♦t❡♥❝✐❛❧ ♣r♦♣✉❡st♦ ♣♦r ❆♥❝✐❧♦tt♦✱ ❈✉rt❛r♦❧♦✱ ❚♦✐❣♦ ② ❈♦❧❡ ✭❆❈❚❈✮ ❬✻❪✱
❝❛❧❝✉❧❛❞♦ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✵ ❑✳ ▲❛ ❧í♥❡❛ ❞❡ ♣✉♥t♦s ② r❛②❛s ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣♦t❡♥❝✐❛❧ ❲❈❆✳ ❊❧ ❞✐á♠❡tr♦ ❞❡ ❧❛s
❡s❢❡r❛s rí❣✐❞❛s s❡ ✐♥❞✐❝❛ ❝♦♥ dHS✳

❊♥ ❧❛ ❋✐❣✳ ✺✳✹ ♣✉❡❞❡♥ ♦❜s❡r✈❛rs❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❝á❧❝✉❧♦s ❆❈❚❈ ❥✉♥t♦ ❛ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s♦tr♦s ❤❡♠♦s

❝❛❧❝✉❧❛❞♦ ❡♠♣❧❡❛♥❞♦ ♥✉❡str❛ ♣r♦♣✉❡st❛ ❞❡ ❛❥✉st❡ ❞❡❧ ❢✉♥❝✐♦♥❛❧✳ ❊♥ ❧❛s ❝✉r✈❛s ❞❡ ❆❈❚❈ s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r ✉♥❛

t❡♥❞❡♥❝✐❛ ❛ ❧❛ ❞✐✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ s❡ ❛♣r♦①✐♠❛ ❛ ❧❛ tr✐♣❧❡✳ ◗✉❡ ❧♦s ❛✉t♦r❡s

♥♦ ♠✉❡str❡♥ ❡❧ r❡s✉❧t❛❞♦ ❞❡ s✉s ❝á❧❝✉❧♦s ♣❛r❛ ❡s❛s t❡♠♣❡r❛t✉r❛s ❡s ❧❛♠❡♥t❛❜❧❡✱ ♠á①✐♠❡ q✉❡ ❡♥ ❡s❡ r❛♥❣♦ ❡①✐st❡♥

❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ♣❛r❛ ❡❧ ◆❡ ❬✼✼❪✳

❊♥ ❧❛ ❋✐❣✳ ✺✳✺ s❡ ❡①❤✐❜❡♥ ❜❛rr❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s ♣♦r❝❡♥t✉❛❧❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❆❈❚❈ ② s❡

❝♦♠♣❛r❛♥ ❝♦♥ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s♦tr♦s ❤❡♠♦s ♦❜t❡♥✐❞♦✳

✺✳✷✳✷✳ ❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ❆r❣ó♥

❊♥ ❧❛ ❋✐❣✳ ✺✳✻ s❡ ❡①❤✐❜❡♥ ❧♦s ✈❛❧♦r❡s ❞❡ t❡♥s✐ó♥ s✉♣❡r❢❝✐❛❧ ❞❡❧ ❆r q✉❡ ❤❡♠♦s ♦❜t❡♥✐❞♦ ② t❛♠❜✐é♥ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉✲

❧❛❞♦s ♠❡❞✐❛♥t❡ t❡♦rí❛ ❞❡ ❡①♣♦♥❡♥t❡s ❝rít✐❝♦s ② s✐♠✉❧❛❝✐♦♥❡s q✉❡ ❡♠♣❧❡❛♥ ▼❉✱ ❧❧❡✈❛❞❛s ❛❞❡❧❛♥t❡ ♣♦r ❚r♦❦❤②♠❝❤✉❦

❆❧❡①❛♥❞r❡ ❬✽✸❪✳ P❛r❛ r❡❛❧✐③❛r ❧❛s s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼❉ ❧♦s ❛✉t♦r❡s ❡❧✐❣❡♥ ❝♦♠♦ r❛❞✐♦ ❞❡ ❝♦rt❡ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ▲✲❏✱

❞✐st❛♥❝✐❛s ✐♥t❡r❛tó♠✐❝❛s s✉♣❡r✐♦r❡s ❛ ❧♦s ✹✳✹ ② ✺✳✺ ❞✐á♠❡tr♦s ♠♦❧❡❝✉❧❛r❡s ✭❡s ❞❡❝✐r ❡❧ ♣♦t❡♥❝✐❛❧ s❡ t♦♠❛ ❝♦♠♦ ♥✉❧♦✱

♣❛r❛ ❞✐st❛♥❝✐❛s s✉♣❡r✐♦r❡s ❛ ❡st♦s ✈❛❧♦r❡s✮✳

❊♥ ❧❛ ❋✐❣✳ ✺✳✼ s❡ ❤❛♥ ❣r❛✜❝❛❞♦ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s ♣♦r❝❡♥t✉❛❧❡s ❡♥tr❡ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ♣♦r ❧♦s ❞✐✈❡rs♦s ♠ét♦❞♦s ②

❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳

✺✾
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❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡❧ ◆❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳ ▲♦s ❝✉❛❞r❛❞♦s ♥❡❣r♦s
❝♦rr❡s♣♦♥❞❡♥ ❛ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳ ▲❛ ❧í♥❡❛ ♣✉♥t❡❛❞❛ s❡ ♦❜t✐❡♥❡ ♠❡❞✐❛♥t❡ t❡♦rí❛ ❞❡ ❢❡♥ó♠❡♥♦s ❝rít✐❝♦s ✭❊❝✳ ✭✺✳✶✮
❝♦♥ γ0lv = 1135 ❑✴♥♠2 ② p = ✶✳✷✻✮✳ ▲♦s tr✐á♥❣✉❧♦s s♦♥ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ♣♦r ❆♥❝✐❧♦tt♦✱ ❈✉rt❛r♦❧♦✱ ❚♦✐❣♦ ②
❈♦❧❡ ❬✻❪✳ ◆ót❡s❡ q✉❡ ❧♦s ♠❡♥❝✐♦♥❛❞♦s ❛✉t♦r❡s ♥♦ ❡①❤✐❜❡♥ ❝á❧❝✉❧♦s ❡♥ ❧❛ ③♦♥❛ ❞♦♥❞❡ ❤❛② ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s✳ ▲♦s
❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ♥✉❡str♦s ❝á❧❝✉❧♦s✳
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❉❡s✈✐❛❝✐♦♥❡s ✭♣♦r❝❡♥t✉❛❧❡s✮ ❡♥tr❡ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ❞❡ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡❧ ◆❡ ② ❧♦s ❛❥✉st❡s ❞❡ ❞❛t♦s ❡①♣❡✲
r✐♠❡♥t❛❧❡s✳ ▲❛s ❝♦❧✉♠♥❛s ❛③✉❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❝á❧❝✉❧♦s ❆❈❚❈✳ ▲❛s ❝♦❧✉♠♥❛s r♦❥❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ♥✉❡str♦s
❝á❧❝✉❧♦s✳ ◆ót❡s❡ ❧❛ t❡♥❞❡♥❝✐❛ ❞❡ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❝á❧❝✉❧♦s ❆❈❚❈✱ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ s❡
❛❝❡r❝❛ ❛ ❧❛ tr✐♣❧❡✳ P♦r ♦tr♦ ❧❛❞♦ ❡♥ ❧❛s ❝❡r❝❛♥í❛s ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦✱ ♥✉❡str❛s ❞❡s✈✐❛❝✐♦♥❡s s❡ ♠❛♥t✐❡♥❡♥ ♣♦r ❞❡❜❛❥♦
❞❡❧ ✶✵✪ ✭② ♥♦ s✉♣❡r❛♥ ❡♥ ❡❧ ❛♠♣❧✐♦ r❛♥❣♦ ❡st❡ ✈❛❧♦r✮ ♠✐❡♥tr❛s q✉❡ ❧❛ ❞❡ ❧♦s ❝✐t❛❞♦s ❛✉t♦r❡s ❛❧❝❛♥③❛ ❡❧ ✹✵✪✳
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❋✐❣✉r❛ ✺✳✻✿
❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡❧ ❆r ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✶❪✮✳ ▲❛ ❝✉r✈❛ ❞❡ r❛②❛s ❝♦rr❡s♣♦♥❞❡
❛ ❧❛ t❡♦rí❛ ❞❡ ❢❡♥ó♠❡♥♦s ❝rít✐❝♦s✳ ▲♦s ❝✉❛❞r❛❞♦s r❡❧❧❡♥♦s s♦♥ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❬✼✼❪✳ ❚❛♥t♦ tr✐á♥❣✉❧♦s ❝♦♠♦
❧♦s ❞✐❛♠❛♥t❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝á❧❝✉❧♦s ❞❡ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ❝♦♥ ❞✐❢❡r❡♥t❡s r❛❞✐♦s ❞❡ ❝♦rt❡ ✭❝✉t✲♦✛✮ rc ♣❛r❛ ❡❧
♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s✳ ▲♦s tr✐á♥❣✉❧♦s s❡ ❛s♦❝✐❛♥ ❛ ✉♥ r❛❞✐♦ ❞❡ ❝♦rt❡✿ rc = ✹✳✹σff ✱ ② ❧♦s ❞✐❛♠❛♥t❡s ❛✿ rc = ✺✳✺σff ❬✽✸❪✳
▲♦s ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ♥✉❡str♦s ❝á❧❝✉❧♦s✳
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❋✐❣✉r❛ ✺✳✼✿
❉❡s✈✐❛❝✐♦♥❡s ✭♣♦r❝❡♥t✉❛❧❡s✮ ❡♥tr❡ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ② ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ t❡♥s✐ó♥
s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ❆r✳ ▲❛s ❝♦❧✉♠♥❛s ❛③✉❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ❞❡s✈✐❛❝✐ó♥ q✉❡ ♣r♦✈❡♥✐❡♥t❡ ❞❡
❝♦♠♣❛r❛r ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ♣❛r❛ r❛❞✐♦s ❞❡
❝♦rt❡ ❞❡✿ rc = ✺✳✺σff ❬✽✸❪✳ ▲❛s ❝♦❧✉♠♥❛s ✈❡r❞❡s ❛ ❧♦s ❝á❧❝✉❧♦s ❞❡r✐✈❛❞♦s ❞❡❧ ♠✐s♠♦ ❢♦r♠❛❧✐s♠♦ ♣❡r♦ ❝♦♥ rc = ✹✳✹σff
❬✽✸❪✳ ▲❛s ❝♦❧✉♠♥❛s r♦❥❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❝♦♥ ♥✉❡str♦s ❝á❧❝✉❧♦s✳
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❋✐❣✉r❛ ✺✳✽✿
❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡❧ ❳❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✳ ▲♦s tr✐á♥❣✉❧♦s r❡❧❧❡♥♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛✲
❧❡s ❬✼✽❪✳ ▲♦s ❝✉❛❞r❛❞♦s r❡❧❧❡♥♦s ❝♦rr❡s♣♦♥❞❡♥ t❛♠❜✐é♥ ❛ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✱ ❝❛❧❝✉❧❛❞♦s ❛ tr❛✈és ❞❡ ♣r♦❝❡❞✐♠✐❡♥t♦s
♠ás s♦✜st✐❝❛❞♦s ❝♦♠♦ ❧♦ ❝♦♥st✐t✉②❡♥ ❧❛s té❝♥✐❝❛s ❞❡ ❡s♣❡❝tr♦s❝♦♣✐❛ ó♣t✐❝❛ ❞❡ ♠❡③❝❧❛ ❬✽✵❪✳ ▲❛s ❝✉r✈❛s r❛②❛❞❛s ② ❝♦♥
r❛②❛s ② ♣✉♥t♦s s♦♥ r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡s❞❡ ✉♥❛ t❡♦rí❛ ❞❡ ❡①♣♦♥❡♥t❡s ❝rít✐❝♦s ❬❊❝✳ ✭✺✳✶✮❪✳ ▲♦s ❞✐❛♠❛♥t❡s ② ❡str❡❧❧❛s
❝♦rr❡s♣♦♥❞❡♥ ❛ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼❉✱ ❞♦♥❞❡ s❡ ✉t✐❧✐③ó ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❝♦♥ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡❧ r❛❞✐♦ ❞❡ ❝♦rt❡
❬✽✸✱ ✽✹❪✳ ▲♦s ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ♥✉❡str♦s ❝á❧❝✉❧♦s✳

✺✳✷✳✸✳ ❚❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❞❡❧ ❳❡♥ó♥

▲❛ ❋✐❣✳ ✺✳✽ ♠✉❡str❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡❧ ❳❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✳ ❆❧❧í s❡ ✈♦❧❝❛r♦♥ ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s

✉s❛♥❞♦ ❡❧ ❢✉♥❝✐♦♥❛❧ ♥✉❡str♦ ❞❡s❛rr♦❧❧❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✹✱ ❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ② ❧♦s ❡✈❛❧✉❛❞♦s ❛ tr❛✈és

❞❡ té❝♥✐❝❛s ❞❡ ❡s♣❡❝tr♦s❝♦♣✐❛ ó♣t✐❝❛ ❞❡ ♠❡③❝❧❛ ❬✽✵❪✳

❙❡ ❣r❛✜❝❛♥ t❛♠❜✐é♥ ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ✉♥❛ t❡♦rí❛ ❞❡ ❡①♣♦♥❡♥t❡s ❝rít✐❝♦s ② ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❞❡

❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r✳ ❊♥ ❡❧ ❣rá✜❝♦ ❧❛s ❝✉r✈❛s r❛②❛❞❛s ② ❝♦♥ r❛②❛s ② ♣✉♥t♦s s♦♥ r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡s❞❡ ✉♥❛

t❡♦rí❛ ❞❡ ❡①♣♦♥❡♥t❡s ❝rít✐❝♦s ❬❊❝✳ ✭✺✳✶✮❪✳ ❉❡r✐✈❛❞♦s ❞❡ ❡st♦s ❞❛t♦s✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s ✈❛❧♦r❡s ❞❡ γ0lv = 3950 ❑✴♥♠2 ②

p = ✶✳✷✽✼ ♣❛r❛ ❧❛ ❝✉r✈❛ ❝♦♥ r❛②❛s ② γ0lv = 4460 ❑✴♥♠2 ② p = ✶✳✷✾✺ ♣❛r❛ ❧❛ r❡st❛♥t❡✳

❊♥ ❧❛ ❋✐❣✳ ✺✳✾ s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r ❡❧ ♠♦♥t♦ ❞❡ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s ✭♣♦r❝❡♥t✉❛❧❡s✮ ❡♥tr❡ ❧♦s ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s✳ ❊♥ ❡st❡

❝❛s♦ s❡ ❝♦♠♣❛r❛♥ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❝♦♥ ❧♦s q✉❡ s❡ ❝❛❧❝✉❧❛♥ ♠❡❞✐❛♥t❡ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ② ❉❋❚✳ P❛r❛ ❡❧

❝❛s♦ ❞❡ ❧❛ ❉▼ s❡ ✉t✐❧✐③❛♥ r❛❞✐♦s ❞❡ ❝♦rt❡ ❞❡ ✷✳✺ ② ❞❡ ✺✳✺σff ✳
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❋✐❣✉r❛ ✺✳✾✿
❉❡s✈✐❛❝✐♦♥❡s ♣♦r❝❡♥t✉❛❧❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❡♥tr❡ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ② ❧♦s ❝❛❧❝✉❧❛❞♦s ♠❡❞✐❛♥t❡
❉✐♥á♠✐❝❛ ♠♦❧❡❝✉❧❛r ② ❉❋❚✳ ❊♥ ✈❡r❞❡ ❞❡s✈✐❛❝✐♦♥❡s ❞❡ ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s ❡♥ s✐♠✉❧❛❝✐♦♥❡s q✉❡ ❤❛❝❡♥ ✉s♦ ❞❡ ❧❛
❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ♣❛r❛ ✉♥ r❛❞✐♦ ❞❡ ❝♦rt❡ ❞❡ ✷✳✺σff ✳ ■❣✉❛❧ q✉❡ ♣❛r❛ ❧❛s ❝♦❧✉♠♥❛s ✈❡r❞❡s ♣❡r♦ ❝♦♥ ✉♥ r❛❞✐♦ ❞❡ ❝♦rt❡
❞❡ ✺✳✺σff ✳ ❊♥ r♦❥♦✿ ❞❡s✈✐❛❝✐♦♥❡s ❞❡ ❧♦s ✈❛❧♦r❡s q✉❡ ♣r❡❞✐❝❡♥ ❧♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❝♦♥ ♥✉❡str♦ ❢✉♥❝✐♦♥❛❧✳
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❆❞s♦r❝✐ó♥ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s

❙❡ ♣r❡s❡♥t❛♥ ② ❛♥❛❧✐③❛♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡✱ ❆r ② ❳❡ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s

❝♦♥❢♦r♠❛❞♦s ♣♦r ❞✐❢❡r❡♥t❡s ❡❧❡♠❡♥t♦s ❛❧❝❛❧✐♥♦s✱ ❛ s❛❜❡r✿ ❈s✱ ❘❜✱ ❑✱ ◆❛✱ ▲✐ ② ▼❣✳ ❊♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s s✉str❛✲

t♦s s❡ ♠❛♥✐✜❡st❛♥ ❢❡♥ó♠❡♥♦s ❝♦♥ ❝❛r❛❝t❡ríst✐❝❛s ♣r♦♣✐❛s✱ ❞❡❜✐❞♦ ❜ás✐❝❛♠❡♥t❡ ❛ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❝♦♥ ❡❧

q✉❡ ✐♥t❡r❛❝tú❛♥ ❝♦♥ ❡❧ ✢✉✐❞♦ q✉❡ s❡ ❛❞s♦r❜❡ s♦❜r❡ ❡❧❧♦s✳ ▲♦s ♣♦t❡♥❝✐❛❧❡s ✉t✐❧✐③❛❞♦s✱ t❛♥t♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s

❝♦♠♦ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦✱ s♦♥ ♣♦t❡♥❝✐❛❧❡s r❡❛❧✐st❛s ❡♥ s❡♥t✐❞♦ q✉❡ ♣❡r♠✐t❡♥ ♣r❡❞❡❝✐r

❛❞❡❝✉❛❞❛♠❡♥t❡ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s q✉❡ t♦♠❛♥ ❝✐❡rt❛s ♠❛❣♥✐t✉❞❡s r❡❧❡✈❛♥t❡s t❛❧❡s ❝♦♠♦✿ ♣r❡s✐ó♥ ❞❡ ❝♦❡①✐s✲

t❡♥❝✐❛✱ ❞❡♥s✐❞❛❞ ② ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ✉♥ ✢✉✐❞♦ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ② ♦tr❛s ♣r♦♣✐❡❞❛❞❡s

r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❡❧ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦ ❞❡ ❧❛s s✉♣❡r✜❝✐❡s s♦❜r❡ ❧❛s q✉❡ s❡ ❛❞s♦r❜❡♥✳

✻✳✶✳ ❙í♥t❡s✐s ✐♥tr♦❞✉❝t♦r✐❛

❊♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s ❤❛ ✐❞♦ ❝r❡❝✐❡♥❞♦ ❡❧ ✐♥t❡rés✱ t❛♥t♦ ♣♦r ♣❛rt❡ ❞❡ ❧❛ ❢ís✐❝❛ ❝♦♠♦ ❞❡ ❧❛ q✉í♠✐❝❛✱ ♣♦r ❡❧ ❡st✉❞✐♦ ❞❡

❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ② ❧❛ ❡str✉❝t✉r❛ ♠✐❝r♦s❝ó♣✐❝❛ ❞❡ ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s s♦❜r❡ s✉str❛t♦s só❧✐❞♦s✳

❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦✱ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ✐♥t❡r❢❛❝❡s ✢✉✐❞❛s s♦♥ ✐♥trí♥s❡❝❛♠❡♥t❡ ❞✐✜❝✉❧t♦s♦s ②❛ q✉❡ ❝♦♥t✐❡♥❡♥

♥❡❝❡s❛r✐❛♠❡♥t❡✱ ✈❛r✐❛❝✐♦♥❡s ❡s♣❛❝✐❛❧❡s ❡♥ ❡❧ ♣❡r✜❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ② ❢✉♥❝✐♦♥❡s ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❛♥✐sótr♦♣❛s✳

❊♥ ❡st❛ ❚❡s✐s✱ ❧❛s tr❛♥s✐❝✐♦♥❡s ❞❡ ❢❛s❡ ❡♥ ✐♥t❡r❢❛❝❡s ✢✉✐❞❛s ② ❡♥ ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s s♦❜r❡ ♣❛r❡❞❡s ♦ ❝♦♥✜♥❛❞♦s

❡♥ r❛♥✉r❛s✱ ❧❛s ❤❡♠♦s ✐♥✈❡st✐❣❛❞♦ ✉t✐❧✐③❛♥❞♦ ❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭❉❋✮ ✐♥tr♦❞✉❝✐❞♦ ❡♥ ❧♦s

❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳

▲♦s s✉str❛t♦s só❧✐❞♦s s♦❜r❡ ❧♦s ❝✉❛❧❡s s❡ ❛❞s♦r❜❡ ❡❧ ✢✉✐❞♦✱ s♦♥ ♠♦❞❡❧❛❞♦s ♣♦r ♣❛r❡❞❡s ❞❡s♣r♦✈✐st❛s ❞❡ ❡str✉❝t✉r❛✱

q✉❡ s♦❧♦ ❛♣♦rt❛♥ ❛❧ ♣r♦❜❧❡♠❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣♦t❡♥❝✐❛❧✳ ❙✐❡♥❞♦ ést❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ♣❡r♣❡♥❞✐❝✉❧❛r✱ z✱

❡♥tr❡ ❡❧ át♦♠♦ ✭♦ ♠♦❧é❝✉❧❛✮ ❞❡❧ ✢✉✐❞♦ ② ❡❧ ♣❧❛♥♦ ❞❡❧ s✉str❛t♦✳

❊♥ ❧❛s ❞♦s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❤❛ s✐❞♦ ✉♥ ❝❛♠♣♦ ♠✉② ❛❝t✐✈♦ ❞❡♥tr♦ ❞❡ ❧❛ ❢ís✐❝❛ ❞❡ ❧❛

♠❛t❡r✐❛ ❝♦♥❞❡♥s❛❞❛✳ ❙❡ ♦❜t✉✈✐❡r♦♥ s✉❝❡s✐✈♦s ✏r❡✜♥❛♠✐❡♥t♦s✑ s♦❜r❡ ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ♠ás s✐♠♣❧❡s ❞❡❧ ❢✉♥❝✐♦♥❛❧

❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭❢✉♥❝✐♦♥❛❧❡s ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ✉♥ ❣❛s ❞❡ ❡s❢❡r❛s ❞✉r❛s✮ q✉❡ ♣❡r♠✐t✐❡r♦♥ ✐♠♣♦rt❛♥t❡s ❛✈❛♥❝❡s ❡♥ ❧❛

❝♦♠♣r❡♥s✐ó♥ ② ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ♣r♦❝❡s♦s ❞❡ ❛❜s♦r❝✐ó♥ ❞❡ ✢✉✐❞♦s s♦❜r❡ só❧✐❞♦s✿ ❡st✉❞✐♦s ❞❡ ❢♦r♠❛❝✐ó♥ ❞❡ ❝❛♣❛s✱

♣r♦❝❡s♦s ❞❡ ❛❞s♦r❝✐ó♥ ❡♥ ♣♦r♦s ❡str❡❝❤♦s ② ❡♥ ♥❛♥♦✲❡str✉❝t✉r❛s ❡t❝✳

P❛r❛ ❝♦♥t✐♥✉❛r ♣♦❞❡♠♦s s✐♥t❡t✐③❛r ❧❛s ❝✉❡st✐♦♥❡s ❡s❡♥❝✐❛❧❡s q✉❡ s❡ ❤❛♥ ✈❡rt✐❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ② ♠❡♥❝✐♦♥❛r ❛❧❣✉♥❛s

♦tr❛s✳

✻✺



❈❛❜❡ r❡❝♦r❞❛r ❡♥t♦♥❝❡s q✉❡ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ✉♥ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ ♣❛r❡❞✱ q✉❡ s❡ ❞❡r✐✈❛

❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♣❛r❡❞✲✢✉✐❞♦ ❞❡ ❖r♥t❡✐♥✲❩❡r♥✐❦❡ ✭❖❩✮ ♣r❡s❡♥t❛ ❛❧❣✉♥❛s ❞✐✜❝✉❧t❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❡❧ ❝á❧❝✉❧♦✱

❝✉❛♥❞♦ s❡ ❛♣❧✐❝❛ ❛ s✐t✉❛❝✐♦♥❡s ❡♥ ❞♦♥❞❡ ❧❛s ❢✉❡r③❛s ❡♥tr❡ ♠♦❧é❝✉❧❛s ❞❡❧ ✢✉✐❞♦ ✐♥❝❧✉②❡♥ t❛♥t♦ ❛ tér♠✐♥♦s ❛tr❛❝t✐✈♦s

❝♦♠♦ r❡♣✉❧s✐✈♦s ♦ ❡♥ ❝❛s♦s ❞♦♥❞❡ ❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ❡s ♠✉② ✐♥❤♦♠♦❣é♥❡♦ ✭✢✉✐❞♦ ❝❡r❝❛♥♦ ❛ ✉♥❛ ♣❛r❡❞✮ ♦ ❞♦♥❞❡

❡❧ ✢✉✐❞♦ ❡st❛ ♠✉② ❝♦♥✜♥❛❞♦ ✭✢✉✐❞♦s ❞❡♥tr♦ ❞❡ ♣♦r♦s ♦ r❛♥✉r❛s ❡str❡❝❤❛s✮ ❬✷✸✱ ✽✺✱ ✽✻✱ ✽✼❪✳ ❊♥ ❡st❛ ú❧t✐♠❛ r❡❢❡r❡♥❝✐❛

s❡ ❝♦♠♣❛r❛♥ r❡s✉❧t❛❞♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❛♣❧✐❝❛r ❡st❡ t✐♣♦ ❞❡ ❛♣r♦①✐♠❛❝✐♦♥❡s ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❧♦s ♠ét♦❞♦s

❞❡ ▼♦♥t❡ ❈❛r❧♦✳

❊♥ ❝✉❛♥t♦ ❛ t❡♦rí❛s ❝♦♠♦ ❧❛ ❉❋❚✱ ❤❛❝❡♠♦s ✉♥ ❜r❡✈❡ r❛❝❝♦♥t♦ ❞❡ ❧♦ ❝♦♠❡♥t❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ r❡❝♦r❞❛r q✉❡

❡①✐st❡♥ ❜ás✐❝❛♠❡♥t❡ ❧❛s s✐❣✉✐❡♥t❡s ❛♣r♦①✐♠❛❝✐♦♥❡s✿

✐✮ ▲❛ ❛♣r♦①✐♠❛❝✐ó♥ ❧♦❝❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ✭▲❉❆✮✱ ❡♥ ❧❛ ❝✉❛❧ s❡ ♦♠✐t❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ♠♦❧❡❝✉❧❛r❡s ❞❡ ❝♦rt♦ r❛♥❣♦✳

✐✐✮ ▲❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❞❡ ❝❛rá❝t❡r ♥♦ ❧♦❝❛❧✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❞❡ ✏❞❡♥s✐❞❛❞ s✉❛✈✐③❛❞❛✑ ✭❙❉❆✮ ♦ ❧❛ q✉❡ ❝♦rr❡s♣♦♥❞❡

❛ ❧❛ t❡♦rí❛ ❞❡ ❧❛s ♠❡❞✐❞❛s ❢✉♥❞❛♠❡♥t❛❧❡s ✭❋▼❚✮✳

❊♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❉❆ ✭❞❡s❛rr♦❧❧❛❞❛ ❛ ♠❡❞✐❛❞♦s ❞❡ ❧❛ ❞é❝❛❞❛ ❞❡ ✶✾✽✵✮ ❬✷✷✱ ✷✸❪ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❡st❡ t✐♣♦ ❞❡

❝♦rr❡❧❛❝✐♦♥❡s ❛❧ tr❛❜❛❥❛r ❝♦♥ ✉♥❛ ❞❡♥s✐❞❛❞ ♣r♦♠❡❞✐♦✱ ♣❡s❛❞❛ ❝♦♥ ❛❧❣ú♥ t✐♣♦ ❞❡ ❢✉♥❝✐ó♥ ❛♣r♦♣✐❛❞❛✳ ❙❡ tr❛❜❛❥❛ ❝♦♥

❧❛ ❢r❛❝❝✐ó♥ ❞❡ ❡♠♣❛q✉❡t❛♠✐❡♥t♦ ✭r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❡❧ t❛♠❛ñ♦ ♠♦❧❡❝✉❧❛r✮✳

❊♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❋▼❚ ✭♣r♦♣✉❡st❛ ♣♦r ❘♦s❡♥❢❡❧❞ ❡♥ ✶✾✽✼✮ ❬✷✹❪✱ ❡❧ ✐♥❣r❡❞✐❡♥t❡ ❝r✉❝✐❛❧ s♦♥ ❧❛s ✏♠❡❞✐❞❛s ❢✉♥❞❛✲

♠❡♥t❛❧❡s✑ ❣❡♦♠étr✐❝❛s ❞❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡❧ ✢✉✐❞♦✿ s✉ r❛❞✐♦✱ s✉ s✉♣❡r✜❝✐❡✱ ② s✉ ✈♦❧✉♠❡♥✳

▲♦s ❢♦r♠❛❧✐s♠♦s ❙❉❆ ② ❋▼❚✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ ▲❉❆✱ ♣❡r♠✐t❡♥ ❛❜♦r❞❛r ♣r♦❜❧❡♠❛s ❢✉❡rt❡♠❡♥t❡ ✐♥❤♦♠♦❣é♥❡♦s ✭✐♥tr♦✲

❞✉❝✐❡♥❞♦ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❧♦s ❡sq✉❡♠❛s ♥♦ ❧♦❝❛❧❡s ❞❛♥ ❝✉❡♥t❛✱ ❡♥tr❡ ♦tr❛s ❝♦s❛s✱

❞❡ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s ❡♥ ❧❛ ❡s❝❛❧❛ ❞❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ❞❡❧ ♣❡r✜❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✱ q✉❡ ❛♣❛r❡❝❡ ❡♥ ✉♥ ✢✉✐❞♦ ❝✉❛♥❞♦ s❡

❛❞s♦r❜❡ s♦❜r❡ ✉♥ s✉str❛t♦ só❧✐❞♦✳

❊♥ ❡st♦s ú❧t✐♠♦s ❛ñ♦s s❡ ❤❛♥ ♣r♦♣✉❡st♦ ♦tr♦s r❡✜♥❛♠✐❡♥t♦s ❞❡ ❡st❛s ❢♦r♠✉❧❛❝✐♦♥❡s ❝♦♥ ❧♦s q✉❡ s❡ ❤❛ ❧♦❣r❛❞♦ ❛❜♦r❞❛r

❝♦♥ ❜❛st❛♥t❡ é①✐t♦✱ ♣r♦❜❧❡♠❛s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❧íq✉✐❞♦✲❝r✐st❛❧✐♥❛s✱ ❡♥ ✢✉✐❞♦s ❞❡ ❡s❢❡r❛s ❞✉r❛s ♦ ❞❡ ❝✐❧✐♥❞r♦s

rí❣✐❞♦s ❡♥ ✉♥❛ ❞✐♠❡♥s✐ó♥✱ ❛❞s♦r❜✐❞♦s s♦❜r❡ ❝✐❡rt♦s s✉str❛t♦s✳ ❊♥ ❧❛ r❡❢❡r❡♥❝✐❛ ❬✻✸❪✱ ❚❛r❛③♦♥❛ r❡❛❧✐③❛ ✉♥ ❜r❡✈❡ r❛❝❝♦♥t♦

❞❡❧ t❡♠❛✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❘❛✈✐❦♦✈✐t❝❤✱ ❱✐s❤♥②❛❦♦✈✱ ② ◆❡✐♠❛r❦ ❬✻✹❪✱ s❡ ♣♦♥❡♥ ❞❡ r❡❧✐❡✈❡ s✐♠✐❧✐t✉❞❡s ② ❞✐❢❡r❡♥❝✐❛s

❡♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s q✉❡ ❛rr♦❥❛♥ ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❙❉❆ ② ❋▼❚ ❝✉❛♥❞♦ s♦♥ ❛♣❧✐❝❛❞❛s ❛❧ ❡st✉❞✐♦ ❞❡ ❡♥ ❧❛ ❛❞s♦r❝✐ó♥

❞❡ ✢✉✐❞♦s s♦❜r❡ s✉♣❡r✜❝✐❡s só❧✐❞❛s ♣❧❛♥❛s✳ ❊♥ ❧❛ ❋✐❣✳ ✻✳✶ ✭q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✶ ❞❡ ❧❛ ❘❡❢✳ ❬✻✹❪✮✱ s❡ ❤❛❝❡ ✉♥❛

❝♦♠♣❛r❛❝✐ó♥ ❡♥tr❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❙❉❆✱ ❋▼❚ ② ✉♥❛ s✐♠✉❧❛❝✐ó♥ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❬✽✽❪✱ ♣❛r❛ ❡❧

❝❛s♦ ❞❡ ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r ❡♥ ❡st❛ ✜❣✉r❛✱ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❣❧♦❜❛❧❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥

❧❛ ❢♦r♠❛ ❞❡❧ ♣❡r✜❧ s♦♥ ♠í♥✐♠❛s✳ ❆❞❡♠ás✱ ❧♦s ❛✉t♦r❡s ❞❡ ❧❛ ❘❡❢✳ ❬✻✹❪ ♣r♦✈❡❡♥ r❡s✉❧t❛❞♦s ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆2 s♦❜r❡

❣r❛✜t♦✱ s✐st❡♠❛ ❝✉②♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥ ❡s ♠ás ✐♥t❡♥s♦ q✉❡ ❧♦s ✉t✐❧✐③❛❞♦s ❡♥ ♥✉❡str♦s ❝á❧❝✉❧♦s✳ ❊♥ ❧❛ ❋✐❣✳ ✽ ❞❡ ❧❛

❝✐t❛❞❛ r❡❢❡r❡♥❝✐❛ s❡ ♠✉❡str❛ q✉❡ ❡①✐st❡ ✉♥ ❜✉❡♥ ❛❝✉❡r❞♦ ❡♥tr❡ ❧♦s ♣❡r✜❧❡s ♦❜t❡♥✐❞♦s ♣❛r❛ ❡s❡ s✐st❡♠❛ ❝♦♥ ❧♦s ❞✐✈❡rs♦s

❢♦r♠❛❧✐s♠♦s✳

◆♦s♦tr♦s tr❛❜❛❥❛r❡♠♦s ♠❛②♦r♠❡♥t❡ ❞❡♥tr♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❋▼❚✱ ❞♦♥❞❡ t❛♥t♦ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ♣r❡s✐ó♥ ❝♦♠♦ ❧❛

❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❛s♦❝✐❛❞♦ ❛ ❡s❢❡r❛s ❞✉r❛s✱ s❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ♣r♦♣✉❡st❛ ❞❡ P❡r❦✉s✲❨❡✈✐❝❦ ❬✸✸❪✳

✻✳✷✳ ❊❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡

✻✻
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−MC (Diamantes)
−SDA  (línea sólida)
−FMT  (línea de puntos)

❋✐❣✉r❛ ✻✳✶✿
❉❡♥s✐❞❛❞ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ♣❛r❡❞ só❧✐❞❛ ♣❛r❛ ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s ❝♦♥ ηbulk = ✵✳✷✹✹ ② T = 150 ❑
✭❡st❡ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✶ ❞❡ ❧❛ ❘❡❢✳ ❬✻✹❪✮✳ ❊❧ ♣♦t❡♥❝✐❛❧ q✉❡ ❡❥❡r❝❡ ❧❛ ♣❛r❡❞ s♦❜r❡ ❡❧ ✢✉✐❞♦ ❡s ✉♥ ▲✲❏ ✾✲✸✳ ▲♦s
❞✐❛♠❛♥t❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❧❧❡✈❛❞❛s ❛ ❝❛❜♦ ♣♦r ❙♦❦♦➟♦✇s❦✐ ② ❋✐s❝❤❡r ❬✽✽❪✳ ▲❛s ❧í♥❡❛s
só❧✐❞❛s s♦♥ ❝á❧❝✉❧♦s ❤❡❝❤♦s ✉t✐❧✐③❛♥❞♦ ❡❧ ❢♦r♠❛❧✐s♠♦ ♥♦ ❧♦❝❛❧ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ◆▲❉❋❚ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥
❙❉❆✳ ▲❛ ❧í♥❡❛ ❞❡ ♣✉♥t♦s ❝♦rr❡s♣♦♥❞❡ ❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❝♦♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❋▼❚✳

P❛r❛ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❛❞s♦r❝✐ó♥ s♦❜r❡ ✉♥❛ ♣❛r❡❞ ❡♥❝❛r❛❞♦s ❡♥ ❡st❛ ❚❡s✐s s✉♣♦♥❞r❡♠♦s q✉❡ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞

s♦❧♦ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❝♦♦r❞❡♥❛❞❛ z ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧ s✉str❛t♦ ❬ρ(r) ≡ ρ(z)❪✱ ♦ s❡❛✱ q✉❡ s♦♥ ✐♥✈❛r✐❛♥t❡s ❡♥ ❡❧ ♣❧❛♥♦ x✲y

♣❛r❛❧❡❧♦ ❛❧ s✉str❛t♦✳ ❘❡s♦❧✈❡r❡♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ ❬❈❛♣ít✉❧♦ ✺✱ ❊❝s✳ ✭✺✳✼✮✱ ✭✺✳✾✮ ② ✭✺✳✶✷✮ ❞❡♥tr♦ ❞❡ ✉♥❛ ❝❛❥❛

❞❡ ❞❡t❡r♠✐♥❛❞♦ ❛♥❝❤♦ ❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦✿ ρ(z > L) = ρ(z → ∞) = ρB ✱ ❞♦♥❞❡ ρB ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡

❡q✉✐❧✐❜r✐♦ q✉❡ ♣♦s❡❡ ❡❧ ✢✉✐❞♦ ✭✈❛♣♦r✮ ❧✐❜r❡ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❧❛ ♣❛r❡❞✳ ❊♥ ❧❛ ❡①♣r❡s✐♦♥ ❞❡ Q ❞❛❞❛ ♣♦r ❧❛ ❊❝✳ ✭✺✳✽✮

s❡ ✐♥tr♦❞✉❝✐rá ❡❧ ♣♦t❡♥❝✐❛❧ Usf (z) ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

❊st❛s ❡❝✉❛❝✐♦♥❡s s❡ r❡s✉❡❧✈❡♥ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✱ ❛sí ❝♦♠♦ ❞❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✳ ▲❛s s♦❧✉❝✐♦♥❡s

q✉❡ s♦♥ ❡st❛❜❧❡s ♦ ♠❡t❛st❛❜❧❡s ✭♣❛r❛ ❧❛s ❝✉❛❧❡s dµ
dn > 0✮ q✉❡ s❡ ♦❜t✐❡♥❡♥ ✉s❛♥❞♦ ❡st♦s ❞♦s ❢♦r♠❛❧✐s♠♦s s♦♥ ✐❞é♥t✐❝❛s✱

s❛❧✈♦ ❡♥ ❝❛s♦s ❡①❝❡♣❝✐♦♥❛❧❡s✳ ❊♥ ❧❛ ❘❡❢✳ ❬✽✾❪ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ✉♥ ❛♥á❧✐s✐s t❡ór✐❝♦ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s

q✉❡ s❡ ❞❡s♣r❡♥❞❡♥ ❞❡ ❛♠❜♦s ❢♦r♠❛❧✐s♠♦s✱ ❛❧❧í s❡ ♠✉❡str❛ q✉❡ s♦❧♦ ♣❛r❛ s✐st❡♠❛s ♠✉② ❝♦♥✜♥❛❞♦s✱ ❝♦♥ ✉♥ ♣❡q✉❡ñ♦

♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ♣✉❡❞❡♥ ❡①✐st✐r ❞✐❢❡r❡♥❝✐❛s s✐ s❡ tr❛❜❛❥❛ ❝♦♥ ✉♥♦ ✉ ♦tr♦ ❡sq✉❡♠❛✳

❋✉❡r❛ ❞❡❧ r❛♥❣♦ ❞❡ ❡st❛❜✐❧✐❞❛❞ ✭♦ ♠❡t❛st❛❜✐❧✐❞❛❞✮ ❧❛ ❞✐❢❡r❡♥❝✐❛✱ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s✱

r❛❞✐❝❛ s✐♠♣❧❡♠❡♥t❡ ❡♥ q✉❡ ❡❧ ❢♦r♠❛❧✐s♠♦ ❣r❛♥ ❝❛♥ó♥✐❝♦ ♥♦ ♣❡r♠✐t❡ ♦❜t❡♥❡r s♦❧✉❝✐♦♥❡s ✐♥❡st❛❜❧❡s✳ P♦r ♦tr❛ ♣❛rt❡✱

❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❞❡❧ ❝á❧❝✉❧♦✱ ❡❧ ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡s ♠❡♥♦r ❝✉❛♥❞♦ s❡ tr❛❜❛❥❛ ❝♦♥ ❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✱

❞❡❜✐❞♦ ❛ q✉❡ ❡♥ ❝❛❞❛ ♣❛s♦ ❞❡ ❧❛ ✐t❡r❛❝✐ó♥ ❧❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❞❡♥tr♦ ❞❡ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ❡stá ♥♦r♠❛❧✐③❛❞❛✱ ②❛

q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣❡r♠❛♥❡❝❡ ❝♦♥st❛♥t❡✳

❆♥t❡s ❞❡ ♣r❡s❡♥t❛r ♥✉❡str♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡✱ ❆r✱ ② ❳❡ s♦❜r❡ ❞✐❢❡r❡♥t❡s s✉str❛t♦s✱

❞❡s❝r✐❜✐r❡♠♦s ❧♦s ♣♦t❡♥❝✐❛❧❡s s✉str❛t♦✲✢✉✐❞♦ ♠ás ✉t✐❧✐③❛❞♦s ② r❡s✉♠✐r❡♠♦s ❧♦s ❝♦♥❝❡♣t♦s ❜ás✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❡❧

♠♦❥❛❞♦ ❞❡ s✉♣❡r✜❝✐❡s✳

✻✳✸✳ P♦t❡♥❝✐❛❧❡s ❞❡ ❛❞s♦r❝✐ó♥

✻✼



❊♥ ❧❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♥ ✈❛r✐♦s ♣♦t❡♥❝✐❛❧❡s ♣r♦♣✉❡st♦s ♣❛r❛ ❞❡s❝r✐❜✐r ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ✉♥ át♦♠♦ ✭♦ ♠♦❧é❝✉❧❛✮ ❞❡❧

✢✉✐❞♦ ❝♦♥ ✉♥ s✉str❛t♦✳ ▲♦s ♠ás s✐♠♣❧❡s s♦♥ ❡❧ ✾✲✸ ② ❡❧ ❙✶✵✲✹✱ q✉❡ s❡ ♦❜t✐❡♥❡♥ s✉♣♦♥✐❡♥❞♦ q✉❡ ✉♥ át♦♠♦ ✭♦ ♠♦❧é❝✉❧❛✮

❞❡❧ ✢✉✐❞♦ ✐♥t❡r❛❝tú❛ ❝♦♥ ✉♥ át♦♠♦ ✭♦ ♠♦❧é❝✉❧❛✮ ❞❡❧ s✉str❛t♦ ♠❡❞✐❛♥t❡ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ▲✲❏ ✶✷✲✻ ✐sótr♦♣♦

V pares
sf (r) = 4 εsf

[

(σsf
r

)12

−
(σsf
r

)6
]

. ✭✻✳✶✮

❆q✉í ❡❧ s✉❜í♥❞✐❝❡ ✏s✑ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛❧ s✉str❛t♦ ② ❡❧ ✏f ✑ ❛❧ ✢✉✐❞♦✱ εsf r❡♣r❡s❡♥t❛ ❡❧ ♠ó❞✉❧♦ ❞❡❧ ✈❛❧♦r ♠á①✐♠♦ ❞❡ ❧❛

✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ✉♥ át♦♠♦ ❞❡❧ ✢✉✐❞♦ ❝♦♥ ♦tr♦ ❞❡❧ s✉str❛t♦ ② σsf ❡s ❡❧ ✏r❛♥❣♦✑ ❞❡ ❡s❛ ✐♥t❡r❛❝❝✐ó♥✳

❚❛♥t♦ εsf ❝♦♠♦ σsf r❡❝✐❜❡♥ ❡❧ ♥♦♠❜r❡ ❞❡ ✏♣❛rá♠❡tr♦s ❞❡ ❝r✉❝❡✑ ② ❡♥ ♣r✐♠❡r❛ ❛♣r♦①✐♠❛❝✐ó♥ s❡ ♣✉❡❞❡♥ ❡✈❛❧✉❛r

✉s❛♥❞♦ ❧❛s r❡❣❧❛s ❞❡ ▲♦r❡♥t③✲❇❡rt❤❡❧♦t✿

εsf = (εff εss)
1/2

, ✭✻✳✷✮

σsf =
σff + σss

2
. ✭✻✳✸✮

❊❧ ❡❢❡❝t♦ t♦t❛❧ s❡ ❞❡t❡r♠✐♥❛ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦s át♦♠♦s ✭♦ ♠♦❧é❝✉❧❛s✮ ♣❛rtí❝✉❧❛s ❞❡❧ s✉str❛t♦✳

❚❛♠❜✐é♥✱ ❤❛② ♣♦t❡♥❝✐❛❧❡s ♠ás ❡❧❛❜♦r❛❞♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧♦s ❞❡s❛rr♦❧❧❛❞♦s ❛ ♣❛rt✐r ❞❡ ✏♣r✐♠❡r♦s ♣r✐♥❝✐♣✐♦s✑✳ ❆ ❧♦

❧❛r❣♦ ❞❡ ❧❛ ❚❡s✐s ✉s❛r❡♠♦s ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♣♦t❡♥❝✐❛❧ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ s✉str❛t♦✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ♣r♦❝❡❞❡r❡♠♦s ❛

❞❡s❝r✐❜✐r❧♦s ❝♦♥ ❛❧❣ú♥ ❞❡t❛❧❧❡✳

✻✳✸✳✶✳ P♦t❡♥❝✐❛❧ ✾✲✸

❊st❡ ♣♦t❡♥❝✐❛❧ ❡s ❡❧ ♠ás s✐♠♣❧❡ ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❘✐❝❝❛ ❬✾✵❪✮ ② s❡ ♦❜t✐❡♥❡ s✉♣♦♥✐❡♥❞♦ q✉❡ ❡❧ s✉str❛t♦ ❡s ✉♥ ❝♦♥t✐♥✉♦

tr✐❞✐♠❡♥s✐♦♥❛❧ ✭✸❉✮ ❝♦♥ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ✉♥✐❢♦r♠❡ ❞❡ át♦♠♦s ✭♦ ♠♦❧é❝✉❧❛s✮ ❝✉②❛ ❞❡♥s✐❞❛❞ ❡s ρs✳ ❙✐ ❧❛ ❞✐st❛♥❝✐❛

♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❛❧ ♣❧❛♥♦ ❞❡❧ s✉str❛t♦ ❡s z✱ ❛❧ ✐♥t❡❣r❛r ❡❧ ♣♦t❡♥❝✐❛❧ V pares
sf (r) ❜❛❥♦ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s

s❡ ♦❜t✐❡♥❡

Usf (z) =







2π
3 εeff

[

2
15

(σsf

z

)9 −
(σsf

z

)3
]

si z > 0

0 si z ≤ 0
, ✭✻✳✹✮

❞♦♥❞❡✿

εeff = εsfρsσ
3
sf . ✭✻✳✺✮

❊st❡ ♣♦t❡♥❝✐❛❧ ❧♦ ✉s❛r❡♠♦s ♣❛r❛ ❡st✉❞✐❛r ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ✉♥ s✉str❛t♦ ❞❡ ❈❖2✱ ❝♦♥ ❡s❡ ✜♥ ✉s❛r❡♠♦s ❧♦s

✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s s✉❣❡r✐❞♦s ♣♦r ❊❜♥❡r ② ❙❛❛♠ ✭❊✲❙✮ ❬✾✶✱ ✾✷❪✳

❊♥ ❧❛ ❧✐t❡r❛t✉r❛✱ ❡❧ ♣♦t❡♥❝✐❛❧ ✾✲✸ ❞❛❞♦ ♣♦r ❧❛ ❊❝✳ ✭✻✳✹✮ t❛♠❜✐é♥ ❛♣❛r❡❝❡ ❡s❝r✐t♦ ♣❛r❛ z > 0 ❞❡ ✉♥❛ ♠❛♥❡r❛ ❛❧t❡r♥❛t✐✈❛

❬✾✸❪✿

Usf (z) =
4C3

3

27W 2
sf

(

1

z

)9

− C3

(

1

z

)3

, ✭✻✳✻✮
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❞♦♥❞❡ Wsf ❡s ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡❧ ♣♦③♦ ❞❡ ♣♦t❡♥❝✐❛❧ ② C3 s✉❡❧❡ ❧❧❛♠❛rs❡ ♣❛rá♠❡tr♦ ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s✳ ❉❡❜❡♠♦s

♠❡♥❝✐♦♥❛r✱ q✉❡ ❩❛r❡♠❜❛ ② ❑♦❤♥ ❬✾✹❪ ❝❛❧❝✉❧❛r♦♥ ✈❛❧♦r❡s ❞❡ Wsf ② C3 ♠❡❥♦r❛♥❞♦ ❧❛ s✐♠♣❧❡ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ▲♦r❡♥t③✲

❇❡rt❤❡❧♦t✳

✻✳✸✳✷✳ P♦t❡♥❝✐❛❧ ❙✶✵✲✹

❊♥ ❧✉❣❛r ❞❡ ❝♦♥s✐❞❡r❛r q✉❡ ❡❧ s✉str❛t♦ ❡s ✉♥ ❝♦♥t✐♥✉♦ ❡♥ ✸❉ s❡ ♣✉❡❞❡ s✉♣♦♥❡r q✉❡ ❡stá ❝♦♠♣✉❡st♦ ♣♦r ✉♥❛ s✉❝❡s✐ó♥

❞❡ ♣❧❛♥♦s ♣❛r❛❧❡❧♦s ✉♥✐❢♦r♠❡s ✭❙t❡❡❧❡ ❬✾✺❪✮✳ ❙✐ ❧❛ ❞✐st❛♥❝✐❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡❧ ✢✉✐❞♦ ✉♥ ♣❧❛♥♦ ❞❡❧

s✉str❛t♦ ❡s z✱ ❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❞❡ V pares
sf (r) s♦❜r❡ ❡s❡ ♣❧❛♥♦ ❧❧❡✈❛ ❛

Usf (z) = 4π εsf ρs σ
2
sf

[

1

5

(σsf
z

)10

− 1

2

(σsf
z

)4
]

, ✭✻✳✼✮

❞♦♥❞❡ ρs ❡s ❧❛ ❞❡♥s✐❞❛❞ s✉♣❡r✜❝✐❛❧ ❞❡ ♣❛rtí❝✉❧❛s ❞❡❧ s✉str❛t♦✳ ❊st❡ ♣♦t❡♥❝✐❛❧ ❡s ❞❡ ❧❛ ❢♦r♠❛ ✶✵✲✹✳

❙✐ ❡❧ s✉str❛t♦ ♥♦ ❡s s♦❧❛♠❡♥t❡ ✉♥❛ ♠♦♥♦❝❛♣❛ só❧✐❞❛✱ s✐♥♦ q✉❡ ❡stá ❝♦♥st✐t✉✐❞♦ ♣♦r ✈❛r✐♦s ♣❧❛♥♦s ❤❛② q✉❡ s✉♠❛r s♦❜r❡

t♦❞♦s ❡❧❧♦s ♦❜t❡♥✐é♥❞♦s❡

Usf (z) = 4π εsf ρs σ
2
sf

np
∑

j=0

[

1

5

(

σsf
z + jd

)10

− 1

2

(

σsf
z + jd

)4
]

, ✭✻✳✽✮

❞♦♥❞❡ d ❡s ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❧♦s ♣❧❛♥♦s ❞❡❧ s✉str❛t♦ ② np ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❞✐❝❤♦s ♣❧❛♥♦s✳ ❆ ❡st❡ ♣♦t❡♥❝✐❛❧ s❡ ❧♦

❞❡♥♦♠✐♥❛ ❙✶✵✲✹ ✭♣♦r ✏s✉♠♠❡❞ ✑ ✶✵✲✹✮✳ ❊♥ ❧❛ ❊❝✳ ✭✸✮ ❞❡ ❧❛ ❘❡❢✳ ❬✾✻❪ ♣♦❞❡♠♦s ✈❡r ❡st❡ ♣♦t❡♥❝✐❛❧ ❡s❝r✐t♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡

♠❛♥❡r❛

Usf (z) = ε1s

3
∑

j=0

[

2

3

(

σsf
z + jd

)10

− 5

3

(

σsf
z + jd

)4
]

, ✭✻✳✾✮

s✐❡♥❞♦ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡ ❡st❡ ♣♦t❡♥❝✐❛❧ Wsf/kB ≃ ✶✳✷ε1s/kB ✳

✻✳✸✳✸✳ P♦t❡♥❝✐❛❧ ❈❈❩

❈♦♥ ♣♦st❡r✐♦r✐❞❛❞ ❛❧ tr❛❜❛❥♦ ❞❡ ❩❛r❡♠❜❛ ② ❑♦❤♥ ❬✾✹❪✱ ✈❛r✐♦s ❛✉t♦r❡s ♠❡❥♦r❛r♦♥ ❡❧ tr❛t❛♠✐❡♥t♦ ❞❡❧ ❡❢❡❝t♦ ❞❡ ❧❛

♥✉❜❡ ❡❧❡❝tró♥✐❝❛ ❞❡ s✉str❛t♦✳ ❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ ❧í♥❡❛ ❈❤✐③♠❡s❤②❛✱ ❈♦❧❡ ② ❩❛r❡♠❜❛ ❬✼❪✱ ❞❡s❛rr♦❧❧❛r♦♥ ❞❡s❞❡ ♣r✐♠❡r♦s

♣r✐♥❝✐♣✐♦s✱ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦ ❝✉②❛ ❡①♣r❡s✐ó♥ ❡s✿

Usf (z) = V0 (1 + αz) e−αz − f [(z − zvdW )β(z − zvdW )]
CvdW

(z − zvdW )3
, ✭✻✳✶✵✮

❞♦♥❞❡✿

f(x) = 1− e−x(1 + x+
x2

2
) , ✭✻✳✶✶✮

✻✾



❈✉❛❞r♦ ✻✳✶✿
❱❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ♣♦t❡♥❝✐❛❧ ❈❈❩ ♣❛r❛ ◆❡✱ ❆r ② ❳❡ ❡♥ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ s✉str❛t♦s ❛❧❝❛❧✐♥♦s
t♦♠❛❞♦s ❞✐r❡❝t❛♠❡♥t❡ ❞❡❧ ❈✉❛❞r♦ ✶ ❞❡ ❧❛ ❘❡❢✳ ❬✼❪ ✿ V0✭❡❱✮✱ α✭❛−1

0 ✱ ❛0 = ✵✳✺✷✾ ➴✮✱ CvdW ✭❡❱✲❛30✮✱ ② zvdW ✭❛0✮✳

◆❡ V0 α CvdW zvdW

▼❣ ✶✳✼✼✹ ✶✳✸✹✼ ✷✳✶✸✵ ✵✳✻✷✹
▲✐ ✵✳✽✵✵ ✶✳✶✽✺ ✶✳✻✷✽ ✵✳✻✵✺
◆❛ ✵✳✹✹✶ ✶✳✶✵✻ ✶✳✸✼✷ ✵✳✺✸✹
❑ ✵✳✷✵✼ ✵✳✾✽✼ ✶✳✷✵✶ ✵✳✹✸✷
❘❜ ✵✳✶✻✸ ✵✳✾✺✵ ✶✳✶✽✸ ✵✳✸✾✷
❈s ✵✳✶✸✵ ✵✳✾✷✾ ✶✳✶✹✻ ✵✳✸✺✻

❆r V0 α CvdW zvdW

▼❣ ✹✳✻✾✶ ✶✳✸✷✶ ✼✳✼✵✶ ✵✳✻✾✸
▲✐ ✶✳✾✾✼ ✶✳✶✻✸ ✻✳✵✽✾ ✵✳✻✺✼
◆❛ ✶✳✵✺✻ ✶✳✵✽✸ ✺✳✶✾✾ ✵✳✺✽✻
❑ ✵✳✹✻✸ ✵✳✾✻✹ ✹✳✹✸✽ ✵✳✹✽✷
❘❜ ✵✳✸✺✻ ✵✳✾✷✽ ✹✳✸✹✶ ✵✳✹✹✵
❈s ✵✳✷✽✵ ✵✳✾✵✼ ✹✳✶✽✽ ✵✳✹✵✶

❳❡ V0 α CvdW zvdW

▼❣ ✻✳✸✶✺ ✶✳✷✻✼ ✶✻✳✼✵ ✵✳✼✹✽
▲✐ ✸✳✼✹✺ ✶✳✶✹✷ ✶✸✳✺✹ ✵✳✼✵✶
◆❛ ✷✳✵✽✽ ✶✳✵✻✼ ✶✶✳✹✹ ✵✳✻✷✽
❑ ✵✳✾✶✶ ✵✳✾✺✵ ✾✳✽✼✷ ✵✳✺✷✷
❘❜ ✵✳✻✾✺ ✵✳✾✶✹ ✾✳✻✶✶ ✵✳✹✽✶
❈s ✵✳✺✹✹ ✵✳✽✾✸ ✾✳✷✹✾ ✵✳✹✹✵

β(z) =
α2z

(1 + αz)
. ✭✻✳✶✷✮

▲♦s ✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s V0✱ α✱ CvdW ✱ ② zvdW ❞❡♣❡♥❞❡♥ t❛♥t♦ ❞❡❧ ✢✉✐❞♦ ❝♦♠♦ ❞❡❧ s✉str❛t♦✳ ❊❧ ♣r✐♠❡r tér♠✐♥♦ ❞❡

❡st❛ ❡①♣r❡s✐ó♥ ❡st❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡❧ tér♠✐♥♦ r❡♣✉❧s✐✈♦ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ② ✏r❡❡♠♣❧❛③❛✑ ❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣r♦♣♦r❝✐♦♥❛❧

❛ 1/z9 ❞❡ ❧❛ ❊❝✳ ✭✻✳✻✮✳ ❊❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❝♦♥st✐t✉②❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❛tr❛❝t✐✈❛ ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s✱ q✉❡ ♣❛r❛ z >> zvdW

t✐❡♥❞❡ ❛ −C3/z
3 ❞❡ ❧❛ ❊❝✳ ✭✻✳✻✮✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ f(x) ❞❛ ❝✉❡♥t❛ ❞❡❧ s♦❧❛♣❛♠✐❡♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s

❞❡ ♦♥❞❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s át♦♠♦s ❞❡❧ s✉str❛t♦✳ ▲❛ ❢✉♥❝✐ó♥ β(z) ❝♦rr✐❣❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❞✐✈❡r❣❡♥❝✐❛ q✉❡ ❡st❡

♣♦t❡♥❝✐❛❧ ♣♦s❡❡ ❡♥ z = zvdW ② q✉❡ ♥♦ s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ♥✐♥❣ú♥ ❤❡❝❤♦ ❢ís✐❝♦ ❬✾✹❪✳

❊st❡ ♣♦t❡♥❝✐❛❧ ❈❈❩ ❧♦ ✈❛♠♦s ❛ ✉t✐❧✐③❛r ♣❛r❛ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s s✐st❡♠❛s q✉❡ ✐♥✈❡st✐❣❛r❡♠♦s✳ ❊♥ ❡❧ ❈✉❛❞r♦ ✻✳✶ s❡

♠✉❡str❛♥ ❧♦s ✈❛❧♦r❡s q✉❡ t♦♠❛♥ ❧♦s ❞✐st✐♥t♦s ♣❛rá♠❡tr♦s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❡❧❡♠❡♥t♦s ❛♥❛❧✐③❛❞♦s ❡♥ ❡st❡ tr❛❜❛❥♦✳

✻✳✹✳ ▼♦❥❛❞♦ ② ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦

❆♥❛❧✐③❛♠♦s ❛❧❣✉♥❛s ❝✉❡st✐♦♥❡s r❡❢❡r❡♥t❡s ❛ ❧❛s tr❛♥s✐❝✐♦♥❡s ❞❡ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦ ♣❛r❛ s✐st❡♠❛s ❧íq✉✐❞♦✲✈❛♣♦r

❛❞s♦r❜✐❞♦s s♦❜r❡ s✉♣❡r✜❝✐❡s✳

❆❧ ❝♦♥s✐❞❡r❛r ❧❛ ❛❞s♦r❝✐ó♥ ❡♥ s✉str❛t♦s ♣❧❛♥♦s ❛♣❛r❡❝❡♥ ❢❡♥ó♠❡♥♦s t❛❧❡s ❝♦♠♦ ♠♦❥❛❞♦ ✭✇❡tt✐♥❣✮ ② ♣r❡✲♠♦❥❛❞♦ ✭♣r❡✲

✇❡tt✐♥❣✮ ♣❛r❛ ❡st✉❞✐❛r ❡st♦s ❢❡♥ó♠❡♥♦s ❡s ♥❡❝❡s❛r✐♦ ❝♦♥s✐❞❡r❛r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ❡♥ ♠ás ❞❡ ✉♥❛ ❞✐♠❡♥s✐ó♥✳

▲❛s tr❛♥s✐❝✐♦♥❡s ❞❡ ✇❡tt✐♥❣ ❢✉❡r♦♥ ❡st✉❞✐❛❞❛s ♣♦r ♣r✐♠❡r❛ ✈❡③ ❡♥ ✶✾✼✼ ❡♥ ❧♦s tr❛❜❛❥♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❈❛❤♥ ❬✾✼❪

② ❞❡ ❊❜♥❡r ② ❙❛❛♠ ❬✾✶❪✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❝♦♠❡♥t❛r ❛❧❣✉♥♦s ❞❡ ❧♦s ❛s♣❡❝t♦s ♠ás r❡❧❡✈❛♥t❡s✳ ❊♥ ❧❛ ❧✐t❡r❛t✉r❛

s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❞❡t❛❧❧❛❞❛s r❡✈✐s✐♦♥❡s t❡ór✐❝❛s s♦❜r❡ ❡❧ t❡♠❛✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❞❡ ❞❡ ●❡♥♥❡s ❬✾✽❪✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❞❡ ✉♥❛ s✉♣❡r✜❝✐❡ ❞❡♣❡♥❞❡♥ ❜ás✐❝❛♠❡♥t❡ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ② ❞❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛

✼✵



♠á①✐♠❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ q✉❡ ❡①✐st❡ ❡♥tr❡ ❡❧ s✉str❛t♦ ② ❡❧ ✢✉✐❞♦ ✭Wsf ✮ ② ❧❛ ♠á①✐♠❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛

❢✉❡r③❛s ❡♥tr❡ ♠♦❧é❝✉❧❛s ❞❡❧ ♠✐s♠♦ ✢✉✐❞♦ ✭εff ✮

W ∗

sf =
Wsf

εff
. ✭✻✳✶✸✮

❊①✐st❡♥ ♠✉❧t✐t✉❞ ❞❡ s✐st❡♠❛s q✉❡ ❡①❤✐❜❡♥ tr❛♥s✐❝✐♦♥❡s ❞❡ ♠♦❥❛❞♦✳ ◆♦s ✈❛♠♦s ❛ ❛②✉❞❛r ❞❡ ✉♥♦ ♠✉② s❡♥❝✐❧❧♦ ♣❛r❛

✈❡r ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❡♥❡r❛❧❡s✳ ❙❡ tr❛t❛ ❞❡ ✉♥ s✐st❡♠❛ ❝♦♥st✐t✉✐❞♦ ♣♦r ✉♥ ✢✉✐❞♦✱ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ✉♥❛ s✉♣❡r✜❝✐❡

✭❙✮✳ ❯♥ ❡sq✉❡♠❛ ❞❡ ❡st❛ s✐t✉❛❝✐ó♥ ❡stá r❡♣r❡s❡♥t❛❞♦ ❡♥ ❧❛ ❋✐❣✳ ✻✳✷✳ ❊♥ ❡st❡ ❝❛s♦✱ ▲ r❡♣r❡s❡♥t❛ ❧❛ ❢❛s❡ ❧íq✉✐❞❛ ② ❱ ❧❛

❢❛s❡ ❞❡ ✈❛♣♦r✳

❆❧❧í s❡ ❞✐❜✉❥❛r♦♥ ❧❛s t❡♥s✐♦♥❡s s✉♣❡r✜❝✐❛❧❡s✿ s✉str❛t♦✲❧íq✉✐❞♦ ✭γsl✮✱ s✉str❛t♦✲✈❛♣♦r ✭γsv✮ ② ❧íq✉✐❞♦✲✈❛♣♦r ✭γlv✮✳ ❊♥ ❡❧

❡q✉✐❧✐❜r✐♦ ❞❡❜❡ ♦❝✉rr✐r q✉❡✿

γsv = γsl + γlv cosθ , ✭✻✳✶✹✮

❞♦♥❞❡ ❛ θ s❡ ❧♦ ❞❡♥♦♠✐♥❛ ✉s✉❛❧♠❡♥t❡ á♥❣✉❧♦ ❞❡ ❝♦♥t❛❝t♦✳ ❆ ❡st❛ ❡①♣r❡s✐ó♥ s❡ ❧❛ ❝♦♥♦❝❡ ❝♦♥ ❡❧ ♥♦♠❜r❡ ❞❡ ✏❡❝✉❛❝✐ó♥

❞❡ ❨♦✉♥❣✑ ② ❞❡t❡r♠✐♥❛ ❡❧ ❡st❛❞♦ ✜♥❛❧ ❞❡❧ s✐st❡♠❛✳ ❈✉❛♥❞♦ θ = 0✱ ❡s ❞❡❝✐r ❡♥ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❝♦♠♣❧❡t♦✱ s❡

t✐❡♥❡ q✉❡✿

γsv = γsl + γlv ✭✻✳✶✺✮

② ❧❛ s✐t✉❛❝✐ó♥ ❡♥❡r❣ét✐❝❛♠❡♥t❡ ♠ás ❢❛✈♦r❛❜❧❡ ❡s ✐♥t❡r♣♦♥❡r ✉♥❛ ❝❛♣❛ ♠❛❝r♦s❝ó♣✐❝❛ ❞❡ ❧íq✉✐❞♦ ❡♥tr❡ ❡❧ s✉str❛t♦ ② ❧❛

❢❛s❡ ❞❡ ✈❛♣♦r✳ ❙❡ ❞✐❝❡ ❡♥t♦♥❝❡s q✉❡ ❡①✐st❡ ♠♦❥❛❞♦ t♦t❛❧ ♦ ❝♦♠♣❧❡t♦ ✭♦ s✐♠♣❧❡♠❡♥t❡ ♠♦❥❛❞♦✮✳ ❊♥ ❡❧ ❧❛❞♦ ♦♣✉❡st♦ s❡

t✐❡♥❡✿ θ = π ✭❝♦♥❞✐❝✐ó♥ ❞❡ ♥♦ ♠♦❥❛❞♦✱ s✐ ❜✐❡♥ ❡s t❛♠❜✐é♥ ❝♦♠ú♥ r❡❢❡r✐rs❡ ❛ é❧ ❝♦♠♦ ✇❡tt✐♥❣ ❝♦♠♣❧❡t♦ ♣♦r ❧❛ ❢❛s❡ ❞❡

✈❛♣♦r✮ ② ♣♦r ❧♦ t❛♥t♦✿

γsl = γsv + γlv ✭✻✳✶✻✮

❊♥ ❡st❡ ❝❛s♦ ✉♥❛ ❝❛♣❛ ♠❛❝r♦s❝ó♣✐❝❛ ❞❡ ✈❛♣♦r ❝r❡❝❡ ❡♥tr❡ ❡❧ s✉str❛t♦ ② ❡❧ ❧íq✉✐❞♦✳ ❊❧ r❡st♦ ❞❡ ❡st❛❞♦s ✐♥t❡r♠❡❞✐♦s

❞♦♥❞❡ 0 < θ < π✱ ❝♦rr❡s♣♦♥❞❡♥ ❛ s✐t✉❛❝✐♦♥❡s ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧✳ ❊♥ ❡st♦s ❡st❛❞♦s ❧❛ ❝❛♣❛ ❛❞s♦r❜✐❞❛ s♦❜r❡ ❧❛

s✉♣❡r✜❝✐❡ t✐❡♥❡ ✉♥ ❡s♣❡s♦r ♠✐❝r♦s❝ó♣✐❝♦✳ ▲❛ ❊❝✳ ✭✻✳✶✹✮ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦✿

|γsv − γsl| ≤ γlv ✭✻✳✶✼✮

❊❧ ♠♦❥❛❞♦ ❝♦♠♣❧❡t♦ s❡ ❛❧❝❛♥③❛ ❝✉❛♥❞♦ s❡ ✈❡r✐✜❝❛ ❧❛ ✐❣✉❛❧❞❛❞✳ ❊①♣r❡s❛❞❛ ❞❡ ❡st❡ ♠♦❞♦ ♥♦s ❞❛ ✉♥❛ ✐❞❡❛ ❞❡ ❧❛s

❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ q✉❡ s❡ ❞é ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦✱ ❡s ❞❡❝✐r ❡❧ ♣❛s♦ ❞❡ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧

❛ ❝♦♠♣❧❡t♦✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ♥♦s s✐t✉❛♠♦s s♦❜r❡ ❧❛ ❧í♥❡❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r ② ✈❛r✐❛♠♦s ❧❛ t❡♠♣❡r❛t✉r❛

❛❝❡r❝á♥❞♦♥♦s ❛❧ ♣✉♥t♦ ❝rít✐❝♦✱ ❡st♦ ❤❛❝❡ q✉❡ γlv s❡ ❤❛❣❛ ❝❛❞❛ ✈❡③ ♠ás ♣❡q✉❡ñ❛ ② t✐❡♥❞❛ ❛ ❝❡r♦ ❝♦♠♦✿

γlv ∼
(

Tc − T

T

)

−α

✭✻✳✶✽✮

❞♦♥❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡❧ ♣❛ré♥t❡s✐s ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ r❡❞✉❝✐❞❛ ② α ❛❧ ❡①♣♦♥❡♥t❡ ❝rít✐❝♦✳

❈❛❤♥ ❛r❣✉♠❡♥tó q✉❡ γsv − γsl t❡♥❞í❛ ❛ ❝❡r♦ ❝♦♠♦ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞❡s ❞❡ ❧❛s ❢❛s❡s ❧íq✉✐❞❛ ② ❞❡ ✈❛♣♦r✿

γsv − γsl = [ρv − ρl]

(

Tc − T

T

)β

✭✻✳✶✾✮
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❋✐❣✉r❛ ✻✳✷✿
❊♥ ❧❛ ✜❣✉r❛ s❡ ♦❜s❡r✈❛♥ ❧❛s tr❡s s✐t✉❛❝✐♦♥❡s q✉❡ s❡ ♣✉❡❞❡♥ ♠❛♥✐❢❡st❛r ❝✉❛♥❞♦ ✉♥ ❧íq✉✐❞♦ ❡stá ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ✉♥❛
s✉♣❡r✜❝✐❡✳ ▲❛s ❧❡tr❛s ❙✱ ❱✱ ② ▲ ✐❞❡♥t✐✜❝❛♥ ❛ ❧❛s ❢❛s❡s só❧✐❞❛✱ ✈❛♣♦r✱ ② ❧íq✉✐❞❛ r❡s♣❡❝t✐✈❛♠❡♥t❡ ② θ r❡♣r❡s❡♥t❛ ❡❧ á♥❣✉❧♦
❞❡ ❝♦♥t❛❝t♦✳ ❊♥ ❡❧ ❞✐❜✉❥♦ ❞❡ ❧❛ ♣❛rt❡ s✉♣❡r✐♦r ✐③q✉✐❡r❞❛ ❡❧ ❧íq✉✐❞♦ s❡ ❡①♣❛♥❞❡ ❝✉❜r✐❡♥❞♦ t♦❞❛ ❧❛ s✉♣❡r✜❝✐❡✱ ❢♦r♠❛♥❞♦
✉♥❛ ❝❛♣❛ ❞❡ ❡s♣❡s♦r ✐♥❞❡✜♥✐❞♦ ✭q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❧íq✉✐❞♦ ❞✐s♣♦♥✐❜❧❡✮✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ❞✐❝❡ q✉❡ ❡❧ ❧íq✉✐❞♦
♠♦❥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❧❛ s✉♣❡r✜❝✐❡✳ ❊♥ ❡❧ ♦tr♦ ❡①tr❡♠♦ ✭❞✐❜✉❥♦ s✉♣❡r✐♦r ❞❡r❡❝❤♦✮ s❡ ✐♥t❡r♣♦♥❡ ✉♥❛ ❝❛♣❛ ❞❡ ✈❛♣♦r ❡♥tr❡
❧❛ s✉♣❡r✜❝✐❡ ② ❡❧ ❧íq✉✐❞♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❡❧ ❧íq✉✐❞♦ ♥♦ ❡♥tr❛ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ❡❧ só❧✐❞♦ q✉❡ ❝♦♥st✐t✉②❡ ❧❛ s✉♣❡r✜❝✐❡
✭❛ ❡st❡ ❡❝❤♦ s❡ ❧♦ ❝♦♥♦❝❡ ❝♦♥ ❡❧ ♥♦♠❜r❡ ❞❡ ✏s❡❝❛❞♦ ❝♦♠♣❧❡t♦✑ ✭❞r②✐♥❣✮✳ ▲❛ s✐t✉❛❝✐ó♥ ✐♥t❡r♠❡❞✐❛ ❡sq✉❡♠❛t✐③❛❞❛ ❡♥
❧❛ ♣❛rt❡ ✐♥❢❡r✐♦r r❡❝✐❜❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧✳ ❊♥ ❡s❡ ♠✐s♠♦ ❞✐❜✉❥♦ s❡ ❤❛♥ ❡sq✉❡♠❛t✐③❛❞♦ ❧❛s ❢✉❡r③❛s q✉❡ s❡
❡❥❡r❝❡♥ ❡♥tr❡ ❡❧ só❧✐❞♦ ❡❧ ❧íq✉✐❞♦ ② ❡❧ ✈❛♣♦r✿ γsl r❡♣r❡s❡♥t❛ ❧❛ ❢✉❡r③❛ q✉❡ ❡❧ só❧✐❞♦ ❡❥❡r❝❡ s♦❜r❡ ❡❧ ❧íq✉✐❞♦✱ γsv ❡s ❧❛
❢✉❡r③❛ q✉❡ ❡❧ só❧✐❞♦ ❡❥❡r❝❡ s♦❜r❡ ❡❧ ✈❛♣♦r ② γlv ❧❛ q✉❡ ❡❧ ❧íq✉✐❞♦ ❡❥❡r❝❡ s♦❜r❡ ❡❧ ✈❛♣♦r✳
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❋✐❣✉r❛ ✻✳✸✿
❈❛♠❜✐♦s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ② t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ tr❛♥s✐❝✐♦♥❡s ❞❡
♠♦❥❛❞♦ ❞❡ ♣r✐♠❡r ② s❡❣✉♥❞♦ ♦r❞❡♥ ✭♦ ♠♦❥❛❞♦ ❝♦♥t✐♥✉♦✮✳ ❊♥ ❡❧ ❣r❛✜❝♦ s✉♣❡r✐♦r ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❝♦♠♦ ❝❛♠❜✐❛♥
❡st❛s ✈❛r✐❛❜❧❡s ♣❛r❛ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ② ❡♥ ❡❧ ✐♥❢❡r✐♦r ❡❧ r❡s♣❡❝t✐✈♦ ❝❛♠❜✐♦ ♣❛r❛ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡
♠♦❥❛❞♦ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ✭✈❡r t❡①t♦✮✳

❞♦♥❞❡ ρv ② ρl s♦♥ ❧❛s ❞❡♥s✐❞❛❞❡s ❞❡ ✈❛♣♦r ② ❧íq✉✐❞♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ② ❞♦♥❞❡ ❛❞❡♠ás β < α✱ ❞❡ ❡st❛ ♠❛♥❡r❛

s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦ s❡ ❤❛ ❞❡ ❝✉♠♣❧✐r q✉❡ γsv −γsl = γlv ② ♣♦r ❧♦ t❛♥t♦ t✐❡♥❡ ❧✉❣❛r ✉♥❛ tr❛♥s✐❝✐ó♥

❞❡ ♠♦❥❛❞♦✳ ❆✉♥q✉❡ ❡❧ r❛③♦♥❛♠✐❡♥t♦ ❡s ❡♥ ♣❛rt❡ ❡rró♥❡♦✱ ♣✉❡s ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s t❡♥s✐♦♥❡s s✉♣❡r✜❝✐❛❧❡s t✐❡♥❞❡

❛ ❝❡r♦ ❞❡ ❢♦r♠❛ ♠ás ❝♦♠♣❧❡❥❛✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛ ❞❡ ✉♥ ♣✉♥t♦ ❝rít✐❝♦ t✐❡♥❡ ❧✉❣❛r ✉♥❛ tr❛♥s✐❝✐ó♥

❞❡ ♠♦❥❛❞♦ ❡s ✉♥❛ ❝♦♥❝❧✉s✐ó♥ só❧✐❞❛✳

❈✉❛♥❞♦ ❧❛ ❢✉❡r③❛ ❞❡❧ s✉str❛t♦ ❡s ♠♦❞❡r❛❞❛✱ ❝♦♠♣❛r❛❞❛ ❝♦♥ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡❧

✢✉✐❞♦✱ ❡①✐st✐rá ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ✐♥❢❡r✐♦r❡s ❛ ❧❛ ❝rít✐❝❛✳

❊♥ ❣❡♥❡r❛❧ ❧❛s tr❛♥s✐❝✐♦♥❡s ❞❡ ♠♦❥❛❞♦ s♦♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ♣❡r♦ t❛♠❜✐é♥ s❡ ❞❛ ❡❧ ❢❡♥ó♠❡♥♦s ❞❡ ♠♦❥❛❞♦ ❝♦♥t✐♥✉♦ ♦

tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✳

❱❛r✐❛♥❞♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ ✢✉✐❞♦ ② ❡❧ s✉str❛t♦ ❡s ♣♦s✐❜❧❡ ♦❜t❡♥❡r ❧♦s ❞♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s✳ ❊♥

❧❛ ❋✐❣✳ ✻✳✸ ✈❡♠♦s ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❛♠❜❛s tr❛♥s✐❝✐♦♥❡s✳ ▲♦s ❣rá✜❝♦s s✉♣❡r✐♦r❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ✉♥❛ ❤✐♣♦tét✐❝❛

s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❝♦♥t✐♥✉♦ ② ❧♦s ✐♥❢❡r✐♦r❡s ❛ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❞❡ ♣r✐♠❡r ♦r❞❡♥✳

❊♥ ❋✐❣✳ ✻✳✸✭❛✮ ② ✭❞✮ ✈❡♠♦s ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❡♥ ❡❧ ♣❧❛♥♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✲t❡♠♣❡r❛t✉r❛✳ ❆q✉í µ0 ❡s ❡❧ ♣♦t❡♥❝✐❛❧

q✉í♠✐❝♦ ❞❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ❧íq✉✐❞♦ q✉❡ ♥♦ ❡st❛ s♦♠❡t✐❞♦ ❛ ♥✐♥❣ú♥ ♣♦t❡♥❝✐❛❧

❡①t❡r♥♦✳ ❆♥t❡s ❞❡ ❧❧❡❣❛r ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ Tc s❡ ♣r♦❞✉❝❡ ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ Tw✳ ❙✐ ❧❛ tr❛♥s✐❝✐ó♥ ❡s ❞❡

♣r✐♠❡r ♦r❞❡♥ ✭❞✮ ❤❛② ❛s♦❝✐❛❞❛ ✉♥❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❢✉❡r❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ q✉❡ ❛rr❛♥❝❛ t❛♥❣❡♥❝✐❛❧♠❡♥t❡ ❡♥ Tw
② ✜♥❛❧✐③❛ ❡♥ ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ❞❡ ❝❛rá❝t❡r ❜✐❞✐♠❡♥s✐♦♥❛❧✳ ❯♥ ♣❛rá♠❡tr♦ q✉❡ ♣✉❡❞❡ r❡s✉❧t❛r ♠✉② út✐❧ ♣❛r❛ ❡st✉❞✐❛r

❡st❛s tr❛♥s✐❝✐♦♥❡s ❡s ❡❧ ❝✉❜r✐♠✐❡♥t♦ Γℓ✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ♠ás ❛♣r♦♣✐❛❞❛ ❞❡♣❡♥❞❡ ❞❡ ❝❛❞❛ s✐st❡♠❛✳ ❊♥ ♥✉❡str♦ ❡❥❡♠♣❧♦✱

❧❛ ❢❛s❡ q✉❡ ❝r❡❝❡ ❡s ❧❛ ❧íq✉✐❞❛ ② ♣♦❞❡♠♦s ❞❡✜♥✐r❧♦ ❝♦♠♦✿

✼✸



Γℓ =

ˆ

[ρ(z)− ρv] dz ✭✻✳✷✵✮

❊st❛ ✐♥t❡❣r❛❧ s❡ ❡①t✐❡♥❞❡ s♦❜r❡ t♦❞♦ ❡❧ s❡♠✐❡s♣❛❝✐♦ ♦❝✉♣❛❞♦ ♣♦r ❡❧ ✢✉✐❞♦✳ ❆❧ ❛✉♠❡♥t❛r ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ❛ ❧❛

t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ Tw ✱ s❡ ♣r♦❞✉❝❡ ❡❧ ♠❛②♦r s❛❧t♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ ❝✉❜r✐♠✐❡♥t♦✱ q✉❡ ❞❡t❡r♠✐♥❛ ❡❧ ❡s♣❡s♦r ❞❡ ❧❛

♣❡❧í❝✉❧❛ ❛❞s♦r❜✐❞❛✱ ♣❛sá♥❞♦s❡ ❞❡ ✉♥❛ ♣❡❧í❝✉❧❛ ✢✉✐❞❛ ❞❡ ♣♦❝♦ ❡s♣❡s♦r ❛ ✉♥❛ ❞❡ ♠❛②♦r ❡s♣❡s♦r✳ ❊st❛ ❞✐s❝♦♥t✐♥✉✐❞❛❞

❡♥ ❡❧ ❝✉❜r✐♠✐❡♥t♦ ♣❡r❞✉r❛ ❞✉r❛♥t❡ t♦❞♦ ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏r❡❣✐♠❡♥ ❞❡ ♣r❡✲♠♦❥❛❞♦✑ q✉❡ s❡ ❡①t✐❡♥❞❡ ❡♥tr❡ Tw ② ❧❛

t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✱ Tcpw✳ P♦r ❡♥❝✐♠❛ ❞❡ ❡st❛ ú❧t✐♠❛ t❡♠♣❡r❛t✉r❛ ✉♥ ✐♥❝r❡♠❡♥t♦ ❡♥ ❡❧ ♥ú♠❡r♦ ❞❡

♣❛rtí❝✉❧❛s ❤❛❝❡ q✉❡ ❡❧ ❝✉❜r✐♠✐❡♥t♦ ❝r❡③❝❛ ❝♦♥ ❝♦♥t✐♥✉✐❞❛❞ ✭✈❡r ❧❛s ❘❡❢s✳ ❬✾✾✱ ✶✵✵❪✮✳

❆sí✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ❧❛ ❛❞s♦r❝✐ó♥ ♣r❡s❡♥t❛ ✉♥❛ ❞✐s❝♦♥t✐♥✉✐❞❛❞ ❝✉❛♥❞♦ ❛tr❛✈❡s❛♠♦s

❡❧ r❡❣✐♠❡♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ ② ❞✐✈❡r❣❡ ❡♥ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ❋✐❣✳ ✻✳✸✭❡✮✳ ❙✉♣♦♥❣❛♠♦s ❛❤♦r❛

q✉❡ ❢✉ér❛♠♦s ❝❛♣❛❝❡s ❞❡ ❡st✉❞✐❛r ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❡s♣❡s♦r ❞❡ ❧❛ ❝❛♣❛ ❞❡ ❧íq✉✐❞♦ ❛❞s♦r❜✐❞❛✳

❊str✐❝t❛♠❡♥t❡ ❡st♦ ♥♦ ❡s ♣♦s✐❜❧❡✱ ♣✉❡s ✜❥❛❞❛s ✉♥❛s ❝♦♥❞✐❝✐♦♥❡s t❡r♠♦❞✐♥á♠✐❝❛s ❡①✐st❡ ✉♥ ❡s♣❡s♦r q✉❡ ♠✐♥✐♠✐③❛ ❧❛

t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧✱ s✐❡♥❞♦ ✐♥❡st❛❜❧❡s ❡❧ r❡st♦ ❞❡ ❧♦s ❡st❛❞♦s✳ ◆♦ ♦❜st❛♥t❡✱ ❡❧ ❡s♣❡s♦r ❞❡ ❧❛ ❝❛♣❛ ❞❡ ❧íq✉✐❞♦ ❛❜s♦r❜✐❞❛

❡s ✉♥❛ ✈❛r✐❛❜❧❡ ♠✉② ❧❡♥t❛✱ s✐❡♥❞♦ ❡♥ ❧❛ ♣rá❝t✐❝❛ ❢❛❝t✐❜❧❡ ❤❛❝❡r ✉♥ ❡st✉❞✐♦ ❞❡ ❡st❡ t✐♣♦ ❝♦♥ ❧❛ t❡♦rí❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡

❧❛ ❞❡♥s✐❞❛❞ ✭✈❡r ❧❛ ❘❡❢✳ ❬✶✵✶❪✮✳ ❊♥ ❧❛ ❋✐❣✳ ✻✳✸✭❜✮ ✈❡♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❝✉❜r✐♠✐❡♥t♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ♠♦❥❛❞♦

❝♦♥t✐♥✉♦ s❡❣ú♥ ❛✉♠❡♥t❛♠♦s ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ✭❧❛s tr❛②❡❝t♦r✐❛s ♠❛r❝❛❞❛s ♣♦r ✢❡❝❤❛s ❡♥ ❋✐❣✳ ✻✳✸✭❛✮✮✳ P❛r❛ T < Tw

✭❧í♥❡❛ ❝♦♥t✐♥✉❛✮✱ ❧❛ ❛❞s♦r❝✐ó♥ ❝r❡❝❡ ② s❡ ♠❛♥t✐❡♥❡ ✜♥✐t❛ ❡♥ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✳ P❛r❛ T > Tw ✭❧í♥❡❛

❞✐s❝♦♥t✐♥✉❛✮ ❧❛ ❝❛♣❛ ❛❞s♦r❜✐❞❛ ❝r❡❝❡ ❞❡ ❢♦r♠❛ ❝♦♥t✐♥✉❛ ② ❞✐✈❡r❣❡ ❝✉❛♥❞♦ s❡ ❛❧❝❛♥③❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ✭❡st❛ ❞✐✈❡r❣❡♥❝✐❛

❡s ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ♣♦t❡♥❝✐❛❧❡s ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡✮✳ ❆♥❛❧✐❝❡♠♦s ❛❤♦r❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧✳ ❙✐ ♥♦s s✐t✉❛♠♦s s♦❜r❡ ❧❛

❧í♥❡❛ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❧íq✉✐❞♦✲✈❛♣♦r✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ♠♦❥❛❞♦ ❝♦♥t✐♥✉♦ ✈❡rí❛♠♦s ❛❧❣♦ ♣❛r❡❝✐❞♦ ❛ ❋✐❣✳ ✻✳✸✭❝✮❀ ♣❛r❛ T < Tw

✭❧í♥❡❛ ❝♦♥t✐♥✉❛✮ ❤❛② ✉♥ ♠í♥✐♠♦ ♣❛r❛ ✉♥ ✈❛❧♦r ✜♥✐t♦ ❞❡ Γℓ q✉❡ s❡ ❞❡s♣❧❛③❛ ❤❛❝✐❛ ❧❛ ❞❡r❡❝❤❛ s❡❣ú♥ ❛✉♠❡♥t❛♠♦s ❧❛

t❡♠♣❡r❛t✉r❛✱ ❤❛st❛ q✉❡ ✜♥❛❧♠❡♥t❡ ❞✐✈❡r❣❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ T ≥ Tw ✭❧í♥❡❛ ❞✐s❝♦♥t✐♥✉❛✮✳ P♦r ❡❧ ❝♦♥tr❛r✐♦✱ s✐ ❧❛

tr❛♥s✐❝✐ó♥ ❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ♣r❡s❡♥t❛ ❞♦s ♠í♥✐♠♦s✳ ◆ót❡s❡ q✉❡ ❡♥ ❧❛ ❋✐❣✳ ✻✳✸✭❢✮✮ ❡①✐st❡♥ ❞♦s

♠í♥✐♠♦s ❛❜s♦❧✉t♦s ♣❛r❛ Tw✱ ✉♥♦ ♣❛r❛ ✈❛❧♦r❡s ✜♥✐t♦s ❞❡ Γℓ ② ❡❧ ♦tr♦ ♣❛r❛ Γℓ → ∞✳

❙❡ ♣✉❡❞❡ ❞❡r✐✈❛r ✉♥❛ ❡❝✉❛❝✐ó♥ q✉❡ ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ❡❧ ✈❛❧♦r ❞❡ Tw ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❘❡❢✳ ❬✶✵✷❪✮✳ ❙✐ ❧❛ ♣❛rt❡

❛s✐♥tót✐❝❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥✱ tér♠✐♥♦ ❧✐❣❛❞♦ ❝♦♥ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❛tr❛❝t✐✈❛ ❞❡ ❡st❡ ♣♦t❡♥❝✐❛❧✱ t✐❡♥❡ ❧❛ ❢♦r♠❛

❞❡ ♣♦t❡♥❝✐❛❧ t✐♣♦ ✈❛♥ ❞❡r ❲❛❛❧s✱ ❡s ❞❡❝✐r s✐✿

Usf (z) ∼ − C3

z3
, ✭✻✳✷✶✮

♠❡❞✐❛♥t❡ ❛r❣✉♠❡♥t♦s t❡r♠♦❞✐♥á♠✐❝♦s s❡ ❧❧❡❣❛ ❛

∆µpw(T ) = apw(T − Tw)
3/2 . ✭✻✳✷✷✮

❊♥ ❡st❛ ❡①♣r❡s✐ó♥ ∆µpw ❡s ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ✭❡s ❞❡❝✐r✱ ❛q✉❡❧ ❝✉②❛ r❡❢❡r❡♥❝✐❛ ❡s ❡❧ ❞❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛

❧íq✉✐❞♦✲✈❛♣♦r ❞❡ ✉♥ ✢✉✐❞♦✱ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦✱ s✐♥ ✐♥t❡r❛❝❝✐♦♥❡s ❡①t❡r♥❛s✮✳ ▼❡❞✐❛♥t❡ ❡st❛ ❡①♣r❡s✐ó♥ s❡

♣✉❡❞❡ tr❛③❛r ❧❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ q✉❡ ♠❡❥♦r ❛❥✉st❛ ❛ ❧♦s ✈❛❧♦r❡s ❞❡ ∆µpw − T ② ❞❡ ❛❧❧✐ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ Tw✳

❆ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛ ❧❛ ✐♥t❡♥s✐❞❛❞ r❡❧❛t✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❛tr❛❝t✐✈♦ ❞❡❧ s✉str❛t♦✱ Tw s❡ ✈❛ ❛❝❡r❝❛♥❞♦ ❛ ❧❛ ❞❡❧ ♣✉♥t♦

tr✐♣❧❡✱ ♣✉❞✐❡♥❞♦ ❡①✐st✐r ❧♦ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ♠♦❥❛❞♦ ❞❡ ♣✉♥t♦ tr✐♣❧❡ ✭Tw = Tt✮✳

▲❛s tr❛♥s✐❝✐♦♥❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❤❛♥ s✐❞♦ ♦❜s❡r✈❛❞❛s ♣❛r❛ ✈❛r✐♦s ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s ② ❡①✐st❡ ✉♥❛ ❛❜✉♥❞❛♥t❡ ❝❛♥t✐❞❛❞

❞❡ ♠❡❞✐❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❡st❡ ❢❡♥ó♠❡♥♦✳ ❯♥ ❡❥❡♠♣❧♦ ❧♦ ❝♦♥st✐t✉②❡ ❡❧ ❝❛s♦ ❞❡❧ 4❍❡ ❛❞s♦r❜✐❞♦

s♦❜r❡ ❝✐❡rt♦s s✉str❛t♦s só❧✐❞♦s ✭✈❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❘❡❢✳ ❬✶✵✸❪✮✳

P♦r ♦tr♦ ❧❛❞♦✱ s❡ ♦❜s❡r✈❛r♦♥ tr❛♥s✐❝✐♦♥❡s ❞❡ ♣r❡✲♠♦❥❛❞♦ ♣❛r❛ ❡❧ ❤✐❞ró❣❡♥♦ ♠♦❧❡❝✉❧❛r ❍2 ❝✉❛♥❞♦ s❡ ❛❞s♦r❜í❛ s♦❜r❡

❘❜ ② ❈s ❬✶✵✹✱ ✶✵✺✱ ✶✵✻❪✳

✼✹



▲❛ ❛❜s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ❘❜ ② ❈s ❢✉❡ ❡st✉❞✐❛❞❛✱ ❡♥tr❡ ♦tr♦s✱ ♣♦r ❍❡ss✱ ❙❛❜❛t✐♥✐✱ ② ❈❤❛♥ ❬✶✵✼❪✳ P❛r❛ ❡❧ ❘❜✱ ❡st♦s

❛✉t♦r❡s ❡♥❝✉❡♥tr❛♥ ♠♦❥❛❞♦ ✐♥❝♦♠♣❧❡t♦ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ♠❡♥♦r❡s ❛ ✹✷✳✹✻ ❑ ✭Tc = ✹✹✳✹ ❑✮ ② ♠♦❥❛❞♦ ❝♦♠♣❧❡t♦ ♣❛r❛

t❡♠♣❡r❛t✉r❛s s✉♣❡r✐♦r❡s ❛ ✹✸✳✹✹ ❑✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❈s ♥♦ s❡ ♦❜t✉✈♦ ❝♦♥❞✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❛ ♥✐♥❣✉♥❛ t❡♠♣❡r❛t✉r❛

❞❡❧ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳

❊❧ ♠♦❥❛❞♦ ❞❡ ♣✉♥t♦ tr✐♣❧❡ ❡stá ✐♥✈❡st✐❣❛❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡♥ ❧♦s ❝❛s♦s ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r ② ❞❡ ❳❡ s♦❜r❡ ❆✉

❬✶✵✽✱ ✶✵✾❪✳

▲♦s ❡st✉❞✐♦s ♠✐❝r♦s❝ó♣✐❝♦s s❡ r❡❛❧✐③❛r♦♥ ♠❡❞✐❛♥t❡ ❉❋❚ ② s✐♠✉❧❛❝✐♦♥❡s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s q✉❡ ✉t✐❧✐③❛♥ ▼♦♥t❡ ❈❛r❧♦ ②

❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r✳ ❊♥ ❧❛s ❘❡❢s✳ ❬✻✹✱ ✽✹✱ ✶✶✵✱ ✶✶✶❪✱ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡st✉❞✐♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s

q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ ♠❡❞✐❛♥t❡ ❡st♦s ♠ét♦❞♦s ❞❡ ❝á❧❝✉❧♦✳

❖❜s❡r✈❛♥❞♦ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥✱ ♣♦❞❡♠♦s ✐♥❢❡r✐r ❛❧❣✉♥❛s ❝✉❡st✐♦♥❡s r❡❧❛❝✐♦♥❛❞❛s

❝♦♥ ❧♦s ❢❡♥ó♠❡♥♦s ❞❡ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦✳

❯♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ s❡ ♠❛♥✐✜❡st❛ ❝✉❛♥❞♦ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ ✐s♦t❡r♠❛s ❡s t❛❧ q✉❡ s❡ ♣❛s❛ ❞❡ ✉♥❛ ✐s♦t❡r♠❛

q✉❡ ♣r❡s❡♥t❛ ✉♥ ❧♦♦♣ ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s ❛ ✉♥❛ q✉❡ ♥♦ ❧♦ ♣♦s❡❡✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ t❡♠♣❡r❛t✉r❛ ❛ ❧❛ ❝✉❛❧ ♦❝✉rr❡ ❡st❛

tr❛♥s✐❝✐ó♥ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ Tcpw✳ ▲❛ ✏❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✑ ❡s ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡

❧♦s ♣✉♥t♦s ❡♥ ✉♥ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ∆µpw−T ✱ q✉❡ s❡ ❡①t✐❡♥❞❡ ❞❡s❞❡ Tw ❤❛st❛ Tcpw✳ ❯♥ ♣✉♥t♦ s♦❜r❡ ❡st❛ ❝✉r✈❛✱ t✐❡♥❡

❝♦♠♦ ❝♦♦r❞❡♥❛❞❛s ❛❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ q✉❡ ❞❡✜♥❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ② ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❧❛ ✐s♦t❡r♠❛

❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐s♦t❡r♠❛s r❡✈❡❧❛ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡

♣r❡✲♠♦❥❛❞♦ ② ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r Tw ② t❛♠❜✐é♥ Tcpw✳

❈✉❛♥❞♦ ❧❛ ❢✉❡r③❛ ❞❡❧ s✉str❛t♦ ❡s ♠♦❞❡r❛❞❛✱ ❝♦♠♣❛r❛❞❛ ❝♦♥ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡❧

✢✉✐❞♦✱ ❡①✐st✐rá ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ✭✇❡tt✐♥❣✮ ❞❡ ♣r✐♠❡r ♦r❞❡♥✱ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ✐♥❢❡r✐♦r❡s ❛ ❧❛ ❝rít✐❝❛✳ ❆ ❧❛

t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ Tw✱ ✉♥❛ ❞❡❧❣❛❞❛ ♣❡❧í❝✉❧❛ ❞❡ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦✱ ❝♦❡①✐st❡ ❝♦♥ ✉♥❛ ♣❡❧í❝✉❧❛ ❣r✉❡s❛ ❞❡❧ ♠✐s♠♦✳

❯♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ ✭♣r❡✇❡tt✐♥❣✮ ❡st❛ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ❞✐s❝♦♥t✐♥✉✐❞❛❞ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ ❢❛❝t♦r

❞❡ ❝✉❜r✐♠✐❡♥t♦ ❬✶✵✵❪✱ ❡♥ s❡♥t✐❞♦ q✉❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ s❡ ♣r♦❞✉❝❡ ❡❧ ♠❛②♦r s❛❧t♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ ❢❛❝t♦r

❞❡ ❝✉❜r✐♠✐❡♥t♦ ② ❡st❛ ❞✐s❝♦♥t✐♥✉✐❞❛❞ ❞❡s❛♣❛r❡❝❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❬✾✾❪✳ P❛r❛ t❡♠♣❡r❛t✉r❛s

♠❛②♦r❡s ❛ Tcpw✱ ❡❧ ❡s♣❡s♦r ❧❛ ♣❡❧í❝✉❧❛ ❛❞s♦r❜✐❞❛ ❝r❡❝❡ ❝♦♥t✐♥✉❛♠❡♥t❡✳

✻✳✹✳✶✳ ▼♦❞❡❧♦ s✐♠♣❧❡ ♣❛r❛ ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡♥tr♦ ❞❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏▼♦❞❡❧♦ ❙✐♠♣❧❡✑ ✭❙▼✮ ❬✶✵✵❪✱ s❡ ♣✉❡❞❡ ❡st❛❜❧❡❝❡r ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ♠♦❥❛❞♦

❞❡ ✉♥❛ s✉♣❡r✜❝✐❡ só❧✐❞❛ ② ❧❛s t❡♥s✐♦♥❡s s✉♣❡r✜❝✐❛❧❡s ❡♥ ❧❛s ✐♥t❡r❢❛s❡s só❧✐❞♦✲❧íq✉✐❞♦ ② ❧íq✉✐❞♦✲✈❛♣♦r✳ ❉❡ ❛❝✉❡r❞♦ ❝♦♥

❧❛ ❊❝✳ ✭✹✮ ❞❡ ❧❛ ❘❡❢✳ ❬✶✶✷❪ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣✉❡❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♥❛ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ ♣♦t❡♥❝✐❛❧

❞❡ ❛❞s♦r❝✐ó♥ Iu
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ˆ

∞

zmin

Usf (z)dz ≥
2γlv(T )

[ρl(T )− ρv(T )]
=Wγρ(T ) . ✭✻✳✷✸✮

❙❡ s✉♣♦♥❡ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❞❡r✐✈❛❞❛ ❡♥ ❡❧ ❙▼ ❡s ❛♣❧✐❝❛❜❧❡ ❛❧ ❝❛s♦ ❞❡ ✢✉✐❞♦s s✐♠♣❧❡s ❛❞s♦r❜✐❞♦s s♦❜r❡

s✉str❛t♦s ❛tr❛❝t✐✈♦s✳ ❈❤✐s♠❡s❤❛②❛✱ ❈♦❧❡✱ ② ❩❛r❡♠❜❛ ❝❛❧❝✉❧❛r♦♥ Iu ✐♥t❡❣r❛♥❞♦ s✉ ♣r♦♣✐♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥

❈❈❩✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❞❡t❡r♠✐♥❛r♦♥ Tw ❡✈❛❧✉❛♥❞♦ Wγρ(T ) ❝♦♥ ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡ γlv(T )✱ ρl(T )✱ ② ρv(T ) ❡

✐♥❝❧✉②❡r♦♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ Tw ❡♥ ❡❧ ❈✉❛❞r♦ ✶ ❞❡ ❧❛ ❘❡❢✳ ❬✼❪✳

❈♦♠♦ ❡❥❡♠♣❧♦✱ ❧♦s ✈❛❧♦r❡s ❞❡ Iu ♣❛r❛ ❡❧ ◆❡✱ ❝❛❧❝✉❧❛❞♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s s✉str❛t♦s✱ ❡stá♥ ❧✐st❛❞♦s ❡♥ ❡❧ ❈✉❛❞r♦ ✻✳✷ ②

♠❛r❝❛❞♦s ❝♦♥ ❧í♥❡❛s ❤♦r✐③♦♥t❛❧❡s ❡♥ ❧❛ ❋✐❣✳ ✻✳✹✱ ❡♥ ❡st❛ ✜❣✉r❛ t❛♠❜✐é♥ ❡stá♥ ✐♥❝❧✉✐❞♦s ❧♦s ✈❛❧♦r❡s ❞❡ Wγρ(T )✳

✼✺
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❋✐❣✉r❛ ✻✳✹✿
❱❛❧♦r❡s ❞❡ Wγρ ❡ Iu ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ❞✐✈❡rs♦s s✉str❛t♦s ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ②
❯rr✉t✐❛ ❬✾❪✮✳ ❊st❛s ✈❛r✐❛❜❧❡s s♦♥ ♥❡❝❡s❛r✐❛s ♣❛r❛ ❛♥❛❧✐③❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ❞❡♥♦♠✐♥❛❞♦
✏▼♦❞❡❧♦ ❙✐♠♣❧❡✑✳ ▲❛s ❧í♥❡❛s ❤♦r✐③♦♥t❛❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ✐♥t❡❣r❛❧ Iu✳ ▲♦s ❝ír❝✉❧♦s s♦♥ Wγρ✳ ▲❛s t❡♠♣❡r❛t✉r❛s tr✐♣❧❡
② ❝rít✐❝❛ s❡ ✐♥❞✐❝❛♥ ❝♦♥ Tt ② Tc✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥ ❡s❛ ✜❣✉r❛ s❡ ♣✉❡❞❡ ❝♦rr♦❜♦r❛r q✉❡ ❧❛ ❊❝✳ ✭✻✳✷✸✮ ❝♦♥❞✉❝❡ ❛ ❧♦s ✈❛❧♦r❡s ❞❡ Tw ♣✉❜❧✐❝❛❞♦s ♣♦r ❈❤✐s♠❡s❤②❛✱ ❈♦❧❡

② ❩❛r❡♠❜❛ ❬✼❪✳ ❊❧ ❙▼ ♣r❡❞✐❝❡ ❜❛st❛♥t❡ ❜✐❡♥ ❧❛ Tw ♣❛r❛ ❡❧ ◆❛ ② ❡❧ ▲✐✱ q✉❡ s♦♥ ✈❛❧♦r❡s ✉❜✐❝❛❞♦s ❡♥ ❧❛ ③♦♥❛ ❝❡♥tr❛❧

❞❡❧ ✐♥t❡r✈❛❧♦ Tt ↔ Tc✱ ♣❡r♦ s✉s r❡s✉❧t❛❞♦s ♣❛r❛ ❘❜✱ ❑✱ ② ▼❣ ♠✉❡str❛♥ ❞✐s❝r❡♣❛♥❝✐❛s ❝♦♥ ❧♦s ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳

P❛r❛ ❡❧ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ❘❜ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ ♦❜t❡♥✐❞❛ ❝♦♥ ❡❧ ❙▼✱ Tw = 38 ❑✱ ❡s s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

♠ás ❜❛❥❛ q✉❡ ❧❛ ❡①♣❡r✐♠❡♥t❛❧ Tw = ✹✷✳✺ ❑✳

❆sí ❝♦♠♦ ❡stá ❢♦r♠✉❧❛❞♦ ❡❧ tér♠✐♥♦ Wγρ(T ) ❣❡♥❡r❛ ✉♥ ♣r♦❜❧❡♠❛✳ ❊♥ ❧❛ ❘❡❢s✳ ❬✾✱ ✶✷❪ ❞❡r✐✈❛♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦

❛s✐♥tót✐❝♦ ❞❡Wγρ(T ) ♣❛r❛ T ❝❡r❝❛♥❛s ❛ Tc✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❧íq✉✐❞♦✲✈❛♣♦r

❞❛❞❛ ♣♦r ❧❛ ❊❝✳ ✭✺✳✶✮

γlv(T ) ≃ γ0lv (1− T/Tc)
5/4

, ✭✻✳✷✹✮

② ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ●✉❣❣❡♥❤❡✐♠ ♣❛r❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❞❡♥s✐❞❛❞❡s ❞❡❧ ❧íq✉✐❞♦ ② ❞❡❧ ✈❛♣♦r ❡♥ ❝♦❡①✐st❡♥❝✐❛ ❬❊❝✳ ✭✻✳✹✮ ❞❡

❧❛ ❘❡❢✳ ❬✼✺❪❪

✼✻



ρl(T )− ρv(T ) ≃
2

7
ρc (1− T/Tc)

1/3
, ✭✻✳✷✺✮

✭❞♦♥❞❡ ρc ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ❛ Tc✮✱ s❡ ♣✉❡❞❡ ❡✈❛❧✉❛r Wγρ(T ) ② r❡❡s❝r✐❜✐r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❡①♣r❡sá♥❞♦❧❛

❝♦♠♦✿

Iu = −
ˆ

∞

zmin

Usf (z)dz ≥Wγρ(T ) ≃
4γ0lv
7ρc

(

1− T

Tc

)11/12

. ✭✻✳✷✻✮

❈♦♠♦ Wγρ(T → Tc) → 0✱ ♣♦r ♠ás ❞é❜✐❧ q✉❡ s❡❛ ❧❛ ❛tr❛❝❝✐ó♥ ❞❡ ✉♥ s✉str❛t♦ s♦❜r❡ ✉♥ ✢✉✐❞♦ ❧❛ ✐♥t❡❣r❛❧ Iu s❡rá

♣♦s✐t✐✈❛ ✐♥❞✐❝❛♥❞♦ q✉❡ ❡❧ ✢✉✐❞♦ s✐❡♠♣r❡ ♠♦❥❛r❛ ❛❧ s✉str❛t♦ ♣❛r❛ ✉♥❛ T < Tc✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡st❛ ♣r❡❞✐❝❝✐ó♥ ♥♦ ❡s

❝♦rr❡❝t❛✱ ♣✉és s❡ ♦❜s❡r✈ó q✉❡ ♣❛r❛ ✐♥t❡r❛❝❝✐♦♥❡s s✉str❛t♦✲✢✉✐❞♦ ❞é❜✐❧❡s ❤❛② ✢✉✐❞♦s q✉❡ ♥♦ ♠♦❥❛♥ ❛❧ s✉str❛t♦ ♥✐ ❛ú♥

❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳ ❊st❡ ❡s ❡❧ ❝❛s♦ ❞❡❧ ◆❡ ❝✉❛♥❞♦ s❡ ❛❞s♦r❜❡ s♦❜r❡ ❈s ❬✶✵✼❪✳

❖tr❛ ❢❛❧❡♥❝✐❛ ❞❡ ❡st❡ ♠♦❞❡❧♦ ❛♣❛r❡❝❡ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ▼❣ q✉❡ ♣r❡s❡♥t❛ ✉♥❛ Tw ❝❡r❝❛♥❛ ❛ Tt✳ ❆❧

✉t✐❧✐③❛rs❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥✿

−
ˆ

∞

zmin

ρ(z)Usf (z)dz ≃ − ρl

ˆ

∞

zmin

Usf (z)dz , ✭✻✳✷✼✮

s❡ ♣✐❡r❞❡ ✉♥❛ ♣❛rt❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♠á①✐♠♦ ❞❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞✱ ❧♦ ❝✉❛❧ ♦❝✉rr❡

❥✉st♦ ❡♥ ❡❧ ♠í♥✐♠♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥✳ ▲❛ ✐♥❝❧✉s✐ó♥ ❞❡ ❡st❡ ❡❢❡❝t♦ tr❛❡ ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ✉♥ ❞❡s❝❡♥s♦ ❡♥ ❡❧

✈❛❧♦r ♦❜t❡♥✐❞♦ ♣❛r❛ Tw✳

P♦r ❧♦ ❡①♣✉❡st♦ ❡♥ ❡st❛ s❡❝❝✐ó♥ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ❡❧ ❙▼ ❡s s♦❧♦ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❝r✉❞❛ ❛❧ ♣r♦❜❧❡♠❛ ❞❡❧ ♠♦❥❛❞♦✳

✻✳✺✳ ❘❡s✉❧t❛❞♦s ♣r♦♣✐♦s s♦❜r❡ ❛❞s♦r❝✐ó♥

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡s❝r✐❜✐r❡♠♦s ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡✱ ❆r✱ ② ❳❡ s♦❜r❡ ❞✐✈❡rs♦s s✉str❛t♦s✳ ❊♥ ❧♦s ❝❛s♦s ❞❡ ◆❡ ② ❆r ♣r❡s❡♥✲

t❛r❡♠♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ♠❛r❝♦ ❞❡❧ ❡♥s❛♠❜❧❡ ❝❛♥ó♥✐❝♦✱ ❡♥ ❝❛♠❜✐♦✱ ♣❛r❛ ❡❧ ❳❡ ♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s

♣r♦✈✐st♦s ♣♦r ❛♠❜♦s ❡♥s❛♠❜❧❡s✱ ❡❧ ❝❛♥ó♥✐❝♦ ② ❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✳

P❡r♠ít❛s❡♥♦s ❡♥❢❛t✐③❛r✱ q✉❡ ♥✉❡str❛ ♣r♦♣✉❡st❛ ♣❛r❛ ❧❛ ❉❋❚ ♣❡r♠✐t❡ ♣r❡❞❡❝✐r ❢❡♥ó♠❡♥♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❡❧ ♠♦❥❛❞♦

❞❡ s✉♣❡r✜❝✐❡s ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡✱ Tt✱ ② ❧❛ ❝rít✐❝❛✱ Tc✱ ❞❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦✳ ❙❡ñ❛❧❛♥❞♦✱

❛ s✉ ✈❡③✱ q✉❡ ❧❛ ❉❋❚ q✉❡ ✐♥✈♦❧✉❝r❛ ❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡ ❑✐❡r❧✐❦ ② ❘♦s✐♥❜❡r❣ ❬✷✺❪ ② ❧♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s q✉❡ s✉❣✐❡r❡♥

❆♥❝✐❧♦tt♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✺✱ ✻❪ ❢❛❧❧❛ ❡♥ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥♦ ❛ Tt✳ ❊st❡ ✐♥❝♦♥✈❡♥✐❡♥t❡ ②❛ s❡ ♠♦stró ❛❧

❡①❛♠✐♥❛r γlv(T ) ♣❛r❛ ◆❡ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✳

✻✳✺✳✶✳ ❆❞s♦r❝✐ó♥ ❞❡ ◆❡ó♥ ✲ ❊♥s❛♠❜❧❡ ❈❛♥ó♥✐❝♦

❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❞❡ ❧❛ ❋✐❣✳ ✻✳✺ s❡ ♠✉❡str❛ ❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ◆❡ ❝♦♥

tr❡s ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s ② ❡❧ ▼❣✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❞❡ ❡st❛ ♠✐s♠❛ ✜❣✉r❛ s❡ ❤❛♥ ❛❣r❡❣❛❞♦✱ ❡♥ ✉♥❛ ❡s❝❛❧❛ ♠ás

✼✼
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❋✐❣✉r❛ ✻✳✺✿
P♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❈❈❩ ❡♥tr❡ ❡❧ ◆❡ ② ❞✐✈❡rs♦s s✉str❛t♦s ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛
✐③q✉✐❡r❞❛ s❡ ♠✉❡str❛♥ ❛❧❣✉♥♦s ❞❡ ❧♦s s✉str❛t♦s ✉t✐❧✐③❛❞♦s ❛q✉í✳ ❊♥ ❧❛ ✜❣✉r❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡ ♦❜s❡r✈❛ ✉♥❛ ❛♠♣❧✐❛❝✐ó♥
❞❡ ❡st❛ ✜❣✉r❛ ❞♦♥❞❡ s❡ ❤❛♥ ❛❣r❡❣❛❞♦ ❧♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❡❧ ❈s✱ ❡❧ ❑✱ ② ❡♥ ❧í♥❡❛ ❞❡ r❛②❛s ② r❛②❛s ②
♣✉♥t♦s✱ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ t✐♣♦ ❙✶✵✲✹ ♣❛r❛ Wsf/kB = ✹✽ ② ✺✵ ❑✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❛♠❜❛s ✜❣✉r❛s ❡❧ ✏❝❡r♦✑ ❞❡ ❧❛s
❛❜s❝✐s❛s s❡ ✉❜✐❝❛ ❞♦♥❞❡ ❧♦s ♣♦t❡♥❝✐❛❧❡s ❛❧❝❛♥③❛♥ s✉ ✈❛❧♦r ♠í♥✐♠♦✳

❝♦♥✈❡♥✐❡♥t❡✱ ❧❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ◆❡ ❝♦♥ ❡❧ ❈s ② ❡❧ ❑✳ ◆ót❡s❡ q✉❡ ❧♦s ♣♦t❡♥❝✐❛❧❡s ♣❛r❛ ❡❧

❘❜ ② ❡❧ ❈s s♦♥ ♠✉② s✐♠✐❧❛r❡s✳ ❊♥ ❡st❡ ❣rá✜❝♦ t❛♠❜✐é♥ s❡ ❛❣r❡❣❛r♦♥ ❝✉r✈❛s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❙✶✵✲✹ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴▲✐

❡✈❛❧✉❛❞❛s ❝♦♥ ❧❛ ❊❝✳ ✭✻✳✽✮ ♣❛r❛ ❞♦s ✐♥t❡♥s✐❞❛❞❡s✱ Wsf/kB = 48 ② ✺✵ ❑✱ ✉s❛♥❞♦ ❧♦s ♣❛rá♠❡tr♦s σsf = ✵✳✺✵✶ ♥♠ ②

d = ✵✳✹✵✶ ♥♠ t♦♠❛❞♦s ❞❡ ❧❛ ❘❡❢✳ ❬✾✻❪✳ ◆ót❡s❡ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ Wsf/kB = 50 ❑ ❡❧ ♣♦t❡♥❝✐❛❧ r❡s✉❧t❛♥t❡ ❡s ♠✉②

s✐♠✐❧❛r ❛❧ ❈❈❩✳

✻✳✺✳✶✳✶✳ ❆❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ❈s✱ ❘❜✱ ② ❑

❉❡ ❧❛ ❋✐❣✳ ✻✳✺ s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r q✉❡ ❧♦s s✉str❛t♦s ❞❡ ❈s✱ ❞❡ ❘❜✱ ② ❞❡ ❑ ❛tr❛❡♥ ❞é❜✐❧♠❡♥t❡ ❛❧ ◆❡✳ ❊♥ ❧❛ ❧✐t❡r❛t✉r❛

s❡ r❡♣♦rt❛ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s q✉❡ ✐♥❞✐❝❛♥ q✉❡ ❡❧ ❘❜ ❡s ♠♦❥❛❞♦ ♣♦r ❡❧ ◆❡ ❬✶✵✼❪ ❛ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛

❝rít✐❝❛ ② q✉❡ ❡❧ ❈s ♥♦ ❧♦ ❡s✳ ▲❛s ❡st✐♠❛❝✐♦♥❡s t❡ór✐❝❛s s♦♥ ❝♦♥tr❛❞✐❝t♦r✐❛s✿ r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♥ s✐♠✉❧❛❝✐♦♥❡s ❞❡

▼♦♥t❡ ❈❛r❧♦ ❬✶✶✸❪ s✉❣✐❡r❡♥ q✉❡ ❡❧ ◆❡ ♥♦ ♠♦❥❛ ❛❧ ❘❜✱ ♠✐❡♥tr❛s q✉❡ ❝á❧❝✉❧♦s ❝♦♥ ❉❋ ❬✺❪ ✐♥❞✐❝❛♥ q✉❡ s✐✳ ❙✐♥ ❡♠❜❛r❣♦✱

❧♦s ❛✉t♦r❡s ❞❡ ❡st❡ ú❧t✐♠♦ tr❛❜❛❥♦ ♥♦ ♣✉❞✐❡r♦♥ ❞❡t❡r♠✐♥❛r ✉♥ ré❣✐♠❡♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦♠♦ sí ❧♦ ♣✉❞✐♠♦s ❤❛❝❡r

♥♦s♦tr♦s✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✻ s❡ ❣r❛✜❝ó ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ❘❜✳ ❙✉ ❡str✉❝t✉r❛ ✐♥❞✐❝❛ q✉❡ ❧❛

t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ Tw ❡st❛ ♣♦r ❞❡❜❛❥♦ ❞❡ ❧♦s ✹✷✳✺ ❑ ✭❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ tr✐á♥❣✉❧♦s✮✳ ❙✐ ♦❜s❡r✈❛♠♦s ❡st❛s

❝✉r✈❛s ♠ás ❞❡t❛❧❧❛❞❛♠❡♥t❡ ✈❡♠♦s q✉❡ ❡①✐st❡ ✉♥ s❛❧t♦ ❡♥ ❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦✱ Γl✱ ❡♥ ❧❛s ❝✉r✈❛s ❞❡ tr✐á♥❣✉❧♦s ②

❝✉❛❞r❛❞♦s ✭♠á①✐♠♦ ❡♥ ❧❛ ❝✉r✈❛ ❞❡ tr✐á♥❣✉❧♦s✮ ② q✉❡ ❡st❡ s❛❧t♦ ❞❡s❛♣❛r❡❝❡ ❛❧ ❛❧❝❛♥③❛rs❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✸✳✺ ❑✱

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ✐s♦t❡r♠❛ s❡ñ❛❧❛❞❛ ❝♦♥ ❝ír❝✉❧♦s✳ ❊st♦ ✐♥❞✐❝❛ q✉❡ ❧❛ Tcpw ❡st❛ ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ ✹✸ ② ✹✸✳✺ ❑✳

▲❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦♥str✉✐❞❛ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❡st❛s ✐s♦t❡r♠❛s s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✳ ✻✳✼✳ ❊❧ ❛❥✉st❡ ❝♦♥ ❧❛ ❊❝✳

✭✻✳✷✷✮ ❛rr♦❥❛ ✉♥ ✈❛❧♦r ❞❡ Tw = ✹✷✳✷ ❑✳ ❊st❡ r❡s✉❧t❛❞♦ ❡stá ❡♥ ❜✉❡♥ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❝✐t❛❞♦s

❡♥ ❧❛s ❘❡❢s✳ ❬✺✱ ✻✱ ✶✵✼❪ ❞♦♥❞❡ s❡ r❡♣♦rt❛ q✉❡ ❡st❛ tr❛♥s✐❝✐ó♥ ♦❝✉rr❡ ❛ ❧♦s ✹✸ ❑✳

✼✽
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■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ❘❜ ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳ ▲❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ tr✐á♥❣✉❧♦s ❝♦✲
rr❡s♣♦♥❞❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✷✳✺ ❑✳ ▲❛ s❡ñ❛❧❛❞❛ ❝♦♥ ❝✉❛❞r❛❞♦s ❡s ❧❛ ✐s♦t❡r♠❛ ❞❡ ✹✸ ❑ ② ❧❛ q✉❡ ♣♦s❡❡ ❝ír❝✉❧♦s
❝♦rr❡s♣♦♥❞❡ ❛ ✹✸✳✺ ❑✳ ▲❛ ❡str✉❝t✉r❛ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐s♦t❡r♠❛s ♣♦♥❡ ✉♥ ❧í♠✐t❡ ❛ ❧❛ Tcpw✳ ❊st❛ t❡♠♣❡r❛t✉r❛ ❞❡❜❡rí❛
❡st❛r ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❡♥tr❡ ❧♦s ✹✸ ② ✹✸✳✺ ❑✳
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❋✐❣✉r❛ ✻✳✼✿
▲í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ❞✐❢❡r❡♥t❡s s✉str❛t♦s ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳
P❛r❛ ❡❧ ❈s✱ ❝✉②❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❛tr❛❝❝✐ó♥ ❡s ❝❛s✐ ✐❞é♥t✐❝❛ ❛ ❧❛ ❞❡❧ ❘❜ ✭❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ❋✐❣✳✻✳✺✮✱ ❧❛
❝♦rr❡s♣♦♥❞✐❡♥t❡ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡s ✐♥❞✐st✐♥❣✉✐❜❧❡s ❞❡ ❧❛ ❞❡❧ ❘❜✳
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■s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ❑ ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳ ▲❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ ❡str❡❧❧❛s ❝♦rr❡s♣♦♥❞❡
❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✷ ❑✳ ▲❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ tr✐á♥❣✉❧♦s ❡s ❧❛ ✐s♦t❡r♠❛ ❞❡✹✷✳✺ ❑✳ ❆q✉❡❧❧❛ q✉❡ ♣♦s❡❡ ❝✉❛❞r❛❞♦s
s❡ ❛s♦❝✐❛ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✸ ❑ ② ❧❛ ❞❡ ❝ír❝✉❧♦s ❛ ✉♥❛ ❞❡ ✹✸✳✺ ❑✳ ◆ót❡s❡ ❡❧ s❛❧t♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ ❢❛❝t♦r ❞❡
❝✉❜r✐♠✐❡♥t♦✿ ∆Γl = ✵✳✺✱ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✸ ❑✱ ② ∆Γl = 25 ♣❛r❛ ✹✷ ❑✳

P❡r♠ít❛s❡♥♦s ❝♦♠❡♥t❛r ❧❛s s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❧❧❡✈❛❞❛s ❛ ❝❛❜♦ ♣♦r ❈✉rt❛r♦❧♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❡♥ ❡❧ ♠❛r❝♦ ❞❡

●❈▼❈ ❬✶✶✸❪✳ ▲❛s ♠✐s♠❛s ❢✉❡r♦♥ r❡❛❧✐③❛❞❛s ✐♥tr♦❞✉❝✐❡♥❞♦ ✉♥ ✏❝♦rt❡✑ ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s✱ ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡

♣❛r❛ ✉♥❛ ❞✐st❛♥❝✐❛ ✐♥t❡r❛tó♠✐❝❛ s✉♣❡r✐♦r ❛ ❧♦s 5σff ❡st❡ ♣♦t❡♥❝✐❛❧ s❡ ❝♦♥s✐❞❡r❛ ♥✉❧♦✳ ❙✐ ❜✐❡♥ ❣❡♥❡r❛❧♠❡♥t❡ ❧♦s

✈❛❧♦r❡s r❡♣♦rt❛❞♦s ♣♦r s✐♠✉❧❛❝✐♦♥❡s ❞❡ ●❈▼❈ s♦♥ t♦♠❛❞♦s ❝♦♠♦ r❡❢❡r❡♥❝✐❛✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ♠❡❞✐❛♥t❡ ❡st❡ t✐♣♦ ❞❡

s✐♠✉❧❛❝✐♦♥❡s ♥♦ ♣✉❡❞❛ ❡①♣❧✐❝❛rs❡ ❡❧ ♠♦❥❛❞♦ ❞❡❧ ❘❜ ♣♦r ❡❧ ◆❡ ❡s ✉♥❛ ❢❛❧❡♥❝✐❛ ✐♠♣♦rt❛♥t❡✳ ❍❛❜rí❛ q✉❡ ✈❡r✐✜❝❛r s✐ ❡❧

t❛♠❛ñ♦ ❞❡ ❧❛ ❝❡❧❞❛ ✉♥✐❞❛❞ ✉t✐❧✐③❛❞❛ ❡♥ ❡❧ ♣❧❛♥♦ x✲y✱ ✐❣✉❛❧ ❛ 10σff ×10σff ✱ ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛ ❞❡s❝r✐❜✐r

❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❝♦rr❡❧❛❝✐♦♥ ❞❡❧ s✐st❡♠❛ ❝♦♥ ❧❛ ♣r❡❝✐s✐ó♥ r❡q✉❡r✐❞❛ ❝❡r❝❛ ❞❡ Tc✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ❈s ② ❡❧ ❘❜ ❧♦s ♣♦t❡♥❝✐❛❧❡s ❈❈❩ s♦♥ ♣rá❝t✐❝❛♠❡♥t❡ ✐❞é♥t✐❝♦s✳ ❊s ❞❡❝✐r✱ ❞❡♥tr♦ ❞❡ ♥✉❡str♦

❡sq✉❡♠❛ ❞❡ ❛♣r♦①✐♠❛❝✐♦♥❡s ❡❧ ❈s t✐❡♥❡ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ ❡❧ ❘❜✳ P♦r ❧♦ t❛♥t♦ ❡❧ ◆❡ t❛♠❜✐é♥ ♠♦❥❛rí❛ ❛❧

❈s✳ P❛r❛ ♦❜t❡♥❡r ❡❧ ♥♦✲♠♦❥❛❞♦ ❤❛❜rí❛ q✉❡ ❞❡❜✐❧✐t❛r ❧❛ ❛tr❛❝❝✐ó♥ ◆❡✲❈s✱ ❡st❛ ♣♦s✐❜✐❧✐❞❛❞ ②❛ ❤❛ s✐❞♦ ♣r♦♣✉❡st❛ ②

❡st✉❞✐❛❞❛ ♣♦r ❆♥❝✐❧♦tt♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✻❪✱ ❣r✉♣♦ ❞♦♥❞❡ ✉♥♦ ❞❡ ❧♦s ❝♦❧❛❜♦r❛❞♦r❡s ❡s ❛✉t♦r ❞❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✽ s❡ ♠✉❡str❛♥ ✐s♦t❡r♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ❑✳ ❊st❡ s✉str❛t♦ ❛tr❛❡ ♠ás

✐♥t❡♥s❛♠❡♥t❡ ❛❧ ◆❡ q✉❡ ❡❧ ❘❜✱ ♣♦r ❡s❛ r❛③ó♥ ♣❛r❛ ✐q✉❛❧ ♣❛s♦ ❞❡ t❡♠♣❡r❛t✉r❛s s❡ ♦❜t✐❡♥❡ ♠ás ✐s♦t❡r♠❛s ❡♥tr❡ Tw ②

Tc✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❡①✐st❡ ✉♥ s❛❧t♦ ♠✉② ♣❡q✉❡ñ♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

∆Γl = ✵✳✺✱ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✸ ❑✱ ♠✐❡♥tr❛s q✉❡ ❛ ❧♦s ✹✷ ❑ ❡st❡ s❛❧t♦ ❛❧❝❛♥③❛ ✉♥ ✈❛❧♦r ♠❛②♦r ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡

∆Γl = 25✮✳ ❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❢❛❝✐❧✐t❛ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ t❛♥t♦ ❞❡ Tw ❝♦♠♦ ❞❡ Tcpw✱ q✉❡ s❡ s✐tú❛ ❡♥tr❡ ❧♦s ✹✸ ②

❧♦s ✹✸✳✺ ❑✳

▲❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴❑ ❡stá ✐♥❝❧✉✐❞❛ ❡♥ ❧❛ ❋✐❣✳ ✻✳✼✳ ❊❧ ❛❥✉st❡ ❞❡ ❧♦s ❞❛t♦s ❝♦♥ ❧❛ ❊❝✳ ✭✻✳✷✷✮

❞❛ Tw = ✹✶✳✾ ❑✳

P♦r ú❧t✐♠♦✱ ❡♥ ❡❧ ❈✉❛❞r♦ ✻✳✸ s❡ ✈✉❡❧❝❛♥ ❛ ♠♦❞♦ ❞❡ r❡s✉♠❡♥ ❞❡ ❧♦ s❡ñ❛❧❛❞♦ ❤❛st❛ ❛q✉í✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ♥✉❡str♦s

❝á❧❝✉❧♦s ② s❡ ❧♦s ❝♦♠♣❛r❛ ❝♦♥ ❧♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛✳
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❈✉❛❞r♦ ✻✳✸✿
Pr♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s ❝♦♥❢♦r♠❛❞♦s ♣♦r ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s
② ▼❣✳ ❙♦♥ ❧✐st❛❞♦s✿
✶✲ W ∗

sf

✷✲▲❛s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ✭Tw✮ ② ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ✭Tcpw✮ ✭❡①♣r❡s❛❞❛s ❡♥ ❑✮✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ Tcpw s❡
✐♥❞✐❝❛ ❧❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ❡st❛ t❡♠♣❡r❛t✉r❛✳
✸✲ ▲❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ♠♦❥❛r ♦ ♥♦ ❧❛ s✉♣❡r✜❝✐❡✳ ❊♥ ❡st❡ ❝❛s♦ ✏◆❲✑ ✭♥♦♥✲✇❡tt✐♥❣✮ ✐♥❞✐❝❛ q✉❡ ❡❧ ◆❡ ♥♦ ♠♦❥❛ ❡❧ s✉str❛t♦
② ✏❉❘✑ ✭❞r②✐♥❣✮ ✐♥❞✐❝❛ s❡❝❛❞♦✳
✹✲❊❧ ❢❛❝t♦r ✏apw✑ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛❥✉st❡ ❬❊❝✳ ✭✻✳✷✷✮❪✳
✏P❲✑ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ♥✉❡str♦s ❝á❧❝✉❧♦s ② ✏❉❋✑ ❛ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥
✉s❛♥❞♦ ♦tr♦s ❢✉♥❝✐♦♥❛❧❡s ✭❡♥tr❡ ♣❛ré♥t❡s✐s s❡ ✐♥❞✐❝❛ ❧❛ r❡❢❡r❡♥❝✐❛ ❞❡ ❞♦♥❞❡ ❢✉❡r♦♥ t♦♠❛❞♦s ❡st♦s ❞❛t♦s✮✳

Pr♦♣✐❡❞❛❞ ❈s ❘❜ ❑ ◆❛ ▲✐ ▼❣
W ∗

sf ✵✳✼✵ ✵✳✼✶ ✵✳✽✹ ✶✳✶✵ ✶✳✹✾ ✷✳✼✾
Tw✲❊①♣❡r✐♠❡♥t❛❧ ✭❬✶✵✼❪✮ ◆❲ ✹✸✳✹ ✕ ✕ ✕ ✕

Tw✲❙▼ ✭❬✼❪✮ ✸✽ ✸✽ ✸✽ ✸✻ ✸✸ ✷✻
Tw✲●❈▼❈ ✭❬✾✻✱ ✶✶✸❪✮ ✕ ❉❘ ✕ ◆❲ ◆❲ ✷✷

Tw✲❉❋ ✭❬✺❪✮ ✕ ✹✹ ✕ ✹✵ ✸✽ ✕
Tw✲❉❋ ❬P❲❪ ✕ ✹✷✳✷ ✹✶✳✾ ✸✾✳✶ ✸✺✳✺ ✷✵✳✺

apw/kB [❑
−1/2]✲❉❋❬P❲❪ ✕ ✲✵✳✶✻ ✲✵✳✶✻ ✲✵✳✷✵ ✲✵✳✷✹ ✲✵✳✷✻

Tcpw✲●❈▼❈ ✭❬✾✻❪✮ ✕ ✕ ✕ ✕ ✕ ✸✶
Tcpw✲❉❋ ✭❬✺❪✮ ✕ ✕ ✕ ✹✹ ✹✶ ✕
Tcpw✲❉❋ ❬P❲❪ ✕ ✹✸✳✺ ✹✸ ✹✷ ✸✾ ✸✵
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❋✐❣✉r❛ ✻✳✾✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ✉♥ s✉str❛t♦ ❞❡ ▲✐ ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳
❊♥ ❧❛ ❣rá✜❝❛ s❡ ♦❜s❡r✈❛ ❝♦♠♦ ❝❛♠❜✐❛ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ♣❛r❛ ❡❧
s✐st❡♠❛ ◆❡✴▲✐ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✽ ❑✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ ❝♦♥ tr✐á♥❣✉❧♦s ✐♥s❡rt❛❞♦s ❝♦rr❡s♣♦♥❞❡ ❛ ❝á❧❝✉❧♦s ❞♦♥❞❡
s❡ ✉t✐❧✐③ó ❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ❝✉r✈❛s ❝♦♥ ❝✉❛❞r❛❞♦s ② ❝ír❝✉❧♦s ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ✉t✐❧✐③❛♥❞♦ ❡❧ ♣♦t❡♥❝✐❛❧
❙✶✵✲✹✱ t♦♠❛♥❞♦✿ Wsf/kB = 48 ② ✺✵ ❑✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❝❛❞❛ ❝❛s♦ ❧❛s ❧í♥❡❛s r❛②❛❞❛s ✐♥❞✐❝❛♥ ❧❛s ❝♦♥str✉❝❝✐♦♥❡s
❞❡ ▼❛①✇❡❧❧✳
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✻✳✺✳✶✳✷✳ ❆❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ◆❛ ② ▲✐

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ◆❡ ❛❞s♦r❜✐❞♦ ❡♥ ◆❛ ② ❡♥ ▲✐✱ ❛♣❛r❡❝❡♥ ❛❧❣✉♥❛s ❝♦♥tr❛❞✐❝❝✐♦♥❡s ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✿ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ♣♦r

❆♥❝✐❧♦tt♦ ② ❚♦✐❣♦ ❡♥ ❜❛s❡ ❛ r❡s✉❧t❛❞♦s ❞❡ ❉❋❚ ❬✺❪ s✉❣✐❡r❡♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♠♦❥❛❞♦ ♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛

❝rít✐❝❛✱ ♠✐❡♥tr❛s q✉❡ ❇♦❥❛♥ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✾✻❪ s♦❜r❡ ❧❛ ❜❛s❡ ❞❡ s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❝♦♥ ●❈▼❈ r❡❛❧✐③❛❞❛s ♣❛r❛

❡❧ ♣♦t❡♥❝✐❛❧ ❙✶✵✲✹ ❛rr✐❜❛♥ ❛ ❧❛ ❝♦♥❝❧✉s✐ó♥ ♦♣✉❡st❛✳

❍❡♠♦s ❛♥❛❧✐③❛❞♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❝♦♠♣✉t❛♥❞♦ ❧❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ s♦❜r❡ ❛♠❜♦s s✉str❛t♦s ✉s❛♥❞♦

❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣♦t❡♥❝✐❛❧❡s ❈❈❩✳ ▲♦s r❡s✉❧t❛❞♦s ❞❡ ♥✉❡str♦s ❝á❧❝✉❧♦s ❡stá♥ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s

❞❡ ❆♥❝✐❧♦tt♦ ② ❝♦❧❛❜♦r❛❞♦r❡s✳ P❛r❛ ❛♠❜♦s s✉str❛t♦s✱ ◆❛ ② ▲✐✱ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ tr❛♥s✐❝✐♦♥❡s ❞❡

♠♦❥❛❞♦ s❡❣✉✐❞❛s ♣♦r ✉♥ ré❣✐♠❡♥ ❞❡ ♣r❡✲♠♦❥❛❞♦✳

P❛r❛ ❝♦♠♣❧❡t❛r ❡❧ ❡st✉❞✐♦✱ t❛♠❜✐é♥ ❝❛❧❝✉❧❛♠♦s ❝♦♥ ♥✉❡str❛ ❉❋❚ ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ♣❛r❛ T = 38 ❑ ✉s❛♥❞♦

❡❧ ♣♦t❡♥❝✐❛❧ ❙✶✵✲✹ ❞❛❞♦ ♣♦r ❧❛ ❊❝✳ ✭✻✳✽✮✳ ❍✐❝✐♠♦s ❝♦rr✐❞❛s ♣❛r❛ ❧♦s ❞♦s ✈❛❧♦r❡s ❞❡ Wsf ❝♦♥s✐❞❡r❛❞♦s ❡♥ ❧❛ ❋✐❣✳

✻✳✺✳ ❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ♣r❡s❡♥t❛♠♦s ❡♥ ❧❛ ❋✐❣✳ ✻✳✾ r❡s✉❧t❛❞♦s ♣❛r❛ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ▲✐ ♦❜t❡♥✐❞♦s ✉t✐❧✐③❛♥❞♦

❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩ ② ❡❧ ❙✶✵✲✹ ♣❛r❛ ❧♦s ✈❛❧♦r❡s Wsf/kB = 48 ② ✺✵ ❑✳ ❚♦❞❛s ❡st❛s ✐s♦t❡r♠❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ✉♥❛

t❡♠♣❡r❛t✉r❛ ❞❡ ✸✽ ❑✳ P♦❞❡♠♦s ❛♣r♦✈❡❝❤❛r ❧❛ ♦♣♦rt✉♥✐❞❛❞ ♣❛r❛ ❞❡s❝r✐❜✐r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡ s❡ ✉s❛ ♣❛r❛ ❤❛❝❡r

❧❛s ❝♦♥tr✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s ✐❣✉❛❧❡s q✉❡ ❞❡t❡r♠✐♥❛♥ ❧❛s ❧í♥❡❛s ❤♦r✐③♦♥t❛❧❡s ❛ r❛②❛s ❡♥ ❧❛ ❋✐❣✳ ✻✳✾✳

❊❧ ❡♥s❛♠❜❧❡ ❝❛♥ó♥✐❝♦ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ∆µ(T ) = µ(T )−µ0(T ) ♣❛r❛ t♦❞♦ ✈❛❧♦r ❞❡ n✳ ❈✉❛♥❞♦ ❡♥ ❡st❡ ❝♦♥t❡①t♦✱ ❧❛

❝✉r✈❛ ❡①❤✐❜❡ ✉♥ ❧♦♦♣ ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s✱ ❧♦s ❞♦s ❡st❛❞♦s ❡♥ ❝♦❡①✐st❡♥❝✐❛ ❡st❛❜❧❡ ❧♦❝❛❧✐③❛❞♦s ❡♥ nmin ② nmax s❛t✐s❢❛❝❡♥✿

µ(nmin) = µ(nmax) = µe(Ωe/A) . ✭✻✳✷✽✮

❊st♦s ❡st❛❞♦s s♦♥ ❞❡t❡r♠✐♥❛❞♦s ❛ tr❛✈és ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s ✐❣✉❛❧❡s

ˆ nmax

nmin

[µ(T )− µ0(T )] dn = △µpw(T ) [nmax − nmin] . ✭✻✳✷✾✮

▲❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s ✐s♦t❡r♠❛s ❞❡ ❧❛ ❋✐❣✳ ✻✳✾ ❞❛ ❝✉❡♥t❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ r❡❣í♠❡♥❡s ❞❡ ♣r❡✲♠♦❥❛❞♦ ♣❛r❛ t♦❞♦s ❧♦s

♣♦t❡♥❝✐❛❧❡s ❛♥❛❧✐③❛❞♦s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ t❛♥t♦ ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩ ❝♦♠♦ ♣❛r❛ ❡❧ ❙✶✵✲✹ ❡❧

◆❡ ♠♦❥❛ ❛❧ ▲✐ ❞❡♥tr♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❉❋❚✳

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❧❛s ✐s♦t❡r♠❛s ❞❡ ◆❡ s♦❜r❡ ◆❛ ② ▲✐ ♥♦ ♣r❡s❡♥t❛♥ ❞✐❢❡r❡♥❝✐❛s ❢✉♥❞❛♠❡♥t❛❧❡s ❝♦♥ ❧❛s ❞❡ ◆❡

s♦❜r❡ ❑ ♥♦ ♣r❡s❡♥t❛♠♦s ✜❣✉r❛s ❝♦♥ ❧❛s ❝♦♥str✉❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧✳ ❉✐r❡❝t❛♠❡♥t❡ ✐♥❝❧✉✐♠♦s ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s

❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡♥ ❧❛ ❋✐❣✳ ✻✳✼✳

❆❥✉st❛♥❞♦ ❧♦s ❞❛t♦s ♣❛r❛ ❡❧ ◆❛ ❝♦♥ ❧❛ ❊❝✳ ✭✻✳✷✷✮ ♦❜t✉✈✐♠♦s Tw = ✸✾✳✶ ❑✱ ♣♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ❧❛

t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡s Tmax
cpw = 42 ❑✳ P❛r❛ ❡❧ ▲✐✱ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s s♦♥✿ Tw = ✸✺✳✺

❑ ② Tmax
cpw = 39 ❑✳

▲♦s r❡s✉❧t❛❞♦s ❞❡ ♥✉❡str♦s ❝á❧❝✉❧♦s ❡stá♥ ✐♥❝❧✉✐❞♦s ② s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ❧♦s ❞✐s♣♦♥✐❜❧❡s ❡♥ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛ ❡♥ ❡❧ ❈✉❛❞r♦

✻✳✸✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❆♥❝✐❧♦tt♦ ② ❚♦✐❣♦ ❬✺❪ ❡s ❛tr✐❜✉✐❞❛

t❛♥t♦ ❛❧ ❞❡ ✉s♦ ❞✐❢❡r❡♥t❡s ♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s ❞❡❧ ✢✉✐❞♦✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥ ❛ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♣❛r❛

❡❧ ❝♦❡✜❝✐❡♥t❡ q✉❡ ❝♦rr✐❣❡ ❡❧ tér♠✐♥♦ ❞❡ ❣❛s ✐❞❡❛❧ ❡♥ ❡❧ ❢✉♥❝✐♦♥❛❧✳

✽✷
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P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ▼❣ ♣❛r❛ ❞♦s ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♣❛rtí❝✉❧❛s ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③✱ ②
❯rr✉t✐❛ ❬✾❪✮✳ ❊❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ◆❡✲▼❣ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❈❈❩✳ ▲❛ t❡♠♣❡r❛t✉r❛ s❡ ✜❥♦ ❡♥ ✷✽ ❑✳ ▲♦s sí♠❜♦❧♦s
ρl ② ρv ✐♥❞✐❝❛♥ ❞❡♥s✐❞❛❞ ♣r♦♠❡❞✐♦ ❞❡ ❧❛ ♣♦r❝✐ó♥ ❧íq✉✐❞❛ ② ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✈❛♣♦r r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❡st❡
❝❛s♦ ρl = ✸✺✳✺ ♥♠−3 ② ρv = ✵✳✹ ♥♠−3✳ ❙❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❡♥ ❡❧ ❣rá✜❝♦✱ ❞♦s ♣❡r✜❧❡s ❛s♦❝✐❛❞♦s ❛ ❞✐st✐♥t♦s ❢❛❝t♦r❡s ❞❡
❝✉❜r✐♠✐❡♥t♦✳ ▲❛ ❝✉r✈❛ ✐♥❢❡r✐♦r✱ ❝♦rr❡s♣♦♥❞❡ ❛ Γl = ✵✳✶✺ ② ❧❛ r❡st❛♥t❡ ❛ Γl = ✷✳✼✹✳ ❊♥ ❧❛ ♠✐s♠❛ ❣rá✜❝❛ s❡ ❝♦♠♣❛r❛♥
♥✉❡str♦s r❡s✉❧t❛❞♦s ❝♦♥ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s ♠❡❞✐❛♥t❡ ●❈▼❈ ✭❝ír❝✉❧♦s✮ ❡①tr❛í❞♦s ❞❡ ❧❛ ❘❡❢✳ ❬✾✻❪✳
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✭❛✮ ■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ♣❛r❛ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ✉♥ s✉str❛t♦ ❞❡ ▼❣ ✭❙❛rt❛r❡❧❧✐✱ ❙③②❜✐s③ ② ❯rr✉t✐❛ ❬✾❪✮✳ ❈♦♠❡♥✲
③❛♥❞♦ ❞❡s❞❡ ❧❛ ❞❡r❡❝❤❛ ❤❛❝✐❛ ❧❛ ✐③q✉✐❡r❞❛ ❧❛s t❡♠♣❡r❛t✉r❛s s♦♥✿ ✷✹✳✺✺ ❑ ✭♠❛r❝❛❞❛ ❝♦♥ ❝ír❝✉❧♦s ✈❛❝í♦s✮ ✷✺✱ ✷✻✱ ✷✼✱
✷✽✱ ✷✾✱ ② ✸✵ ❑✳ ✭❜✮ ❙❡ ♠✉❡str❛ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✳

✽✸



✻✳✺✳✶✳✸✳ ❆❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ▼❣

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡ s♦❜r❡ ▼❣ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥ ❝♦♥Wsf/kB = 95 ❑ ❡s ❢✉❡rt❡♠❡♥t❡ ❛tr❛❝t✐✈♦✳ ❉❡

❤❡❝❤♦ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡s ❝❛s✐ ❡❧ ❞♦❜❧❡ ♠ás ✐♥t❡♥s❛ q✉❡ ❝♦♥ ❡❧ ▲✐✱ ♣♦r ❧♦ t❛♥t♦✱ s❡ ❡s♣❡r❛ ✉♥❛ Tw ❝❡r❝❛♥❛ ❛ ❧❛ t❡♠♣❡r❛t✉r❛

tr✐♣❧❡ ❝♦♥ ✉♥ ré❣✐♠❡♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❛❝♦r❞❡✳ ❊st❛ ❡①♣❡❝t❛t✐✈❛ ❢✉❡ ❝♦♥✜r♠❛❞❛ ♣♦r s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ q✉❡

s✉❣✐❡r❡♥ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝❡r❝❛♥❛ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ tr✐♣❧❡✱ ♠✐❡♥tr❛s q✉❡ ♥♦ ❡①✐st❡♥ r❡♣♦rt❡s ❞❡ ❝á❧❝✉❧♦s

r❡❛❧✐③❛❞♦s ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛s ❉❋❚✳ ❊♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ❞❡ ●❈▼❈ ❝♦rr✐❞❛s ♣♦r ❇♦❥❛♥ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✾✻❪ ✉s❛♥❞♦

✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ t✐♣♦ ❙✶✵✲✹ s❡ ❞❡t❡r♠✐♥ó q✉❡ ❡❧ ♠♦❥❛❞♦ ❞❡ ❧❛ s✉♣❡r✜❝✐❡ s❡ ♣r♦❞✉❝❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✷ ❑✳

❊♥ ❝❛♠❜✐♦✱ ♥♦ s❡ ♣✉❞♦ r❡❛❧✐③❛r ♣❛r❛ ❡st❡ s✐st❡♠❛ ❝á❧❝✉❧♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❉❋❚ ❢♦r♠✉❧❛❞❛ ❝♦♥ ❧❛ ♣r♦♣✉❡st❛

❞❡ ❑✐❡r❧✐❦ ② ❘♦s✐♥❜❡r❣ ② ❧♦s ❝♦♠♣❧❡♠❡♥t♦s s✉❣❡r✐❞♦s ♣♦r ❆♥❝✐❧♦tt♦✱ ❚♦✐❣♦✱ ❈✉rt❛r♦❧♦ ② ❈♦❧❡ ❡♥ ❧❛s ❘❡❢s✳ ❬✷✺✱ ✺✱ ✻❪✳

❊st❛ ✐♠♣♦s✐❜✐❧✐❞❛❞ s❡ ❞❡❜❡ ❛ q✉❡ ❡♥ ❡s❛ ❛♣r♦①✐♠❛❝✐ó♥ s❡ ♣r♦❞✉❝❡ ✉♥❛ s♦❧✐❞✐✜❝❛❝✐ó♥ t❡♠♣r❛♥❛ ✭♣❛r❛ T > Tt✮ ②

❧❛s s♦❧✉❝✐♦♥❡s ❞✐✈❡r❣❡♥ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ s❡ ❛♣r♦①✐♠❛ ❛ ❧❛ tr✐♣❧❡✳ ❊st❡ ✐♥❝♦♥✈❡♥✐❡♥t❡ ♥♦ s❡ ♣r❡s❡♥t❛ ❝✉❛♥❞♦

tr❛❜❛❥❛♠♦s ❝♦♥ ❧❛ ❉❋ s✉❣❡r✐❞❛ ♣♦r ♥♦s♦tr♦s✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✶✵ s❡ ♠✉❡str❛♥ ❞♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛ ◆❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ▼❣ ❝❛❧❝✉❧❛❞♦s ❝♦♥ ♥✉❡str❛ ♣r♦♣✉❡st❛

♣❛r❛ ❧❛ ❉❋ ② ✉s❛♥❞♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩✱ ② s❡ ❧♦s ❝♦♠♣❛r❛ ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦

❬✾✻❪✳ ❙✐ ❜✐❡♥ ❡♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ♥♦ s❡ ✉t✐❧✐③❛r♦♥ ❡①❛❝t❛♠❡♥t❡ ❧♦s ♠✐s♠♦s ♣♦t❡♥❝✐❛❧❡s q✉❡ ✉s❛♠♦s ♥♦s♦tr♦s✱ ❧♦s

♣❡r✜❧❡s ❞✐✜❡r❡♥ ❧❡✈❡♠❡♥t❡✳ ❆♣❛r❡❝❡ ✉♥❛ ❞✐❢❡r❡♥❝✐❛ r❡❧❛t✐✈❛♠❡♥t❡ ♣♦❝♦ ❛♣r❡❝✐❛❜❧❡ ❡♥ ❡❧ ✈❛❧♦r ♠á①✐♠♦ q✉❡ ❛❧❝❛♥③❛

❧❛ ❞❡♥s✐❞❛❞✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❝✉r✈❛ ❛s♦❝✐❛❞❛ ❝♦♥ ❡❧ ♠❛②♦r ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✳ ❊st❛ ❞✐❢❡r❡♥❝✐❛ ❝♦rr❡s♣♦♥❞❡ ❛

✉♥❛ ❞❡s✈✐❛❝✐ó♥ ❞❡ ≃ 13% r❡s♣❡❝t♦ ❞❡ ❧♦s ✈❛❧♦r❡s q✉❡ ❛rr♦❥❛♥ ❧♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❝♦♥ s✐♠✉❧❛❝✐♦♥❡s ●❈▼❈✳ ▲❛s

❡♥❡r❣í❛s t❛♠♣♦❝♦ ❞✐✜❡r❡♥ s✉st❛♥❝✐❛❧♠❡♥t❡ ✭❧❛s ❞❡s✈✐❛❝✐♦♥❡s ♥♦ s✉♣❡r❛♥ ❡❧ ✶✵✪✮✳

▲❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❡stá♥ ❞✐❜✉❥❛❞❛s ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✶✭❛✮✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❧❛ ✐s♦t❡r♠❛ ❞❡ ✸✵ ❑ ♥♦

♣r❡s❡♥t❛ ♥✐♥❣ú♥ ❧♦♦♣ ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s ♣♦r ❡♥❞❡ ♥♦ ❡s ♥❡❝❡s❛r✐♦ tr❛③❛r ♥✐♥❣✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧✱ ❞❡ ❡st♦

s❡ ❞❡s♣r❡♥❞❡ q✉❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ r♦♥❞❛rá ❛❧r❡❞❡❞♦r ❞❡ ❧♦s ✷✾✳✺ ❑✳ ▲❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦

❝♦♥str✉✐❞❛ ❝♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ ∆µpw ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❡stá ❣r❛✜❝❛❞❛ ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✶✭❜✮✳ ❆❥✉st❛♥❞♦ ❡st♦s

❞❛t♦s ❝♦♥ ❧❛ ❊❝✳ ✭✻✳✷✷✮ ♦❜t✉✈✐♠♦s q✉❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ ❡stá ❧❡✈❡♠❡♥t❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛ tr✐♣❧❡ Tw = ✷✵✳✺ ❑

✭❡s ❞❡❝✐r ❡❧ ◆❡ ♠♦❥❛ ❛❧ ▼❣ ❛ ❝✉❛❧q✉✐❡r t❡♠♣❡r❛t✉r❛ T > Tt✮✳ ❚♦❞❛s ❧❛s t❡♠♣❡r❛t✉r❛s ❞❡t❡r♠✐♥❛❞❛s ❡♥ ❡st❡ ❛♥á❧✐s✐s

❡stá♥ ✐♥❝❧✉✐❞❛s ❡♥ ❡❧ ❈✉❛❞r♦ ✻✳✸✳ ◆✉❡str♦ ✈❛❧♦r ❞❡ Tw ❡s s✐♠✐❧❛r ❛ Tw = 22 ❑ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❇♦❥❛♥ ② ❝♦❧❛❜♦r❛❞♦r❡s

❬✾✻❪✳ ❆❞❡♠ás✱ ❧❛ ❞✐❢❡r❡♥❝✐❛✿ Tcpw − Tw ♦❜t❡♥✐❞❛ ♣♦r ♥♦s♦tr♦s ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ❤❛❧❧❛❞❛ ♠❡❞✐❛♥t❡ ❡s❛s s✐♠✉❧❛❝✐♦♥❡s✳

✻✳✺✳✷✳ ❆❞s♦r❝✐ó♥ ❞❡ ❆r❣ó♥ ✲ ❊♥s❛♠❜❧❡ ❈❛♥ó♥✐❝♦

❆❝♦r❞❡ ❝♦♥ ❡❧ ❙▼ ❬✼❪✱ ❡❧ ❆r ♠♦❥❛ t♦❞❛s ❧❛s s✉♣❡r✜❝✐❡s ❛❧❝❛❧✐♥❛s✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ♠❡❞✐❛♥t❡ ❡❧

❢♦r♠❛❧✐s♠♦ ❉❋❚ ❬✺❪✱ s✉❣✐❡r❡♥ ♠♦❥❛❞♦ s♦❧❛♠❡♥t❡ ♣❛r❛ s✉str❛t♦s ❝♦♠♦ ❡❧ ▲✐ ② ❡❧ ◆❛✳ P♦r ♦tr♦ ❧❛❞♦ s✐♠✉❧❛❝✐♦♥❡s

♥✉♠ér✐❝❛s ❞❡ ●❈▼❈ ❬✶✶✸❪✱ ❞❛♥ ❝♦♠♦ r❡s✉❧t❛❞♦ q✉❡ ❡❧ ❆r ♠♦❥❛ ❛❧ ▲✐ ♣❡r♦ ♥♦ ❛❧ ◆❛ ♥✐ ❛❧ ❘❜✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❈❖2✱ ▼✐st✉r❛ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✽❪ ❛s❡❣✉r❛♥ q✉❡ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❡❧í❝✉❧❛ ❛❞s♦r❜✐❞❛ ❡s ❝♦♥t✐♥✉♦✱

♣✉❡st♦ ❞❡ ♠❛♥✐✜❡st♦ ❡♥ ❧♦s ❡①♣❡r✐♠❡♥t♦s ② q✉❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐rs❡ ♣❡r❢❡❝t❛♠❡♥t❡ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ s✉s ❝á❧❝✉❧♦s

r❡❛❧✐③❛❞♦s ❛♣❧✐❝❛♥❞♦ ❧❛ ❉❋❚✳ ❊st♦s ❛✉t♦r❡s ❞❡s❛rr♦❧❧❛r♦♥ ✉♥ ♣♦t❡♥❝✐❛❧ ✉s❛♥❞♦ r❡s✉❧t❛❞♦s ❞❡ ❝á❧❝✉❧♦s q✉❡ ❤❛♥ s✐❞♦

❞❡r✐✈❛❞♦s ❞❡ ♣r✐♠❡r♦s ♣r✐♥❝✐♣✐♦s✱ ❧❧❡✈❛❞♦s ❛❞❡❧❛♥t❡ ♣♦r ▼❛rs❤❛❧❧ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✶✶✹❪✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧❧♦s r❡♣♦rt❛♥

✐s♦t❡r♠❛s ♣❛r❛ T = 105 ② ✽✺ ❑ q✉❡ s♦♥ ✐♥❝♦♥s✐st❡♥t❡s ❡♥tr❡ sí✱ ❝♦♠♦ ✈❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✳
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❋✐❣✉r❛ ✻✳✶✷✿
P♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ ❆r ② ❞✐✈❡rs♦s s✉str❛t♦s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛❧ s✉str❛t♦ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③
❬✶✶❪✮✳ ❚♦❞♦s ❧♦s ♣♦t❡♥❝✐❛❧❡s ❡①❝❡♣t♦ ❡❧ ❞❡❧ ❈❖2 ❝♦rr❡s♣♦♥❞❡♥ ❛ ♣♦t❡♥❝✐❛❧❡s ❞❡ t✐♣♦ ❈❈❩✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ ②❛ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ❆✉ s❡ ♦❜s❡r✈♦ ❡①♣❡r✐✲

♠❡♥t❛❧♠❡♥t❡ ❡❧ ♠♦❥❛❞♦ ❞❡ ♣✉♥t♦ tr✐♣❧❡ ❬✶✵✾❪✳

❚♦❞♦s ❡st♦s ❝❛s♦s ❧♦s ❡①❛♠✐♥❛♠♦s ❡♥ ❡st❛ ❚❡s✐s ❛♣❧✐❝❛♥❞♦ ❧❛ ✈❡rs✐ó♥ ❞❡ ❧❛ ❋▼❚ ♣r❡s❡♥t❛❞❛ ❡♥ ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳

❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ◆❡✱ ♣❛r❛ ❡st✉❞✐❛r ❧❛ ❛❞s♦r❝✐ó♥ ❞❡❧ ❆r s♦❜r❡ t♦❞♦s ❧♦s s✉str❛t♦s ❛❧❝❛❧✐♥♦s ② ♣❛r❛ ❡❧ ▼❣

❤❡♠♦s ✉t✐❧✐③❛❞♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❈❈❩✳ ▲♦s ✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s q✉❡ ✐♥t❡r✈✐❡♥❡♥ ❡♥ ❡st❡ ♣♦t❡♥❝✐❛❧ ❡stá♥ ❧✐st❛❞♦s ❡♥

❡❧ ❈✉❛❞r♦ ✻✳✶✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✶✷ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❝♦♠♦ ❞❡♣❡♥❞❡♥ ❡st♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛❧ s✉str❛t♦✳ P❛r❛ ❡❧ ❈❖2 ❤❡♠♦s

✉t✐❧✐③❛❞♦ ❡❧ ♠✐s♠♦ ♣♦t❡♥❝✐❛❧ q✉❡ ✉s❛r♦♥ ▼✐st✉r❛ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✽❪✳ ❊♥ ❡❧ ❣rá✜❝♦ t♦❞❛s ❡st❛s ❝✉r✈❛s ❡stá♥ ❝❡♥tr❛❞❛s

❡♥ ❡❧ ✈❛❧♦r ❞❡ z ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♠í♥✐♠♦ ❞❡❧ ♣♦t❡♥❝✐❛❧✳ ❊❧ ♣♦t❡♥❝✐❛❧ ❞❡❧ ❆r s♦❜r❡ ❡❧ ❆✉ q✉❡❞❛ ❢✉❡r❛ ❞❡ ❧❛ ❡s❝❛❧❛

❞❡ ❡st❛ ✜❣✉r❛✳

✻✳✺✳✷✳✶✳ ❆❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ♠❡t❛❧❡s ❛❝❛❧✐♥♦s

❙❡ ♣✉❡❞❡ ❝♦rr♦❜♦r❛r ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✱ q✉❡ ❡❧ ❆r ❛❞s♦r❜✐❞♦ s♦❜r❡ ▲✐ ❡s ✉♥♦ ❞❡ ❧♦s s✐st❡♠❛s ♠ás ❡st✉❞✐❛❞♦s✳ ▲❛ ❋✐❣✳

✻✳✶✸ ♠✉❡str❛ ❧❛s ✐s♦t❡r♠❛s ♦❜t❡♥✐❞❛s ❝♦♥ ♥✉❡str♦s ❝á❧❝✉❧♦s✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❞❡ ❡st❛ ✜❣✉r❛ ②❛ s❡ ❤❛♥

❤❡❝❤♦ ❧❛s r❡s♣❡❝t✐✈❛s ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧✳ ▲❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ q✉❡ ❞❡ ❛❧❧í s❡ ❞❡r✐✈❛ s❡ ♠✉❡str❛ ❡♥ ❡❧ ❣rá✜❝♦

❞❡ ❧❛ ❞❡r❡❝❤❛✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✶✹ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♦❜t❡♥✐❞♦s ♣❛r❛ T = 114 ❑✳ ❆ ♠❡❞✐❞❛ q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡

♣❛rtí❝✉❧❛s ❛✉♠❡♥t❛ s❡ ✈❛ ♣❛s❛♥❞♦ ❞❡s❞❡ ❧♦s ♣❡r✜❧❡s ✐♥❢❡r✐♦r❡s ❞❡ ♠❡♥♦r ❡s♣❡s♦r✱ ❡♥ ❧í♥❡❛s ❞❡ r❛②❛s✱ ❛ ❧♦s ♣❡r✜❧❡s

♠ás ❣r✉❡s♦s q✉❡ ❡stá♥ ❞✐❜✉❥❛❞♦s ❝♦♥ ❧í♥❡❛s ❝♦♥t✐♥✉❛s✳ ❊❧ s❛❧t♦ ❡♥ ❡❧ ❡s♣❡s♦r ❞❡ ❧❛s ♣❡❧í❝✉❧❛s ✢✉✐❞❛s ❡stá ❧✐❣❛❞♦ ❛❧

s❛❧t♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ♠♦str❛❞♦ ♣♦r ❧❛ ✐s♦t❡r♠❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✸✳

✽✺



0 1 2 3 4 5 6 7
−5

−4

−3

−2

−1

0

Γ
l

∆µ
/k

B
 [K

]

Ar/Li 

108 110 112 114 116 118 120
−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

T [K]

∆µ
pw

/k
B
 [K

]

Ar/Li 

T
w

 

❋✐❣✉r❛ ✻✳✶✸✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ▲✐ ✭❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛✮✳ ▲❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ s❡ ♣✉❡❞❡
♦❜s❡r✈❛r ❡♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✵❪✮✳ P❛r❛ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❧♦s tr✐á♥❣✉❧♦s ❤❛❝✐❛
❛rr✐❜❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ✶✶✾ ❑✱ ❧♦s ❝ír❝✉❧♦s ❛ ✶✶✽ ❑✱ ❧♦s ❞✐❛♠❛♥t❡s ❛ ✶✶✼ ❑✱ ❝✉❛❞r❛❞♦s ❛ ✶✶✻ ❑✱ tr✐á♥❣✉❧♦s ❤❛❝✐❛
❛❜❛❥♦ ❛ ✶✶✹ ❑✱ ② ❧❛s ❡str❡❧❧❛s ❛ ✶✶✷ ❑✳ ❊♥ ❧❛ ❝✉r✈❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❧♦s ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ♥✉❡str♦s ❝á❧❝✉❧♦s ② ❧❛
❝✉r✈❛ ❞❡ ❛❥✉st❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❊❝✳ ✭✻✳✷✷✮✳

❆❥✉st❛♥❞♦ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❧í♥❡❛ ❞❡ ♣r❡♠♦❥❛❞♦ ❞❡ ❧❛ ❋✐❣✳ ✻✳✶✸ ❝♦♥ ❧❛ ❊❝✳ ✭✻✳✷✷✮ ♦❜t✉✈✐♠♦s Tw = 110 ❑✱ ♣♦r

❝♦♠♣❧❡t✐t✉❞✱ ❡st❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ t❛♠❜✐é♥ ❧❛ ✐♥❝❧✉✐♠♦s ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✺✳ ▲❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ Tcpw ❡s ✶✶✾ ❑✳

◆♦ ♠♦str❛♠♦s ❣rá✜❝♦s ❝♦♥ ❧❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦rs✐ó♥ ❞❡ ❆r s♦❜r❡ ◆❛ ② ❑✱ ❞✐r❡❝t❛♠❡♥t❡ ✐♥❝❧✉✐♠♦s ❧❛s ❝♦rr❡s♣♦♥✲

❞✐❡♥t❡s ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✺✳ ❊❧ ✉s♦ ❞❡ ❧❛ ❊❝✳ ✭✻✳✷✷✮ ❞❛ ❧❛s s✐❣✉✐❡♥t❡s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦✿

Tw = ✶✷✹✳✽ ❑ ♣❛r❛ ◆❡✴◆❛ ② Tw = ✶✸✼✳✼ ❑ ♣❛r❛ ◆❡✴❑✳ P❛r❛ ❡st❡ ú❧t✐♠♦ s✐st❡♠❛ ♥♦ s❡ ❤❛♥ r❡♣♦rt❛❞♦✱ ❤❛st❛ ❡❧

♠♦♠❡♥t♦✱ ♦tr♦s ❡st✉❞✐♦s ❞❡ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦ ❝♦♥ ❡❧ ❢♦r♠❛❧✐s♠♦ ❉❋✳

❊♥ ❝❛♠❜✐♦✱ ♠♦str❛♠♦s ❧❛s ✐s♦t❡r♠❛s ❡✈❛❧✉❛❞❛s ♣❛r❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ❘❜ ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✻✳ ▲❛ ❡str✉❝t✉r❛

❞❡ ❡st❛s ❝✉r✈❛s ❞❛ ❝✉❡♥t❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦♥ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❛ ✉♥❛

t❡♠♣❡r❛t✉r❛ ❧❡✈❡♠❡♥t❡ ✐♥❢❡r✐♦r ❛ ❧♦s ✶✸✾ ❑✳ ❊❧ ❛❥✉st❡ ❞❡ ❧❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❞❛ Tw = ✶✸✽✳✼ ❑✳ ❉❡❧ ♠✐s♠♦ ❣rá✜❝♦

s❡ ✐♥✜❡r❡ q✉❡ Tcpw t✐❡♥❡ ❝♦♠♦ ❝♦t❛ s✉♣❡r✐♦r ❡❧ ✈❛❧♦r ❞❡ ✶✹✷ ❑✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✶✺ q✉❡ ♠✉❡str❛ ❧❛s ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ❡❧ ❆r ❛❞s♦r❜✐❞♦ s♦❜r❡ ❞✐❢❡r❡♥t❡s s✉str❛t♦s✱

❛❞❡♠ás✱ ❞❡ ♥✉❡str♦s ❞❛t♦s ✭❞✐❛♠❛♥t❡s✱ ❝✉❛❞r❛❞♦s✱ tr✐á♥❣✉❧♦s ② ❝ír❝✉❧♦s s✐♥ r❡❧❧❡♥♦✮ ❤❡♠♦s ✐♥❝❧✉✐❞♦ ❧í♥❡❛s ♣❛r❛ ❡❧ ▲✐

② ❡❧ ◆❛ ✭❞✐❛♠❛♥t❡s ② ❝✉❛❞r❛❞♦s r❡❧❧❡♥♦s✮ ❝❛❧❝✉❧❛❞♦s ✉s❛♥❞♦ ♦tr❛ ❉❋ ❡♥ ❧❛ ❘❡❢✳ ❬✺❪✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧❛s ❞♦s

❧í♥❡❛s r❡♣♦rt❛❞❛s ❡♥ ❡st❛ ú❧t✐♠❛ r❡❢❡r❡♥❝✐❛ ❡①❤✐❜❡♥ ✉♥ ❝♦rr✐♠✐❡♥t♦ ❤❛❝✐❛ Tc✳

❊♥ ❡❧ ❈✉❛❞r♦ ✻✳✹ r❡✉♥✐♠♦s ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♥ ♥✉❡str♦s ❝á❧❝✉❧♦s ♣❛r❛ ❧❛s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ②

♣r❡✲♠♦❥❛❞♦✱ ❡❧ ♣❛rá♠❡tr♦ ❞❡ ❛❥✉st❡ apw ❞❡ ❧❛ ❊❝✳ ✭✻✳✷✷✮✱ ❥✉♥t♦ ❝♦♥ ❞❛t♦s q✉❡ ♣✉❜❧✐❝❛❞♦s ❡♥ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛✳

❚♦❞♦s ❧♦s ❝á❧❝✉❧♦s s✉❣✐❡r❡♥ q✉❡ ❡❧ ❆r ♠♦❥❛ ❛❧ ▲✐✱ s✐ ❜✐❡♥✱ ❧♦s ✈❛❧♦r❡s ❞❡ Tw ♥♦ ❝♦✐♥❝✐❞❡♥✳ ▲❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡

♥✉❡str♦s r❡s✉❧t❛❞♦s ② ❧♦s ❞❡ ❆♥❝✐❧♦tt♦ ② ❚♦✐❣♦ ❬✺❪ ♣❛r❛ ❆r✴▲✐✱ ② t❛♠❜✐é♥ ♣❛r❛ ❆r✴◆❛✱ s❡ ♣✉❡❞❡♥ ❛tr✐❜✉✐r ❝♦♠♦ ❡♥ ❡❧

❝❛s♦ ❞❡ ◆❡✴▲✐✱ ❛❧ ✉s♦ ❞✐❢❡r❡♥t❡s ♣♦t❡♥❝✐❛❧❡s ❞❡ ♣❛r❡s f ✲f ② ❛ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♣❛r❛ ❡❧ ❝♦❡✜❝✐❡♥t❡

❞❡❧ tér♠✐♥♦ ❞❡ ❣❛s ✐❞❡❛❧ ❞❡❧ ❢✉♥❝✐♦♥❛❧✳

❊❧ ♦tr♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❆r✴▲✐ ❢✉❡ ❝❛❧❝✉❧❛❞♦ ♣♦r ❩❡♥❣✱ ▼✐ ② ❩❤♦♥❣ ❬✶✶✺❪ ♣♦st❡r✐♦r♠❡♥t❡ ❛ ♥✉❡str♦ tr❛❜❛❥♦ ❬✶✶❪✳ ▲❛

❉❋ ✉t✐❧✐③❛❞❛ ♣♦r ❡s♦s ❛✉t♦r❡s ❝♦♥t✐❡♥❡ ✉♥❛ ❝♦rr❡❝❝✐ó♥ ❜❛s❛❞❛ ❡♥ ✉♥❛ tr❛♥s❢♦r♠❛❞❛ ❞❡❧ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥

❬✶✶✻✱ ✶✶✼❪✱ q✉❡ ❞❡❜❡rí❛ s❡r ❛❞❡❝✉❛❞❛ ♣❛r❛ ❡❧ tr❛t❛♠✐❡♥t♦ ❞❡ ❢❡♥ó♠❡♥♦s ❝rít✐❝♦s✳ ❊st❡ ♥✉❡✈♦ ✈❛❧♦r ❞❡ Tw ❡s s♦❧❛♠❡♥t❡
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P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❡♥ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ▲✐ ❛ ✶✶✹ ❑ ♣❛r❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♣❛rtí❝✉❧❛s ✭❙❛rt❛r❡❧❧✐ ②
❙③②❜✐s③ ❬✶✵❪✮✳ ▲❛s ❝✉r✈❛s ❛ r❛②❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ♣❡❧í❝✉❧❛s ✜♥❛s✱ ♠✐❡♥tr❛s q✉❡ s♦♥ ♣❡❧í❝✉❧❛s ❣r✉❡s❛s✳ ❊❧ s❛❧t♦ ❡♥ ❧❛
❡str✉❝t✉r❛ ❞❡ ♣❡r✜❧❡s ❡stá ❧✐❣❛❞♦ ❝♦♥ ❡❧ s❛❧t♦ q✉❡ ♠✉❡str❛ ❧❛ ✐s♦t❡r♠❛ ❞❡ ✶✶✹ ❑ ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✸✳
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❋✐❣✉r❛ ✻✳✶✺✿
▲í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❆r ❛❞s♦r❜✐❞♦ s♦❜r❡ ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✶❪✮✳ ▲♦s
❞✐✈❡rs♦s sí♠❜♦❧♦s s✐♥ r❡❧❧❡♥♦ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ✉t✐❧✐③❛♥❞♦ ♥✉❡str♦ ❢✉♥❝✐♦♥❛❧✳ ▲♦s ❞❛t♦s s❡ñ❛❧❛❞♦s
❝♦♥ sí♠❜♦❧♦s r❡❧❧❡♥♦s ❝♦♥ ♥❡❣r♦ ❢✉❡r♦♥ ❡①tr❛í❞♦s ❞❡ ❧❛ ❘❡❢✳ ❬✺❪✳ ▲❛s ❧í♥❡❛s só❧✐❞❛s s♦♥ ❧❛s q✉❡ ❛❥✉st❛♥ ❡st♦s ❞❛t♦s
♠❡❞✐❛♥t❡ ❧❛ ❊❝✳ ✭✻✳✷✷✮✳

✽✼



❈✉❛❞r♦ ✻✳✹✿
Pr♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❆r ❛❞s♦r❜✐❞♦ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s ❝♦♥❢♦r♠❛❞♦s ♣♦r ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s✱
▼❣✱ ❈❖2 ② ❆✉✳ ❙♦♥ ❧✐st❛❞♦s✿
✶✲ W ∗

sf

✷✲▲❛s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ✭Tw✮ ② ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ✭Tcpw✮ ✭❡①♣r❡s❛❞❛s ❡♥ ❣r❛❞♦s ❑❡❧✈✐♥✮✳ ❊♥ ❡❧ ❝❛s♦ ❞❡
Tcpw s❡ ✐♥❞✐❝❛ ❧❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ❡st❛ t❡♠♣❡r❛t✉r❛✳
✸✲ ▲❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ♠♦❥❛r ♦ ♥♦ ❧❛ s✉♣❡r✜❝✐❡✳ ❊♥ ❡st❡ ❝❛s♦ ✏◆❲✑ ✐♥❞✐❝❛ q✉❡ ❡❧ ❆r ♥♦ ♠♦❥❛ ❡❧ s✉str❛t♦ ② ✏❈✑ ✐♥❞✐❝❛
♠♦❥❛❞♦ ❝♦♥t✐♥✉♦ ✭❛ ♣❛rt✐r ❞❡ ✉♥❛ t❡♠♣❡r❛t✉r❛ ♠❛②♦r ♦ ✐❣✉❛❧ ❛ ❧❛ tr✐♣❧❡✮✳
✹✲❊❧ ❢❛❝t♦r ✏apw✑ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛❥✉st❡ ❬❊❝✳ ✭✻✳✷✷✮❪✳
✏P❲✑ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ♥✉❡str♦s ❝á❧❝✉❧♦s ② ✏❉❋✑ ❛ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥
✉s❛♥❞♦ ♦tr♦s ❢✉♥❝✐♦♥❛❧❡s ✭❡♥tr❡ ♣❛ré♥t❡s✐s s❡ ✐♥❞✐❝❛ ❧❛ r❡❢❡r❡♥❝✐❛ ❞❡ ❞♦♥❞❡ ❢✉❡r♦♥ t♦♠❛❞♦s ❡st♦s ❞❛t♦s✮✳

Pr♦♣✐❡❞❛❞❡s ❈s ❘❜ ❑ ◆❛ ▲✐ ▼❣ ❈❖2 ❆✉
W ∗

sf ✶✳✶ ✶✳✶ ✶✳✷ ✶✳✻ ✷✳✶ ✸✳✺ ✸✳✽ ✽✳✷
Tw ✲❊①♣❡r✐♠❡♥t❛❧✿ ✭❬✶✵✽✱ ✽❪✮ ✕ ✕ ✕ ✕ ✕ ✕ ❈ ❈

Tw ✲❙▼ ✭❬✼❪✮ ✶✷✺ ✶✷✺ ✶✷✹ ✶✶✼ ✶✵✼ ✽✺ ✕ ✕
Tw✲ ●❈▼❈ ✭❬✶✶✸❪✮ ✕ ◆❲ ✕ ◆❲ ✶✸✵±✹ ✾✵ ✕ ✕
Tw ✲❉❋ ✭❬✺✱ ✽❪✮ ✕ ✕ ✕ ✶✸✻ ✶✷✸ ✕ ❈ ✕
Tw ✲❉❋ ✭❬✶✶✺❪✮ ✕ ✕ ✕ ✕ ✾✺✳✺ ✕ ✕ ✕
Tw ❉❋ ❬P❲❪ ✕ ✶✸✽✳✼ ✶✸✼✳✼ ✶✷✹✳✽ ✶✶✵✳✵ Tt Tt Tt

apw/kB [❑
−1/2]✲❉❋❬P❲❪ ✕ ✲✵✳✶✹ ✲✵✳✶✹ ✲✵✳✶✹ ✲✵✳✶✻ ✕ ✕ ✕

Tcpw✲●❈▼❈ ✭❬✶✶✸❪✮ ✕ ✕ ✕ ✕ ✕ ✾✺ ✕ ✕
Tcpw✲❉❋ ✭❬✺❪✮ ✕ ✕ ✕ ✶✹✵ ✶✸✵ ✕ ✕ ✕
Tcpw✲❉❋❬P❲❪ ✕ ✶✹✷ ✶✹✶ ✶✸✶ ✶✶✾ ✕ ✕ ✕
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❋✐❣✉r❛ ✻✳✶✻✿
■s♦t❡r♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❆r ❛❞s♦r❜✐❞♦ s♦❜r❡ ❘❜ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✶❪✮✳ ▲❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ ❝ír❝✉❧♦s
❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✶✹✷ ❑✳ ▲❛ q✉❡ ♣♦s❡❡ ❞✐❛♠❛♥t❡s ❛ ✉♥❛ ❞❡ ✶✹✶ ❑✳ ▲❛ ✐♥❞✐❝❛❞❛ ❝♦♥ ❝✉❛❞r❛❞♦s
❝♦rr❡s♣♦♥❞❡ ❛ ✶✹✵ ❑ ② ❧❛ ♠❛r❝❛❞❛ ❝♦♥ tr✐á♥❣✉❧♦s ❛ ✉♥❛ ❞❡ ✶✸✵ ❑✳
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❋✐❣✉r❛ ✻✳✶✼✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ▼❣ ♣❛r❛ ✈❛r✐❛s t❡♠♣❡r❛t✉r❛s ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✶❪✮✳ ▲❛ ❧í♥❡❛ ❝♦♥ ❝ír❝✉❧♦s
❝♦rr❡s♣♦♥❞❡ ❛ T = 105 ❑✱ ❧❛ q✉❡ ♣♦s❡❡ ❞✐❛♠❛♥t❡s ❛ ✾✺ ❑✱ ❧❛ ❧í♥❡❛ ❝♦♥ ❝✉❛❞r❛❞♦s ❛ Tnb = ✽✼✳✼✽ ❑ ② ❧❛ ❞❡ tr✐á♥❣✉❧♦s
❛ Tt = ✽✸✳✼✽ ❑✳

✉♥ ∼ 15% ♠ás ❜❛❥♦ q✉❡ ❡❧ ♥✉❡str♦✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ s❡ ✐♥❞✐❝❛ ❡♥ ❡❧ ❈✉❛❞r♦ ✻✳✹✱ ❧❛s s✐♠✉❧❛❝✐♦♥❡s r❡❛❧✐③❛❞❛s ❝♦♥ ●❈▼❈ s✉❣✐❡r❡♥ ❝♦♥tr❛r✐❛♠❡♥t❡

❛ ❧♦ ❡♥❝♦♥tr❛❞♦ ♣♦r ♥♦s♦tr♦s q✉❡ ❡❧ ❆r ♥♦ ♠♦❥❛ ❛❧ ❘❜ ♥✐ ❛❧ ◆❛✳ ❨❛ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡ ❡st♦s r❡s✉❧t❛❞♦s ❞❡

●❈▼❈ ♣✉❜❧✐❝❛❞♦s ♣♦r ❈✉rt❛r♦❧♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✶✶✸❪ t❛♠♣♦❝♦ ❞❛♥ ❝✉❡♥t❛ ❞❡❧ ♠♦❥❛❞♦ ❞❡❧ ❘❜ ♣♦r ❡❧ ◆❡✱ ✈❡r✐✜❝❛❞♦

❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ ❯♥❛ ♣♦s✐❜❧❡ ❝❛✉s❛ ❞❡ ❡st❛ ❢❛❧❧❛ ②❛ ❧❛ ♠❡♥❝✐♦♥❛♠♦s ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✺✳✺✳✶✳✶✳

✻✳✺✳✷✳✷✳ ❆❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ▼❣ ② ❈❖2

❊♥ ❧❛ ❋✐❣✳ ✻✳✶✼ s❡ ♠✉❡str❛♥ ✐s♦t❡r♠❛s ♣❛r❛ ❆r s♦❜r❡ ▼❣ ② ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✽ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡

❆r s♦❜r❡ ❈❖2✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ s❡ ❣r❛✜❝ó✱ ❡♥ ❧í♥❡❛ ❞❡ ♣✉♥t♦s ② r❛②❛s ② ❥✉♥t♦ ❛ ❧❛s ❝✉r✈❛s ❞❡r✐✈❛❞❛s ❞❡ ♥✉❡str♦s

❝á❧❝✉❧♦s✱ ❧❛ ❝✉r✈❛ q✉❡ ♦❜t✉✈✐❡r♦♥ ▼✐st✉r❛ ② ❝♦❧❛❜♦r❛❞♦r❡s✱ ♣✉❜❧✐❝❛❞❛s ❡♥ ✉♥❛ P❘▲ ❞❡ ✶✾✾✾ ❬✽❪ ✭② q✉❡ ♥♦s♦tr♦s

♣r❡s❡♥t❛♠♦s ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✾✮✳ ❆❧❧í s❡ ♠✉❡str❛♥ ❞♦s ✐s♦t❡r♠❛s ♣❛r❛ ✶✵✺ ❑✱ ❝❛❧❝✉❧❛❞❛s ✉s❛♥❞♦ ❡❧ ♥✉❡✈♦ ♣♦t❡♥❝✐❛❧

✭❧í♥❡❛ ❝♦♥ ❝ír❝✉❧♦s✮ q✉❡ ♣r♦♣♦♥❡♥ ❧♦s ❛✉t♦r❡s ❬❋✐❣✳ ✭✸✮ ❞❡ ❧❛ ❘❡❢✳ ❬✽❪❪ ② ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❊✲❙ ✭❧í♥❡❛ ❝♦♥ tr✐á♥❣✉❧♦s✮

❞❛❞♦ ♣♦r ❧❛ ❊❝✳ ✭✻✳✹✮ ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s ♣r♦♣✉❡st♦s ♣♦r ❊❜♥❡r ② ❙❛❛♠✿ εeff/kB = (εff εss)
1/2

/kB = ✶✺✸ ❑✱

σsf = (σss + σff )/2 = ✵✳✸✼✷✼ ♥♠✱ ② ρsσ3
sf = ✵✳✾✽✽✳ ❊❧ ♣r♦❜❧❡♠❛ ❡s✱ ❝♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ❋✐❣✳ ✻✳✶✾✱ q✉❡ ❧❛

✐s♦t❡r♠❛ ❞❡ ✽✺ ❑ ✭t❡♠♣❡r❛t✉r❛ ❝❡r❝❛♥❛ ❛ ❧❛ tr✐♣❧❡✮ ❝❛❧❝✉❧❛❞❛ ✉s❛♥❞♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥ q✉❡ ♣r♦♣♦♥❡♥ ❡♥ s✉

tr❛❜❛❥♦ ♣r❡s❡♥t❛ ✉♥❛ ❢♦r♠❛ ❞❡♠❛s✐❛❞♦ ♦s❝✐❧❛t♦r✐❛ ② ✉♥ ❡rró♥❡♦ ❝r✉❝❡ ❝♦♥ ❧❛ ✐s♦t❡r♠❛ ❞❡ ✶✵✺ ❑ ♣❛r❛ ✉♥ ✈❛❧♦r ❞❡❧

❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ❞❡ Γl ≈ 3✳ ❊st❛ ❢❛❧❡♥❝✐❛ ❡s ❞❡❜✐❞❛ ❛ q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❞❡❧ ✢✉✐❞♦ ❞❛❞♦ ♣♦r ❧❛ ❊❝✳ ✭✹✳✶✶✮

♣r♦❞✉❝❡ ✉♥❛ s♦❧✐❞✐✜❝❛❝✐ó♥ ♣r❡♠❛t✉r❛ ♣❛r❛ T > Tt✳
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❋✐❣✉r❛ ✻✳✶✽✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ❈❖2 ♣❛r❛ ❛❧❣✉♥❛s t❡♠♣❡r❛t✉r❛s ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✶❪✮✳ ▲❛ ❧í♥❡❛ ❝♦♥ ❝ír❝✉❧♦s
❝♦rr❡s♣♦♥❞❡ ❛ T = 105 ❑✱ ❞✐❛♠❛♥t❡s ❛ ✾✺ ❑✱ ❝✉❛❞r❛❞♦s ❛ ✽✼✳✼✽ ❑ ② tr✐á♥❣✉❧♦s ❛ ✽✸✳✼✽ ❑✳ ▲❛s ❝✉r✈❛s ❞❡ r❛②❛s ② ❞❡
♣✉♥t♦s ② r❛②❛s s♦♥ ✐s♦t❡r♠❛s ❝❛❧❝✉❧❛❞❛s ♣♦r ▼✐st✉r❛ ② ❝♦❧❛❜♦r❛❞♦r❡s ❡♥ ❧❛ ❘❡❢✳ ❬✽❪✳
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❋✐❣✉r❛ ✻✳✶✾✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ❈❖2 ❝❛❧❝✉❧❛❞❛s ♣♦r ▼✐st✉r❛ ② ❝♦❧❛❜♦r❛❞♦r❡s ✭❡st❡ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳
✹ ❞❡ ❧❛ ❘❡❢✳ ❬✽❪✮✳ ▲❛ ❧í♥❡❛ ❝♦♥ tr✐á♥❣✉❧♦s ❡s ❧❛ ✐s♦t❡r♠❛ ❞❡ ✶✵✺ ❑ ❝❛❧❝✉❧❛❞❛ ❝♦♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❊✲❙✳ ▲❛s ✐s♦t❡r♠❛s
❝❛❧❝✉❧❛❞❛s ❝♦♥ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❞s♦r❝✐ó♥ ♣r♦♣✉❡st♦ ♣♦r ❡st♦s ❛✉t♦r❡s ❡stá♥ ✐♥❞✐❝❛❞❛s ♣♦r ❝✉r✈❛s ❝♦♥ ❝ír❝✉❧♦s ② ❝♦♥
❝✉❛❞r❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ T = 105 ② ✽✺ ❑✳

✾✵
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❋✐❣✉r❛ ✻✳✷✵✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡❆r s♦❜r❡ ❆✉ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✶❪✮✳ ❙❡ ♠✉❡str❛♥ ❧❛s ✐s♦t❡r♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s
t❡♠♣❡r❛t✉r❛s ❞❡ ✽✸✳✼✽ ❑ ✭tr✐á♥❣✉❧♦s✮ ② ✶✵✺ ❑ ✭❝ír❝✉❧♦s✮✳ ◆ót❡s❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ s✉❜✲♠♦♥♦❝❛♣❛ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡st❡
❝❛s♦ ♣❛r❛ ❧❛ ✐s♦t❡r♠❛ ❞❡ ✽✸✳✼✽ ❑✳

✻✳✺✳✷✳✸✳ ❆❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ❆✉

❊❧ ❆✉ ❝♦♥st✐t✉②❡ ✉♥ s✉str❛t♦ ❢✉❡rt❡♠❡♥t❡ ❛tr❛❝t✐✈♦ ♣❛r❛ ❡❧ ❆r✳ ❊♥ ❡st❡ ❝❛s♦ ✉t✐❧✐③ó ✉♥ ♣♦t❡♥❝✐❛❧ ✾✲✸ ❡s❝r✐t♦ s❡❣ú♥

❧❛ ❊❝✳ ✭✻✳✻✮ ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s Wsf/kB = 987 ❑ ② C3 = ✷✵✳✺ ❑ ♥♠3 ✭❡st♦s ✈❛❧♦r❡s ❢✉❡r♦♥ ❡①tr❛í❞♦s ❞❡ ❧♦s ❈✉❛❞r♦s

■ ② ■■ ❞❡ ❧❛ ❘❡❢✳ ❬✾✸❪✮✳

◆✉❡str♦ ❡st✉❞✐♦ r❡✈❡❧❛ q✉❡ ❝✉❛♥❞♦ ❡❧ ❆r s❡ ❛❞s♦r❜❡ s♦❜r❡ ❡st❡ s✉str❛t♦✱ s❡ ❝♦♥❞❡♥s❛ ❡♥ s✉❝❡s✐✈❛s ❝❛♣❛s ② ❛♣❛r❡❝❡ ✉♥❛

❡str✉❝t✉r❛ ❞❡ s✉❜✲♠♦♥♦❝❛♣❛ ✭✐s♦t❡r♠❛ ♠❛r❝❛❞❛ ❝♦♥ ✉♥ tr✐á♥❣✉❧♦ ❡♥ ❧❛ ❋✐❣✳ ✻✳✷✵ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛

❞❡ ✽✸✳✼✽ ❑✮✳ ❊st❡ ❢❡♥ó♠❡♥♦ ❡s s✐♠✐❧❛r ❛❧ r❡♣♦rt❛❞♦ ❡♥ ❧❛ r❡❢❡r❡♥❝✐❛ ❬✷✾❪ ❞♦♥❞❡ s❡ ❡st✉❞✐❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❑r s♦❜r❡

✉♥ s✉str❛t♦ ❞❡ ●r❛✜t♦ ✭✈❡r ❧❛ ❋✐❣✳ ✶✳✶ ❞❡ ❧❛ ❝✐t❛❞❛ r❡❢❡r❡♥❝✐❛✮✳ ▲❛ s✐♠✐❧✐t✉❞ s❡ ❞❡❜❡ ❛ q✉❡ ♣❛r❛ ❛♠❜♦s s✐st❡♠❛s ❧❛s

✐♥t❡♥s✐❞❛❞❡s ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❡❧ ✢✉✐❞♦ ② ❡❧ s✉str❛t♦ s♦♥ ♣❛r❡❝✐❞❛s✳

✻✳✺✳✸✳ ❆❞s♦r❝✐ó♥ ❞❡ ❳❡♥ó♥ ✲ ❊♥s❛♠❜❧❡ ❈❛♥ó♥✐❝♦

■♥✈❡st✐❣❛♠♦s ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s ❞❡ ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s ② s♦❜r❡ ❡❧ ▼❣✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ ❡①✐st❡♥

❞❛t♦s ❡♠♣ír✐❝♦s ♦❜t❡♥✐❞♦s ❡♥ ❡①♣❡r✐♠❡♥t♦s ❜❛s❛❞♦s t❛♥t♦ ❡♥ ❧❛ ❞✐❢✉s✐ó♥ ❞❡ át♦♠♦s ❞❡ ❍❡❧✐♦ ❝♦♠♦ ❡♥ ❞✐❢r❛❝❝✐ó♥ ❞❡

❡❧❡❝tr♦♥❡s ❞❡ ❜❛❥❛ ❡♥❡r❣í❛ ❬✶✶✽❪✳

❊♥ ♥✉❡str♦ ❡st✉❞✐♦ ✉t✐❧✐③❛♠♦s ❧♦s ♣♦t❡♥❝✐❛❧❡s ❈❈❩ ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s ❧✐st❛❞♦s ❡♥ ❡❧ ❈✉❛❞r♦ ✻✳✶✳ ❊♥ ❧❛ ❋✐❣✳ ✻✳✷✶ s❡

♠✉❡str❛♥ ❧♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ ❛❞s♦r❝✐ó♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛❧ s✉str❛t♦✳

▲❛ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ s♦❜r❡ ❡st♦s s✉str❛t♦s ♣r❡s❡♥t❛ ✉♥❛ ❛♠♣❧✐❛ ✈❛r✐❡❞❛❞ ❞❡ s✐t✉❛❝✐♦♥❡s r❡❧❛❝✐♦♥❛❞❛s ❜ás✐❝❛♠❡♥t❡ ❝♦♥

❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ♣♦❞❡r r❡❝♦rr❡r ✉♥ ❛♠♣❧✐♦ r❛♥❣♦ ❞❡ W ∗

sf ✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s tr❛♥s✐❝✐♦♥❡s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡❧ ❳❡ ❡①❤✐❜❡ ❝✐❡rt❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ♥♦ ❡stá♥ ♣r❡s❡♥t❡s ❡♥ ❡❧ ◆❡ ♥✐

❡♥ ❡❧ ❆r ❝✉❛♥❞♦ s❡ ❛❞s♦r❜❡♥ s♦❜r❡ ❧♦s ♠✐s♠♦s s✉str❛t♦s✳

✾✶
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P♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❈❈❩ ♣❛r❛ ❡❧ ❳❡ ❝♦♥ ❞✐❢❡r❡♥t❡s s✉str❛t♦s✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛❧ s✉str❛t♦ ✭❙❛rt❛r❡❧❧✐
② ❙③②❜✐s③ ❬✶✸❪✮✳

❊❧ ❉❋ ♣r♦♣✉❡st♦ ❡♥ ❡st❛ ❚❡s✐s ♥♦s ❤❛ ♣❡r♠✐t✐❞♦ ❡①❛♠✐♥❛r ❞❡t❛❧❧❛❞❛♠❡♥t❡ ✈❛r✐❛s ❞❡ ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s✳

▲❛s s♦❧✉❝✐♦♥❡s s❡ ❞❡t❡r♠✐♥❛r♦♥ r❡s♦❧✈✐❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ t❛♥t♦ ♣❛r❛ r❛♥✉r❛s ❝❡rr❛❞❛s ✭❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✮

❝♦♠♦ ♣❛r❛ r❛♥✉r❛s ❛❜✐❡rt❛s ✭❣r❛♥ ❝❛♥ó♥✐❝♦✮✳ ❈♦♠❡♥③❛r❡♠♦s ❞❡s❝r✐❜✐❡♥❞♦ r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ♠❛r❝♦ ❞❡❧

❡♥s❛♠❜❧❡ ❝❛♥ó♥✐❝♦✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✷✷ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❧♦s ♣❡r✜❧❡s ❞❡ ❳❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ s✉str❛t♦s ❞❡ ❈s✱ ▲✐✱ ◆❛✱ ② ▼❣✳ ❊♥ ❝❛❞❛ ✉♥♦

❞❡ ❡st♦s ❣rá✜❝♦s s❡ ♠✉❡str❛ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞❡s ❝✉❛♥❞♦ ❛✉♠❡♥t❛ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r

✉♥✐❞❛❞ ❞❡ ár❡❛✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ▼❣ ❧❛ t❡♠♣❡r❛t✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ ❞❡ ❡❜✉❧❧✐❝✐ó♥ ♥♦r♠❛❧✱ Tnb = ✶✻✺✳✵✸ ❑✳

❊❧ ❳❡ ❞❡♣♦s✐t❛❞♦ s♦❜r❡ ❡st♦s s✉str❛t♦s ❡①❤✐❜❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s tí♣✐❝❛s ❞❡ ✉♥ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ♣r❡s❡♥t❛♥❞♦ ♦s❝✐✲

❧❛❝✐♦♥❡s ❡♥ ❧❛ ♣❛rt❡ ❞❡❧ ♣❡r✜❧ ❝❡r❝❛♥❛ ❛ ❧❛ ♣❛r❡❞✳ ▲✉❡❣♦✱ ❡st❛s ♦s❝✐❧❛❝✐♦♥❡s ❞✐s♠✐♥✉②❡♥ ❛❧❝❛♥③á♥❞♦s❡ ✉♥ ✈❛❧♦r ❝❛s✐

❝♦♥st❛♥t❡ ♣❛r❛ ❧❛ ❞❡♥s✐❞❛❞ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❢❛s❡ ❧íq✉✐❞❛✱ ρl✳ ▼ás ❧❡❥♦s ❞❡ ❧❛ ♣❛r❡❞ ❡❧ ✢✉✐❞♦ ♣r❡s❡♥t❛ ❧❛ ❤❛❜✐t✉❛❧

✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ② ✜♥❛❧♠❡♥t❡ s✉ ❞❡♥s✐❞❛❞ s❡ ❡st❛❜✐❧✐③❛ ❡♥ ρv✳

✻✳✺✳✸✳✶✳ ❆❞s♦r❝✐ó♥ ❞❡ ❳❡ s♦❜r❡ ◆❛ ② ❑

❊♥ ❧❛ ❋✐❣✳ ✻✳✷✸ s❡ ♠✉❡str❛♥ ✐s♦t❡r♠❛s ② ❧❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛❞s♦r❝✐ó♥ ❳❡ s♦❜r❡ ◆❛✳ ❊❧

✈❛❧♦r ❞❡ Tw ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡❧ ❛❥✉st❡ ❝♦♥ ❧❛ ❊❝✳ ✭✻✳✷✷✮ ❡s ✷✹✵ ❑✳ ❊❧ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ Tcpw ❡s ✷✹✻ ❑✳

▲❛ ❛❞s♦r❝✐ó♥ s♦❜r❡ ❑✱ ❣❡♥❡r❛ ✉♥❛ s❡r✐❡ ❞❡ ✐s♦t❡r♠❛s q✉❡ ♣✉❡❞❡♥ s❡r ❛♣r❡❝✐❛❞❛s ❡♥ ❧❛ ❋✐❣ ✻✳✷✹✳ ▲❛ ❡str✉❝t✉r❛ ❞❡ ❡st❡

❝♦♥❥✉♥t♦ ❞❡ ✐s♦t❡r♠❛s ❞❛ ❝✉❡♥t❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❝♦♥ ✉♥❛ Tw ❞❛❞❛ ♣♦r ❧❛ ❊❝✳ ✭✻✳✷✷✮
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❝♦rr❡s♣♦♥❞✐❡♥t❡s✮✳ ❙❡ ♣r❡s❡♥t❛♥ ❝✉r✈❛s ♣❛r❛ ❧❛ t❡♠♣❡r❛t✉r❛ tr✐♣❧❡ ② ♣❛r❛ ❛❧❣✉♥❛s ♦tr❛s t❡♠♣❡r❛t✉r❛s ❤❛st❛ ❧♦s ✶✽✹
❑✳ ●rá✜❝♦ ❞❡ ❧❛ ❞❡r❡❝❤❛✿ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

✾✺



❈✉❛❞r♦ ✻✳✺✿
Pr♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❳❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s ❝♦♥❢♦r♠❛❞♦s ♣♦r ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s✱
▼❣ ② ❆✉✳ ❙♦♥ ❧✐st❛❞♦s✿
✶✲ W ∗

sf

✷✲▲❛s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ✭Tw✮ ② ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ✭Tcpw✮ ✭❡①♣r❡s❛❞❛s ❡♥ ❑✮✳
❊♥ ❡❧ ❝❛s♦ ❞❡ Tcpw s❡ ✐♥❞✐❝❛ ❧❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ❡st❛ t❡♠♣❡r❛t✉r❛✳
✸✲ ▲❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ♠♦❥❛r ♦ ♥♦ ❧❛ s✉♣❡r✜❝✐❡✳ ❊♥ ❡st❡ ❝❛s♦ ✏◆❲✑ ✐♥❞✐❝❛ q✉❡ ❡❧ ❳❡ ♥♦ ♠♦❥❛ ❡❧ s✉str❛t♦ ② ✏❈✑ ✐♥❞✐❝❛
q✉❡ ❡❧ ❳❡ ❝r❡❝❡ ❝♦♥t✐♥✉❛♠❡♥t❡ s♦❜r❡ ❡❧ s✉str❛t♦ ✭❛ ♣❛rt✐r ❞❡ ✉♥❛ t❡♠♣❡r❛t✉r❛ ♠❛②♦r ♦ ✐❣✉❛❧ ❛ ❧❛ tr✐♣❧❡✮✳
✹✲❊❧ ❢❛❝t♦r ✏apw✑ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛❥✉st❡ ❬❊❝✳ ✭✻✳✷✷✮❪✳
✏P❲✑ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ♥✉❡str♦s ❝á❧❝✉❧♦s ② ✏❉❋✑ ❛ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥
✉s❛♥❞♦ ♦tr♦s ❢✉♥❝✐♦♥❛❧❡s ✭❡♥tr❡ ♣❛ré♥t❡s✐s s❡ ✐♥❞✐❝❛ ❧❛ r❡❢❡r❡♥❝✐❛ ❞❡ ❞♦♥❞❡ ❢✉❡r♦♥ t♦♠❛❞♦s ❡st♦s ❞❛t♦s✮✳

Pr♦♣✐❡❞❛❞ ❈s ❘❜ ❑ ◆❛ ▲✐ ▼❣
W ∗

sf ✶✳✹✾ ✶✳✹✼ ✶✳✺✹ ✷✳✵✻ ✷✳✼✺ ✺✳✹✺
Tw ✲❙▼ ✭❬✼❪✮ ✷✸✺ ✷✸✺ ✷✸✸ ✷✶✽ ✷✵✶ ✕

Tw✲ ●❈▼❈ ✭❬✼✹✱ ✶✶✸❪✮ ◆❲ ◆❲ ✕ ◆❲ ✷✷✺ ❈
Tw ✲❉❋ ❬P❲❪ ✕ ✕ ✷✻✻ ✷✹✶✳✻ ✶✾✽ Tt

apw/kB [❑
−1/2]✲❉❋❬P❲❪ ✕ ✕ ✲✵✳✶✹ ✲✵✳✶✷ ✲✵✳✶✶ ✕

Tcpw ❉❋❬P❲❪ ✕ ✕ ✷✻✾ ✷✹✻ ✷✵✾ ✕

✻✳✺✳✹✳ ❆❞s♦r❝✐ó♥ ❞❡ ❳❡♥ó♥ ✲ ❊♥s❛♠❜❧❡ ●r❛♥ ❈❛♥ó♥✐❝♦

❚♦❞♦s ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s ❤❛♥ s✐❞♦ ♦❜t❡♥✐❞♦s r❡s♦❧✈✐❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ ❡♥ ✉♥❛ ❝❛❥❛ r❡❝t❛♥❣✉❧❛r ❝❡rr❛❞❛✱

❞♦♥❞❡ s❡ ♠❛♥t✐❡♥❡ ✜❥♦ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛ ✭❛❞❡♠ás ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✮✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ ❧♦s ❡①♣❡r✐♠❡♥t♦s ❞♦♥❞❡ ✉♥ ✢✉✐❞♦ ♣♦s❡❡ ❝✐❡rt♦ ❣r❛❞♦ ❞❡ ❝♦♥✜♥❛♠✐❡♥t♦✱ ❡st❛♥❞♦ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥

✉♥ ❡♥t♦r♥♦✱ ♣✉❡❞❡ ✜❥❛rs❡ t❛♥t♦ ❧❛ t❡♠♣❡r❛t✉r❛ ❝♦♠♦ ❧❛ ♣r❡s✐ó♥ ✭♦ ❡♥ s✉ ❞❡❢❡❝t♦ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✮ s✐♥ ✐♠♣♦♥❡r

✉♥❛ r❡str✐❝❝✐ó♥ s♦❜r❡ n✱ ♣❡r♠✐t✐❡♥❞♦ ✉♥ ✢✉❥♦ ✐rr❡str✐❝t♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡s❞❡ ♦ ❤❛❝✐❛ ❡s❡ ❡♥t♦r♥♦✳ ❊♥ ❡st❡ ú❧t✐♠♦

❝❛s♦✱ s❛❧✈♦ s✐t✉❛❝✐♦♥❡s ❞❡ ❛❧t♦ ❝♦♥✜♥❛♠✐❡♥t♦ ♦ r❡❞✉❝✐❞♦ ✈❛❧♦r ❞❡ n✱ ❡❧ ♥ú♠❡r♦ ♠❡❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ✢✉✐❞♦ ❤❛ ❞❡

❝♦rr❡s♣♦♥❞❡rs❡ ❝♦♥ ❡❧ q✉❡ ♣♦s❡❡ ❡❧ ♠✐s♠♦ s✐st❡♠❛ ❝✉❛♥❞♦ ❡st❛ ❝❡rr❛❞♦✱ ❡s ❞❡❝✐r✿ < n >≡ n = N/A✳

❊♥ ❡st❡ ♥✉❡✈♦ ❡sq✉❡♠❛ ❞❡ tr❛❜❛❥♦✱ ❡♥ s✐st❡♠❛s ❛❜✐❡rt♦s✱ ❞♦♥❞❡ s❡ ✜❥❛ ❡❧ ✈❛❧♦r ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❧❛s ❡❝✉❛❝✐♦♥❡s

❞❡ ✐t❡r❛❝✐ó♥✱ ❞❡r✐✈❛❞❛s ❞❡ ❧❛s ❞❡ ❊✲▲✱ ❬❊❝s✳ ✭✭✺✳✾✮✮ ② ✭✭✺✳✶✷✮✮ ❞❡❧ ❈❛♣✳ ✹❪✱ s♦♥ r❡s✉❡❧t❛s ❛♣❡❧❛♥❞♦ ❛❧ ❢♦r♠❛❧✐s♠♦ ❣r❛♥

❝❛♥ó♥✐❝♦✱ ❤❛st❛ ❛❧❝❛♥③❛r ❧❛s s♦❧✉❝✐♦♥❡s ♣❛r❛ ρ(z) ② n ó♣t✐♠❛s✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣❛r❛ ✉♥ ❞❛❞♦ ✈❛❧♦r ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ µ ✭♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✮✱ ❧❛ ❞❡♥s✐❞❛❞ ♣✉❡❞❡ s❡r

❡✈❛❧✉❛❞❛ ✐♥✈✐rt✐❡♥❞♦ ❧❛ ❊❝✳ ✭✺✳✼✮ ✿

ρ(z) =
1

Λ3
exp

(

µ−Q(z)

νidkBT

)

. ✭✻✳✸✵✮

▲❛s s♦❧✉❝✐♦♥❡s ❛✉t♦✲❝♦♥s✐st❡♥t❡s s♦♥ ♦❜t❡♥✐❞❛s ✐t❡r❛♥❞♦ ❡st❛ ❡①♣r❡s✐ó♥ ❤❛st❛ ❛❧❝❛♥③❛r ❡❧ ❣r❛❞♦ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛

r❡q✉❡r✐❞♦✳

▲✉❡❣♦✱ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛ ❡s ♦❜t❡♥✐❞♦ ♠❡❞✐❛♥t❡ ❧❛ ❡①♣r❡s✐ó♥✿

✾✻



150 180 210 240 270 300
−12 

−10 

−8 

−6 

−4 

−2 

0 

T [K]

∆
µ

/k
B

 [K
]

← T
t
 

T
c
 

C
w3

 

C
w4

 

C
w5

 

C
pw4

 
C

pw3
 

C
pw2

 

C
pw1

 Xe 

❋✐❣✉r❛ ✻✳✷✼✿
▲í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❳❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ❞✐✈❡rs♦s s✉str❛t♦s ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✸❪✮✳ ❊♥ ❧❛
❣rá✜❝❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✿ ❧❛s ❧í♥❡❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛❞s♦r❝✐ó♥ s♦❜r❡ ❈s ✭✐♥❞✐❝❛❞❛ ❝♦♥ ❝ír❝✉❧♦s✮✱ ❧❛s ❧✐❣❛❞❛s ❛
✉♥ s✉str❛t♦ ❞❡ ◆❛ ✭✐♥❞✐❝❛❞❛s ❝♦♥ tr✐á♥❣✉❧♦s✮✱ ❧❛s ❛s♦❝✐❛❞❛s ❛❧ ▲✐ ✭♠❛r❝❛❞❛s ❝♦♥ ❝✉❛❞r❛❞♦s✮ ② ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s
❛❧ ▼❣ ✭s❡ñ❛❧❛❞❛s ❝♦♥ r♦♠❜♦s✮✳ ❚♦❞♦s ❡st♦s ❝á❧❝✉❧♦s ❢✉❡r♦♥ r❡❛❧✐③❛❞♦s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣❡r❛t✉r❛ q✉❡ ✈❛ ❞❡s❞❡
❧❛ tr✐♣❧❡ ✭s❡ñ❛❧❛❞❛ ♣♦r Tt✮ ❤❛st❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ✭✐♥❞✐❝❛❞❛ ❝♦♥ Tc✮✳

n =
1

Λ3
exp

(

µ

νidkBT

)
ˆ L

0

dz exp

( −Q(z)

νidkBT

)

. ✭✻✳✸✶✮

❉♦♥❞❡ µ ❤❛ ❞❡ s❡r ♣r❡✜❥❛❞♦✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ s❡ ❡①❤✐❜❡♥ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛❞s♦r❝✐ó♥

❞❡ ❳❡ s♦❜r❡ ✉♥❛ ♣❛r❡❞ ♣❧❛♥❛ ❞❡ ◆❛✳ ▲❛ t❡♠♣❡r❛t✉r❛ ❢✉❡ ✜❥❛❞❛ ❡♥ ✷✹✺ ❑✳ ❊♥ ❧❛ ❋✐❣✳ ✻✳✷✽ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥❛

✐s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ♣❛r❛ ❡st❛ t❡♠♣❡r❛t✉r❛✳ ▲❛ ❧í♥❡❛ só❧✐❞❛ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛s s♦❧✉❝✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ ✉t✐❧✐③❛♥❞♦

❡❧ ❢♦r♠❛❧✐s♠♦ ❣r❛♥ ❝❛♥ó♥✐❝♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❞❡ r❛②❛s ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s♠♦

❝❛♥ó♥✐❝♦✳ ▲♦s ❡st❛❞♦s C1 ② C2 s♦♥ ❞♦s ❡st❛❞♦s ❡st❛❜❧❡s ❣❡♥ér✐❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ♣❡❧í❝✉❧❛s ❛❞s♦r❜✐❞❛s ❞❡ ❞✐❢❡r❡♥t❡s

❡s♣❡s♦r❡s ✭C1 ❡st❛ ❛s♦❝✐❛❞♦ ❛ ❧❛ ♣❡❧í❝✉❧❛ ♠ás ❞❡❧❣❛❞❛✮✳

❆♠❜❛s ❝✉r✈❛s s❡ s✉♣❡r♣♦♥❡♥ s❛❧✈♦ ❡♥ ❧❛ r❡❣✐ó♥ q✉❡ ✈❛ ❡♥tr❡ ❧♦s ♣✉♥t♦s ❡s♣✐♥♦❞❛❧❡s S1 ② S2 ✭❞♦♥❞❡ dµ/dn = 0✮✱ ❡s

❞❡❝✐r ❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s s♦♥ ✐♥❡st❛❜❧❡s✳

❊❧ ❣r❛♥ ❝❛♥ó♥✐❝♦ ❛♣♦rt❛ s♦❧✉❝✐♦♥❡s ❞♦♥❞❡ ❡st❛ ❣❛r❛♥t✐③❛❞❛ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ FDF ✳ ❊st❛ ♣r♦♣✐❡❞❛❞

t❛♠❜✐é♥ ❡s ❡①❤✐❜✐❞❛ ♣♦r ❝á❧❝✉❧♦s ♠✐❝r♦s❝ó♣✐❝♦s ✈❛r✐❛❝✐♦♥❛❧❡s ❤❡❝❤♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ❛♥á❧✐s✐s ❞❡ ❢♦♥♦♥❡s ❛♣❛r❡❛❞♦s

❡♥ ❝♦♥❥✉♥❝✐ó♥ ❝♦♥ ❝❛❞❡♥❛s ❤✐♣❡r❝♦♥❡❝t❛❞❛s ✭PP❆✲❍◆❈✱ ✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛s ❘❡❢s✳ ❬✶✶✾✱ ✶✷✵✱ ✶✷✶❪✮✳

❊♥ ❧❛ ❝✐t❛❞❛ ✜❣✉r❛ ❧❛ ❧í♥❡❛ r❡❝t❛ ❤♦r✐③♦♥t❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s ✐❣✉❛❧❡s ❬✺✱ ✶✷✷❪✳

❊st❛ ❝♦♥str✉❝❝✐ó♥ s❡ ♣✉❡❞❡ ❤❛❝❡r s♦❧♦ ♣❛r❛ ❧❛ ❝✉r✈❛ ❞❡ ♣✉♥t♦s ✭♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❝✉❛♥❞♦ s❡ tr❛❜❛❥❛ ❝♦♥

❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ✉s❛♥❞♦ ❡❧ ❡♥s❛♠❜❧❡ ❣r❛♥ ❝❛♥ó♥✐❝♦✱ ❡①✐st❡ ♦tr♦ ♠ét♦❞♦ ❞❡♥♦♠✐♥❛❞♦ ✏❝♦♥str✉❝❝✐ó♥ ❞❡

▼❛①✇❡❧❧ ❞❡ ❧❛s t❛♥❣❡♥t❡s✑ ❛❧ q✉❡ ♠ás ❛❞❡❧❛♥t❡ s❡ ❤❛❝❡ r❡❢❡r❡♥❝✐❛✮✳

❯t✐❧✐③❛♥❞♦ ❧❛s s♦❧✉❝✐♦♥❡s ❝❛❧❝✉❧❛❞❛s ♠❡❞✐❛♥t❡ ❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦ ❡s ✐♠♣♦s✐❜❧❡ ❝❛❧❝✉❧❛r ❧❛s ár❡❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❧❛ ❊❝✳

✭✻✳✷✾✮ ❞❡❜✐❞♦ ❛ q✉❡ ♥♦ ❡①✐st❡♥ ❞❛t♦s ❡♥ ❧❛ r❡❣✐ó♥ ♥♦ ❝♦♥✈❡①❛ ❡♥tr❡ S1 ② S2✱ ♣♦r ❡s♦ ❤❛② q✉❡ ✉t✐❧✐③❛r ❛❧❣ú♥ ♠ét♦❞♦

❛❧t❡r♥❛t✐✈♦✳
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❋✐❣✉r❛ ✻✳✷✽✿
■s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❳❡ ❞❡♣♦s✐t❛❞♦ s♦❜r❡ ✉♥❛ ♣❛r❡❞ ♣❧❛♥❛ ❞❡ ◆❛ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✹✺
❑✳ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ s♦♥ r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ✉s❛♥❞♦ ❧♦s ❢♦r♠❛❧✐s♠♦s ❝❛♥ó♥✐❝♦ ② ❣r❛♥
❝❛♥ó♥✐❝♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❝✉r✈❛ r❛②❛❞❛ s♦♥ r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ s♦❧❛♠❡♥t❡ ❝♦♥ ❡❧ ❡♥s❛♠❜❧❡ ❝❛♥ó♥✐❝♦✳ ▲♦s
♣✉♥t♦s ❡s♣✐♥♦❞❛❧❡s ❡stá♥ ♠❛r❝❛❞♦s ❝♦♥ S1 ② S2✱ ♠✐❡♥tr❛s q✉❡ C1 ② C2 s♦♥ ❞♦s ❡st❛❞♦s ❡st❛❜❧❡s ❣❡♥ér✐❝♦s✳ ▲❛ r❡❝t❛
❞❡ r❛②❛s ② ♣✉♥t♦s q✉❡ ✉♥❡ ❧♦s ❡st❛❞♦s M1 ② M2 ❞❡♥♦t❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s ✐❣✉❛❧❡s✳

✻✳✺✳✹✳✶✳ ❈♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ❧❛s t❛♥❣❡♥t❡s

▲♦s ♠ét♦❞♦s ❛❧t❡r♥❛t✐✈♦s ♣❛r❛ r❡❛❧✐③❛r ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❡stá♥ ❞❡s❝r✐♣t♦s ❡♥ ❧✐❜r♦s ❞❡ t❡①t♦✱ ♣♦r ❡❥❡♠♣❧♦✱

❍✉❛♥❣ ❬✹✸❪ ② ❉❡❜❡♥❡❞❡tt✐ ❬✹✹❪✳ ▲❛ ❋✐❣✳ ✷✳✶ ❞❡ ❡st❛ ú❧t✐♠❛ r❡❢❡r❡♥❝✐❛ ♣r❡s❡♥t❛ ✉♥❛ sí♥t❡s✐s ❞❡ ❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s✳ ❚♦❞♦s

❧♦s ♣r♦❝❡❞✐♠✐❡♥t♦s s❡ ❜❛s❛♥ ❡♥ ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❡♥❡r❣ét✐❝❛s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✈❛♠♦s ❛ ❞❡❧✐♥❡❛r ❡❧ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦

❡♥ ❡st❛ ❚❡s✐s✳

▲❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❧❛ ❢❛s❡ ❛❞s♦r❜✐❞❛ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦✿

dF = d(E − TS) = −SdT + γdA+ µdN, ✭✻✳✸✷✮

❞♦♥❞❡ E ❡s ❧❛ ❡♥❡r❣í❛ ✐♥t❡r♥❛ t♦t❛❧ ② γ r❡♣r❡s❡♥t❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ✭♦ ❡♥❡r❣í❛ s✉♣❡r✜❝✐❛❧ ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛✮✳

❆ t❡♠♣❡r❛t✉r❛ T ✜❥❛ ② ár❡❛ A ❝♦♥st❛♥t❡✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❛❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❝♦♠♦✿

µ =

(

∂F

∂N

)

T,A

= f + n
∂f

∂n
, ✭✻✳✸✸✮

❞❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ❡①♣r❡s❛r ❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❡♥ ❧❛ ❢♦r♠❛✿

γ =

(

∂F

∂N

)

T,N

=
∂f

∂n−1
= −n2 ∂f

∂n
= n(f − µ) =

F − µN

A
=

Ω

A
= ω, ✭✻✳✸✹✮

❞♦♥❞❡ Ω ❡s ❡❧ ♣♦t❡♥❝✐❛❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✳

▲❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡q✉✐❧✐❜r✐♦ ♣❛r❛ ✉♥ ✢✉✐❞♦ ❞❡ ✉♥ s♦❧♦ ❝♦♠♣♦♥❡♥t❡✱ q✉❡ ♣♦s❡❡ ✉♥❛ t❡♠♣❡r❛t✉r❛ ✉♥✐❢♦r♠❡✱ s♦♥ q✉❡

t❛♥t♦ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❝♦♠♦ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ s❡❛♥ ❝❛♠♣♦s ✉♥✐❢♦r♠❡s✳ P♦r ❧♦ t❛♥t♦✱ ❧❛s ❢❛s❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s

❛❧ ❧íq✉✐❞♦ ② ❛❧ ✈❛♣♦r✱ ♣✉❡❞❡♥ ❝♦❡①✐st✐r ❛ ✉♥❛ ❞❛❞❛ t❡♠♣❡r❛t✉r❛✱ s✐ ② s♦❧♦ s✐✱ ❝♦♠♦ ❧♦ r❡q✉✐❡r❡ ❧❛ ❊❝✳ ✭✻✳✸✹✮✱ ♣❛r❛

❛❧❣ú♥ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡ ❡q✉✐❧✐❜r✐♦ µe✱ ❛♠❜❛s ❢❛s❡s t✐❡♥❡♥ ❧❛ ♠✐s♠❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ γe ✭❡♥ ♦tr❛s ♣❛❧❛❜r❛s s✐

✾✽



❛♠❜❛s ❢❛s❡s ♣♦s❡❡♥ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡ ω✮✳ ❆sí✱ ❞❡s❞❡ ✉♥ ❝♦♥❥✉♥t♦ (n, µ, fDF )✱ ♦❜t❡♥✐❞♦ ❡♥ ❡❧ s❡❝t♦r ❝♦♥✈❡①♦ ❞❡ FDF ✱

❛ ❧♦ ❧❛r❣♦ ❞❡ ❧♦s s❡❝t♦r❡s C1 − S1 ② S2 −C2 ✭✈❡r ❋✐❣✳ ✻✳✷✾✮✱ s❡ ♣✉❡❞❡ ❡✈❛❧✉❛r ω ② ❝♦♥ ❡st♦ tr❛③❛r ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡

▼❛①✇❡❧❧ ❞❡ ❧❛s t❛♥❣❡♥t❡s ❬✹✸✱ ✹✹❪✱ ♠ét♦❞♦ q✉❡ ♣❛s❛♠♦s ❛ ❞❡s❝r✐❜✐r ❜r❡✈❡♠❡♥t❡✳

❊❧ ♠ét♦❞♦ ❞❡ ❧❛s t❛♥❣❡♥t❡s s❡ ❜❛s❛ ❡♥ ❞✐❜✉❥❛r ❧❛s ❧í♥❡❛s ✏y✑✱ t❛♥❣❡♥t❡s ❛ ❧❛s ❝✉r✈❛s ❞❡ f(n−1) ♣❛r❛ ❛♠❜♦s s❡❝t♦r❡s

C1 − S1 ② S2 − C2✳

❆❝♦r❞❡ ❛ ❧❛ ❊❝✳ ✭✻✳✸✹✮✱ ❧❛ t❛♥❣❡♥t❡ ∂f/∂n−1 ❡s ✐❣✉❛❧ ❛❧ ω ❞❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛✿

ωe =

(

∂f

∂n−1

)

nmin

=

(

∂f

∂n−1

)

nmax

, ✭✻✳✸✺✮

❧✉❡❣♦✿

y − f (nmin)

n−1 − n−1
min

=
y − f (nmax)

n−1 − n−1
max

. ✭✻✳✸✻✮

❊st❛s ❡❝✉❛❝✐♦♥❡s ❝♦♥❞✉❝❡♥ ❛✿

y = f (nmin) +

(

∂f

∂n−1

)

nmin

(

n−1 − n−1
min

)

= f (nmax) +

(

∂f

∂n−1

)

nmax

(

n−1 − n−1
max

)

, ✭✻✳✸✼✮

✉s❛♥❞♦ ❧❛s ❊❝s✳ ✭✻✳✸✸✮ ② ✭✻✳✸✹✮ ♣♦❞❡♠♦s ❡s❝r✐❜✐r✿

y = µ (nmin) + ω (nmin)n
−1 = µ (nmax) + ω (nmax)n

−1 , ✭✻✳✸✽✮

❞❡s❞❡ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ② ❞❡❧ ♣♦t❡♥❝✐❛❧ ❣r❛♥ ❝❛♥ó♥✐❝♦ ✭ω✮ ❞❡❜❡ ♦❝✉rr✐r✱ ♣❛r❛ ❧❛s ❞♦s ❢❛s❡s ❡♥

❝♦❡①✐st❡♥❝✐❛ ❝✉❛♥❞♦ ❧❛s ❧í♥❡❛s t❛♥❣❡♥t❡s ❝♦✐♥❝✐❞❡♥✱ q✉❡✿

y = µe + ωen
−1 . ✭✻✳✸✾✮

❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r t❛♥t♦ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❝♦♠♦ ❡❧ ❣r❛♥ ♣♦t❡♥❝✐❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❡q✉✐❧✐❜r✐♦

✭µe ② ωe✮✱ ❛s✐ ❝♦♠♦ ❧❛s ❞❡♥s✐❞❛❞❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❢❛s❡s ❡♥ ❝♦❡①✐st❡♥❝✐❛ ✭nmin ② nmax✮✳

❙✐♥ ❡♠❜❛r❣♦✱ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ♥♦ ❡s ❡❧ ♠ás ♣r❡❝✐s♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ❢❛s❡✳ ❊st❡ ❤❡❝❤♦ ❤❛ s✐❞♦

❛♥❛❧✐③❛❞♦ ♣♦r ❙❛s❧♦✇ ② ❝♦❧❛❜♦r❛❞♦r❡s ❝✉❛♥❞♦ ❞✐s❝✉t❡♥ s♦❜r❡ ❧❛ ❋✐❣✳ ✹ ❞❡ ❧❛ ❘❡❢✳ ❬✶✷✸❪✳

❯♥ ❝❛♠✐♥♦ ❛❧t❡r♥❛t✐✈♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❝♦♥s✐st❡ ❡♥ ♣❛rt✐r ❞❡ µ ② ω✱ ❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡❧ ♥ú♠❡r♦

❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛✱ ❧✉❡❣♦ ❣r❛✜❝❛r ω ✈s µ ② ❞❡ ❡st❛ ♠❛♥❡r❛ ❞❡t❡r♠✐♥❛r ❡❧ ✈❛❧♦r ❞❡ ❡st❛s ✈❛r✐❛❜❧❡s

❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s ❡♥ ❡❧ ❡q✉✐❧✐❜r✐♦✿ µe ② ωe ✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❋✐❣✳ ✸ ❞❡ ❧❛ ❘❡❢✳ ❬✶✷✸❪✱ ❧❛s

❝♦♥str✉❝❝✐♦♥❡s ♠♦str❛❞❛s ❡♥ ❧❛ ❋✐❣✳ ✺✭❜✮ ❞❡ ❧❛ ❘❡❢✳ ❬✶✷✹❪ ② ❧❛ ❋✐❣✳ ✷ ❞❡ ❧❛ ❘❡❢✳ ❬✶✷✷❪✮✳

❊♥ ❧❛ ❋✐❣✳ ✻✳✷✾ ❡❧ ♣✉♥t♦ ❞❡ ❝r✉❝❡ ♠❛r❝❛❞♦ ❝♦♠♦ Mcross ❞❡t❡r♠✐♥❛ t❛♥t♦ µpw(T ) ❝♦♠♦ ωpw ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛

❝♦❡①✐st❡♥❝✐❛ ❞❡ ❢❛s❡s✳ ❊♥ ❡st❡ ♣✉♥t♦ ❞❡ ❝r✉❝❡ ❤❛② ✉♥ q✉✐❡❜r❡✱ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥✳

❈♦♠♦ s❡r✐❛ ❞❡s❡❛❜❧❡ ❡s♣❡r❛r✱ ❧♦s ✈❛❧♦r❡s ❞❡ µpw(T ) ❡♥ ❧❛s ❋✐❣s✳ ✻✳✷✽ ② ✻✳✷✾ ❝♦✐♥❝✐❞❡♥✳

▲♦s ❡st❛❞♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❧í♥❡❛ C1 −Mcross − C2 s♦♥ ❡st❛❜❧❡s✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ M1 − S1 ② ❛

S2 −M2 s♦♥ ♠❡t❛st❛❜❧❡s✳ ❙❡❣ú♥ ❍❛♥s❡♥ ② ▼❝❉♦♥❛❧❞ ✭❈❛♣ít✉❧♦ ✺✳✻ ❞❡ ❧❛ ❘❡❢✳ ❬✸✵❪✮ ❧♦s ❡st❛❞♦s ♠❡t❛st❛❜❧❡s ♣✉❡❞❡♥

❛♣❛r❡❝❡r ❡♥ ❡❧ ❡①♣❡r✐♠❡♥t♦ s✐ s❡ ♣r♦❝❡❞❡ ❝♦♥ ❡❧ s✉✜❝✐❡♥t❡ ❝✉✐❞❛❞♦ ❞❡ ♠❛♥❡r❛ ❞❡ ♥♦ ♣❡r♠✐t✐r q✉❡ ❡❧ s✐st❡♠❛ ❛❧❝❛♥❝❡

✉♥ ❡st❛❞♦ ❞❡ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ❡st❛❜❧❡✳

✾✾
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❋✐❣✉r❛ ✻✳✷✾✿
●r❛♥ ♣♦t❡♥❝✐❛❧ ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ♣❛r❛ ❳❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ✉♥❛ ♣❛r❡❞
❞❡ ◆❛ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✹✺ ❑ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❚♦❞♦s ❧♦s ❞❛t♦s ❞❡❧ ❣rá✜❝♦ ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s ❡♥ ❡❧
❢♦r♠❛❧✐s♠♦ ❣r❛♥ ❝❛♥ó♥✐❝♦✳ ▲❛ ❝✉r✈❛ q✉❡ ❝♦♥t✐❡♥❡ ❧♦s ♣✉♥t♦s C1 ② S1 ❝♦rr❡s♣♦♥❞❡ ❛ ♣❡❧í❝✉❧❛s ❞❡❧❣❛❞❛s ❞❡ ✢✉✐❞♦
❛❞s♦r❜✐❞❛s s♦❜r❡ ❧❛ ♣❛r❡❞✱ ♠✐❡♥tr❛s q✉❡ ❧❛ q✉❡ ❝♦♥t✐❡♥❡ ❛ C2 ② S2 ❡st❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ♣❡❧í❝✉❧❛s ❣r✉❡s❛s✳ ❊❧ ♣✉♥t♦
❞❡ ❝r✉❝❡ ✐♥❞✐❝❛❞♦ ❝♦♥ Mcross ❞❛ ❝✉❡♥t❛ ❞❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❛♠❜❛s ♣❡❧í❝✉❧❛s✳

✻✳✺✳✺✳ ❘❡s✉♠❡♥ s♦❜r❡ ❧❛ ❛❞s♦r❝✐ó♥

✻✳✺✳✺✳✶✳ ❆❞s♦r❝✐ó♥ ❞❡❧ ◆❡

✶✲◆✉❡str♦s ❝á❧❝✉❧♦s ♣r❡❞✐❝❡♥ ❡❧ ▼♦❥❛❞♦ ❞❡❧ ❘❜ ♣♦r ❡❧ ◆❡ ❡♥ ❜✉❡♥ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ♦❜t❡♥✐❞♦s

♣♦r ❍❡ss✱ ❙❛❜❛t✐♥✐ ② ❈❤❛♥ ❬✶✵✼❪ q✉❡ ❝♦♥tr❛❞✐❝❡♥ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❛ ❧❛s q✉❡ s❡ ❧❧❡❣❛✱ ❝✉❛♥❞♦ s❡ ❡♠♣❧❡❛♥ s✐♠✉❧❛❝✐♦♥❡s

♥✉♠ér✐❝❛s ❞❡ ●❈▼❈✱ r❡♣♦rt❛❞❛s ❡♥ ❡❧ ❈✉❛❞r♦ ■ ❞❡ ❧❛s ❘❡❢s✳ ❬✾✻✱ ✶✶✸❪✳

✷✲ ❍❡♠♦s ♣♦❞✐❞♦ ♣♦♥❡r ❡♥ ❡✈✐❞❡♥❝✐❛ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ s✐st❡♠❛ ◆❡✴❘❜✳ ❊♥ ❡st❡ ❛s♣❡❝t♦

❡①✐st❡♥ ❞❛t♦s ❡♠♣ír✐❝♦s ② ❡st✐♠❛❝✐♦♥❡s t❡ór✐❝❛s q✉❡ ❝♦♥✜r♠❛♥ ❡❧ ♠♦❥❛❞♦ ❞❡❧ ❘❜ ♣♦r ❡❧ ◆❡✱ ♣❡r♦ ❤❛st❛ ❡st❡ ♠♦♠❡♥t♦

♥♦ s❡ r❡♣♦rt❛r♦♥ ❝á❧❝✉❧♦s q✉❡ ♣♦♥❣❛♥ ❡♥ ❡✈✐❞❡♥❝✐❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r❡✲♠♦❥❛❞♦✳

✸✲P❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴▼❣✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦ q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ ❡♥ ❡st✉❞✐♦s ❝♦♥ ❉❋❚ ✉t✐❧✐③❛♥❞♦ ❢✉♥❝✐♦♥❛❧❡s ❤❛❜✐t✉❛❧❡s✱

♥✉❡str❛ ♣r♦♣✉❡st❛ ❝♦♥✜r♠❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r❡✲♠♦❥❛❞♦✱ t❛❧ ❝✉❛❧ ❧♦ ♣r❡❞✐❝❡♥ ❝á❧❝✉❧♦s ❞❡ ●❈▼❈

✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❘❡❢✳ ❬✾✻❪✮✳

❚❛♠❜✐é♥ ♦❜t✉✈✐♠♦s ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ ❝❡r❝❛♥❛ ❛ ❧❛ tr✐♣❧❡✱ ❡♥ ❞♦♥❞❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧♦s ❢✉♥❝✐♦♥❛❧❡s

❤❛❜✐t✉❛❧❡s ♣r♦✈♦❝❛ ❞✐✈❡r❣❡♥❝✐❛s ❞❡❧ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦✳ ❊❧ ✈❛❧♦r ❞❡ ❡st❛ t❡♠♣❡r❛t✉r❛ ❡st❛ ❡♥ ❜✉❡♥ ❛❝✉❡r❞♦ ❝♦♥ ❧❛

♦❜t❡♥✐❞❛ ♣♦r ❈✉rt❛r♦❧♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✶✶✸❪✳

✹✲❘❡♣♦rt❛♠♦s ❝á❧❝✉❧♦s s♦❜r❡ ❡❧ s✐st❡♠❛ ◆❡✴❑ ✭❤❛st❛ ❡❧ ♠♦♠❡♥t♦ ♥♦ ❡①✐st❡♥ ♦tr♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❡st❡ s✐st❡♠❛✮✳

✺✲❖❜t✉✈✐♠♦s ✉♥ ❜✉❡♥ ❛❥✉st❡ ❞❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ❛❞s♦r❜✐❞❛ s♦❜r❡ ✉♥ s✉str❛t♦ t❛♥ ❢✉❡rt❡ ❝♦♠♦ ❡❧ ▼❣✳ ❊♥ ❡st❡

❝❛s♦ ❧♦s ✈❛❧♦r❡s q✉❡ ♦❜t✉✈✐♠♦s s❡ ❝♦♠♣❛r❛r♦♥ ❝♦♥ ❧♦s ❝❛❧❝✉❧❛❞♦s ❡♥ s✐♠✉❧❛❝✐♦♥❡s ●❈▼❈ r❡❛❧✐③❛❞❛s ♣♦r ❇♦❥❛♥ ②

❝♦❧❛❜♦r❛❞♦r❡s ❬✾✻❪✳

✶✵✵



❊s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ●❈▼❈ ♥♦ s❡ ❤❛♥ ♣♦❞✐❞♦ ♦❜t❡♥❡r r❡❣✐♠❡♥❡s ❞❡ ♣r❡✲♠♦❥❛❞♦ ♣❛r❛

t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛ ❝rít✐❝❛ ✭❘❡❢✳ ❬✾✻❪✮✳

✻✳✺✳✺✳✷✳ ❆❞s♦r❝✐ó♥ ❞❡❧ ❆r

✶✲❊♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r s♦❜r❡ ❈❖2 ❡♥❝♦♥tr❛♠♦s ❡str✉❝t✉r❛s ❞❡ ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❝✉②❛s ❢♦r♠❛s

s♦♥ ❧❛s ❡s♣❡r❛❞❛s ✭✈❡r ❋✐❣s✳ ✻✳✶✽ ② ✻✳✶✾✮✳

✷✲P❛r❛ ❡❧ s✐st❡♠❛ ❆r✴❘❜✱ ❞♦♥❞❡ ♥♦ ❡①✐st❡♥ ♣rá❝t✐❝❛♠❡♥t❡ r❡♣♦rt❡s s♦❜r❡ ❡st✉❞✐♦s ❞❡ ♠♦❥❛❞♦✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❡①✐st❡

♠♦❥❛❞♦ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦ q✉❡ s❡ñ❛❧❛♥ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❞❡ ●❈▼❈✳

✭s✐ ❜✐❡♥ ❧♦s ✈❛❧♦r❡s q✉❡ ❛rr♦❥❛♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ❞❡ ●❈▼❈ s♦♥ t♦♠❛❞♦s ❝♦♠♦ r❡❢❡r❡♥❝✐❛✱ ❡♥ ❛❧❣✉♥♦s ❝❛s♦s✱ ❝♦✲

♠♦ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❡❧ s✐st❡♠❛ ◆❡✴❘❜ ❬✶✵✼✱ ✶✶✸❪✱ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡ ●❈▼❈ ♥♦ ❛❥✉st❛♥ ❞❡❧ t♦❞♦ ❜✐❡♥ ❧♦s ❞❛t♦s

❡①♣❡r✐♠❡♥t❛❧❡s✮✳

✸✲◆✉❡str♦s r❡s✉❧t❛❞♦s s❡ ❛❥✉st❛♥ ❛ ❧♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❧✐❣❛❞♦s ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ t❛♥t♦ ♣❛r❛ ❡❧ ❈❖2

❬✼✼❪✱ ❝♦♠♦ ♣❛r❛ ❡❧ ❆✉ ❬✼✶❪✳

✹✲❙❡ ♦❜s❡r✈❛ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ❆✉ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ s✉❜✲♠♦♥♦❝❛♣❛s✱ ❝♦♠♣♦rt❛♠✐❡♥t♦ s✐♠✐❧❛r ❛❧ r❡♣♦rt❛❞♦

❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❬✷✾❪✱ ❝✉❛♥❞♦ s❡ ❡st✉❞✐❛ ❛❞s♦r❝✐ó♥ ❞❡ ❑r s♦❜r❡ ●r❛✜t♦ ✭❞♦♥❞❡ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡s t❛♥

✐♥t❡♥s❛ ❝♦♠♦ ❧❛ ❞❡❧ s✐st❡♠❛ ❆r✴❆✉✮✳

✻✳✺✳✺✳✸✳ ❆❞s♦r❝✐ó♥ ❞❡❧ ❳❡

✶✲◆✉❡str♦ ❢✉♥❝✐♦♥❛❧ ♣❡r♠✐t✐ó r❡♣r♦❞✉❝✐r✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡ ♣♦t❡♥❝✐❛❧❡s r❡❛❧✐st❛s✱ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦

s♦❜r❡ ❧❛s q✉❡ s❡ t❡♦r✐③♦ ❡♥ ♦tr♦s ❡st✉❞✐♦s s♦❜r❡ ❡❧ t❡♠❛ ✭❘❡❢s✳ ❬✾✾✱ ✶✵✷❪✮✳

✷✲❊♥❝♦♥tr❛♠♦s ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ❳❡✴❑ ♣❛r❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❧❡✈❡♠❡♥t❡ ✐♥❢❡r✐♦r ❛ ❧♦s ✷✻✻

❑ ② ✉♥ ❧í♠✐t❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❡♥ ❧♦s ✷✻✾ ❑✳

✸✲❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❳❡✴◆❛ ♦❜t✉✈✐♠♦s ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ ❞❡❧ ♦r❞❡♥ ❞❡ ✷✹✵✳✽ ❑ ② ✉♥ ❧í♠✐t❡ ♣❛r❛ Tcpw ❞❡ ✷✹✻

❑✳

✸✲ P❛r❛ ❡❧ s✐st❡♠❛ ❳❡✴▲✐ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ q✉❡ ♦❜t❡♥❡♠♦s ❡s ❞❡ ✶✾✽ ❑ ❜❛st❛♥t❡ ❝❡r❝❛♥♦ ❛❧ q✉❡ ♣r❡❞✐❝❡ ❡❧

❙▼ ✭Tw = 201K✮ ❝♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥ ❡❧ ❈✉❛❞r♦ ■ ❞❡ ❧❛ ❘❡❢✳ ❬✼❪✳ ❊st❡ ✈❛❧♦r ❡st❛ ♣♦r ❞❡❜❛❥♦ ❞❡❧ ♦❜t❡♥✐❞♦ ❛ tr❛✈és

❞❡ s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❝♦♥ ●❈▼❈ ✭❡♥ ❡st❛s s✐♠✉❧❛❝✐♦♥❡s s❡ ♦❜t✉✈♦ ✷✷✺ ❑✮✳

✹✲P❛r❛ ❡❧ s✐st❡♠❛ ❳❡✴▼❣ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ ❞✐❛❣r❛♠❛s ❞❡ ✐s♦t❡r♠❛s s✐♠✐❧❛r❡s ❛ ❧❛s r❡♣♦rt❛❞❛s ❡♥ ❧❛ ❋✐❣✳ ✶✻ ✭❛✮ ❞❡

❧❛ ❘❡❢✳ ❬✾✾❪✳

✺✲❚r❛❜❛❥❛♥❞♦ ❝♦♥ s✐st❡♠❛s ❛❜✐❡rt♦s✱ ❞♦♥❞❡ s❡ ✜❥❛ ✉♥ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ② ✉♥❛ t❡♠♣❡r❛t✉r❛ s❡ ❧❧❡❣❛ ❛ ❧♦s ♠✐s♠♦s

r❡s✉❧t❛❞♦s q✉❡ ❝✉❛♥❞♦ s❡ tr❛❜❛❥❛ ❝♦♥ s✐st❡♠❛s ❝❡rr❛❞♦s ✭❞♦♥❞❡ n ♣❡r♠❛♥❡❝❡ ✜❥♦✮✳ ❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ♣r❛❝✲

t✐❝♦✱ ❞❛❞♦ ❡❧ ♠❡♥♦r ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ q✉❡ ✐♥s✉♠❡♥ ❧♦s ❝á❧❝✉❧♦s✱ ❡s ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❥❛r ❝♦♥ s✐st❡♠❛s ❝❡rr❛❞♦s

✭r❡s♦❧✈✐❡♥❞♦ ❧❛s ❊❝s✳ ❞❡ ❊✲▲ ❡♥ ❡❧ ♠❛r❝♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✮✳

✳

✶✵✶



✳

✶✵✷



❈❛♣ít✉❧♦ ✼

▲❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ♣❧❛♥❛s

❙❡ ❛♥❛❧✐③❛ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ◆❡✱ ❆r✱ ② ❳❡ ❡♥ r❛♥✉r❛s ♣❧❛♥❛s ❝♦♥❢♦r♠❛❞❛s ♣♦r s✉str❛t♦s ❞❡ ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s✱ ❞❡

▼❣ ② ❞❡ ❈❖2✳ ❆❧ ✐❣✉❛❧ q✉❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ♣❛r❡❞❡s✱ s❡ ♣r❡s❡♥t❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ r❡s♦❧✈❡r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲

♣❛r❛ s✐st❡♠❛s ❛ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✱ t❛♥t♦ ❝❡rr❛❞♦s ✭❝♦♥ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ✜❥♦✮ ❝♦♠♦ ❛❜✐❡rt♦s ✭s✐st❡♠❛s q✉❡

♣✉❡❞❡♥ ✐♥t❡r❝❛♠❜✐❛r ♣❛rtí❝✉❧❛s ❝♦♥ ✉♥ r❡s❡r✈♦r✐♦ ② ♣❛r❛✱ ❧♦s ❝✉❛❧❡s s❡ ♠❛♥t✐❡♥❡ ✜❥♦ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✮✳

❙❡ ❡st✉❞✐❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❛❧ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦ ❞❡ ❧❛s s✉♣❡r✜❝✐❡s q✉❡ ❝♦♥❢♦r♠❛♥ ❧❛ r❛♥✉r❛✱ ❧❛s

♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ♣❡❧í❝✉❧❛s ❛❞s♦r❜✐❞❛s ② ❧❛ r✉♣t✉r❛ ❞❡ s✐♠❡trí❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s✳

❙❡ ♣❧❛♥t❡❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ s✐♠❡trí❛✱ ♣r❡✲♠♦❥❛❞♦ ② ♠♦❥❛❞♦✳ ❙❡ ❡♥❝✉❡♥tr❛✱ q✉❡ ❜❛❥♦ ❝✐❡rt❛s

❝♦♥❞✐❝✐♦♥❡s✱ ❥✉♥t♦ ❛ ❧♦s ❡st❛❞♦s s✐♠étr✐❝♦s✱ ♣✉❡❞❡♥ ❝♦❡①✐st✐r ❡st❛❞♦s ❛s✐♠étr✐❝♦s✳

▲♦s ❝á❧❝✉❧♦s ❢✉❡r♦♥ r❡❛❧✐③❛❞♦s ❞❡♥tr♦ ❞❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ◆▲❉❋❚✱ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❋▼❚ ② ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ✢✉✐❞♦s

❝♦♥ s✉str❛t♦s ❡stá r❡♣r❡s❡♥t❛❞❛ ♣♦r ♣♦t❡♥❝✐❛❧❡s r❡❛❧✐st❛s ❞❡s❝r✐♣t♦s ❡♥ ❈❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ s❛❧✈♦ ♣❛r❛ ❡❧ s②st❡♠❛

❆r✴❈❖2 q✉❡ r❡❝✐❜✐ó ✉♥ tr❛t❛♠✐❡♥t♦ ♣❛rt✐❝✉❧❛r✳

✼✳✶✳ ❘❡s✉♠❡♥ ❞❡ ❛♥t❡❝❡❞❡♥t❡s

▲❛s ♣r✐♠❡r❛s ✐♥✈❡st✐❣❛❝✐♦♥❡s ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ✢✉✐❞♦s s✐♠♣❧❡s ❡♥ r❛♥✉r❛s ♣❧❛♥❛s ❢✉❡r♦♥ r❡❛❧✐③❛❞♦s ♣♦r ✈❛♥ ▲❡❡✉✇❡♥ ②

❝♦❧❛❜♦r❛❞♦r❡s✱ q✉✐❡♥❡s ❛♥❛❧✐③❛r♦♥ ❡st❛ ❝❧❛s❡ ❞❡ s✐st❡♠❛s ❧❧❛✈❛♥❞♦ ❛ ❝❛❜♦ s✐♠✉❧❛❝✐♦♥❡s q✉❡ ❤❛❝í❛♥ ✉s♦ ❞❡ ❧❛ ❉✐♥á♠✐❝❛

▼♦❧❡❝✉❧❛r ✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛s ❘❡❢s✳ ❬✶✷✺✱ ✶✷✻❪✮✳ ❊st♦s ❝á❧❝✉❧♦s ❢✉❡r♦♥ r❡❛❧✐③❛❞♦s ❡♥ ❡❧ ❉❡❧❢t ▼♦❧❡❝✉❧❛r ❉②♥❛♠✐❝s

Pr♦❝❡ss♦r ✭❉▼❉P✮ ❡s♣❡❝✐❛❧♠❡♥t❡ ❝♦♥str✉✐❞♦ ♣❛r❛ t❛❧ ✜♥✳

❊♥tr❡ ❧♦s ❛ñ♦s ❞❡ ✶✾✽✼ ② ✶✾✾✵ ❙✐❦❦❡♥❦ ❡t ❛❧✳ ❬✶✱ ✷❪ ② ◆✐❥♠❡✐❥❡r ❡t ❛❧✳ ❬✶✷✼✱ ✶✷✽❪ ♣✉❜❧✐❝❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ s✉s ❡st✉❞✐♦s✳

❊♥ ❡s♦s ❛♥á❧✐s✐s s❡ ❛s✉♠í❛ q✉❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡ ✢✉✐❞♦ ✐♥t❡r❛❝tú❛♥ ❡♥tr❡ s✐ ② ❝♦♥ ❧♦s át♦♠♦s q✉❡ ❝♦♥st✐t✉②❡♥ ❧❛s

♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛✱ ♠❡❞✐❛♥t❡ ♣♦t❡♥❝✐❛❧❡s ❞❡ t✐♣♦ ▲✲❏✳ ▲❛s ♣❛r❡❞❡s ❞❡ ❧❛s r❛♥✉r❛s ❡st❛❜❛♥ ❞✐st❛♥❝✐❛❞❛s ❡♥ ✷✾✳✶

❞✐á♠❡tr♦s ♠♦❧❡❝✉❧❛r❡s✱ ❞✐st❛♥❝✐❛ q✉❡ s❡ ❝♦♥s✐❞❡r❛❜❛ s✉✜❝✐❡♥t❡ ❝♦♠♦ ♣❛r❛ ❞❡s♣r❡❝✐❛r ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧❛s

♠♦❧é❝✉❧❛s ❞❡ ✢✉✐❞♦ ❛❞s♦r❜✐❞❛s ❡♥ ❧❛s ♣❛r❡❞❡s ♦♣✉❡st❛s ❞❡ ❧❛ r❛♥✉r❛✳

❊♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ✉t✐❧✐③❛❞❛s ♣♦r ❡st♦s ❛✉t♦r❡s s❡ ❛♥❛❧✐③ó ✉♥ s✐st❡♠❛ ❝♦♥❢♦r♠❛❞♦ ♣♦r ❞♦s t✐♣♦s ❞❡ ♣❛rtí❝✉❧❛s✱ ❞❡

t❛❧ ♠❛♥❡r❛ q✉❡ ❝✐❡rt❛ ❝❛♥t✐❞❛❞ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ✉♥❛ ❡s♣❡❝✐❡ ❢♦r♠❛❜❛♥ ❡❧ s✉str❛t♦ só❧✐❞♦ ② ✉♥❛ ♠❡♥♦r ❝❛♥t✐❞❛❞ ❞❡

✶✵✸
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❋✐❣✉r❛ ✼✳✶✿
❊♥ ❛♠❜❛s ✜❣✉r❛s s❡ ♦❜s❡r✈❛ ❝♦♠♦ s❡ ♠♦❞✐✜❝❛ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ✉♥ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛
❧❛s ♣❛r❡❞❡s✳ ❊st♦s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ❋✐❣s✳ ✶ ② ✷ ❞❡ ❧❛ ❘❡❢✳ ❬✶❪✳ ❙❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡ ✢✉✐❞♦
✐♥t❡r❛❝tú❛♥ ❡♥tr❡ s✐ ② ❝♦♥ ❧♦s át♦♠♦s q✉❡ ❝♦♥st✐t✉②❡♥ ❧❛s ♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛ ♠❡❞✐❛♥t❡ ♣♦t❡♥❝✐❛❧❡s ❞❡ t✐♣♦ ▲✲❏✳ ▲❛
❞✐st❛♥❝✐❛ ❡st❛ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛❞❛ ❝♦♥ ❡❧ ❞✐á♠❡tr♦ ♠♦❧❡❝✉❧❛r ✭t❛♠❛ñ♦ ❞❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡ ✢✉✐❞♦ σff ✮✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡
❧❛ ✐③q✉✐❡r❞❛ ❧♦s r❡s✉❧t❛❞♦s✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ W ∗

sf = ✵✳✸✱ ♠✉❡str❛♥ ✉♥❛ s♦❧✉❝✐ó♥ ❡st❛❜❧❡ q✉❡ ❡♥ ❡st❡ ❝❛s♦ ❛♣❛r❡❝❡

❞❡s♣✉és ❞❡ ✷✳✻ 104 ♣❛s♦s ❞❡ ❝á❧❝✉❧♦ r❡❛❧✐③❛❞♦s ❝♦♥ ♣♦st❡r✐♦r✐❞❛❞ ❛❧ ❡q✉✐❧✐❜r✐♦✳ ▲❛s ❧í♥❡❛s ✈❡rt✐❝❛❧❡s ♠ás ❣r✉❡s❛s
❝♦rr❡s♣♦♥❞❡♥ ❛❧ s✉str❛t♦ ② ❧❛s ✢❡❝❤❛s ✐♥❞✐❝❛♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡
♦❜s❡r✈❛ ✉♥❛ s♦❧✉❝✐ó♥ ❝❧❛r❛♠❡♥t❡ ❛s✐♠étr✐❝❛ ♦❜t❡♥✐❞❛ ♣❛r❛ W ∗

sf = ✵✳✻✺✳ ❊st❡ ♣❡r✜❧ ❡st❛❜❧❡ ❛♣❛r❡❝❡ ❞❡s♣✉és ❞❡ ✺✳✷ 104

♣❛s♦s ❞❡ ❝á❧❝✉❧♦ ♣♦st❡r✐♦r❡s ❛❧ ❡q✉✐❧✐❜r✐♦✳

❧❛ ♦tr❛ ❡s♣❡❝✐❡ ❝♦♥❢♦r♠❛❜❛♥ ❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦✳ ❉❡ ❡st❛ ❢♦r♠❛ s❡ ❡st✉❞✐❛r♦♥ ❢❡♥ó♠❡♥♦s ❞❡ ♠♦❥❛❞♦ ✈❛r✐❛♥❞♦ ❧❛

r❡❧❛❝✐ó♥W ∗

sf =Wsf/εff ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ■♥❝r❡♠❡♥t❛♥❞♦ ♣❛✉❧❛t✐♥❛♠❡♥t❡ ❡❧ ✈❛❧♦r ❞❡ W ∗

sf ❡♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s

♥✉♠ér✐❝❛s✱ s❡ ❡♥❝♦♥tr❛r♦♥ ❧❛s s✐❣✉✐❡♥t❡s s✐t✉❛❝✐♦♥❡s✿

✶✲P❛r❛ ✈❛❧♦r❡s ❜❛❥♦s ❞❡ W ∗

sf ❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ♣r❡s❡♥t❛❜❛ ❧❛ ♠✐s♠❛ s✐♠❡trí❛ q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥

s✉str❛t♦✲✢✉✐❞♦✱ ❡s ❞❡❝✐r ❡❧ ♣❡r✜❧ ❡r❛ s✐♠étr✐❝♦✳ ❊♥ ❡st❡ ❝❛s♦✱ ❛♣❛r❡❝í❛♥ ❞♦s ✐♥t❡r❢❛s❡s só❧✐❞♦✲✈❛♣♦r ✭❙❱✮ ② ❞♦s

❧íq✉✐❞♦✲✈❛♣♦r ✭▲❱✮✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛✉s❡♥❝✐❛ ❞❡ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦✳

✷✲❊♥ ❡❧ ❝❛s♦ ❞❡ ✈❛❧♦r❡s ✐♥t❡r♠❡❞✐♦s ❞❡ W ∗

sf ✱ ❧❛ s♦❧✉❝✐ó♥ ♣♦❞í❛ r♦♠♣❡r ❝♦♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❛♣❛r❡✲

❝✐❡♥❞♦ ❡♥t♦♥❝❡s ✉♥ ♣❡r✜❧ ❛s✐♠étr✐❝♦✳ ▲❛ s✐t✉❛❝✐ó♥ ❡r❛ t❛❧ q✉❡ s❡ ♣r❡s❡♥t❛❜❛ ✉♥❛ ✐♥t❡r❢❛s❡ ❙▲ ✭só❧✐❞♦✲❧íq✉✐❞♦✮✱ ♦tr❛

▲❱ ② ✉♥❛ t❡r❝❡r❛ ❙❱✳ ❊❧ ♠♦❥❛❞♦ ❡r❛ s♦❧♦ ♣❛r❝✐❛❧✱ ❝♦♥s✐st❡♥t❡ ❡♥ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ✉♥ ❞❡♣ós✐t♦ ❞❡ ✢✉✐❞♦ ❞❡ ❡s♣❡s♦r

❛♣r❡❝✐❛❜❧❡ s♦❜r❡ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ✈❛♣♦r s❡ ❝♦♥❝❡♥tr❛❜❛ s♦❜r❡ ❧❛ ♦tr❛ ♣❛r❡❞✳

✸✲❙✐ s❡ ❝♦♥t✐♥✉❛❜❛ ❛✉♠❡♥t❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡W ∗

sf ❧♦s ♣❡r✜❧❡s ✈♦❧✈í❛♥ ❛ ♣r❡s❡♥t❛r ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥

s✉str❛t♦✲✢✉✐❞♦ ② ❛♣❛r❡❝í❛♥ ❞♦s ✐♥t❡r❢❛s❡s ❙▲ ② ❞♦s ▲❱✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ ❡❧ ✢✉✐❞♦ ♠♦❥❛❜❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♠❜❛s

♣❛r❡❞❡s✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✶ s❡ ♠✉❡str❛♥✱ ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ❧❛ ❢♦r♠❛ ❞❡ ❡st❛ ❝❧❛s❡ ❞❡ ♣❡r✜❧❡s ♦❜t❡♥✐❞♦s ❝♦♥ ❧♦s ❝á❧❝✉❧♦s

♠❡♥❝✐♦♥❛❞♦s ❞❡ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ✭✈❡r ❘❡❢✳ ❬✶❪✮✳

❊❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ❞❡♣❡♥❞❡ ❜ás✐❝❛♠❡♥t❡ ❞❡❧ ❜❛❧❛♥❝❡ ❞❡ ❧❛s t❡♥s✐♦♥❡s s✉♣❡r✜❝✐❛❧❡s q✉❡ ❛♣❛r❡❝❡♥ ❝✉❛♥❞♦ ❡❧ ❧íq✉✐❞♦

✐♥t❡r❛❝tú❛ ❝♦♥ ❧❛s ♣❛r❡❞❡s ❬✶❪✳ ❙❡❣ú♥ ❧❛ ❧❡② ❞❡ ❨♦✉♥❣✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡❧ ♣❡r✜❧ ❛s✐♠étr✐❝♦

❝♦♠♦✿

γtot = γSL + γLV + γSV = 2γSL + γLV (1 + cosθ) , ✭✼✳✶✮

✶✵✹



❋✐❣✉r❛ ✼✳✷✿
❉❡♥s✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ❞❡ ✉♥❛ r❛♥✉r❛ ❢♦r♠❛❞❛ ♣♦r ♣❛r❡❞❡s
✐❞é♥t✐❝❛s✳ ❊st❡ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✻ ❞❡ ❧❛ ❘❡❢✳ ❬✶✷✾❪✳ ❊st❡ ❝❛s♦✱ ❝♦♥ W ∗

sf = ✵✳✻✺✱ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛
s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧✳ ▲♦s ❛✉t♦r❡s✱ ❡♥ ❡❧ ❣rá✜❝♦ ✐♥❢❡r✐♦r✱ ❝♦♠♣❛r❛♥ s✉s r❡s✉❧t❛❞♦s✱ ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧
❢♦r♠❛❧✐s♠♦ ❞❡ ❧❛ ❉❋❚ ✭❝✉r✈❛ ❞❡ ❧í♥❡❛ ❧❧❡♥❛✮✱ ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s✱ ❡♥ ♦tr♦s tr❛❜❛❥♦s✱ ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❝♦♠♣✉✲
t❛❝✐♦♥❛❧❡s r❡❛❧✐③❛❞❛s ♠❡❞✐❛♥t❡ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r ✭✈❡r ❧❛s ❘❡❢s✳ ❬✶✱ ✷❪✮✳ ❊♥ ❧❛ ♣❛rt❡ s✉♣❡r✐♦r ❞❡❧ ❣rá✜❝♦ s❡ ♣✉❡❞❡
♦❜s❡r✈❛r ❡❧ ♣❡r✜❧ ❡♥ s✉ t♦t❛❧✐❞❛❞✳

❞♦♥❞❡

cosθ =
γSV − γSL

γLV
< 1. ✭✼✳✷✮

❙✐ s❡ ✐♥❝r❡♠❡♥t❛ ❧❛ ❛tr❛❝❝✐ó♥ ❞❡ ❧❛s ♣❛r❡❞❡s✿

γSV − γSL → γLV =⇒ cosθ → 1 , ✭✼✳✸✮

❝♦♥ ❧♦ ❝✉❛❧ ❡❧ s✐st❡♠❛ r❡❛❧✐③❛ ✉♥❛ tr❛♥s✐❝✐ó♥✱ ♣❛s❛♥❞♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ❛ ❧❛ s✐♠étr✐❝❛ ❝♦♥✿

γtot = 2(γSL + γLV ) . ✭✼✳✹✮

❊♥ ❡st❡ ❝❛s♦✱ ❛♠❜❛s ♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛ s♦♥ ♠♦❥❛❞❛s ♣♦r ❡❧ ❧íq✉✐❞♦✳

P♦st❡r✐♦r♠❡♥t❡ ❛ ❧♦s ❛♥á❧✐s✐s ❞❡ ✈❛♥ ▲❡❡✉✇❡♥✱ ❡st✉❞✐♦s ❞❡ ❱❡❧❛③❝♦ ② ❚❛r❛③♦♥❛ ❬✶✷✾❪ ❞❛♥ ❝✉❡♥t❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡

♣❡r✜❧❡s ❛s✐♠étr✐❝♦s✱ ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❉❋❚✱ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡♥♦♠✐♥❛❞❛ ❙❉❆✱ ❛ ❧❛ q✉❡ ②❛ ♥♦s

❤❡♠♦s r❡❢❡r✐❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✸✳ ▲❛ ❋✐❣✳ ✼✳✷ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✻ ❞❡ ❧❛ ❝✐t❛❞❛ r❡❢❡r❡♥❝✐❛✱ ❡♥ ❞♦♥❞❡ s❡ ❝♦♠♣❛r❛♥

❧♦s ♣❡r✜❧❡s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❝♦♥ ❧♦s q✉❡ s❡ ❞❡r✐✈❛♥ ❞❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡❧ ❢♦r♠❛❧✐s♠♦

❉❋❚✳ ❊st♦s ❝á❧❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ W ∗

sf = ✵✳✻✺✳ ❊❧ ♣❡r✜❧ ♦❜t❡♥✐❞♦ ♣♦r ❛♠❜♦s ♠ét♦❞♦s ❡s ❝❧❛r❛♠❡♥t❡ ❛s✐♠étr✐❝♦ ②

❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ♣❛r❝✐❛❧✱ ❝♦♥ ✉♥❛ ✐♥t❡r❢❛s❡ ❙▲ ② ♦tr❛ ❙❱ ✭❡♥ ❧❛ ♣❛r❡❞ ❞❡r❡❝❤❛ ❞❡ ❧❛ r❛♥✉r❛✮✳

▲♦s ❝á❧❝✉❧♦s ❢✉❡r♦♥ r❡❛❧✐③❛❞♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦✳

❊♥ ✉♥ tr❛❜❛❥♦ ❞❡❧ ❛ñ♦ ✶✾✾✻ ▼❡r❦❡❧ ② ▲ö✇❡♥ ❬✶✸✵❪✱ r❡❛❧✐③❛♥❞♦ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ② ❝á❧❝✉❧♦s ❉❋❚✱ ❡♥❝♦♥✲

tr❛r♦♥ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ r❛♥✉r❛s ❛❜✐❡rt❛s ❧❧❡♥❛❞❛s ❝♦♥ ✢✉✐❞♦s ❞❡ ▲✲❏ t❛♠❜✐é♥ ♣✉❡❞❡♥ ♣r❡s❡♥t❛rs❡ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s✳

✶✵✺



❘❡❝✐❡♥t❡♠❡♥t❡✱ ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ❬✸❪ ♠♦str❛r♦♥ q✉❡ ❜❛❥♦ ❝✐❡rt❛s ❝✐r❝✉♥st❛♥❝✐❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ♣♦❞rí❛♥

♦❝✉rr✐r ❝✉❛♥❞♦ ❡❧ ❆r ❡s ❛❞s♦r❜✐❞♦ ❡♥ r❛♥✉r❛s ❝❡rr❛❞❛s ❞❡ ❈❖2✳ ❆❞❡♠ás✱ ❘➺②s❦♦✱ P❛tr②❦✐❡❥❡✇ ② ❙♦❦♦➟♦✇s❦✐ ❬✶✸✶❪✱

❊❞✐s♦♥ ② ▼♦♥s♦♥ ❬✶✷✹❪✮ r❡♣♦rt❛r♦♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ t❛❧❡s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦

② ❞❡♥tr♦ ❞❡❧ ♠❛r❝♦ ❞❡ ❧❛ ❚❡♦rí❛ ❉✐♥á♠✐❝❛ ❞❡ ❈❛♠♣♦ ▼❡❞✐♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✼✳✷✳ ■♥✈❡st✐❣❛❝✐♦♥❡s ♣r♦♣✐❛s

❍❡♠♦s ❛♥❛❧✐③❛❞♦ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❞✐✈❡rs♦s ✢✉✐❞♦s ♥♦❜❧❡s ✭◆❡✱ ❆r ② ❳❡✮ t❛♥t♦ ❡♥ r❛♥✉r❛s ✏❝❡rr❛❞❛s✑ ✭❡s ❞❡❝✐r ❧❧❡♥❛❞❛s

❝♦♥ ✉♥❛ ❝❛♥t✐❞❛❞ ✜❥❛ ❞❡ ♠♦❧é❝✉❧❛s✮ ❝♦♠♦ ✏❛❜✐❡rt❛s✑ ✭❞♦♥❞❡ ❧❛ r❛♥✉r❛ s❡ ♠❛♥t✐❡♥❡ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ✉♥ r❡s❡r✈♦r✐♦ ❞❡

♣❛rtí❝✉❧❛s ❞❡ ✢✉✐❞♦ ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ s❡ ♠❛♥t✐❡♥❡ ✜❥♦✮✳ ❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡

❊✲▲ ❢✉❡r♦♥ r❡s✉❡❧t❛s ❞❡♥tr♦ ❞❡❧ ❝♦♥t❡①t♦ ❞❡ ❧♦s ❢♦r♠❛❧✐s♠♦s ❝❛♥ó♥✐❝♦ ② ❣r❛♥ ❝❛♥ó♥✐❝♦ ❞❡s❝r✐♣t♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❙❡❣✉✐❞❛♠❡♥t❡ ❡①♣♦♥❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r✱ ❳❡ ② ◆❡ ❡♥ r❛♥✉r❛s ♣❧❛♥❛s ❝❡rr❛❞❛s✳ ❆❧

✜♥❛❧✱ ❞❡s❝r✐❜✐r❡♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❳❡ ② ❞❡❧ ◆❡ ❡♥ s✐st❡♠❛s ❛❜✐❡rt♦s✳

❚❛❧ ❝✉❛❧ ❧♦ ❡①♣r❡s❛❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ② ❧❛ ❞❡♥s✐❞❛❞ ❬❊❝s✳ ✭✹✳✶✷✮ ② ✭✹✳✾✮❪✱

s❡ ♦❜t✐❡♥❡♥ ✐♥s❡rt❛♥❞♦ ❡♥ Q✱ ❬❊❝✳ ✭✹✳✽✮❪✱ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦ ❛❞❡❝✉❛❞♦✳ ▲❛ ✈❛r✐❛❜❧❡ L q✉❡ ❡♥

❡❧ ❝❛s♦ ❞❡ ✉♥❛ ♣❛r❡❞ ❡r❛ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ ✏❝❛❥❛✑ ❞♦♥❞❡ s❡ r❡s♦❧✈í❛ ❡❧ s✐st❡♠❛ ❛❤♦r❛ ❡s ❡❧ ❛♥❝❤♦ ❞❡ ❧❛ r❛♥✉r❛✳ ❈♦♠♦

❛♥t❡s ❧❛ s♦❧✉❝✐ó♥ s❡ ❞❡t❡r♠✐♥❛❞❛ ✐t❡r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❤❛st❛ ❛❧❝❛♥③❛r ✉♥ ❞❡t❡r♠✐♥❛❞♦ ✈❛❧♦r ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✳

✼✳✷✳✶✳ ❈♦♥✜♥❛♠✐❡♥t♦ ❞❡ ❆r❣ó♥ ❡♥ r❛♥✉r❛s ♣❧❛♥❛s ❝❡rr❛❞❛s

❊♥ ❡st❛ s❡❝❝✐ó♥✱ ♣r✐♠❡r♦ ❛♥❛❧✐③❛♠♦s ❡❧ r❡❛❧ ❛❧❝❛♥❝❡ ❞❡ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ♣r❡s❡♥t❛❞❛s ♣♦r ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ✭❇❘✮

❡♥ s✉ tr❛❜❛❥♦ r❡❝✐❡♥t❡ s♦❜r❡ ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❞❡ ❈❖2 ❬✸❪✳ ❈♦♥ ❡st❡ ✜♥✱ ❛♣❧✐❝❛♠♦s ❧❛ ♠✐s♠❛ ❉❋❚ q✉❡ ✉t✐❧✐③❛r♦♥

❇❘ ❡♥ s✉ ❡st✉❞✐♦ ✭❡st♦ ❡s ❧❛ ❙❉❆✮ ❝♦♥ ♣♦t❡♥❝✐❛❧❡s ✐❞é♥t✐❝♦s ❛ ❧♦s ❛❞♦♣t❛❞♦s ♣♦r ❡s♦s ❛✉t♦r❡s✳ ▲✉❡❣♦✱ ♣r❡s❡♥t❛♠♦s

✉♥ r❡s✉❧t❛❞♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ❆r✴❈❖2 ♦❜t❡♥✐❞♦ ❝♦♥ ❧❛ ❋▼❚ ② ✉♥ ♣♦t❡♥❝✐❛❧ Usf (z) r❡❛❧✐st❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❡①❛♠✐♥❛♠♦s ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ♦❜t❡♥❡r s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ♣❛r❛ ♣❡r✜❧❡s ❞❡ ❆r ❛❞s♦r❜✐❞♦s ❡♥

r❛♥✉r❛s ❞❡ ♠❡t❛❧❡s ❛❧❝❛❧✐♥♦s ✉t✐❧✐③❛♥❞♦ ❧❛ t❡♦rí❛ ❋▼❚ ② ♣♦t❡♥❝✐❛❧❡s r❡❛❧✐st❛s ❈❈❩✳

✼✳✷✳✶✳✶✳ ❆r ❡♥ r❛♥✉r❛s ❞❡ ❆♥❤í❞r✐❞♦ ❈❛r❜ó♥✐❝♦

❊♥ s✉ ❛rtí❝✉❧♦ ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ✭❇❘✮ ❬✸❪ r❡♣♦rt❛♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞❡s q✉❡ r♦♠♣❡♥ ❧❛ s✐♠❡trí❛

❞❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ❡❥❡r❝❡♥ ❧❛s ♣❛r❡❞❡s s♦❜r❡ ❡❧ ✢✉✐❞♦✳ ❊❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦ q✉❡ ✉t✐❧✐③❛♥ ❡st♦s

❛✉t♦r❡s ❡s ❡❧ ❊❙ ❛❧ q✉❡ ♦♣♦rt✉♥❛♠❡♥t❡ ♥♦s ❤❡♠♦s r❡❢❡r✐❞♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ❛♥t❡r✐♦r ❬❊❝✳ ✭✻✳✹✮❪✳

❊♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❇❘ ❬✸❪ ❧♦s ❛✉t♦r❡s ❛♥❛❧✐③❛r♦♥ ✉♥❛ r❛♥✉r❛ ♣❧❛♥❛ ❝❡rr❛❞❛✱ ❞❡ ❛♥❝❤♦ L✱ ❝♦♥❢♦r♠❛❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s

✐❞é♥t✐❝❛s ❞❡ ❈❖2✳ ❙✉♣✉s✐❡r♦♥ ❡❧ s✐❣✉✐❡♥t❡ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ✢✉✐❞♦ ❝♦♥ ❧❛s ♣❛r❡❞❡s✿

✶✵✻



❋✐❣✉r❛ ✼✳✸✿
❋♦r♠❛ ❞❡ ❧❛ r❛♥✉r❛ ✉t✐❧✐③❛❞❛ ♣♦r ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ✭❡st❛ ✜❣✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✶ ❞❡ ❧❛ ❘❡❢✳ ❬✸❪✮✳ ❆q✉í
W1 ② W2 ❝♦♥st✐t✉②❡♥ ❞♦s ♣❛r❡❞❡s só❧✐❞❛s ❞❡ ❈❖2 s❡♣❛r❛❞❛s ♣♦r ✉♥❛ ❞✐st❛♥❝✐❛ L✳ ❊♥ ❡st❡ ❣rá✜❝♦ ❤ ❡q✉✐✈❛❧❡ ❛ ❧❛
❝♦♦r❞❡♥❛❞❛ ③✳ ❊♥ ❡st❡ ❞✐❜✉❥♦ σfw1 ② σfw2 r❡♣r❡s❡♥t❛♥ ❧♦s ❞✐á♠❡tr♦s ❞❡ ❧❛s ♠♦❧é❝✉❧❛s ❞❡ ❧❛ ♣❛r❡❞ ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦
❡s❢❡r❛s rí❣✐❞❛s✱ ♠✐❡♥tr❛s q✉❡ σff r❡♣r❡s❡♥t❛ ❡❧ ❞✐á♠❡tr♦ ❛tó♠✐❝♦ ❞❡❧ ✢✉✐❞♦ ❜❛❥♦ ❧❛s ♠✐s♠❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s✳ ▲❛
r❛♥✉r❛ s❡ ❡♥❝✉❡♥tr❛ ❝❡rr❛❞❛ ❡♥ s✉s ❡①tr❡♠♦s✳

Usf (z) = Usf1(z + σsf ) + Usf2(lw − z + σsf ) , ✭✼✳✺✮

❞♦♥❞❡ lw = L− 2σsf ❡s ❡❧ ❛♥❝❤♦ ❡❢❡❝t✐✈♦ ❞❡ ❧❛ r❛♥✉r❛ ② ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❝❛❞❛ ♣❛r❡❞ t✐❡♥❡♥ ❧❛ ❢♦r♠❛

Usfi(zi) =
2π

3
εeff

[

2

15

(

σsf
zi

)9

−
(

σsf
zi

)3
]

. ✭✼✳✻✮

❆sí✱ ❛ ✉♥❛ ❞✐st❛♥❝✐❛ σsf ❞❡ ❧❛s ♣❛r❡❞❡s r❡❛❧❡s q✉❡ ❝♦♥❢♦r♠❛♥ ❧❛ r❛♥✉r❛✱ ❇❘ ✐♥tr♦❞✉❝í❛♥ ✉♥ ♣♦t❡♥❝✐❛❧ ✐♥✜♥✐t♦ r❡♣✉❧s✐✈♦✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✸ tr❛♥s❝r✐❜✐♠♦s ❧❛ ❋✐❣✳ ✷ ❞❡❧ tr❛❜❛❥♦ ❞❡ ❡st♦s ❛✉t♦r❡s✳ ▲♦s ♣❛rá♠❡tr♦s ❞❡ ❝r✉❝❡ ✭s✉str❛t♦✲✢✉✐❞♦✮ q✉❡

❛♣❛r❡❝❡♥ ❡♥ ❡st❡ ♣♦t❡♥❝✐❛❧ εeff =Wsfρsσ
3
sf ② σsf ✈❛❧❡♥✿ Wsf/kB = 153 ❑✱ ρ∗s = ρsσ

3
sf = ✵✳✾✽✽✱ ② σsf = ✵✳✸✼✷✼ ♥♠✳

❊♥ ❡st❡ ❝♦♥t❡①t♦ ❞❡❜❡♠♦s ♥♦t❛r q✉❡ ❡♥ ✉♥ tr❛❜❛❥♦ ❞❡ ◆✐❧s♦♥ ② ●r✐✣t❤s ✭◆●✮ ❬✶✸✷❪ s❡ ♣r♦♣♦♥❡ q✉❡ ❡st❡ ♣♦t❡♥❝✐❛❧

t♦♠❡ ❧❛ ❢♦r♠❛✿

Usf (z) = Usf1(z +
σsf
2

) + Usf2(lw − z +
σsf
2

) ✭✼✳✼✮

❊st♦ ❡s✿ ❧♦❝❛❧✐③❛♥❞♦ ❧❛ r❡♣✉❧s✐ó♥ ✐♥✜♥✐t❛ ❛ ✉♥❛ ❞✐st❛♥❝✐❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ σsf/2 ❞❡s❞❡ ❧❛ ♣❛r❡❞ ✏r❡❛❧✑ ❞❡ ❧❛ r❛♥✉r❛✱

s✐❡♥❞♦ ❡♥t♦♥❝❡s ❡❧ ❛♥❝❤♦ ❡❢❡❝t✐✈♦ ❞❡ ❧❛ r❛♥✉r❛ lw = L− σsf ✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✹ s❡ ♠✉❡str❛♥ ❛♠❜♦s ♣♦t❡♥❝✐❛❧❡s ❡♥ ❧❛ ♠✐s♠❛ ❣rá✜❝❛✳ ❙❡ ♣r❡s❡♥t❛♥ ❞♦s s✐t✉❛❝✐♦♥❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♥

❛ ❞♦s ♣♦s✐❜❧❡s ♠♦❞❡❧♦s✳ ❙✐ D r❡♣r❡s❡♥t❛ ❧❛ ❞✐st❛♥❝✐❛ ❞❡ ❧❛s ♠♦❧é❝✉❧❛s ♦ át♦♠♦s ❞❡ ✢✉✐❞♦ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s

♦❜t❡♥❡♠♦s

D =

{

z + σsf (BR)

z +
σsf

2 (NG) ,
✭✼✳✽✮

✶✵✼
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❋✐❣✉r❛ ✼✳✹✿
P♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ ❆r ② ❡❧ ❈❖2 ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ✐♥t❡r♠♦❧❡❝✉❧❛r ξ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐
❬✹❪✮✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ❡❧ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ ♣♦r ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ❝♦❧♦❝❛ ❛ ✉♥❛
❞✐st❛♥❝✐❛ σsf ❞❡ ❧❛ ♣❛r❡❞ r❡❛❧ ❞❡ ❧❛ r❛♥✉r❛ ✉♥❛ r❡♣✉❧s✐ó♥ ✐♥✜♥✐t❛ ✭♣❛r❡❞ ✜❝t✐❝✐❛✮✱ ✐♠♣✐❞✐❡♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ q✉❡ ❡❧
♣♦t❡♥❝✐❛❧ ❞❡ ❊❙ ❛❧❝❛♥❝❡ s✉ ♠í♥✐♠♦✳ ❊♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ◆✐❧s♦♥ ② ●r✐✣t❤s ✭❝✉r✈❛ r❛②❛❞❛✮ ❡❧ ♣♦t❡♥❝✐❛❧ ✐♥✜♥✐t♦ ❝♦❧♦❝❛❞♦
❡♥ σsf/2✱ ♣❡r♠✐t❡ ❛❧❝❛♥③❛r ❡s❡ ♠í♥✐♠♦✳

q✉❡ ✈❡r❡♠♦s q✉❡ ❝♦♥❞✉❝❡♥ ❛ ❞✐❢❡r❡♥t❡s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦✳

❆ ❡st❡ r❡s♣❡❝t♦ s❡ ♣✉❡❞❡ ❝♦♥st❛t❛r q✉❡ ❧❛ ❊❝✳ ✭✼✳✼✮ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❧❛ ❝♦♠♣♦♥❡♥t❡ ✏s♦❢t✑ ❞❡ ❧❛ r❡♣✉❧s✐ó♥ ❧❛ ❧✐❣❛❞❛

❛❧ tér♠✐♥♦✿ (σsf/z)9 ❞❡❧ ♣♦t❡♥❝✐❛❧ ✾✲✸ ❞❡ ▲✲❏✳ ▼✐❡♥tr❛s q✉❡ ❡❧ ♠♦❞❡❧♦ ❞❡ ❇❘ ✏❝♦rt❛✑ ❡❧ ♣♦t❡♥❝✐❛❧ ❛♥t❡s q✉❡ ❡st❡

♠í♥✐♠♦ s❡❛ ❛❧❝❛♥③❛❞♦✳ ❊st♦ ♣r♦❞✉❝❡ ❞✐❢❡r❡♥❝✐❛s ✐♠♣♦rt❛♥t❡s ❡♥ ❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ❝❛❧❝✉❧❛❞♦✿ ❡❧ ♠♦❞❡❧♦ ❞❡ ❧❛ ❊❝✳

✭✼✳✺✮ ❧❧❡✈❛ ❛ q✉❡ ❧❛ ❞❡♥s✐❞❛❞ ♥♦ s❡ ❛♥✉❧❡ ♥✐ ❡♥ z = 0 ♥✐ ❡♥ z = lw ❧♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ❡❧ ✢✉✐❞♦ ❡st❛ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥

❧❛ ♣❛r❡❞ rí❣✐❞❛ q✉❡ ❝♦♥❢♦r♠❛ ❧❛ r❛♥✉r❛✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ♠♦❞❡❧♦ ◆● ❝♦♥❞✉❝❡ ❛ q✉❡ ❡❧ ✢✉✐❞♦ s❡ ❝♦♥❝❡♥tr❡✱ ❢♦r♠❛♥❞♦

✉♥❛ ♣r✐♠❡r❛ ❝❛♣❛ q✉❡ s❡ ♠❛♥t✐❡♥❡ s❡♣❛r❛❞❛ ❞❡ ❧❛ ♣❛r❡❞✳

❉❡❜✐❞♦ ❛ q✉❡ ❡st♦s ❞♦s ♠♦❞❡❧♦s s❡ ♣r❡s❡♥t❛♥ ❝♦♠♦ ♣♦s✐❜❧❡s✱ ♥♦s♦tr♦s ❛♥❛❧✐③❛r❡♠♦s ♠❡❞✐❛♥t❡ ♥✉❡str❛ ♣r♦♣✉❡st❛✱ ✉♥

❡sq✉❡♠❛ q✉❡ ❝♦♥t❡♠♣❧❡ ❧❛s ❞♦s s✐t✉❛❝✐♦♥❡s✳ P❛r❛ ❡❧❧♦ ❡❧ ♣♦t❡♥❝✐❛❧ ❝♦♥ ❡❧ q✉❡ tr❛❜❛❥❛r❡♠♦s s❡rá ❡s❝r✐t♦ ❞❡ ❧❛ ❢♦r♠❛✿

Usf (z) = Usf1(z +
σsf
ν

) + Usf2(lw − z +
σsf
ν

) ✭✼✳✾✮

❉♦♥❞❡ ❡❧ ♣❛rá♠❡tr♦ ν t♦♠❛rá ❡♥t♦♥❝❡s ✈❛❧♦r❡s ❡♥tr❡ ✶ ② ✷✳

❘❡s♦❧✈❡♠♦s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲✱ ❞❡♥tr♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦ ✭tr❛❜❛❥❛♥❞♦ ❝♦♥ ❧❛s ✈❛r✐❛❜❧❡s ❛❞✐♠❡♥s✐♦♥❛❧❡s✿

z∗ = z/σff ✱ ρ∗ = ρσ3
ff ② T ∗ = kBT/εff ✮✳

Pr✐♠❡r♦ ❡st✉❞✐❛♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❡❧ ♣♦t❡♥❝✐❛❧ q✉❡ ✉t✐❧✐③❛r♦♥ ❇❘✱ r❡s♦❧✈✐❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡

15σff ❞❡ ❛♥❝❤♦ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✽✼ ❑ ✭t❡♠♣❡r❛t✉r❛ ❞❡ ❡❜✉❧❧✐❝✐ó♥ ♥♦r♠❛❧✱ T ∗ = ✵✳✼✸✮✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s

❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ρ∗av = nσ3
ff/lw = n∗/l∗w✳ ▲♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ▲✲❏ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❆r✲❆r s♦♥

εff = ✶✶✾✳✼✻ ❑ ② σsf = ✵✳✸✹✵✺ ♥♠✳ ❊❧ ❧❧❡♥❛❞♦ ❞❡ ❡st❛ r❛♥✉r❛ ❢✉❡ ❛♥❛❧✐③❛❞♦ ❞❡♣♦s✐t❛♥❞♦ ✉♥ ♥ú♠❡r♦ ✜❥♦ ❞❡ át♦♠♦s

❞❡ ❆r✳

▲❛ r❡❣✐ó♥ ❞❡ ✐♥t❡❣r❛❝✐ó♥ ✭✐♥t❡r✈❛❧♦ [0, l∗w]✮ s❡ ❞✐✈✐❞✐ó ❡♥ ✉♥ ❡q✉✐❡s♣❛❝✐❛❞♦ q✉❡ ♣❡r♠✐t❡ ✺✵ ❞✐✈✐s✐♦♥❡s ♣♦r ❞✐á♠❡tr♦

❛tó♠✐❝♦✱ ❡st♦ ❡s✱ ❝✐♥❝♦ ✈❡❝❡s ♠ás ✜♥♦ q✉❡ ❡❧ ✉t✐❧✐③❛❞♦ ❡♥ ❡❧ ♠♦❞❡❧♦ ❇❘✳ ▲❛s s♦❧✉❝✐♦♥❡s s❡ ❛❝❡♣t❛♥ s♦❧♦ s✐ ❧❛ ♥♦r♠❛

r❡❧❛t✐✈❛ ❞❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❞♦s s♦❧✉❝✐♦♥❡s ❝♦♥s❡❝✉t✐✈❛s s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡ 10−15✳

❊♥❝♦♥tr❛♠♦s q✉❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ✈❛❧♦r ❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ✭❡♥ ❡st❡ ❝❛s♦ ❛♣r♦①✳ ✐❣✉❛❧ ❛ ✵✳✶✮ ✈❛❧♦r q✉❡

✶✵✽



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
−12.2

−12  

−11.8

−11.6

−11.4

−11.2

−11  

−10.8

ρ*
av

µ/
k BT

T = 87 K        l
w

 = 15 σ
ff
 

Ar/CO
2

❋✐❣✉r❛ ✼✳✺✿
P♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ▲❛ r❛♥✉r❛✱ ❞❡ 15σff ❞❡ ❛♥❝❤♦✱ ❡st❛
❝♦♥st✐t✉✐❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2✳ ❊❧ ✢✉✐❞♦ ❡s ❆r ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✽✼ ❑✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ ❝♦rr❡s♣♦♥❞❡
❛ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s q✉❡ ♣♦s❡❡♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ✭♣♦t❡♥❝✐❛❧ s✉str❛t♦✲✢✉✐❞♦✮✳ ▲❛ ❧í♥❡❛ r❛②❛❞❛
❝♦rr❡s♣♦♥❞❡ ❛ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s q✉❡ ✈✐♦❧❛♥ ❡s❛ s✐♠❡trí❛✳ ❈♦♠♦ s❡ ❝♦♠❡♥t❛ ❡♥ ❡❧ t❡①t♦ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s
s❡ ❡①t✐❡♥❞❡♥ ❡♥ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ρ∗sb1 < ρ∗sb < ρ∗sb2 ❝✉②❛ ❡①t❡♥s✐ó♥ ❞❡♣❡♥❞❡ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✳ ▲❛ ❝✉r✈❛ ❞❡
♣✉♥t♦s ② r❛②❛s ❡st❛ ❛s♦❝✐❛❞❛ ❛ ❛✉s❡♥❝✐❛ ❝♦♠♣❧❡t❛ ❞❡ ♠♦❥❛❞♦ ② ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ❢❛s❡ ❝❛♣✐❧❛r✳

❞❡♥♦♠✐♥❛r❡♠♦s ρ∗sb1✱ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♠❛♥t✐❡♥❡♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ✭♣♦t❡♥❝✐❛❧ ♣❛r❡❞✲✢✉✐❞♦✮ ②

❛❞❡♠ás ❞❡ s❡r ❡st❛❜❧❡s✱ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s✳

❙✐ s❡ ❛✉♠❡♥t❛ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ❛♣❛r❡❝❡♥ ❝♦♠♦ s♦❧✉❝✐♦♥❡s ❢✉♥❞❛♠❡♥t❛❧❡s✱ ♣❡r✜❧❡s q✉❡ r♦♠♣❡♥ ❝♦♥

❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳ ❊st❛ ú❧t✐♠❛ s✐t✉❛❝✐ó♥ s❡ s♦st✐❡♥❡ ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥③❛ ✉♥ ✈❛❧♦r ❞❡t❡r♠✐♥❛❞♦ ❞❡

❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ q✉❡ ❡♥ ♥✉❡str♦ ❝❛s♦ ❢✉❡ ❞❡✿ ρ∗sb2 = ✵✳✺✶✹✳ ❙✉♣❡r❛❞♦ ❡st❡ ✈❛❧♦r✱ ❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ r❡❝♦❜r❛ ❧❛

s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❝✉❛❧q✉✐❡r❛ s❡❛ ❧❛ t❡♠♣❡r❛t✉r❛✳

❱❛❧❡ ❞❡❝✐r q✉❡ ❡♥❝♦♥tr❛♠♦s ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♠❡❞✐❛s

ρ∗sb1 < ρ∗sb < ρ∗sb2 ✭✼✳✶✵✮

t❛❧✱ q✉❡ ❛ ✉♥❛ ❞❛❞❛ t❡♠♣❡r❛t✉r❛✱ ❧❛ s♦❧✉❝✐ó♥ ❢✉♥❞❛♠❡♥t❛❧ r♦♠♣❡ ❝♦♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ q✉❡ s❡ ❛♣❧✐❝❛

❛❧ ✢✉✐❞♦✳ ❚❛♠❜✐é♥ ❝♦♠♣r♦❜❛♠♦s q✉❡ s✐ ❛✉♠❡♥t❛♠♦s ❧❛ t❡♠♣❡r❛t✉r❛ ❡st❡ r❛♥❣♦ s❡ t♦r♥❛ ♠ás ❡str❡❝❤♦✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✺ s❡ ♠✉❡str❛ ❝♦♠♦ ❝❛♠❜✐❛ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✳ ❊st❛s s♦❧✉❝✐♦♥❡s✱

❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ✉♥ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥ s✐♠❡trí❛ r♦t❛✱ ❛♣❛r❡❝❡♥ ❞♦♥❞❡ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ♣r❡s❡♥t❛ ❞❡❣❡✲

♥❡r❛❝✐ó♥✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥ ❧❛ ❣rá✜❝❛✱ ❡♥ ❡❧ r❛♥❣♦ ❞❡ ❛s✐♠❡trí❛✱ ❛ ✉♥ ú♥✐❝♦ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ q✉❡❞❛♥

❛s✐❣♥❛❞♦s ♠ás ❞❡ ✉♥ ✈❛❧♦r ❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✻ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❆r ❡♥ r❛♥✉r❛s ❞❡ ♣❛r❡❞❡s ❞❡ ❈❖2✱ ❝♦♥

s✉s ❞✐❢❡r❡♥t❡s s✐♠❡trí❛s✳ ❊st♦s ♣❡r✜❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ♥♦ ♠♦❥❛❞♦✱ ♠♦❥❛❞♦ ❞❡ ✉♥❛ s♦❧❛ ♣❛r❡❞ ②

♠♦❥❛❞♦ ❞❡ ❧❛s ❞♦s ♣❛r❡❞❡s q✉❡ ❝♦♥❢♦r♠❛♥ ❧❛ r❛♥✉r❛ ② s❡ ❝♦rr❡s♣♦♥❞❡♥ ❝♦♥ ❧♦s r❡♣♦rt❛❞♦s ❡♥ ❧❛s ❋✐❣s✳ ✶✱ ✷ ② ✸ ❞❡ ❧❛

❘❡❢✳ ❬✶✷✽❪✱ ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r✳ ❈♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛✱ ❡❧ ♣❡r✜❧ ❝❛❧❝✉❧❛❞♦ r♦♠♣❡ ❝♦♥ ❧❛

s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳

❊♥ ❧❛ t❛❜❧❛ ✻✳✶ s❡ ♠✉❡str❛♥✱ ♣❛r❛ ✈❛r✐♦s ✈❛❧♦r❡s ❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥❡r❣í❛s ❧✐❜r❡s q✉❡ ❤❡♠♦s

♦❜t❡♥✐❞♦✱ ❛sí ❝♦♠♦ ❧❛s ♦❜t❡♥✐❞❛s ♣♦r ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥✳ ❖❜s❡r✈❛♥❞♦ ❧❛ ❝♦❧✉♠♥❛ q✉❡ ❝♦♥t✐❡♥❡ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s

✶✵✾
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❋✐❣✉r❛ ✼✳✻✿
❉❡♥s✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ ❞❡ ✉♥❛ r❛♥✉r❛ ❝♦♥❢♦r♠❛❞❛ ♣♦r ♣❛r❡❞❡s
✐❞é♥t✐❝❛s ❞❡ ❈❖2 ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ▲❛s ❞✐❢❡r❡♥t❡s s✐t✉❛❝✐♦♥❡s s♦♥ ❧❛s ♠❡♥❝✐♦♥❛❞❛s ❡♥ ❡❧ t❡①t♦✿ ❧❛ ❝✉r✈❛ ❞❡
♣✉♥t♦s ② r❛②❛s ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ♣❡r✜❧ s✐♠étr✐❝♦ ❝♦♥ ❛✉s❡♥❝✐❛ ❞❡ ♠♦❥❛❞♦ ❡♥ ❛♠❜❛s ♣❛r❡❞❡s ✭❝❛s♦✶✮✳ ▲❛ ❝✉r✈❛ ❞❡
r❛②❛s ❡s ✉♥❛ ♣♦s✐❜❧❡ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ② ❞❛ ❝✉❡♥t❛ ❞❡ ✉♥ ♠♦❥❛❞♦ ♣❛r❝✐❛❧ ✭❝❛s♦ ✷✮✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ ❡s ♥✉❡✈❛♠❡♥t❡
✉♥❛ s♦❧✉❝✐ó♥ s✐♠étr✐❝❛ q✉❡ ♣r♦❞✉❝❡ ✉♥ ♠♦❥❛❞♦ t♦t❛❧ ❞❡ ❧❛ r❛♥✉r❛ ✭❝❛s♦ ✸✮✳ ▲♦s ❝á❧❝✉❧♦s s❡ r❡❛❧✐③❛r♦♥ ♣❛r❛ ✉♥❛ r❛♥✉r❛
❞❡ 15σff ❞❡ ❛♥❝❤♦✳ ▲❛ t❡♠♣❡r❛t✉r❛ ❢✉❡ ✜❥❛❞❛ ❡♥ ✽✼ ❑ ② ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❡♥ ρ∗av = ✵✳✸✽✻✺✳

♣♦r❝❡♥t✉❛❧❡s✱ s❡ ✈❡ q✉❡ ❧❛s ❞✐❢❡r❡♥❝✐❛s s♦♥ ♣❡q✉❡ñ❛s✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✼ s❡ ♠✉❡str❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♦❜t❡♥✐❞♦s ✐♥❝r❡♠❡♥t❛♥❞♦ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s q✉❡

s❡ ❞❡♣♦s✐t❛ ❞❡♥tr♦ ❞❡ ❧❛ r❛♥✉r❛ ❞❡ 15σff ❞❡ ❛♥❝❤♦✳ ❚♦❞♦s ❧♦s ♣❡r✜❧❡s✱ s❛❧✈♦ ❡❧ s❡ñ❛❧❛❞♦ ❝♦♥ ❡❧ ♥ú♠❡r♦ ✹✱ ❝♦rr❡s♣♦♥❞❡♥

❛ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳ ▲❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ ❡❧ ✶ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❞❡ ρ∗av = ✵✳✶✵✻✸ ② ❧❛ ❝✉r✈❛

✐♥❞✐❝❛❞❛ ❝♦♥ ✷ ♣♦s❡❡ ✉♥❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ q✉❡ ✈❛❧❡ ρ∗av = ✵✳✹✻✸✽✳ ❊♥tr❡ ❡st❛s ❞♦s ❝✉r✈❛s ❛♣❛r❡❝❡ ✉♥❛ s❡r✐❡ ❞❡ ❝✉r✈❛s

❛s♦❝✐❛❞❛s ❛ ❞❡♥s✐❞❛❞❡s ✐♥t❡r♠❡❞✐❛s✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ t♦❞❛s ❡st❛s ❝✉r✈❛s ♣r❡s❡♥t❛♥ ♦s❝✐❧❛❝✐♦♥❡s ♠✉② ❢✉❡rt❡s

❝❡r❝❛ ❞❡ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛ ② q✉❡ ❡st❛s ♦s❝✐❧❛❝✐♦♥❡s ✐♥❝r❡♠❡♥t❛♥ ❡❧ ✈❛❧♦r ❞❡ s✉s ♠á①✐♠♦s ❛ ♠❡❞✐❞❛ q✉❡

❛✉♠❡♥t❛ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✳

❊♥ ❡❧ ♣❡r✜❧ ♠❛r❝❛❞♦ ❝♦♥ ✸✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ❞❡ ♠❛②♦r ❞❡♥s✐❞❛❞ ✭ρ∗av = ✵✳✺✶✸✺✮✱ ❧♦s ♣✐❝♦s

❈✉❛❞r♦ ✼✳✶✿
❱❛❧♦r❡s ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③✱ ♣❛r❛ ❛❧❣✉♥❛s ❞❡♥s✐❞❛❞❡s ♠❡❞✐❛s ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ❙❡ ❝♦♠♣❛r❛♥ ❧♦s
✈❛❧♦r❡s ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ t❛♥t♦ ♣❛r❛ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❝♦♠♦ ♣❛r❛ ❧❛s ❛s✐♠étr✐❝❛s✱ ❛sí ❝♦♠♦ ❧❛s ❞❡s✈✐❛❝✐♦♥❡s
♣♦r❝❡♥t✉❛❧❡s ❡♥tr❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❇❘ ② ♥✉❡str♦s r❡s✉❧t❛❞♦s ✭P❲✮✳ ❊♥ ❧❛ ú❧t✐♠❛ ❝♦❧✉♠♥❛✱ Fcap ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛
❡♥❡r❣í❛ ❧✐❜r❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❝♦♥❞❡♥s❛❝✐ó♥ ❝❛♣✐❧❛r✳ ❊♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ ✉t✐❧✐③ó ✉♥❛ r❛♥✉r❛ ❞❡ 15σff ❞❡ ❛♥❝❤♦✳ ▲❛
t❡♠♣❡r❛t✉r❛ s❡ ✜❥ó ❡♥ ✽✼ ❑ ② ν = 1✳ ▲❛s ❞❡♥s✐❞❛❞❡s ♣r♦♠❡❞✐♦ ✭❡♥ ✉♥✐❞❛❞❡s ❞❡ kBT/σ

2
ff ✮ ♣❡rt❡♥❡❝❡♥ ❛❧ ✐♥t❡r✈❛❧♦

❡♥ ❞♦♥❞❡ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳

❙♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❙♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s
ρ∗av ❇❘ P❲ ✪❞✐❢❡r❡♥❝✐❛ ❇❘ P❲ ✪❞✐❢❡r❡♥❝✐❛ Fcap

✵✳✶✺✹✻ ✲✷✻✳✺✾ ✲✷✻✳✻✷ ✵✳✶✶ ✲✷✻✳✻✼ ✲✷✻✳✼✵ ✵✳✶✶
✵✳✷✸✶✾ ✲✸✾✳✻✻ ✲✸✾✳✻✾ ✵✳✵✼✻ ✲✸✾✳✽✻ ✲✸✾✳✽✽ ✵✳✵✺ ✲✸✾✳✶✷
✵✳✸✵✾✷ ✲✺✷✳✽✶ ✲✺✷✳✽✺ ✵✳✵✼✻ ✲✺✸✳✵✻ ✲✺✸✳✵✽ ✵✳✵✸✽ ✲✺✷✳✸✷
✵✳✸✽✻✺ ✲✻✻✳✵✶ ✲✻✻✳✵✹ ✵✳✵✹✺ ✲✻✻✳✷✻ ✲✻✻✳✷✾ ✵✳✵✹✺ ✲✻✺✳✻✺
✵✳✹✻✸✽ ✲✼✾✳✷✷ ✲✼✾✳✷✽ ✵✳✵✼✻ ✲✼✾✳✹✽ ✲✼✾✳✺✶ ✵✳✵✸✽ ✲✼✾✳✷✻
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❋✐❣✉r❛ ✼✳✼✿
❉❡♥s✐❞❛❞ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ ♣❛r❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ♣❧❛♥❛ ❛♥❣♦st❛ ✭15σff ✮✱
❝♦♥❢♦r♠❛❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2 ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ❊♥ ❡❧ ❣rá✜❝♦ s❡ ♠✉❡str❛♥ ♣❡r✜❧❡s ❛s✐♠é✲
tr✐❝♦s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ r❡s♦❧✈✐❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ ♣❛r❛ ❞✐❢❡r❡♥t❡s
❞❡♥s✐❞❛❞❡s ♠❡❞✐❛s✳ ❉❡s❞❡ ❧❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ ✶ ❤❛st❛ ❧❛ s❡ñ❛❧❛❞❛ ❝♦♥ ✷✱ ❧♦s ✈❛❧♦r❡s ❞❡ ❞❡♥s✐❞❛❞ s♦♥✿ ✵✳✶✵✻✸✱
✵✳✶✶✺✾✱ ✵✳✶✺✹✻✱ ✵✳✶✾✸✷✱ ✵✳✷✸✶✾✱ ✵✳✸✵✾✷✱ ✵✳✸✽✾✷✱ ✵✳✹✻✸✽✱ ✵✳✺✶✸✺ ② ✵✳✺✶✸✾✳ ❊❧ ♣❡r✜❧ ♠❛r❝❛❞♦ ❝♦♥ ✹ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥
♣❡r✜❧ ❞♦♥❞❡ ♥✉❡✈❛♠❡♥t❡ s❡ ❤❛ r❡st❛❜❧❡❝✐❞♦ ❧❛ s✐♠❡trí❛✳

❞❡ ❡st❛s ♦s❝✐❧❛❝✐♦♥❡s ❝♦♠✐❡♥③❛♥ ❛ ❞❡❝r❡❝❡r ✭❡s ❞❡❝✐r s♦♥ ✐♥❢❡r✐♦r❡s ♣♦r ❡❥❡♠♣❧♦ ❛ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ♣❡r✜❧ ✷✮✳ ❆

♣❛rt✐r ❞❡ ❛q✉í✱ s✐ s❡ ✐♥❝r❡♠❡♥t❛ ❧❛ ❞❡♥s✐❞❛❞✱ s❡ ✈✉❡❧✈❡ ❛ r❡✢❡❥❛r ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳

❊❧ ♣❡r✜❧ ✹ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ♣❡r✜❧ s✐♠étr✐❝♦✱ ❛s♦❝✐❛❞♦ ❛ ✉♥❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❞❡ ρ∗av = ✵✳✺✶✸✾✳ ◆ót❡s❡ ❡♥ ❡st❡ ❝❛s♦✱

q✉❡ ✉♥ ✐♥❝r❡♠❡♥t♦ ❞❡ ❛♣❡♥❛s ✉♥ ✵✳✵✽✪ ❞❡❧ ✈❛❧♦r ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ❣❡♥❡r❛ ✉♥ ❝❛♠❜✐♦ ❛❜r✉♣t♦ ❡♥ ❧❛ s✐♠❡trí❛

❞❡ ❧❛ s♦❧✉❝✐ó♥ ✭s❡ ♣❛s❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ❛ ✉♥❛ s✐♠étr✐❝❛✮✳

❊❧ ♣❛s❛❥❡ ❞❡ ✉♥ ♣❡r✜❧ ❝♦♠♦ ❡❧ ✸ ❛ ♦tr♦ ❝♦♠♦ ❡❧ ✐♥❞✐❝❛❞♦ ❝♦♥ ✹✱ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ r❛♥✉r❛ q✉❡ s❡ ❤❛ ❧❧❡♥❛❞♦ ❞❡

❧íq✉✐❞♦✳ ❆ ❡st❛ tr❛♥s✐❝✐ó♥ s❡ ❧❛ ❝♦♥♦❝❡ ❝♦♥ ❡❧ ♥♦♠❜r❡ ❞❡ tr❛♥s✐❝✐ó♥ ❞❡ ❢❛s❡ ❝❛♣✐❧❛r ✭❈❈✮✳ ❊❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ s❛❧t♦

❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ q✉❡ s❡ ♣r♦❞✉❝❡ ❡♥ ❡st❛ s✐t✉❛❝✐ó♥ ❡s ♣r❡❝✐s❛♠❡♥t❡ ✉♥❛ ♠❛♥✐❢❡st❛❝✐ó♥ ♠ás ❞❡ ❡st❡ t✐♣♦ ❞❡

tr❛♥s✐❝✐♦♥❡s✳

❊❧ ❣r❛❞♦ ❞❡ ❛s✐♠❡trí❛ s❡ ❝✉❛♥t✐✜❝❛ ♠❡❞✐❛♥t❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ∆N q✉❡ s❡ ❞❡✜♥❡ ❝♦♠♦✿

∆N =
1

2Ns

ˆ lw

0

|ρ(z)− ρ(lw − z)| dz ✭✼✳✶✶✮

❙❡ ❡st✉❞✐ó ❝♦♠♦ s❡ ♠♦❞✐✜❝❛ ❧❛ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ L ❞❡ ❧❛ r❛♥✉r❛ ♣❛r❛ T = 87 ❑✳ ❊♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛

❞❡ ❧❛ ❋✐❣✳ ✼✳✽ s❡ ♠✉❡str❛♥ ❧♦s ✈❛❧♦r❡s ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ r❛♥✉r❛s ❞❡ ❞✐❢❡r❡♥t❡s ❛♥❝❤♦s ❡♥ ❢✉♥❝✐ó♥ ❞❡

❞❡♥s✐❞❛❞ ♠❡❞✐❛ ✭ρ∗av✮✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧❛s ❝✉r✈❛s ❞❡ ❛s✐♠❡trí❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s r❛♥✉r❛s ❞❡ ✶✺ ② ✸✵σff
❞❡ ❛♥❝❤♦✱ ♥♦ ❞✐✜❡r❡♥ s✉st❛♥❝✐❛❧♠❡♥t❡ ❡♥ ❝✉❛♥t♦ ❛ s✉ ❛♣❛r✐❡♥❝✐❛✳ ❊❧ r❛♥❣♦ ❞❡ ρ∗av ❞♦♥❞❡ ❤❛② s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s

❞✐s♠✐♥✉②❡ ❛❧ ❞✐s♠✐♥✉✐r ❡❧ ❛♥❝❤♦ L∗✳ ❊st❛ t❡♥❞❡♥❝✐❛ ❤❛❝❡ q✉❡ ♣❛r❛ r❛♥✉r❛s ❞❡ ✺✳✺σff ♥♦ s❡ ❡♥❝✉❡♥tr❡♥ s♦❧✉❝✐♦♥❡s

❛s✐♠étr✐❝❛s ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ tr✐♣❧❡ ② ❧❛ ❝rít✐❝❛✳ ❊♥ ❧❛ ✜❣✉r❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡ ♠✉❡str❛ ❝♦♠♦ s❡ ♠♦❞✐✜❝❛

❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ ❧❛ r❛♥✉r❛ ❞❡ ✶✺σff ❝♦♥ ❧❛ t❡♠♣❡r❛t✉r❛✳ ▲♦s r❡s✉❧t❛❞♦s s♦♥ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❧♦s q✉❡

♦❜t✉✈✐❡r♦♥ ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ✭❋✐❣✳ ✺ ❞❡ ❧❛ ❘❡❢✳ ❬✸❪✮✳
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❋✐❣✉r❛ ✼✳✽✿
▲❛s ✜❣✉r❛s ❝♦rr❡s♣♦♥❞❡♥ ❛❧ ♣❛rá♠❡tr♦ ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ♣❛r❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛
r❛♥✉r❛ q✉❡ ❡st❛ ❝♦♥st✐t✉✐❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2 ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ▲❛ ✜❣✉r❛ ❞❡ ❧❛ ✐③q✉✐❡r❞❛
❝♦rr❡s♣♦♥❞❡ ❛ ♥✉❡str♦s ❝á❧❝✉❧♦s ② ♠✉❡str❛ ❝♦♠♦ ❝❛♠❜✐❛ ❡st❡ ♣❛rá♠❡tr♦✱ t❛♥t♦ ❛❧ ♠♦❞✐✜❝❛r ❡❧ ❛♥❝❤♦ ❞❡ ❧❛ r❛♥✉r❛
❝♦♠♦ ❛❧ ❝❛♠❜✐❛r ❡❧ ✈❛❧♦r ❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✳ ❊♥ ❡st❡ ❝❛s♦ ❤❡♠♦s ❝❛❧❝✉❧❛❞♦ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ♣❛r❛
r❛♥✉r❛s ❝♦♥ ❛♥❝❤♦s ❞❡✿ ✻✱ ✼✳✺✱ ✶✷✱ ✶✺ ② ✸✵σff ✱ ♣❛r❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ✜❥❛ ❞❡ ✽✼ ❑✳ ❚❛♠❜✐é♥ s❡ ❤✐❝✐❡r♦♥ ❝á❧❝✉❧♦s
♣❛r❛ ✉♥❛ r❛♥✉r❛ ❞❡ ✺✳✺σff ② ❛❧❧í ♥♦ s❡ ❡♥❝♦♥tr❛r♦♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ♣❛r❛ ♥✐♥❣ú♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♥✐ ❞❡
t❡♠♣❡r❛t✉r❛s✳ ❊♥ ❧❛ ✜❣✉r❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❧❛
r❛♥✉r❛ ❞❡ ✶✺σff ✈❛r✐❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛✳ ▲❛ t❡♥❞❡♥❝✐❛ ❡s s✐♠✐❧❛r ❛ ❧❛ ♦❜t❡♥✐❞❛ ❛❧ ❞✐s♠✐♥✉✐r ❡❧ ❛♥❝❤♦✳

P♦st❡r✐♦r♠❡♥t❡ s❡ ❛♥❛❧✐③ó ❧❛ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ ν✱ q✉❡ ♠♦❞✐✜❝❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❧❛ ♣r♦❢✉♥❞✐❞❛❞ ❞❡❧

♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ✭❝❛♠❜✐❛♥❞♦ ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ✉♥❛ ♣❛r❡❞ ✜❝t✐❝✐❛✱ ✉❜✐❝❛❞❛ ❛ ✉♥❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ σsf/2 ② σsf
❝♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ❋✐❣ ✼✳✹✮✳

P❛r❛ ✉♥❛ r❛♥✉r❛ ❞❡ 15σff ❞❡ ❛♥❝❤♦✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❡❧ ✐♥❝r❡♠❡♥t♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡ ν ♣r♦❞✉❝❡ ✉♥❛ r❡❞✉❝❝✐ó♥ ❡♥ ❡❧

✐♥t❡r✈❛❧♦ [ρ∗sb1, ρ
∗

sb2] ❡♥ ❡❧ ❝✉❛❧ s❡ ♠❛♥✐❢❡st❛❜❛ ❧❛ r✉♣t✉r❛ ❞❡ ❧❛ s✐♠❡trí❛✳ ❘❡s♣❡❝t♦ ❞❡ ❡st❡ ú❧t✐♠♦ ❡❢❡❝t♦ s❡ ♣✉❡❞❡

♦❜s❡r✈❛r ❡♥ ❧❛ ❋✐❣✳ ✼✳✾ ❝♦♠♦ ❝❛♠❜✐❛ ❧❛ ❛s✐♠❡trí❛✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ♣❛r❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❡ ν✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✶✵ ❡st✉❞✐❛♠♦s ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛ ❛s✐♠❡trí❛✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ν ♣❛r❛ ✉♥❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ✜❥❛ ρ∗av = ✵✳✶✾✸✷✳

◆✉❡str♦s ❝á❧❝✉❧♦s ❛rr♦❥❛♥ q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❞❡s❛♣❛r❡❝❡♥ ❝✉❛♥❞♦ ν > ✶✳✶✽✳

P♦r ú❧t✐♠♦ ❡♥ ❧❛ ❋✐❣✳ ✼✳✶✶ s❡ ♠✉❡str❛♥ ❝♦♠♦ ❡✈♦❧✉❝✐♦♥❛♥ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❡ ν✳ ❊♥ ❧❛

❣rá✜❝❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❝♦♠♦ s❡ ✈❛ ❞✐❢✉♥❞✐❡♥❞♦ ❡❧ ❆r ❝♦♥❝❡♥tr❛❞♦ ❡♥ ❧❛ ♣❛r❡❞ ✐③q✉✐❡r❞❛ ❞❡ ✉♥❛ r❛♥✉r❛ ❞❡ ❈❖2

✭❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♠❛②♦r ❛s✐♠❡trí❛✮ ❤❛❝✐❛ ❧❛ ♣❛r❡❞ ❞❡r❡❝❤❛✱ ❛ ♠❡❞✐❞❛ q✉❡ ❝r❡❝❡ ❡❧ ✈❛❧♦r ❞❡❧ ❢❛❝t♦r ν

✭♣♦r ❡♥❞❡ ❛ ♠❡❞✐❞❛ q✉❡ ❞✐s♠✐♥✉②❡ ❧❛ ❛s✐♠❡trí❛✮✳ ❊♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ ❡❧ ♣❛rá♠❡tr♦ ❛❧❝❛♥③❛ ❡❧ ✈❛❧♦r ν = ✶✳✷✱ ❧❛ s♦❧✉❝✐ó♥

♣❛s❛ ❛ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ s✐♠étr✐❝❛ ② ❡❧ ✢✉✐❞♦ ♠♦❥❛ ❛♠❜❛s ♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛✳

❆♥❛❧✐❝❡♠♦s ❛❤♦r❛ ❧♦ q✉❡ ♦❝✉rr❡ ❡♥ t♦r♥♦ ❛❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ ν✱ q✉❡ ♣♦❞rí❛♠♦s ❞❡♥♦♠✐♥❛r ❝♦♠♦ ❝r✐t✐❝♦✱ ♣♦r

❡♥❝✐♠❛ ❞❡❧ ❝✉❛❧ ♥♦ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳ ▲❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ♣❛r❡❞ rí❣✐❞❛ q✉❡ s✐♠✉❧❛ ❡❧ ♣♦t❡♥❝✐❛❧ ✐♥✜♥✐t♦ q✉❡

✐♥tr♦❞✉❝❡♥ ❡♥ s✉ tr❛❜❛❥♦ ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥✱ ❡st❛ ❧♦❝❛❧✐③❛❞❛ ❡♥ ν = 1✳

❚❛❧ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✳ ✼✳✹✱ ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ♣❛r❡❞ ✐③q✉✐❡r❞❛ ✭❧❛ ♣❛r❡❞ ✐♥t❡r✐♦r ❡♥ ❡st❛ ✜❣✉r❛✮ r❡s♣❡❝t♦ ❞❡

♣❛r❡❞ r❡❛❧ ❡s✿

ξHW =
σsf
ν

✭✼✳✶✷✮

P❛r❛ ✉♥❛ r❛♥✉r❛ ❝♦♥ ✉♥ ❛♥❝❤♦ ❡❢❡❝t✐✈♦ ❞❡ 15σff ✱ ❡❧ ✈❛❧♦r ♠í♥✐♠♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦ ❞❛❞♦

✶✶✷
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❋✐❣✉r❛ ✼✳✾✿
❋❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡❧ ♣❛rá♠❡tr♦ ν✱ ♣❛r❛ ❆r ❛❞s♦r❜✐❞♦
❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2 ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ❊♥ ❡st❛ ✜❣✉r❛ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡❧ r❛♥❣♦
❞❡ ❞❡♥s✐❞❛❞❡s ♣❛r❛ ❧♦s ❝✉❛❧❡s ❧❛ s♦❧✉❝✐ó♥ ❡s ❛s✐♠étr✐❝❛✳ ❉❡s❞❡ ❧❛ ❝✉r✈❛ ♠ás ❡①t❡r♥❛ ❛ ❧❛ ♠ás ✐♥t❡r♥❛ ν t♦♠❛ ❧♦s
s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s✿ ✶✱ ✶✳✶✸✻✱ ✶✳✶✺✻ ② ✶✳✶✼✵✳ ▲❛ r❛♥✉r❛ ♣♦s❡❡ ✉♥ ❛♥❝❤♦ ❞❡ ✶✺σff ② ❧❛ t❡♠♣❡r❛t✉r❛ ❡st❛ ✜❥❛❞❛ ❡♥ ✽✼
❑✳
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❋❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ ν ♣❛r❛ ✉♥ s✐st❡♠❛ ❝♦♥ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❝♦♥st❛♥t❡ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐
❬✹❪✮✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ t♦♠❛ ❡❧ ✈❛❧♦r ρ∗av = ✵✳✶✾✸✷✳ ❍❡♠♦s ❡♥❝♦♥tr❛❞♦ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s s♦❧♦ ♣❛r❛
✈❛❧♦r❡s ❞❡ ν ❞❡ ❤❛st❛ ✶✳✶✽✳ ▲❛ r❛♥✉r❛ ♣♦s❡❡ ✉♥ ❛♥❝❤♦ ❞❡ ✶✺σff ② ❡st❛ ❝♦♥st✐t✉✐❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2✳
❊❧ ✢✉✐❞♦ ❡s ❆r ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✽✼ ❑✳
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❋✐❣✉r❛ ✼✳✶✶✿
P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ❞❡ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2 ❞❡
✶✺σff ❞❡ ❛♥❝❤♦ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✹❪✮✳ ❊❧ ❣rá✜❝♦ ♠✉❡str❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛ ❛❧❣✉♥♦s
✈❛❧♦r❡s ❞❡❧ ♣❛rá♠❡tr♦ ν✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♠❛②♦r ❛s✐♠❡trí❛ s❡ ❛s♦❝✐❛ ❝♦♥ ❡❧ ✈❛❧♦r
ν = ✶✳ ❊♥ ❧❛ ❝✉r✈❛ r❛②❛❞❛ ν = ✶✳✶✸✻✳ P❛r❛ ❧❛ ❝✉r✈❛ ❞❡ ♣✉♥t♦s ② r❛②❛s ν = ✶✳✶✺✻ ② ♣❛r❛ ❧❛ ❞❡ ♣✉♥t♦s ν = ✶✳✷✱
✈❛❧♦r ♣❛r❛ ❡❧ ❝✉❛❧ ❡❧ ♣❡r✜❧ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ s✐♠étr✐❝♦✳ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ ❡❧ ✢✉✐❞♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ s✉ ❢❛s❡ ❧íq✉✐❞❛
♠♦❥❛♥❞♦ ❛♠❜❛s ♣❛r❡❞❡s✳

♣♦r ❧❛ ❊❝✳ ✭✻✳✸✮ ❡s t❛♠❜✐é♥ ✉♥❛ ♠✉② ❜✉❡♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛❧ ♠í♥✐♠♦ q✉❡ ❞❡✜♥❡ ❡❧ ♣♦t❡♥❝✐❛❧ ❊❙✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛

❧❛ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❧❛ ♣❛r❡❞ ✐③q✉✐❡r❞❛ ❞❡ ❧❛ r❛♥✉r❛✳ ❊st❡ ♠í♥✐♠♦ ❡st❛ ❧♦❝❛❧✐③❛❞♦ ❡♥✿

ξmin =

(

2

5

)1/6

σsf ✭✼✳✶✸✮

❡❧ ❝♦❝✐❡♥t❡ ❞❡ ❡st❛s ❞✐st❛♥❝✐❛s ✈❛❧❡✿
ξmin

ξHW
=

(

2

5

)1/6

νc ≃ 1,013 ✭✼✳✶✹✮

❈♦♠♦ ❡❧ ✈❛❧♦r ❞❡ ❡st❡ ❝♦❝✐❡♥t❡ s✉♣❡r❛ ❧❛ ✉♥✐❞❛❞ ❡❧ ♠í♥✐♠♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❊❙✱ ♣❛r❛ ❡st❡ νc✱ s❡ ❛❧❝❛♥③❛ ❞❡♥tr♦ ❞❡ ❧❛

r❛♥✉r❛✳ P❛r❛ t❡♠♣❡r❛t✉r❛s ♠❛②♦r❡s ❛ ❧♦s ✽✼ ❑ ② ✈❛❧♦r❡s ❞❡ ν ❡♥tr❡ ✶ ② ✷ ❡♥❝♦♥tr❛♠♦s q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s

❞❡s❛♣❛r❡❝❡♥ ♣❛r❛ ♦tr♦ ✈❛❧♦r νc ✭q✉❡ ❞❡♥♦♠✐♥❛♠♦s ❝rít✐❝♦✮✳

❚❛♠❜✐é♥ s❡ ❤❛♥ ❤❡❝❤♦ ❝á❧❝✉❧♦s ❡♥ r❛♥✉r❛s ♠✉② ❛♥❝❤❛s ✭✻✵✱ ✽✵✱ ✶✵✵ ② ❤❛st❛ 120σff ❞❡ ❛♥❝❤♦✮ ❡♥ ❧❛s ❝✉❛❧❡s ❡❧ ♣❛s❛❥❡

❞❡ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ❛s✐♠❡trí❛ ❛ ✉♥❛ ❞❡ s✐♠❡trí❛ s❡ ♣♦❞í❛ ♣r♦❞✉❝✐r ❞❡ ✉♥❛ ♠❛♥❡r❛ ♠✉② ❜r✉s❝❛ ❝✉❛♥❞♦ s❡ r❡❛❧✐③❛❜❛

✉♥ ❝❛♠❜✐♦ ♠✉② ♣❡q✉❡ñ♦ ❡♥ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✳

P❛r❛ ✜♥❛❧✐③❛r ❡❧ ❛♥á❧✐s✐s ❞❡❧ s✐st❡♠❛ ❆r✴❈❖2 ❛♣❧✐❝❛♠♦s ❧❛ t❡♦rí❛ ❋▼❚ ❝♦♥ ❡❧ ♣♦t❡♥❝✐❛❧ Usf (z) r❡❛❧✐st❛ ❝♦♥tr✉✐❞♦

♣♦r ▼✐st✉r❛ ❡t ❛❧✳ ❬✽❪✱ q✉❡ ②❛ ✐♥tr♦❞✉❥✐♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✻✳ ❊♥ ❧❛ ❋✐❣✳ ✼✳✶✷ s❡ ♠✉❡str❛ q✉❡ ❡st❡ ♣♦t❡♥❝✐❛❧ r❡❛❧✐st❛

❡s ♠ás ✐♥t❡♥s♦ q✉❡ ❡❧ ❊❙✱ ❡st❛ ❝❛r❛❝t❡ríst✐❝❛ ♥♦ ❢❛✈♦r❡❝❡ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❡♥ ✉♥❛ r❛♥✉r❛ ❢♦r♠❛❞❛

♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✶✸ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥❛ s❡r✐❡ ❞❡ ♣❡r✜❧❡s s✐♠étr✐❝♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ 60σff ✱ ❝✉❛♥❞♦ s❡

✈❛ ❧❧❡♥❛♥❞♦ ❝♦♥ ❆r ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ s✉ ♣✉♥t♦ tr✐♣❧❡ ✭✽✸✳✼✽ ❑✮✳ P❛r❛ t♦❞♦s ❧♦s ♣❡r✜❧❡s ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❞❡❧

❧íq✉✐❞♦ ✈❛❧❡ ✵✳✽✵✽✳ ❈♦♠♦ ②❛ ❧♦ ❤❡♠♦s ❞✐❝❤♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✻✱ ♣❛r❛ ❡st❡ s✐st❡♠❛ ❞♦♥❞❡ ❡❧ ❈❖2 ❝♦♥st✐t✉②❡ ✉♥ s✉str❛t♦

❢✉❡rt❡♠❡♥t❡ ❛tr❛❝t✐✈♦✱ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦ ❛ ❡s❛ t❡♠♣❡r❛t✉r❛ ② ♣♦r ❧♦ t❛♥t♦ ♥♦ ❤❛② ❧í♥❡❛s

✶✶✹
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P♦t❡♥❝✐❛❧❡s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ❆r ❝♦♥ ❡❧ ❈❖2 ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ✭❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❋✐❣✳ ✸ ❞❡ ❧❛ ❘❡❢✳ ❬✽❪✮✳
▲❛ ❝✉r✈❛ ❡♥ ❧í♥❡❛ r❛②❛❞❛ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣♦t❡♥❝✐❛❧ ❊❙✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❝✉r✈❛ só❧✐❞❛ ❡s ❡❧ ♣♦t❡♥❝✐❛❧ ✉t✐❧✐③❛❞♦ ♣♦r ❧♦s
❛✉t♦r❡s ❞❡ ❧❛ ❝✐t❛❞❛ r❡❢❡r❡♥❝✐❛ ✭❊❝✳ ✷✮✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ ❡st❡ ♣♦t❡♥❝✐❛❧ ❡s ♠ás ✐♥t❡♥s♦ q✉❡ ❡❧ ❊❙✱ ❧♦ ❝✉❛❧ ♥♦
❢❛✈♦r❡❝❡ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳

❞❡ ♣r❡✲♠♦❥❛❞♦ ❬✶✶❪✳ ❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❡s r❛③♦♥❛❜❧❡ q✉❡ ♥♦ s❡ ♦❜t❡♥❣❛♥ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❞❡ ❆r ♣❛r❛ ♥✐♥❣✉♥❛

t❡♠♣❡r❛t✉r❛✳

✼✳✷✳✶✳✷✳ ❆r ❡♥ r❛♥✉r❛s ❞❡ ▼❡t❛❧❡s ❆❧❝❛❧✐♥♦s

❊♥ ❡st❛ ❙❡❝❝✐ó♥ ✐♥✈❡st✐❣❛♠♦s ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❞❡ ▲✐✱ ◆❛✱ ② ❘❜ ❝♦♥ ❆r✳ ▲♦s ❝á❧❝✉❧♦s s❡ r❡❛❧✐③❛r♦♥ ✉s❛♥❞♦ ❧❛

❋▼❚ ② ♣♦t❡♥❝✐❛❧❡s r❡❛❧✐st❛s ❈❈❩✳ ❍❡♠♦s ❡♥❝♦♥tr❛❞♦ ✉♥❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ ♣r♦♣✐❡❞❛❞❡s ❞❡ s✐♠❡trí❛ ② ❞❡ ♠♦❥❛❞♦✳

❆ú♥ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ Tw✱ ♦❜t✉✈✐♠♦s s♦❧✉❝✐♦♥❡s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s

❛❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ q✉❡ r♦♠♣❡♥ ❝♦♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ s✉str❛t♦✲✢✉✐❞♦✳ ❊st❛s s♦❧✉❝✐♦♥❡s ♣❡rs✐st❡♥ ♣❛r❛

t❡♠♣❡r❛t✉r❛s T > Tw ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥③❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✱ Tcpw✳ ❆ ♣❛rt✐r ❞❡ ❛❧❧í✱ ♥♦ s❡

❡♥❝♦♥tr❛r♦♥ ✐♥t❡r✈❛❧♦s ❞❡ ❞❡♥s✐❞❛❞ ❡♥ ❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❢✉❡s❡♥ ❛s✐♠étr✐❝❛s✳ ❈r❡❡♠♦s ❡♥t♦♥❝❡s q✉❡

❧❛ t❡♠♣❡r❛t✉r❛ ❛ ❧❛ ❝✉❛❧ s❡ r❡❡st❛❜❧❡❝❡ ❧❛ s✐♠❡trí❛ ❞❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡s ✐❣✉❛❧ ❛ Tcpw✳

❙❡❣ú♥ ♥✉❡str♦ ❧❡❛❧ s❛❜❡r ② ❡♥t❡♥❞❡r ♥♦ ❤❛② ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ♦tr♦s tr❛❜❛❥♦s ❞♦♥❞❡ s❡ r❡♣♦rt❡ ❡st❡ ❤❡❝❤♦ ❡♥ s✐st❡♠❛s

❢ís✐❝♦s ❝♦♥ ♣♦t❡♥❝✐❛❧❡s r❡❛❧✐st❛s✳

❊♥ ♥✉❡str♦ ❡st✉❞✐♦ ❞❡ ❛❞s♦r❝✐ó♥ s♦❜r❡ ▲✐ ❡①♣❧♦r❛♠♦s ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛ s✐♠❡trí❛ ❞❡ ❧♦s ♣❡r✜❧❡s ② ❡❧ ❛♥❝❤♦ ❞❡ ❧❛s

r❛♥✉r❛s✳ P❛r❛ ❡st❡ ♣r♦♣ós✐t♦ tr❛❜❛❥❛♠♦s ❝♦♥ r❛♥✉r❛s ❞❡ ✶✵✱ ✷✵✱ ✹✵ ② 60σff ❞❡ ❛♥❝❤♦✳ ❈♦♠♦ ❡❥❡♠♣❧♦✱ ♣♦❞❡♠♦s ❝✐t❛r

q✉❡ ▼❛❝✐♦➟❡❦✱ ❊✈❛♥s ② ❲✐❧❞✐♥❣ ❬✶✸✸❪ ❤❛♥ tr❛❜❛❥❛❞♦ ❝♦♥ r❛♥✉r❛s ❞❡ ✷✵ ② 40σff ♣❛r❛ ❧❧❡✈❛r ❛❞❡❧❛♥t❡ s✉s ❡st✉❞✐♦s

s♦❜r❡ ❝♦♥❞❡♥s❛❝✐ó♥ ❝❛♣✐❧❛r ❞❡ ❧íq✉✐❞♦s ❞❡ ▲✲❏ ❞❡♥tr♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡ ❉❋❚✳

▲❛s r❛♥✉r❛s ❛♥❝❤❛s ❣❛r❛♥t✐③❛♥ q✉❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❧❛s ♠♦❧é❝✉❧❛s ✢✉✐❞❛s ❛❞s♦r❜✐❞❛s ❡♥ ❧❛s ♣❛r❡❞❡s ♦♣✉❡st❛s s❡❛

♣rá❝t✐❝❛♠❡♥t❡ ❞❡s♣r❡❝✐❛❜❧❡✳ ❯♥ ❛♥❝❤♦ ❞❡ 40σff ✱ ♣❛r❛ ❡st❡ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❡♥ ❧♦s s✉str❛t♦s ❡st✉❞✐❛❞♦s✱ ❡s ♠ás q✉❡
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❉❡♥s✐❞❛❞ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ ♣❛r❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ♣❧❛♥❛ ❛♥❝❤❛ ✭60σff ✮✱
❝♦♥❢♦r♠❛❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ❈❖2 ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✺❪✮✳ ▲❛ t❡♠♣❡r❛t✉r❛ ❡s ❧❛ ❞❡❧ ♣✉♥t♦ tr✐♣❧❡✳ ❊♥
❧❛ ✜❣✉r❛ s❡ ♠✉❡str❛♥ ✈❛r✐♦s ♣❡r✜❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s q✉❡ ✈❛♥ ❞❡s❞❡ ✵✳✵✺✺✺ ❤❛st❛ ✵✳✺✺✺✵
❝♦♥ ✉♥ ♣❛s♦ ❝♦♥st❛♥t❡✳ ▲❛ ❧í♥❡❛ ❤♦r✐③♦♥t❛❧ ✐♥❞✐❝❛❞❛ ❝♦♥ ρ∗l ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❞❡ ❧❛ ❢❛s❡ ❧✐q✉✐❞❛ ②
✈❛❧❡ ✵✳✽✵✽✳ P❛r❛ ❡st❡ s✐st❡♠❛✱ ❞♦♥❞❡ ❧❛s ♣❛r❡❞❡s ❞❡ ❈❖2 ❝♦♥st✐t✉②❡♥ ✉♥ s✉str❛t♦ ❢✉❡rt❡♠❡♥t❡ ❛tr❛❝t✐✈♦✱ ♥♦ ❤❡♠♦s
❡♥❝♦♥tr❛❞♦ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳

s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐③❛r ❡st♦✳

❊s ❝♦♥✈❡♥✐❡♥t❡ ❞❡st❛❝❛r q✉❡ ❧♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s q✉❡ ❡♠♣❧❡❛♥ ❉✐♥á♠✐❝❛ ▼♦❧❡❝✉❧❛r✱ ✏❝♦rt❛♥✑

❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡❧ ✢✉✐❞♦ ❡♥ ❛❧❣ú♥ ✈❛❧♦r ❞❡t❡r♠✐♥❛❞♦ ❞❡ r❛❞✐♦s ❛tó♠✐❝♦s✳ ❆❞❡♠ás✱ ❣❡♥❡r❛❧♠❡♥t❡

❡♥ ❡st❛s s✐♠✉❧❛❝✐♦♥❡s s❡ tr❛❜❛❥❛ ❝♦♥ r❛♥✉r❛s ♥♦ ❞❡♠❛s✐❛❞♦ ❛♥❝❤❛s ② ❛ú♥ ♣❛r❛ r❛♥✉r❛s ❛♥❣♦st❛s ✭10σff ❞❡ ❛♥❝❤♦✮✱

❡♥ ❛❧❣✉♥♦s ❝❛s♦s s❡ ❤❛ ❝♦♥s✐❞❡r❛❞♦ q✉❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❧❛s ♣♦r❝✐♦♥❡s ✢✉✐❞❛s ❛❞♦s❛❞❛s ❛ ❧❛s ♣❛r❡❞❡s ♦♣✉❡st❛s ❞❡

❧❛ r❛♥✉r❛ ❡s ❞❡s♣r❡❝✐❛❜❧❡✳

▲♦s ❝á❧❝✉❧♦s ♥✉❡str♦s r❡❛❧✐③❛❞♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❉❋❚ ♥♦ t✐❡♥❡♥ ❝♦rt❡s ❡♥ ❡❧ ♣♦t❡♥❝✐❛❧ ② ❡❧ ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

❡s r❛③♦♥❛❜❧❡✱ ❛ú♥ tr❛❜❛❥❛♥❞♦ ❝♦♥ r❛♥✉r❛s ❡①tr❡♠❛❞❛♠❡♥t❡ ❛♥❝❤❛s ✭❤❛st❛ 120σff ❞❡ ❛♥❝❤♦✮✳

❉❡ ❛❝✉❡r❞♦ ❛ ❧♦ s❡ñ❛❧❛❞♦ ♣r❡✈✐❛♠❡♥t❡✱ ♦❜t✉✈✐♠♦s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❛

t❡♠♣❡r❛t✉r❛s ♠ás ❣r❛♥❞❡s q✉❡ Tw✱ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ▲✐✱ s❡❣ú♥ ♥✉❡str♦s ❝á❧❝✉❧♦s✱ ❡s ❞❡ ✶✶✵ ❑✳ P❛r❛

❡st❡ s✐st❡♠❛ ❧❛ ❧í♥❡❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ t✐❡♥❡ ✉♥❛ ❧♦♥❣✐t✉❞ ✐♠♣♦rt❛♥t❡✱ ❡①t❡♥❞✐é♥❞♦s❡ ❤❛st❛ ❝❛s✐ ✶✵ ❣r❛❞♦s✱ ♣♦r ❡♥❝✐♠❛

❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ t❛❧ ❝✉❛❧ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❞❡ ❧❛ ❋✐❣✳ ✻✳✶✺ ✭❈❛♣ít✉❧♦ ✻✮✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✶✹ s❡ ♠✉❡str❛♥ ❛❧❣✉♥♦s ❞❡ ❧♦s ♣❡r✜❧❡s ♦❜t❡♥✐❞♦s ❝✉❛♥❞♦ ❡❧ ❆r s❡ ❛❞s♦r❜❡ ❡♥ ✉♥❛ r❛♥✉r❛ ❛♥❝❤❛ ✭40σff ✮

❝♦♥❢♦r♠❛❞❛ ♣♦r ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ▲✐ ❛ T = 115 ❑ ✭❃Tw✮✳ ❆❧❧í ♣✉❡❞❡♥ ♦❜s❡r✈❛rs❡ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s q✉❡

❝♦rr❡s♣♦♥❞❡♥ ❛ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s s❡ñ❛❧❛❞♦s ♣♦r ✶ ② ✷✱ ❥✉♥t♦ ❛ ✉♥ ♣❡r✜❧ s✐♠étr✐❝♦ ❞❡ ♠❛②♦r ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱

❝♦♠♦ ❡❧ ✸✳

❊s ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ❡①✐st❡♥ ❞♦s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❞❡❣❡♥❡r❛❞❛s✳ ❊♥ ❧❛ ✜❣✉r❛✱ ❧❛s ❝✉r✈❛s ✶ ② ✷ ❝♦rr❡s✲

♣♦♥❞❡♥ ❛ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❞♦♥❞❡ ❡❧ ❆r ❡st❛ ❛❞s♦r❜✐❞♦ ♠❛②♦r♠❡♥t❡ ❡♥ ❧❛ ♣❛r❡❞ ✐③q✉✐❡r❞❛ ❞❡ ❧❛ r❛♥✉r❛✱ ✭s♦❧✉❝✐ó♥

❛ ❧❛ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s✿ ▲❆❙✮ ♣✉❞✐é♥❞♦s❡ ♦❜t❡♥❡r ✉♥ ♣❡r✜❧ t♦t❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ✭❡s♣❡❝✉❧❛r✮ ❛ ❡st❡✱ ❞♦♥❞❡ ❡❧ ❆r

❡st❡ ❛❞s♦r❜✐❞♦ ♠❛②♦r♠❡♥t❡ ❡♥ ❧❛ ♣❛r❡❞ ❞❡r❡❝❤❛ ✭s♦❧✉❝✐ó♥ ❞❡♥♦♠✐♥❛❞❛ ❘❆❙✮✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❧♦s ♣❡r✜❧❡s ▲❆❙

② ❘❆❙ s♦♥ ❞❡❣❡♥❡r❛❞♦s✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✶✺ s❡ ♠✉❡str❛ ❧❛ ❡♥❡❣í❛ ❧✐❜r❡ ❛s♦❝✐❛❞❛ ❛ ❧❛s s♦❧✉❝✐♦♥❡s t❛♥t♦ s✐♠étr✐❝❛s ❝♦♠♦ ❛s✐♠étr✐❝❛s ♣❛r❛ T = 115 ❑✮✳

❊♥ ❡st❛ ✜❣✉r❛ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ✉♥ r❛♥❣♦ ❜❛st❛♥t❡ ❛♠♣❧✐♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♠❡❞✐❛s✱ ❡♥ ❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s q✉❡ r♦♠♣❡♥

❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ♣♦s❡❡♥ ♠❡♥♦r ❡♥❡r❣í❛ q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s q✉❡ ♠❛♥t✐❡♥❡♥ s✉ s✐♠❡trí❛✳ ◆♦s♦tr♦s ❤❡♠♦s

✶✶✻
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❋✐❣✉r❛ ✼✳✶✹✿
❉❡♥s✐❞❛❞ ❞❡❧ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ▲✐✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ❞❡ ❧❛ r❛♥✉r❛
✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✺❪✮✳ ▲❛ r❛♥✉r❛ ♣♦s❡❡ ✉♥ ❛♥❝❤♦ ❞❡ 40σff ② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✲▲ s❡ r❡s♦❧✈✐❡r♦♥ ♣❛r❛ ✉♥❛
t❡♠♣❡r❛t✉r❛ ✜❥❛ ❞❡ ✶✶✺ ❑✳ ▲❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✿ ❧❛ ❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥
✶ ❝♦♥st✐t✉②❡ ✉♥ ♣❡r✜❧ ❛s✐♠étr✐❝♦ ❛♥❣♦st♦ ❝✉②❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ❡s ❞❡ ρ∗av = ✵✳✵✼✹✳ ❊❧ ♣❡r✜❧ s❡ñ❛❧❛❞♦ ❝♦♥ ✷ ♣❛r❛
ρ∗av = ✵✳✶✾✷ ❡s t❛♠❜✐é♥ ❛s✐♠étr✐❝♦ ② ❡❧ ✸ ❡s s✐♠étr✐❝♦ ❝♦♥ ρ∗av = ✵✳✷✶✽✳
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❋✐❣✉r❛ ✼✳✶✺✿
❊♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ♣❛r❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s
❞❡ ▲✐ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✶✶✺ ❑ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✺❪✮✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛ r❛♥✉r❛ ♣♦s❡❡ ✉♥ ❛♥❝❤♦ ❞❡ 40σff ✳
▲❛ ❝✉r✈❛ ✐♥❞✐❝❛❞❛ ❝♦♥ ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡ ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ♠✐❡♥tr❛s q✉❡ ❧❛ ❞❡ tr✐á♥❣✉❧♦s ❡s ❧❛ ❛s♦❝✐❛❞❛ ❛
❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳ ❈♦♠♦ ♠✉❡str❛ ❡❧ ❣rá✜❝♦✱ ❡①✐st❡ ✉♥ r❛♥❣♦ ❜❛st❛♥t❡ ❛♠♣❧✐♦ ❞♦♥❞❡ ❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧
r♦♠♣❡ ❝♦♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳ ❊st❡ r❛♥❣♦ s❡ ❡①t✐❡♥❞❡ ❤❛st❛ ✉♥ ✈❛❧♦r ❞❡ ρ∗av = ✵✳✶✾✷✳

✶✶✼
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Ar/Li 

❋✐❣✉r❛ ✼✳✶✻✿
❈♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ♣❛r❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ r❛♥✉r❛s ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ▲✐
❡✈❛❧✉❛❞♦ ❛ ❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✺❪✮✳ ❙❡ ♠✉❡str❛♥ r❡s✉❧t❛❞♦s ♣❛r❛ L∗ = 10, 20, 40✱ ② 60σff ✳
❉❡s❞❡ ❧❛s ❝✉r✈❛s ♠ás ❡①t❡r♥❛s ❛ ❧❛s ♠ás ✐♥t❡r♥❛s ❧❛s t❡♠♣❡r❛t✉r❛s ✈❛❧❡♥✿ ✽✸✳✼✽✱ ✶✵✾✱ ✶✶✹✱ ✶✶✺✱ ✶✶✻✱ ✶✶✼✱ ② ✶✶✽ ❑✳

♦❜t❡♥✐❞♦ q✉❡ ❡st❡ r❛♥❣♦ s❡ ❡①t✐❡♥❞❡ ❞❡s❞❡ ρ∗av = ✵✳✵✺✼ ❤❛st❛ ρ∗av = ✵✳✶✾✷✱ ♣❛r❛ ❡❧ ❆r ❛❞s♦r❜✐❞♦ s♦❜r❡ ▲✐✱ ❝✉❛♥❞♦

❧❛ t❡♠♣❡r❛t✉r❛ ❡s ❞❡ ✶✶✺ ❑✳ P❛r❛ t❡♠♣❡r❛t✉r❛s ♠ás ❛❧t❛s✱ ❡❧ r❛♥❣♦ ❞✐s♠✐♥✉②❡ ② ♣♦r ❡♥❝✐♠❛ ❞❡ ❧♦s ✶✶✾ ❑ ♥♦ s❡

❡♥❝♦♥tr❛r♦♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✶✻ ♠♦str❛♠♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ∆N ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛ ♣❛r❛ r❛♥✉r❛s

❞❡ ❞✐❢❡r❡♥t❡s ❛♥❝❤♦s✳ Pr❡s❡♥t❛♠♦s ❣rá✜❝♦s ♣❛r❛ ✉♥❛ r❛♥✉r❛ ❛♥❣♦st❛ ❞❡ 10σff ✭❡♥ ❞♦♥❞❡ ♥♦ s❡ ♣✉❡❞❡♥ ❞❡s♣r❡✲

❝✐❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ❧♦s ❡❢❡❝t♦s ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ♠♦❧é❝✉❧❛s ✢✉✐❞❛s ❛❞s♦r❜✐❞❛s ❡♥ ❧❛s ♣❛r❡❞❡s ♦♣✉❡st❛s q✉❡

❝♦♥st✐t✉②❡♥ ❧❛ r❛♥✉r❛✮ ② ♠ás ❛♥❝❤❛s ❞❡ ✷✵✱ ✹✵✱ ② 60σff ✳

❊♥ ❝❛❞❛ ❣rá✜❝♦ ❤❛② ❝✉r✈❛s ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s✳ ❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ ❡♥ t♦❞♦s ❧♦s ❣rá✜❝♦s

❛♣❛r❡❝❡ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♠❡❞✐❛s ❡♥ ❡❧ ❝✉❛❧ ❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ r♦♠♣❡ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ②

❡s❡ r❛♥❣♦ s❡ r❡❞✉❝❡ ❛ ♠❡❞✐❞❛ q✉❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛✳ P♦r ❡♥❝✐♠❛ ❞❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ❞❡ Tcpw ❧❛s s♦❧✉❝✐♦♥❡s

❛s✐♠étr✐❝❛s ❞❡s❛♣❛r❡❝❡♥✳

❚❛♠❜✐é♥ s❡ ♦❜s❡r✈❛ q✉❡ ❡❧ r❛♥❣♦ ❞❡ ❛s✐♠❡trí❛✱ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❛❞❛✱ ❡s ♠ás ❡str❡❝❤♦ ② s❡ ❝❡♥tr❛ ❡♥ ✈❛❧♦r❡s ♠❛s

♣❡q✉❡ñ♦s ❞❡ ρ∗av ❛ ♠❡❞✐❞❛ q✉❡ s❡ ✐♥❝r❡♠❡♥t❛ ❡❧ ❛♥❝❤♦ ❞❡ ❧❛ r❛♥✉r❛✳

❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❢✉❡ ❡①♣❧♦r❛❞♦ t❛♠❜✐é♥ ❡♥ ❧❛ ❛❞s♦r❝✐ó♥ s♦❜r❡ s✉str❛t♦s ♠ás ❞é❜✐❧❡s ✭◆❛✱ ❘❜ ② ❑✮✳ ❊♥ ❧í♥❡❛s

❣❡♥❡r❛❧❡s s❡ ❤❛ ❡♥❝♦♥tr❛❞♦ ♣❛r❛ ❡❧❧♦s ❝❛r❛❝t❡ríst✐❝❛s t♦t❛❧♠❡♥t❡ s✐♠✐❧❛r❡s✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦s✱ ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❆r

❡♥ r❛♥✉r❛s ❝♦♥❢♦r♠❛❞❛s ♣♦r s✉str❛t♦s ❞❡ ◆❛ ② ❘❜ ❞❡ 60σff ❞❡ ❛♥❝❤♦ s❡ ♠✉❡str❛ ❡♥ ❧❛s ❋✐❣s✳ ✼✳✶✼ ② ✼✳✶✽✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ◆❛✱ s❡ ❡st✉❞✐♦ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♣❛r❛ ✼ ✈❛❧♦r❡s ❞❡ t❡♠♣❡r❛t✉r❛✿ ❧❛ tr✐♣❧❡✱ ✶✷✹ ❑ ✭t❡♠♣❡r❛t✉r❛

q✉❡ ❡st❛ ❛♣❡♥❛s ♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✿ Tw = ✶✷✹✳✽ ❑✮ ② ❝✐♥❝♦ ✈❛❧♦r❡s ♠ás✱ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛

t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✳ ▲❛ ❛s✐♠❡trí❛ ❞❡s❛♣❛r❡❝❡ ❝✉❛♥❞♦ s❡ s✉♣❡r❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✶✸✶ ❑ ✭q✉❡ ❡st❛ ♣♦r ❡♥❝✐♠❛

✶✶✽
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❋✐❣✉r❛ ✼✳✶✼✿
❈♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ◆❛ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③
❬✶✺❪✮✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛s r❛♥✉r❛s s♦♥ s✉✜❝✐❡♥t❡♠❡♥t❡ ❛♥❝❤❛s ✭60σff ✮ ♣✉❞✐é♥❞♦s❡ ❞❡s♣r❡❝✐❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ❧♦s ❡❢❡❝t♦s
❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ♠♦❧é❝✉❧❛s ✢✉✐❞❛s ❛❞s♦r❜✐❞❛s ❡♥ ❧❛s ♣❛r❡❞❡s ♦♣✉❡st❛s✳ ❉❡s❞❡ ❧❛s ❝✉r✈❛s ♠ás ❡①t❡r♥❛s ❛ ❧❛s
♠ás ✐♥t❡r♥❛s✱ ❧❛s t❡♠♣❡r❛t✉r❛s t♦♠❛♥ ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s✿ ✽✸✳✼✽✱ ✶✷✹✱ ✶✷✻✱ ✶✷✼✱ ✶✷✽✱ ✶✷✾ ② ✶✸✵ ❑✳

❞❡ Tw✮✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❘❜ s❡ ❛♥❛❧✐③ó ❧❛ ❛s✐♠❡trí❛ ♣❛r❛ ❧❛ t❡♠♣❡r❛t✉r❛ tr✐♣❧❡✱ ✉♥❛ t❡♠♣❡r❛t✉r❛ q✉❡ ❡st❛ ❛♣❡♥❛s ♣♦r ❞❡❜❛❥♦

❞❡ ❧❛ ❞❡ ♠♦❥❛❞♦ ✭Tw = ✶✸✽✳✼ ❑✮ ② tr❡s ✈❛❧♦r❡s q✉❡ ❡stá♥ ♣♦r ❡♥❝✐♠❛ ❞❡ ❡st❛ t❡♠♣❡r❛t✉r❛✳ ❊♥ ❡st❡ ❝❛s♦ ❤❡♠♦s

❡♥❝♦♥tr❛❞♦ ✉♥ ❧í♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ Tcpw ❞❡ ✶✹✷ ❑✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ❑✱ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ♠♦❥❛❞♦ t♦t❛❧♠❡♥t❡ ❛♥á❧♦❣❛s ❛ ❧❛ ❞❡❧ ❘❜✳

✼✳✷✳✶✳✸✳ ❚❡♠♣❡r❛t✉r❛ ❧í♠✐t❡ ❞❡ r✉♣t✉r❛ ❞❡ s✐♠❡trí❛

❉❡t❡r♠✐♥❛♠♦s ❛❤♦r❛ ❞❡ ♠❛♥❡r❛ s✐st❡♠át✐❝❛✱ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❛❞s♦r❝✐ó♥ ❡♥ r❛♥✉r❛s ❞❡ ▲✐✱ ❧❛ t❡♠♣❡r❛t✉r❛ ♠á①✐♠❛

♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ ❝✉❛❧ ❞❡s❛♣❛r❡❝❡♥ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ✭❝♦♠♦ s♦❧✉❝✐♦♥❡s ❞❡ ♠ás ❜❛❥❛ ❡♥❡r❣í❛✮✳ ❊st❡ ❛♥á❧✐s✐s

❧♦ ❤❛❝❡♠♦s ✉t✐❧✐③❛♥❞♦ ❧♦s ✈❛❧♦r❡s ❝❛❧❝✉❧❛❞♦s q✉❡ ❢✉❡r♦♥ ✈♦❧❝❛❞♦s ❡♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❋✐❣✳ ✼✳✶✻✳

P❛r❛ t♦❞♦s ❧♦s t❛♠❛ñ♦s ❞❡ r❛♥✉r❛ ✉t✐❧✐③❛❞♦s✱ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❞❡s❛♣❛r❡❝❡♥ ❛ t❡♠♣❡r❛t✉r❛s ♠❛②♦r❡s ❛ ❧♦s

✶✶✽ ❑✳ ❙❡ ❞❡t❡r♠✐♥❛ ❡♥t♦♥❝❡s ❡❧ ✈❛❧♦r ❞❡ ❞❡♥s✐❞❛❞ ❝r✐t✐❝❛ ♠❡❞✐❛ ρ∗av(crit) q✉❡ s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ❡❧ ♠á①✐♠♦ ❞❡ ∆N

❛ ✶✶✽ ❑ ♣❛r❛ ❝❛❞❛ L∗✳ ❊st❡ ✈❛❧♦r ♣✉❡❞❡ s❡r ❡①♣r❡s❛❞♦ ❝♦♠♦✿

ρ∗av(crit) =
A

B
σ̃2
ff ✭✼✳✶✺✮

✭❞♦♥❞❡ σ̃ff ❤❛ ❞❡ ❡①♣r❡s❛rs❡ ❡♥ ♥❛♥ó♠❡tr♦s✮✳ P❛r❛ L∗ = 60 ♦❜t❡♥❡♠♦s✿ A/B = 9/16✱ ② ♣❛r❛ L∗ = 40 ♦❜t❡♥❡♠♦s✿

A/B = 17/24✳ P❛r❛ r❛♥✉r❛s ❞❡ 20σff ❡st❡ ❝♦❝✐❡♥t❡ ✈❛❧❡ 55/48 ② ♣❛r❛ r❛♥✉r❛s t❛♥ ❛♥❣♦st❛s ❝♦♠♦ 10σff ✈❛❧❡ 97/48✳

▲❛ ❋✐❣✳ ✼✳✶✾ ♠✉❡str❛ ❧♦s ✈❛❧♦r❡s q✉❡ t♦♠❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ρ∗av(crit)✱ ❝❛❧❝✉❧❛❞♦s t❛♥t♦

♣❛r❛ s♦❧✉❝✐♦♥❡s ❞❡ t✐♣♦ ❘❆❙ ❝♦♠♦ ▲❆❙✱ ❛ t❡♠♣❡r❛t✉r❛s ♠❛②♦r❡s ❛ ❧❛s ❞❡ ♠♦❥❛❞♦✳

✶✶✾
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❋✐❣✉r❛ ✼✳✶✽✿
❈♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ♠❡❞✐❛✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥ ❘❜ ♣❛r❛ r❛♥✉r❛s
♠✉② ❛♥❝❤❛s ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✺❪✮✳ ▲❛ r❛♥✉r❛ ♣♦s❡❡ 60σff ❞❡ ❛♥❝❤♦✳ ❉❡s❞❡ ❧❛s ❝✉r✈❛s ♠ás ❡①t❡r♥❛s ❛ ❧❛s ♠ás
✐♥t❡r♥❛s ❧❛s t❡♠♣❡r❛t✉r❛s t♦♠❛♥ ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s✿ ✽✸✳✼✽✱ ✶✸✽✱ ✶✸✾✱ ✶✹✵ ② ✶✹✶ ❑✳
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❚❡♠♣❡r❛t✉r❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ s♦❧✉❝✐♦♥❡s ❘❆❙ ② ▲❆❙✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❆r ❛❞s♦r❜✐❞♦ ❡♥
r❛♥✉r❛s ❞❡ ▲✐ ✭❙❛rt❛r❡❧❧✐ ② ❙③②❜✐s③ ❬✶✺❪✮✳ ❊st♦s ❝á❧❝✉❧♦s ❤❛♥ s✐❞♦ r❡❛❧✐③❛❞♦s ♣❛r❛ r❛♥✉r❛s ❞❡ ❛♥❝❤♦s✿ 10σff ✭tr✐á♥❣✉❧♦s
❤❛❝✐❛ ❛rr✐❜❛✮✱ 20σff ✭❝✉❛❞r❛❞♦s✮✱ 40σff ✭tr✐á♥❣✉❧♦s ❤❛❝✐❛ ❛❜❛❥♦✮ ② 60σff ✭❝ír❝✉❧♦s✮✳ ▲❛ ❞❡♥s✐❞❛❞ ❝♦rr❡s♣♦♥❞❡ ❛
ρ∗av = ρ∗av(crit)✳ ▲❛s ❝✉r✈❛s só❧✐❞❛s ❝♦rr❡s♣♦♥❞❡♥ ❛❧ ❛❥✉st❡ ❞❡ ❡s♦s ❞❛t♦s✱ ♠❡❞✐❛♥t❡ ❡❧ ♣♦❧✐♥♦♠✐♦ ❞❡ ❧❛ ❊❝✳ ✭✻✳✶✺✮✳
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❋✐❣✉r❛ ✼✳✷✵✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ ❡♥ ✉♥❛ r❛♥✉r❛ ♣❧❛♥❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ◆❛ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮ ❛ t❡♠♣❡✲
r❛t✉r❛ T = ✷✹✺ ❑✳ ❊st❡ ❝á❧❝✉❧♦ ❢✉❡ r❡❛❧✐③❛❞♦ t❛♥t♦ ♣❛r❛ ✉♥❛ r❛♥✉r❛ ❝❡rr❛❞❛ ❝♦♠♦ ❛❜✐❡rt❛✳ ▲♦s ✈❛❧♦r❡s ❛s♦❝✐❛❞♦s ❛
❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❡stá♥ ❝♦♥t❡♥✐❞♦s ❡♥ ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡ ❧♦s ♣✉♥t♦s ♠❛r❝❛❞♦s ❝♦♥✿ CS1✱ SS1✱ SS2 ② CS2✳ ▲❛s
s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❡stá♥ ❝♦♥t❡♥✐❞❛s ❡♥ ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡✿ SS1✱ SA1✱ SA2✱ ② SS2✳ ▲♦s tr❛♠♦s ✐♥❞✐❝❛❞♦s ❝♦♥ ❧í♥❡❛s
❞❡ tr❛③♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ s♦❧✉❝✐♦♥❡s ❝♦♥ dµ/dn < 0✳ ▲❛ r❡❝t❛ ❤♦r✐③♦♥t❛❧ ❞❡ ♣✉♥t♦s ② r❛②❛s ❡s ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡
▼❛①✇❡❧❧ ❞❡ ár❡❛s✳ ▲♦s ❡st❛❞♦s MS1 ② MS2 s♦♥ s✐♠étr✐❝♦s ② MA ❡s ✉♥ ❡st❛❞♦ ❛s✐♠étr✐❝♦✱ ❡st♦s ❡st❛❞♦s s♦♥ ❡st❛❜❧❡s✳

▲♦s ❞❛t♦s ❢✉❡r♦♥ ❛❥✉st❛❞♦s ❝♦♥ ❡❧ s✐❣✉✐❡♥t❡ ♣♦❧✐♥♦♠✐♦✿

T = Tsb + a2∆
2
N + a4∆

4
N + a6∆

6
N ✭✼✳✶✻✮

s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ t♦❞❛s ❡st❛s ❝✉r✈❛s ❞❡ ❛❥✉st❡ s♦♥ ❝♦♥s✐st❡♥t❡s ❝♦♥ ❡❧ ✈❛❧♦r ❞❡ t❡♠♣❡r❛t✉r❛ ♣♦r ❡♥❝✐♠❛ ❞❡❧ ❝✉❛❧

♥♦ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s Tsb = ✶✶✽✳✹ ❑✳

✼✳✷✳✷✳ ❈♦♥✜♥❛♠✐❡♥t♦ ❞❡ ❳❡♥ó♥

❊♥ ❡❧ ❝❛s♦ ❞❡ ❡st❡ ❣❛s ♥♦❜❧❡ ♣r❡s❡♥t❛♠♦s ♣r✐♠❡r♦ ❡❧ ❛♥á❧✐s✐s ❞❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❝❡rr❛❞❛s ❞❡ ◆❛✱ ▲✐✱ ② ▼❣✳ P♦r

ú❧t✐♠♦✱ ❝♦♠♦ ❡❥❡♠♣❧♦ ❞❡ r❛♥✉r❛s ❛❜✐❡rt❛s ❞❡s❝r✐❜✐♠♦s ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ ◆❛✳

✼✳✷✳✷✳✶✳ ❳❡ ❡♥ r❛♥✉r❛s ❝❡rr❛❞❛s ❞❡ ▼❡t❛❧❡s ❆❧❝❛❧✐♥♦s

❊♥ ❧❛ ❋✐❣✳ ✼✳✷✵ s❡ ❣r❛✜❝❛r♦♥ ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ♣❛r❛ ❳❡ ❞❡♣♦s✐t❛❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ◆❛ q✉❡ ❡stá ❛ T = 245 ❑✳

❊st❛ t❡♠♣❡r❛t✉r❛ ❡stá ✉❜✐❝❛❞❛ ❥✉st♦ ❞❡❜❛❥♦ ❞❡ Tcpw ❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ❋✐❣✳ ✻✳✷✸

❊♥ ❡❧ ❣rá✜❝♦ s❡ ✐♥❞✐❝❛♥ ✈❛❧♦r❡s ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡s t❛♥t♦ ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❝♦♠♦

❛s✐♠étr✐❝❛s✳ ▲❛s s✐♠étr✐❝❛s ❡stá♥ ❝♦♥t❡♥✐❞❛s ❡♥ ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡ ❧♦s ♣✉♥t♦s s❡ñ❛❧❛❞♦s ♣♦r✿ CS1✱ SS1✱ SS2 ② CS2✱
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❋✐❣✉r❛ ✼✳✷✶✿
P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❝❡rr❛❞❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ◆❛✱ ❛ ✉♥❛
t❡♠♣❡r❛t✉r❛ ❞❡ ✷✹✺ ❑ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ▲❛ ❣rá✜❝❛ ♠✉❡str❛ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❝✉❛tr♦
✈❛❧♦r❡s ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦✿ ✸✳✷✸✱ ✸✳✼✾✱ ✹✳✺✸ ② ✺✳✶✾✳ ▲❛ ❝✉r✈❛ ❡♥ ❧í♥❡❛ ❣r✉❡s❛ ✭Γℓ = ✹✳✺✸✮ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❡st❛❞♦
♠❛r❝❛❞♦ ❝♦♥ MA ❡♥ ❧❛ ❋✐❣✳ ✼✳✷✵✳ ❉❡❜❡♠♦s ♥♦t❛r q✉❡ ❡st♦s ♣❡r✜❧❡s t❛♠❜✐é♥ s❡ ♦❜t✐❡♥❡♥ ♣❛r❛ ❧❛ r❛♥✉r❛ ❛❜✐❡rt❛✳
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❋✐❣✉r❛ ✼✳✷✷✿
❋❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦✱ ♣❛r❛ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❝❡rr❛❞❛ ❞❡ ◆❛ ✭❙③②❜✐s③
② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ▲❛s t❡♠♣❡r❛t✉r❛s ✈❛♥ ❞❡s❞❡ ✷✹✷ ❑ ✭❝✉r✈❛ ♠❛r❝❛❞❛ ❝♦♥ ✉♥ tr✐á♥❣✉❧♦✮ ❤❛st❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✹✺
❑ ✭❝✉r✈❛ s❡ñ❛❧❛❞❛ ❝♦♥ ✉♥ ❝ír❝✉❧♦✮ ❛✈❛♥③❛♥❞♦ ❞❡ ❛ ✉♥ ❣r❛❞♦✳ ❊st❛s t❡♠♣❡r❛t✉r❛s ❡stá♥ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ q✉❡ ✈❛ ❞❡s❞❡
❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ ✷✹✶✳✻ ❑ ❤❛st❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ✷✹✻ ❑✳
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❋✐❣✉r❛ ✼✳✷✸✿
■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ ② ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ▲❛ ✜❣✉r❛ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❝♦rr❡s♣♦♥❞❡ ❛
❧❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ▲✐✳ ❊♥ ❡st❛ ✜❣✉r❛ ♣✉❡❞❡♥ ♦❜s❡r✈❛rs❡ ❧❛s s✉❝❡s✐✈❛s ❝♦♥str✉❝❝✐♦♥❡s
❞❡ ▼❛①✇❡❧❧ ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✐s♦t❡r♠❛s✳ ▲❛s t❡♠♣❡r❛t✉r❛s ❛s❝✐❡♥❞❡♥ ❡♥ ♣❛s♦s ❞❡ ❛ ✉♥ ❣r❛❞♦✱ ❞❡s❞❡ ✶✾✾ ❑
✭tr✐á♥❣✉❧♦✮ ❛ ✷✵✾ ❑ ✭❝ír❝✉❧♦✮✳ ❊♥ ❧❛ ✜❣✉r❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡ ♠✉❡str❛ ❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡
❝✉❜r✐♠✐❡♥t♦✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✱ ❛♣❛r❡❝❡ ♠ás ❞❡ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s ❧❛s s♦❧✉❝✐♦♥❡s r♦♠♣❡♥
❝♦♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳ ❊♥ ❧♦s tr❡s r❛♥❣♦s ❧❛s t❡♠♣❡r❛t✉r❛s ✈❛♥ ❞❡s❞❡ ✷✵✺ ❑ ✭tr✐á♥❣✉❧♦s✮ ❤❛st❛ ✷✵✽
❑ ✭❝ír❝✉❧♦s✮✳

♠✐❡♥tr❛s q✉❡ ❧❛s ❛s✐♠étr✐❝❛s ❡stá♥ ❛❧✐♥❡❛❞❛s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡✿ SS1✱ SA1✱ SA2✱ ② SS2✳ ▲♦s tr❛♠♦s

✐♥❞✐❝❛❞♦s ❝♦♥ ❧í♥❡❛s ❝♦♥t✐♥✉❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❡st❛❞♦s ❡st❛❜❧❡s ② ♠❡t❛❡st❛❜❧❡s ❝♦♥ dµ/dn > 0✱ ❡♥ ❝❛♠❜✐♦ ❧❛s ❧í♥❡❛s

❛ tr❛③♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ s♦❧✉❝✐♦♥❡s ❝♦♥ dµ/dn < 0✳ ❊♥ ❧❛ ❋✐❣✳ ✼✳✷✶ s❡ ♠✉❡str❛♥ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ♣❛r❛ ✈❛r✐♦s

✈❛❧♦r❡s ❞❡ ❝✉❜r✐♠✐❡♥t♦✳

❊❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ ❡st❡ s✐st❡♠❛ ❝❡rr❛❞♦✱ ❡✈❛❧✉❛❞♦ ♣❛r❛ ✈❛r✐❛s t❡♠♣❡r❛t✉r❛s✱ ❡stá ❞✐❜✉❥❛❞♦ ❡♥ ❧❛ ❋✐❣✳

✼✳✷✷✳ ❆❧❧í s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥ ❝♦♥t✐♥✉♦ ❞❡ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✷✸✭❛✮ ♠♦str❛♠♦s ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ❞❡❧ ❳❡ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ▲✐ ❞❡ 40σff ❞❡

❛♥❝❤♦ ✭❡st❛ ✜❣✉r❛ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ♠♦str❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❡❧ ❳❡ ❛❞s♦r❜✐❞♦ s♦❜r❡ ✉♥❛ ♣❛r❡❞ ❞❡ ▲✐✮✳ P❛r❛ ❝❛❞❛

✉♥❛ ❞❡ ❡st❛s ✐s♦t❡r♠❛s s❡ ❤❛♥ ❝❛❧❝✉❧❛❞♦ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s ✐❣✉❛❧❡s✳

❆❧ ❞❡♣♦s✐t❛r ❳❡ ❡♥ r❛♥✉r❛s ❞❡ ▲✐✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ ❝❛s♦ ❞❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s ❞❡ ◆❛✱ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ q✉❡ ❛ ✉♥❛

❞❛❞❛ t❡♠♣❡r❛t✉r❛ ♣✉❡❞❡♥ ❡①✐st✐r ♠ás ❞❡ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♣❛r❛ ❧♦s ❝✉❛❧❡s s❡ ♣r❡s❡♥t❡♥ r✉♣t✉r❛s ❡♥ ❧❛

s✐♠❡trí❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s✳

▲❛ ❋✐❣✳ ✼✳✷✸✭❜✮ ♠✉❡str❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛✱ ❛❧❧í s❡ ♦❜s❡r✈❛♥ tr❡s ✐♥t❡r✈❛❧♦s ❞❡ ❞❡♥s✐❞❛❞ ❜✐❡♥ ❞✐❢❡r❡♥❝✐❛❞♦s✱ ♣❛r❛

❧♦s ❝✉❛❧❡s ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♣r❡s❡♥t❛♥ ❛s✐♠❡trí❛✳ ❊♥ ❡st❡ ❝❛s♦✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦s ❡st✉❞✐❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱

s♦❜r❡ ❛♠❜❛s ♣❛r❡❞❡s ❡❧ ✢✉✐❞♦ s❡ ❛❞s♦r❜❡ ❡♥ ❢❛s❡ ❧íq✉✐❞❛✳ ❊s ✐♠♣♦rt❛♥t❡ r❡s❛❧t❛r t❛♠❜✐é♥✱ q✉❡ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥ ❧♦s ❝❛s♦s

❡①♣✉❡st♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦r ❡♥❝✐♠❛ ❞❡ ❝✐❡rt❛ ❞❡♥s✐❞❛❞ ❧❛ s♦❧✉❝✐ó♥ r❡❝✉♣❡r❛❜❛ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳

❊♥ ❧♦s ❣rá✜❝♦s ✭❛✮✱ ✭❜✮✱ ② ✭❝✮ ❞❡ ❧❛ ❋✐❣✳ ✼✳✷✹ s❡ ♠✉❡str❛♥ ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝❛❞❛ ✉♥♦ ❞❡

❧♦s ✐♥t❡r✈❛❧♦s ❞❡ ❞❡♥s✐❞❛❞ ♠♦str❛❞♦s ❡♥ ✼✳✷✸✭❜✮✳ ❆❧❧í s❡ ❝♦♠♣❛r❛♥ ✉♥ ♣❡r✜❧ ❛s✐♠étr✐❝♦ ❝♦♥ ❡❧ s✐♠étr✐❝♦ ❡st❛❜❧❡ ❞❡

♠❡♥♦r ❝✉❜r✐♠✐❡♥t♦✳ ◆ót❡s❡ q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s ❧❛ ❛s✐♠❡trí❛ ❞❡ ❧♦s ♣❡r✜❧❡s ❞✐s♠✐♥✉②❡ ❝✉❛♥❞♦ ✈❛♠♦s ♣❛s❛♥❞♦ ❞❡❧

♣r✐♠❡r ✐♥t❡r✈❛❧♦ ❛❧ ú❧t✐♠♦✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✷✺ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ❞❡t❛❧❧❡ ❞❡ ❧❛ ✐s♦t❡r♠❛ ❞❡ ✷✵✺ ❑✱ ❝♦♥str✉✐❞❛ t❛♥t♦ ❝♦♥ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ✭❝✉r✈❛

❞❡ tr❛③♦ ❝♦♥t✐♥✉♦✮ ❝♦♠♦ ❛s✐♠étr✐❝❛s ✭tr❛③♦ ❞✐s❝♦♥t✐♥✉♦✮ ❛s♦❝✐❛❞❛ ❛ ❧♦s ♣❡r✜❧❡s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ❋✐❣✳ ✼✳✷✹✳

✶✷✸
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(c) 

❋✐❣✉r❛ ✼✳✷✹✿
❉❡♥s✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ▲✐ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ▲❛
r❛♥✉r❛ ♣♦s❡❡ ✉♥ ❛♥❝❤♦ ❞❡ 40σff ✳ ▲♦s ❣rá✜❝♦s ✭❛✮✱ ✭❜✮✱ ② ✭❝✮ ❡stá♥ ❛s♦❝✐❛❞♦s ❛❧ ♣r✐♠❡r✱ s❡❣✉♥❞♦✱ ② t❡r❝❡r ✐♥t❡r✈❛❧♦
❞❡ ❞❡♥s✐❞❛❞ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ✭✈❡r ❋✐❣✳ ✼✳✷✸✮✳ ❊♥ t♦❞♦s ❧♦s ❣rá✜❝♦s
s❡ ❝♦♠♣❛r❛ ❡❧ ♣❡r✜❧ ❛s✐♠étr✐❝♦ ❝♦♥ ❡❧ s✐♠étr✐❝♦ ❞❡ ♠❡♥♦r ❝✉❜r✐♠✐❡♥t♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❣rá✜❝♦ ✭❛✮ ❡❧ ♣❡r✜❧ s✐♠étr✐❝♦
♣♦s❡❡ ✉♥ ✈❛❧♦r ❞❡ Γ = ✷✳✵✹ ② ❡❧ ❛s✐♠étr✐❝♦ Γ = ✷✳✹✸✳ ❊♥ ❡❧ ❣rá✜❝♦ ✭❜✮ ❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ t♦♠❛ ❧♦s ✈❛❧♦r❡s✿
✸✳✺✺ ② ✸✳✽✺✳ ❊♥ ❡❧ ❣rá✜❝♦ ✭❝✮ ❡❧ ♣❡r✜❧ s✐♠étr✐❝♦ ♣♦s❡❡ ✉♥ ✈❛❧♦r ❞❡ Γ = ✺✳✹✹ ② ♣❛r❛ ❡❧ ❛s✐♠étr✐❝♦ Γ = ✺✳✺✽✳ ◆ót❡s❡
q✉❡ ❡st❡ ❝❛s♦✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ♥♦ s✉♣❡r❛ ❡❧ 5%✳
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❋✐❣✉r❛ ✼✳✷✺✿
P♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦✱ ♣❛r❛ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s
✐❞é♥t✐❝❛s ❞❡ ▲✐ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✵✺ ❑ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❊❧ ❣rá✜❝♦ ❝✉❜r❡ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s
❡♥ ❞♦♥❞❡ s❡ ♠❛♥✐✜❡st❛♥ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳ ▲❛s ❝✉r✈❛s só❧✐❞❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s s✐♠étr✐❝❛s ② ❧❛s ❞❡ r❛②❛s
❛ ❧❛s ❛s✐♠étr✐❝❛s✳ ❊♥ ❡st❡ ❣rá✜❝♦ ♥♦ s❡ ♠✉❡str❛♥ ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❡st❛s ✐s♦t❡r♠❛s✳

✶✷✹
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❋✐❣✉r❛ ✼✳✷✻✿
❊♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s
❞❡ ▲✐ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❊♥ ❧❛ ✜❣✉r❛ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❧❛s ❜❛rr❡r❛s ❞❡ ❡♥❡r❣í❛ ❡♥tr❡ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s
✭❝ír❝✉❧♦s✮ ② ❧❛s ❛s✐♠étr✐❝❛s ✭tr✐á♥❣✉❧♦s✮ ♣❛r❛ ❧❛s t❡♠♣❡r❛t✉r❛s ❞❡✿ ✷✵✺✳ ✷✵✻✱ ✷✵✼ ② ✷✵✽ ❑ ✭❛ ❧❛s q✉❡ s❡ ❛s✐❣♥❛r♦♥ ❧♦s
♥ú♠❡r♦s ✶✱✷✱✸ ② ✹ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❆ ❧♦s ✷✵✾ ❑ ♥♦ s❡ ❡♥❝♦♥tró ♥✐♥❣✉♥❛ ❜❛rr❡r❛✳

▲❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❛♣❛r❡❝❡♥ ❡♥ ✉♥ ♠á①✐♠♦ r❡❧❛t✐✈♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛s s♦❧✉❝✐♦♥❡s

s✐♠étr✐❝❛s ✭q✉❡ ❧❧❛♠❛r❡♠♦s µsym✮ ② ❞❡s❛♣❛r❡❝❡♥ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ♠í♥✐♠♦ r❡❧❛t✐✈♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛s s♦❧✉❝✐♦♥❡s

❛s✐♠étr✐❝❛s ❛♣❛r❡❝❡♥ s♦❧♦ ❡♥ ❧❛ r❡❣✐ó♥ ❞♦♥❞❡ ❧❛ ♣❡♥❞✐❡♥t❡ ❞❡ µsym ❡s ♥❡❣❛t✐✈❛✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛ ❧❛ ✐♥❡st❛❜✐❧✐❞❛❞ ❞❡ ❧❛s

s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ■♥✈❡rs❛♠❡♥t❡✱ ❧❛ ♣❡♥❞✐❡♥t❡ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ✭µasym✮ ❡s ♥❡❣❛t✐✈❛

s♦❜r❡ ✉♥❛ ❣r❛♥ ♣♦r❝✐ó♥ ❞❡ ❧❛ r❡❣✐ó♥ ❡♥ ❞♦♥❞❡ s❡ s❛t✐s❢❛❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s✳

P♦r ♦tr♦ ❧❛❞♦ ♣♦❞❡♠♦s ❤❛❝❡r ✉♥❛ ❡st✐♠❛❝✐ó♥ ✏❣r✉❡s❛✑ ❞❡ ❧❛ ❜❛rr❡r❛ ❡♥❡r❣ét✐❝❛ q✉❡ s❡♣❛r❛ ❛ ❛♠❜❛s ❡s♣❡❝✐❡s ❞❡

s♦❧✉❝✐♦♥❡s✿ ❛s✉♠✐❡♥❞♦ ✉♥❛ t❡♠♣❡r❛t✉r❛ ✜❥❛ T ② ✉♥ ♥ú♠❡r♦ ✜❥♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛✳ ▲❛ ❡①♣r❡s✐ó♥✿

ρ(z) = (1− α)ρasym(z) + αρsym(z) ✭✼✳✶✼✮

♥♦s ♣❡r♠✐t❡ ♣❛s❛r ❞❡s❞❡ ❧♦s ❡st❛❞♦s ❛s✐♠étr✐❝♦s ❛ ❧♦s s✐♠étr✐❝♦s✱ ♠♦❞✐✜❝❛♥❞♦ ❡♥tr❡ ✵ ② ✶✱ ❡❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ α✳

❚❛♥t♦ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ fDF = FDF /N ✱ ❝♦♠♦ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛s✐♠❡trí❛ ∆N ✱ s♦♥ ❡✈❛❧✉❛❞♦s ✈❛r✐❛♥❞♦ ❡❧

✈❛❧♦r ❞❡ ❡st❡ ♣❛rá♠❡tr♦✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✷✻ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥✱ s♦❜r❡ ❧❛ ♠✐s♠❛ ❡s❝❛❧❛ ❞❡ ❧❛ ❡♥❡r❣í❛✱ ♣❛r❛ ✈❛r✐❛s t❡♠♣❡r❛t✉r❛s✳

❆❧❧í s❡ ♠✉❡str❛♥ ❧❛s ❜❛rr❡r❛s ❡♥❡r❣ét✐❝❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ② ❛s✐♠étr✐❝❛s ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥

❞❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛✱ ♣❛r❛ ✉♥ ✈❛❧♦r ✜❥♦ ❞❡ n✱ q✉❡ ❡♥ ❡st❡ ❝❛s♦ ❡s ❞❡ ✵✳✶✻✺ ✭❡st❡ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣❡r✜❧ ❞❡

❞❡♥s✐❞❛❞ ❞❡ ♠á①✐♠❛ ❛s✐♠❡trí❛✮✳

P❛r❛ ❝♦❧♦❝❛r t♦❞♦ ❡♥ ❧❛ ♠✐s♠❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣í❛ s❡ ❤❛ r❡st❛❞♦ ✉♥❛ ❝♦♥st❛♥t❡ q✉❡ ❧❧❛♠❛♠♦s f0DF ✳ ❉❡ ❡st❛ ♠❛♥❡r❛

❡♥ ❡❧ ❡❥❡ ❞❡ ♦r❞❡♥❛❞❛s s❡ t❛❜✉❧❛♥ ❧♦s ✈❛❧♦r❡s ❞❡ ∆fDF = fDF − f0DF ✳

◆✉❡str♦s ❝á❧❝✉❧♦s ❛rr♦❥❛♥ q✉❡ ❧❛ ❜❛rr❡r❛ ❞❡ ❡♥❡r❣í❛ ❞✐s♠✐♥✉②❡ ❝♦♥ ❡❧ ✐♥❝r❡♠❡♥t♦ ❞❡ t❡♠♣❡r❛t✉r❛ ② ❞❡s❛♣❛r❡❝❡ ❛ ✉♥❛

t❡♠♣❡r❛t✉r❛ ❞❡ ✷✵✾ ❑✳

✼✳✷✳✷✳✷✳ ❳❡ ❡♥ r❛♥✉r❛s ❝❡rr❛❞❛s ❞❡ ▼❛❣♥❡s✐♦

✶✷✺
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❋✐❣✉r❛ ✼✳✷✼✿
❋❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ ❡❧ s✐st❡♠❛ ❳❡✴▼❣ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❈♦♠♦
s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❛♣❛r❡❝❡ ♠ás ❞❡ ✉♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s ❧❛s s♦❧✉❝✐♦♥❡s r♦♠♣❡♥ ❝♦♥ ❧❛ s✐♠❡trí❛ ❞❡❧
♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳ ▲♦s tr✐á♥❣✉❧♦s ❤❛❝✐❛ ❛❜❛❥♦ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ tr✐♣❧❡✱ ❧♦s ❝ír❝✉❧♦s ❛ Tnb✱ ❧♦s tr✐á♥❣✉❧♦s
❤❛❝✐❛ ❛rr✐❜❛ ❛ ✶✼✶ ❑ ② ❧♦s ❝✉❛❞r❛❞♦s ❛ ✶✼✻ ❑✳

❚r❛♥s❝r✐❜✐♠♦s s♦❧♦ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❡ ♥✉❡str♦ ❡st✉❞✐♦ ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ s♦❜r❡ ✉♥ s✉str❛t♦ t❛♥ ❢✉❡rt❡ ❝♦♠♦ ❡❧

▼❣✱ ♣✉❡s s❡ ♣r❡s❡♥t❛♥ ❝❛r❛❝t❡ríst✐❝❛s s✐♠✐❧❛r❡s ❛ ❧❛ ❞❡❧ ▲✐✳ ❊❧ ❳❡ ♠♦❥❛ ❛❧ ▼❣ ❞❡ ♠❛♥❡r❛ ❝♦♥t✐♥✉❛ ❛ ♣❛rt✐r ❞❡ ❧❛

t❡♠♣❡r❛t✉r❛ ❞❡ ♣✉♥t♦ tr✐♣❧❡✳

◆✉❡str♦s ❝á❧❝✉❧♦s ♥♦s ♣❡r♠✐t✐❡r♦♥ ❡♥❝♦♥tr❛r✱ ♣❛r❛ ❞✐✈❡rs❛s t❡♠♣❡r❛t✉r❛s ② ♣❛r❛ s✉str❛t♦s r❡❧❛t✐✈❛♠❡♥t❡ ❢✉❡rt❡s

❝♦♠♦ ❡❧ ▼❣ ② ❡❧ ▲✐✱ s✐t✉❛❝✐♦♥❡s ❡♥ ❞♦♥❞❡ ♣❛r❛ ♠ás ❞❡ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ ❞❡♥s✐❞❛❞ ❛♣❛r❡❝❡♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳

❋✉❡r❛ ❞❡ ❡s♦s ✐♥t❡r✈❛❧♦s ❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❣✉❛r❞❛ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳ Pr✐♥❝✐♣❛❧♠❡♥t❡ ♣♦❞❡♠♦s

r❡s❝❛t❛r ❞❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❡ s✐st❡♠❛✱ q✉❡ t❛♠❜✐é♥ ❛♣❛r❡❝❡♥ ♠ú❧t✐♣❧❡s ✐♥t❡r✈❛❧♦s ❞♦♥❞❡ ♣✉❡❞❡♥ ♣r❡s❡♥t❛rs❡ ❡st❛❞♦s

❛s✐♠étr✐❝♦s✳ ▲❛ ❋✐❣✳ ✼✳✷✼ ❡s ❛♥á❧♦❣❛ ❛ ❧❛ ❋✐❣✳ ✼✳✷✸✭❜✮ ❡♥ ❡❧❧❛ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r tr❡s ✐♥t❡r✈❛❧♦s ♠✉② ❡str❡❝❤♦s✱ ❞♦♥❞❡

♣✉❡❞❡♥ ♣r❡s❡♥t❛rs❡ ❡st❛❞♦s ❛s✐♠étr✐❝♦s✳ ❈♦♠♦ ♣❛r❛ ❧♦s ❞❡♠ás s✉str❛t♦s✱ ❡st♦s ✐♥t❡r✈❛❧♦s s♦♥ ♠ás ❛♥❣♦st♦s ❛ ♠❡❞✐❞❛

q✉❡ s❡ ❡❧❡✈❛ ❧❛ t❡♠♣❡r❛t✉r❛✳ ❊♥ ❧❛ ❋✐❣✳ ✼✳✷✽ ✭❛♥á❧♦❣❛ ❞❡ ❧❛ ❋✐❣✳ ✼✳✷✹✮ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❞♦s ♣❡r✜❧❡s ✉♥♦ ❞❡ ❡❧❧♦s

❛♣❡♥❛s ♣♦r ❡♥❝✐♠❛ ❞❡❧ ♦tr♦✱ ❝❛❧❝✉❧❛❞♦s ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡❧ ♣✉♥t♦ tr✐♣❧❡✱ ❛s♦❝✐❛❞♦s ❛ ❝✉❜r✐♠✐❡♥t♦s q✉❡ ✈❛❧❡♥ ✷✳✷✹

② ✷✳✹✷ ✭♣❛r❛ ❧❛ ❝✉r✈❛ s✉♣❡r✐♦r✮✳

✼✳✷✳✷✳✸✳ ❳❡ ❡♥ r❛♥✉r❛s ❛❜✐❡rt❛s ❞❡ ❙♦❞✐♦

❆♥❛❧✐③❛♠♦s ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ ② ◆❡ ❡♥ r❛♥✉r❛s ❛❜✐❡rt❛s ❝♦♠♣❛r❛♥❞♦ ❡♥ ❛❧❣✉♥♦s ❝❛s♦s ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s

❡♥ r❛♥✉r❛s ❝❡rr❛❞❛s✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛ r❛♥✉r❛ s❡ ❝♦❧♦❝❛ ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ✉♥ r❡s❡r✈♦r✐♦ ❞❡ ✢✉✐❞♦ ❝♦♥ ❡❧ ❝✉❛❧ ♣✉❡❞❡

✐♥t❡r❝❛♠❜✐❛r ✉♥ ✢✉❥♦ ✐rr❡str✐❝t♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ♣❡r♦ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ t♦❞♦ ❡❧ s✐st❡♠❛ q✉❡❞❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♥

✈❛❧♦r ♣r❡✜❥❛❞♦ ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ µ✳

❈♦♠♦ ②❛ ✈✐♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✻ ❡❧ ❡♥s❛♠❜❧❡ ♠ás ❛❞❡❝✉❛❞♦ ♣❛r❛ tr❛t❛r ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s✱ ❞♦♥❞❡ µ✱ T ② V
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P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❛s✐♠étr✐❝♦s ❞❡❧ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ▼❣ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡❧
♣✉♥t♦ tr✐♣❧❡ ❞❡❧ ❳❡ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ▲♦s ❢❛❝t♦r❡s ❞❡ ❝✉❜r✐♠✐❡♥t♦ ✈❛❧❡♥ ✷✳✷✹ ② ✷✳✹✷ ✭❝✉r✈❛ s✉♣❡r✐♦r✮✳

♣❡r♠❛♥❡❝❡♥ ❝♦♥st❛♥t❡s✱ ❡s ❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✳

❆❧ ✐❣✉❛❧ ❝♦♠♦ s✉❝❡❞í❛ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❛❞s♦r❝✐ó♥ s♦❜r❡ s✉str❛t♦s ♣❧❛♥♦s✱ ❧❛s s♦❧✉❝✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❡♥ ❡st❡ ❝❛s♦✱

♥♦ ❞✐✜❡r❡♥ s✉st❛♥❝✐❛❧♠❡♥t❡ ❞❡ ❧❛s ♦❜t❡♥✐❞❛s ❝✉❛♥❞♦ s❡ tr❛❜❛❥❛ ❝♦♥ r❛♥✉r❛s ❝❡rr❛❞❛s✱ s❛❧✈♦ ♣♦rq✉❡ ❧❛s s♦❧✉❝✐♦♥❡s

♦❜t❡♥✐❞❛s s♦♥ ❛q✉❡❧❧❛s ❞♦♥❞❡ dµ/dn > 0✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❡st❛❞♦s ❡st❛❜❧❡s ♦ ♠❡t❛st❛❜❧❡s✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✷✵ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥❛ ✐s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ♣❛r❛ ❡st❛ t❡♠♣❡r❛t✉r❛✳ ❊♥ ❡❧ ❣rá✜❝♦ s❡ ✐♥❞✐❝❛♥ ✈❛❧♦r❡s

❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ t❛♥t♦ ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❝♦♠♦ ❛s✐♠étr✐❝❛s ♦❜t❡♥✐❞❛s ♣❛r❛ ❧❛

r❛♥✉r❛ ❛❜✐❡rt❛✱ ❛sí ❝♦♠♦ ♣❛r❛ ❧❛ ♠✐s♠❛ r❛♥✉r❛ ❝❡rr❛❞❛✱ ❡♥ ❧❛s ♠✐s♠❛s ❝♦♥❞✐❝✐♦♥❡s✳

▲♦s ❡st❛❞♦s✱ ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧ ❡♠♣❧❡♦ ❞❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✱ s♦♥ ♠♦str❛❞♦s ❡♥ ❧í♥❡❛ só❧✐❞❛✳ ❊♥ ❧í♥❡❛ ❞❡ r❛②❛s s❡

♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ ♣❛r❛ ❧❛ ♠✐s♠❛ r❛♥✉r❛ ❝❡rr❛❞❛✱ ❞♦♥❞❡ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s s❡ ❝♦❧♦❝❛

✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ♠❡❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s q✉❡ ❛rr♦❥❛♥ ❧♦s ❝á❧❝✉❧♦s ♣❛r❛ ❧❛ r❛♥✉r❛ ❛❜✐❡rt❛ ② ❞♦♥❞❡ ❛❞❡♠ás ❤❛ ❞❡ ✜❥❛rs❡ ❡❧

❝♦rr❡s♣♦♥❞✐❡♥t❡ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ❣rá✜❝❛✱ ❡①✐st❡♥ ✐♥t❡r✈❛❧♦s ❞♦♥❞❡ ❛♠❜❛s

❝✉r✈❛s s❡ s✉♣❡r♣♦♥❡♥✳ ❈♦♠♦ ②❛ s❡ ❝♦♠❡♥tó✱ ❝✉❛♥❞♦ s❡ ❡st✉❞✐♦ ❛❞s♦r❝✐ó♥ s♦❜r❡ ♣❛r❡❞❡s✱ ❡❧ ❢♦r♠❛❧✐s♠♦ ❣r❛♥ ❝❛♥ó♥✐❝♦

s♦❧♦ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ s♦❧✉❝✐♦♥❡s ❡st❛❜❧❡s ♦ ♠❡t❛st❛❜❧❡s ✭dµ/dn > 0✮✳ ▲❛ ❧í♥❡❛ ❞❡

r❛②❛s ❤♦r✐③♦♥t❛❧ ❡♥ ❡st❛ ✜❣✉r❛✱ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s ✐❣✉❛❧❡s✳ ❊st❛ ❧í♥❡❛ ✉♥❡ ❞♦s ❡st❛❞♦s

❡st❛❜❧❡s ♠❛r❝❛❞♦s ❝♦♥MS1 ②MS2✱ ♣❡r♦ t❛♠❜✐é♥ ♣❛s❛ ❡①❛❝t❛♠❡♥t❡ ♣♦rMA q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ❡st❛❞♦ ❛s✐♠étr✐❝♦

❡st❛❜❧❡✳

❊♥ ❧❛ ❣rá✜❝❛ s❡ ♣♦♥❡ ❡♥ ❡✈✐❞❡♥❝✐❛ q✉❡ ❡♥ ❛♠❜♦s ❝❛s♦s ✭r❛♥✉r❛s ❛❜✐❡rt❛s ♦ ❝❡rr❛❞❛s✮ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s q✉❡ r♦♠♣❡♥ ❧❛

s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❛♣❧✐❝❛❞♦ ❛❧ ✢✉✐❞♦ ② q✉❡ ♣❛r❛ ❡st❡ s✐st❡♠❛✱ ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣r❡✜❥❛❞❛s ❞❡ t❡♠♣❡r❛t✉r❛

② ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❝✉❛♥❞♦ ❧❛ r❛♥✉r❛ ❡s ❛❜✐❡rt❛ ❡①✐st❡♥ tr❡s ❡st❛❞♦s ❡♥ ❝♦❡①✐st❡♥❝✐❛✱ ✉♥♦ ❞❡ ❧♦s ❝✉❛❧❡s ❡s ❛s✐♠étr✐❝♦✳

❱❛❧❡ ❞❡❝✐r ♣❛r❛ ❡st❡ s✐st❡♠❛ ❝✉❛♥❞♦ ❡stá ❝❡rr❛❞♦✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✳ ✼✳✷✷✱ ♣✉❡❞❡♥ ❡①✐st✐r ✉♥ ❝♦♥t✐♥✉♦ ❞❡

s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✳ ❈✉❛♥❞♦ ❧❛ r❛♥✉r❛ s❡ ❛❜r❡ s♦❧♦ ✉♥❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ❡st❛❜❧❡✱ q✉❡ ❡s ❧❛ ✐♥❞✐❝❛❞❛ ❝♦♥ MA

❡♥ ❧❛ ❋✐❣✳ ✼✳✷✵✱ t✐❡♥❡ ❛s♦❝✐❛❞♦ ❡❧ ♠✐s♠♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ q✉❡ ❧❛s s✐♠étr✐❝❛s MS1 ② MS2 q✉❡ ❝♦❡①✐st❡♥ ❞❡♥tr♦ ❞❡ ❧❛

r❛♥✉r❛✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✷✾ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ❞❡t❡r♠✐♥❛❞❛s ♠❡❞✐❛♥t❡ ❡❧ ♠ét♦❞♦ ❞❡ ❧❛s t❛♥❣❡♥t❡s q✉❡

❝♦♥s✐❞❡r❛ s♦❧✉❝✐♦♥❡s ❡st❛❜❧❡s ② ♠❡t❛❡st❛❜❧❡s✱ q✉❡ ♣❡r♠✐t❡♥ ♦❜t❡♥❡r ❧♦s ✈❛❧♦r❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛✱ ❝✉❛♥❞♦ s❡ tr❛❜❛❥❛
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●r❛♥ ❡♥❡r❣í❛ ❧✐❜r❡ ✭♣♦r ✉♥✐❞❛❞ ❞❡ ár❡❛✮ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❳❡ ❛❞s♦r❜✐❞♦
❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ◆❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❊st❡ ❣rá✜❝♦ ❢✉❡ r❡❛❧✐③❛❞♦ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛
t❛♥t♦ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❝♦♠♦ ❧❛s ❛s✐♠étr✐❝❛s✳ ❈♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❣r❛♥ ❡♥❡r❣í❛ ❧✐❜r❡ ② ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡
❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s s❡ ❝♦♥❢❡❝❝✐♦♥❛♥ ❧❛s ❝✉r✈❛s q✉❡ ✉♥❡♥ ❧♦s ♣✉♥t♦s CS1 ❝♦♥ SS1 ② SS2 ❝♦♥ CS2✳ ❈♦♥ ❧❛s
s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s s❡ ❛r♠ó ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡ SA1 ❝♦♥ SA2✳ ❚♦❞❛s ❡st❛s ❝✉r✈❛s s❡ ❝♦rt❛♥ ❡♥ ✉♥ s♦❧♦ ♣✉♥t♦
✭♠❛r❝❛❞♦ ❝♦♥ Mcross✮✳ ❊st♦ ✐♠♣❧✐❝❛rí❛ q✉❡✱ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ♣✉❡❞❡♥ ❝♦❡①✐st✐r tr❡s ❡st❛❞♦s ❡♥ ❡q✉✐❧✐❜r✐♦✱ ❞♦s
❞❡ ❡❧❧♦s s✐♠étr✐❝♦s ② ✉♥♦ ❛s✐♠étr✐❝♦✳ ❊❧ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❛s♦❝✐❛❞♦ ❛ Mcross ❡s ❡❧ ♠✐s♠♦ q✉❡ s❡ ❞❡❞✉❝❡ ❞❡
❧❛ ❋✐❣✳ ✼✳✷✵ ❝✉❛♥❞♦ s❡ ✐♠♣❧❡♠❡♥t❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ❧❛s ár❡❛s✱ ♣❛r❛ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s✳

❝♦♥ ❧❛s s♦❧✉❝✐♦♥❡s ❝❛❧❝✉❧❛❞❛s ♠❡❞✐❛♥t❡ ❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦ ✭❞♦♥❞❡ ❡stá♥ ❛✉s❡♥t❡s ❧♦s ❡st❛❞♦s ✐♥❡st❛❜❧❡s✮✳ ▲♦s ❝r✉❝❡s ❡♥

❡❧ ♣✉♥t♦Mcross ❞❡ ❧❛s ❧í♥❡❛s ❝✉②♦s ❡①tr❡♠♦s ❤❛♥ s✐❞♦ ♠❛r❝❛❞♦s ♣♦r CS1−SS1 ② SS2−CS2 ❞❡t❡r♠✐♥❛♥ ❧♦s ✈❛❧♦r❡s ❞❡

❝♦❡①✐st❡♥❝✐❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s q✉❡ ❡♥ ❧❛ ❋✐❣✳ ✼✳✷✵ ❤❛♥ s✐❞♦ s❡ñ❛❧❛❞♦s ♣♦r MS1 ② MS2✳ ❊s

✐♠♣♦rt❛♥t❡ r❡♠❛r❝❛r q✉❡ ❧♦s ❞❛t♦s ❣r❛✜❝❛❞♦s ❡♥ ❡st❛ ✜❣✉r❛ ✐♥❞✐❝❛♥ q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ µ ❧♦s ❡st❛❞♦s ❛s✐♠étr✐❝♦s

♠❡t❛st❛❜❧❡s s✐❡♠♣r❡ t✐❡♥❡♥ ❣r❛♥ ♣♦t❡♥❝✐❛❧ ✭ω✮ ♠ás ❜❛❥♦ q✉❡ ❧♦s ♠❡t❛st❛❜❧❡s s✐♠étr✐❝♦s ✭s❛❧✈♦ ❡♥ ❡❧ ♣✉♥t♦ Mcross✮✳

▲❛ ❧í♥❡❛ SA1 − SA2 ❡st❛ ❛s♦❝✐❛❞❛ ❛ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✱ q✉❡ ❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛ ❣rá✜❝❛ s❡ ❝♦rt❛ ❝♦♥

❧❛s ♦tr❛s ❧í♥❡❛s ❡♥ ❡❧ ♠✐s♠♦ ♣✉♥t♦✳

❊s ❞❡❝✐r✿ ❧♦ q✉❡ ♦t♦r❣❛ s❡♥t✐❞♦ ❛ ❧❛ ❛✜r♠❛❝✐ó♥ q✉❡ ❤❛❝❡♠♦s ❡♥ ❡st❡ tr❛❜❛❥♦ s♦❜r❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ tr❡s ❡st❛❞♦s

❡st❛❜❧❡s ✭❞♦s ❞❡ ❡❧❧♦s s✐♠étr✐❝♦s ② ❡❧ r❡st❛♥t❡ ❛s✐♠étr✐❝♦✮✱ ❡s ❥✉st❛♠❡♥t❡ q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❝❛❧❝✉❧❛❞♦ ❛

♣❛rt✐r ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❛rr♦❥❛ ❡①❛❝t❛♠❡♥t❡ ❡❧ ♠✐s♠♦ ✈❛❧♦r ✭❞❡♥tr♦ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ♥✉♠ér✐❝❛ ❝♦♥ q✉❡ s❡

tr❛❜❛❥❛✮ q✉❡ ❡❧ ♦❜t❡♥✐❞♦ ♣❛r❛ ❡❧ ❡st❛❞♦ s✐♠étr✐❝♦✳

❊❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❡st❛❞♦ MA✱ ❤❛ s✐❞♦ ♠❛r❝❛❞♦ ❝♦♥ ✉♥❛ ❧í♥❡❛ ❣r✉❡s❛ ❡♥ ❧❛ ❋✐❣✳ ✼✳✷✶ ✭❞♦♥❞❡

❛♣❛r❡❝❡♥ ❛❞❡♠ás ♣❡r✜❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❡ ❝✉❜r✐♠✐❡♥t♦✮✳ ▲♦s ♣❡r✜❧❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❡st❛ ✜❣✉r❛

❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s ♣❛r❛ ✉♥❛ r❛♥✉r❛ ❝❡rr❛❞❛✱ ❛✉♥q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ❡st❛❞♦ MA✱ t❛♠❜✐é♥ s❡ ❝❛❧❝✉❧ó ♣❛r❛ ❧❛ ♠✐s♠❛

r❛♥✉r❛ ❛❜✐❡rt❛ ❞❛♥❞♦ ❝♦♠♦ r❡s✉❧t❛❞♦ ❧❛ ♠✐s♠❛ ❝✉r✈❛✳

▲❛ ❋✐❣✳ ✼✳✸✵ ♠✉❡str❛ ♣❡r✜❧❡s ❝❛❧❝✉❧❛❞♦s ♣❛r❛ r❛♥✉r❛s ❛❜✐❡rt❛s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s ❞❡ ❝✉❜r✐✲

♠✐❡♥t♦✿ ✷✳✼✷✱ ✹✳✺✸ ② ✻✳✸✺✳ ❆❧❧í ♥✉❡✈❛♠❡♥t❡ s❡ ♠✉❡str❛ ❡❧ ❡st❛❞♦ MA ✭✜❣✉r❛ ❝❡♥tr❛❧✮✱ ✐❞é♥t✐❝♦ ❛❧ ❝❛❧❝✉❧❛❞♦ ♣❛r❛

r❛♥✉r❛s ❝❡rr❛❞❛s✱ ❥✉♥t♦ ❛ ❧♦s ❡st❛❞♦s s✐♠étr✐❝♦s q✉❡ ♣✉❡❞❡♥ ❝♦❡①✐st✐r ❝♦♥ é❧ ✭❡❧ MS1 ② ❡❧ MS2✮✳ ◗✉❡ ❧♦s ❡st❛❞♦s MA

❝❛❧❝✉❧❛❞♦s t❛♥t♦ ♣❛r❛ r❛♥✉r❛s ❝❡rr❛❞❛s ❝♦♠♦ ❛❜✐❡rt❛s s❡❛♥ ✐❞é♥t✐❝♦s ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡

✶✷✽
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❋✐❣✉r❛ ✼✳✸✵✿
P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❛❜✐❡rt❛✱ ❝♦♥st✐t✉✐❞❛ ♣♦r ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡
◆❛✱ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✹✺ ❑ ✭❙③②❜✐s③✱ ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❊st♦s ♣❡r✜❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s tr❡s s♦❧✉❝✐♦♥❡s q✉❡ ♣✉❡❞❡♥
❝♦❡①✐st✐r ❡♥ ❧❛ r❛♥✉r❛✳ ❊❧ ❣r❛✜❝♦ ❝❡♥tr❛❧ s❡ñ❛❧❛❞♦ ❝♦♥ MA ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛✳ ▲♦s ♣❡r✜❧❡s MS1 ②
MS2 s♦♥ s✐♠étr✐❝♦s✳ ❚♦❞♦s ❡st♦s ♣❡r✜❧❡s t✐❡♥❡♥ ❛s♦❝✐❛❞♦s ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♥ú♠❡r♦ ♠❡❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞
❞❡ ár❡❛✳ ❊❧ ♣❡r✜❧ ❛s✐♠étr✐❝♦ ♣✉❡❞❡ ♣❡♥s❛rs❡ ❝♦♥st✐t✉✐❞♦✱ ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ ♣♦r ❧♦s ♣❡r✜❧❡s s✐♠étr✐❝♦s
❛❞s♦r❜✐❞♦s ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s✳

❧♦s ❡♥s❛♠❜❧❡s ❝❛♥ó♥✐❝♦ ② ❣r❛♥ ❝❛♥ó♥✐❝♦ ✭❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❞❡♥tr♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦ ♣rá❝t✐❝❛♠❡♥t❡ ♥♦

❞✐✜❡r❡♥ ❞❡ ❧❛s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❡♥ ❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✱ s❛❧✈♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ s✐st❡♠❛s ♠✉② ❝♦♥✜♥❛❞♦s q✉❡ ❛❞❡♠ás ♣♦s❡❛♥

♣♦❝❛s ♣❛rtí❝✉❧❛s✮✳ ❚❛♠❜✐é♥ s❡ ♦❜s❡r✈ó q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛✱ s✐ s❡ ♣✐❡♥s❛ ❝♦♠♦ ❝♦♥❢♦r♠❛❞❛ ♣♦r ❞♦s ♣♦r❝✐♦♥❡s

❞❡ ✢✉✐❞♦ ❛❞s♦r❜✐❞❛s ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❝♦♠❜✐♥❛♥❞♦ ❧❛s ♣♦r❝✐♦♥❡s ❞❡ ✢✉✐❞♦ ❛❞s♦r❜✐❞❛s

❡♥ ❝❛❞❛ ♣❛r❡❞✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❞❡ ❧❛ ❝♦❡①✐st❡♥❝✐❛✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✸✶ s❡ ❡st✉❞✐❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❡♥ r❡❧❛❝✐ó♥ ❝♦♥ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛ ❧❛s s✐♠étr✐❝❛s ② s❡ ❡①❤✐❜❡♥ r❡s✉❧t❛❞♦s ❝❛❧❝✉❧❛❞♦s t❛♥t♦ ♣❛r❛ r❛♥✉r❛s ❝❡rr❛❞❛s ❝♦♠♦ ♣❛r❛ r❛♥✉r❛s ❛❜✐❡rt❛s✳ ❊♥ ❡❧

❡❥❡ ❞❡ ♦r❞❡♥❛❞❛s s❡ ❝♦❧♦❝❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ ❛s♦❝✐❛❞❛ ❛ ❧❛ s♦❧✉❝✐ó♥ s✐♠étr✐❝❛ ② ❧❛

❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛✳ ❊♥ ❡st❡ ❣rá✜❝♦✱ ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s ♣❛r❛ r❛♥✉r❛s ❝❡rr❛❞❛s ❡stá♥ ✐♥❞✐❝❛❞♦s ❝♦♥ ❧í♥❡❛ ❞❡

r❛②❛s ② ❧♦s ♦❜t❡♥✐❞♦s✱ ♣❛r❛ ❧❛s ♠✐s♠❛s r❛♥✉r❛s ❛❜✐❡rt❛s✱ ❝♦♥ ❧í♥❡❛ ❞❡ ♣✉♥t♦s✳ ❊♥ ✉♥ s❡❝t♦r ✭❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s s♦♥

❡st❛❜❧❡s✮ ❛♠❜❛s ❝✉r✈❛s s❡ s✉♣❡r♣♦♥❡♥✳ ❈❧❛r❛♠❡♥t❡ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ✐♥t❡r✈❛❧♦ ✭❞❡s❞❡ SA1 ❤❛st❛

SA2) ❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ♣♦s❡❡♥ ♠❡♥♦r ❡♥❡r❣í❛ q✉❡ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s s✐♠étr✐❝❛s✳ ❊♥ ❡st❛ ✜❣✉r❛ s❡

❤❛ ♠❛r❝❛❞♦ ✉♥ ♣✉♥t♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❥✉st❛♠❡♥t❡ ❛❧ ❡st❛❞♦ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❛s✐♠étr✐❝♦ MA✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ❡st❛❞♦s s✐♠étr✐❝♦s MS1 ② MS2✱ ❧❛ ♣❡❧í❝✉❧❛ ✢✉✐❞❛ ❢♦r♠❛❞❛ s♦❜r❡ ❝❛❞❛ ♣❛r❡❞ ❞❡ ❧❛ r❛♥✉r❛✱ ❝♦✐♥❝✐❞❡

r❡s♣❡❝t✐✈❛♠❡♥t❡ ❝♦♥ ❧❛s ❡str✉❝t✉r❛s ❞❡❧❣❛❞❛ ② ❣r✉❡s❛ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ❝♦❡①✐st❡♥❝✐❛✱ ❝✉❛♥❞♦ s❡ ❡st✉❞✐❛ ❡❧ ❢❡♥ó♠❡♥♦

❞❡ ❛❞s♦r❝✐ó♥ s♦❜r❡ ✉♥❛ ♣❛r❡❞✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ MA s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ♣❡❧í❝✉❧❛ ❣r✉❡s❛ ✭❡♥

❧❛ ♣❛r❡❞ ❞❡r❡❝❤❛✮ ❝♦♥ ✉♥❛ ❞❡❧❣❛❞❛ ✭s♦❜r❡ ❧❛ ♣❛r❡❞ ✐③q✉✐❡r❞❛✮✳

P♦r ♦tr♦ ❧❛❞♦✱ ❛rr✐❜❛ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ ♣❛r❛ ✉♥ ❞❛❞♦ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❧♦s ❡st❛❞♦s ❛s♦❝✐❛❞♦s

❝♦♥ ❡❧ ✈❛❧♦r ♠ás ❜❛❥♦ ❞❡ ❣r❛♥ ♣♦t❡♥❝✐❛❧ s❡ ✉❜✐❝❛♥ ♣♦r s♦❜r❡ ❧❛ ❝✉r✈❛ ❞❡♥♦t❛❞❛ ♣♦r CS1 − Mcross − CS2 ② s✉

❡str✉❝t✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ♣❡❧í❝✉❧❛ ✉♥✐❢♦r♠❡ q✉❡ s❡ ❡①t✐❡♥❞❡ s♦❜r❡ ❡❧ ♣❧❛♥♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧ ❡❥❡ ③✳ P♦r ❧♦ t❛♥t♦

✶✷✾
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❋✐❣✉r❛ ✼✳✸✶✿
❉✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❡♥❡r❣í❛s ❧✐❜r❡s ✭♣♦r ♣❛rtí❝✉❧❛✮ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ s♦❧✉❝✐♦♥❡s
s✐♠étr✐❝❛s ② ❛s✐♠étr✐❝❛s✱ ❝❛❧❝✉❧❛❞❛s t❛♥t♦ ♣❛r❛ r❛♥✉r❛s ❝❡rr❛❞❛s ❝♦♠♦ ❛❜✐❡rt❛s ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳ ❊♥ ❡st❛
✜❣✉r❛ fD(as) r❡♣r❡s❡♥t❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s✱ ♠✐❡♥tr❛s q✉❡
fD(s) r❡♣r❡s❡♥t❛ ❧❛ ♠✐s♠❛ ♠❛❣♥✐t✉❞ ♣❡r♦ ♣❛r❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s✳ ❊♥ ❡❧ ré❣✐♠❡♥ ❞❡❧✐♠✐t❛❞♦ ♣♦r SA1 ② SA2 ❡❧ ♣♦✲
t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❡①❤✐❜❡ ❝✉r✈❛t✉r❛ ♣♦s✐t✐✈❛ ② ♣♦r ❡♥❞❡ ❡st♦s r❡s✉❧t❛❞♦s ✭❝♦rr❡s♣♦♥❞✐❡♥t❡s
❡♥t♦♥❝❡s ❛ s♦❧✉❝✐♦♥❡s ❡st❛❜❧❡s✮ t❛♠❜✐é♥ s♦♥ ♦❜t❡♥✐❞♦s ✉t✐❧✐③❛♥❞♦ ❡❧ ❢♦r♠❛❧✐s♠♦ ❣r❛♥ ❝❛♥ó♥✐❝♦ ✭r❛♥✉r❛s ❛❜✐❡rt❛s✮✳
❊♥ ❡❧ ❣rá✜❝♦ s❡ ✐♥❞✐❝♦ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❡st❛❞♦ ❛s✐♠étr✐❝♦ MA✱ ú♥✐❝♦ ❡st❛❞♦ ❛s✐♠étr✐❝♦ ♣♦s✐❜❧❡✱ ❝♦♥ s❡♥t✐❞♦ ❢ís✐❝♦✱ q✉❡
❛♣❛r❡❝❡ ❝✉❛♥❞♦ s❡ r❡s✉❡❧✈❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ r❛♥✉r❛ ❛❜✐❡rt❛✳
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❋✐❣✉r❛ ✼✳✸✷✿
❈♦❡①✐st❡♥❝✐❛ ❞❡ ❡st❛❞♦s ❞❡❧ ❳❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ♣❛r❡❞❡s ✐❞é♥t✐❝❛s ❞❡ ◆❛ ✭❙③②❜✐s③ ② ❙❛rt❛r❡❧❧✐ ❬✶✹❪✮✳
▲❛s t❡♠♣❡r❛t✉r❛s ✈❛rí❛♥ ❡♥tr❡ ❧❛ ❞❡ ♠♦❥❛❞♦ ② ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✳ ❊st♦s ✈❛❧♦r❡s ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s t❛♥t♦ ♣❛r❛
r❛♥✉r❛s ❝❡rr❛❞❛s ❝♦♠♦ ❛❜✐❡rt❛s✳ ▲♦s ❝ír❝✉❧♦s s❡ñ❛❧❛♥ ❡st❛❞♦s s✐♠étr✐❝♦s ♠✐❡♥tr❛s q✉❡ ❧♦s ❞✐❛♠❛♥t❡s ❝♦rr❡s♣♦♥❞❡♥
❛ ❡st❛❞♦s ❛s✐♠étr✐❝♦s✳ ▲❛ ❧í♥❡❛ ❞❡ ♣✉♥t♦s ❢✉❡ ❣r❛✜❝❛❞❛ ❛ ♠❛♥♦ ❛❧③❛❞❛ s♦❧♦ ♣❛r❛ ♠❛r❝❛r ❧❛ t❡♥❞❡♥❝✐❛ q✉❡ s✐❣✉❡♥
❧♦s ✈❛❧♦r❡s✳ ❆ ♠❡❞✐❞❛ q✉❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛✱ ❤❛st❛ ❛❧❝❛♥③❛r ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✱ t♦❞♦s ❧♦s
❡st❛❞♦s ❝♦♥✈❡r❣❡♥ ❛ ✉♥♦ s♦❧♦✱ q✉❡ ♣♦s❡❡ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✳

♥♦ ❤❛② r✉♣t✉r❛ ❞❡ s✐♠❡trí❛ s♦❜r❡ ❡s❡ ♣❧❛♥♦✳

▲❛ ❋✐❣✳ ✼✳✸✷ ♠✉❡str❛ ❧❛ ❡✈♦❧✉❝✐ó♥✱ ❝♦♥ ❧❛ t❡♠♣❡r❛t✉r❛✱ ❞❡ ❧♦s ❡st❛❞♦s ♣r❡s❡♥t❡s ❡♥ ❧❛ ❝♦❡①✐st❡♥❝✐❛✱ ♣❛r❛ ❛❧❣✉♥❛s

t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧❛ ❞❡ ♠♦❥❛❞♦ ② ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✳ ❊st♦s ✈❛❧♦r❡s ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s t❛♥t♦ ♣❛r❛ r❛♥✉r❛s

❝❡rr❛❞❛s ❝♦♠♦ ❛❜✐❡rt❛s✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❡❧ ✢✉✐❞♦ ❞❡♣♦s✐t❛❞♦ ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❡st❛❞♦s

s✐♠étr✐❝♦s✱ s❡ ❞✐❢❡r❡♥❝✐❛♥ ❡♥ s✉ ❡s♣❡s♦r✱ ❤❛st❛ q✉❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❛❧❝❛♥③❛ ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❞♦♥❞❡ ❧❛s

s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❞❡s❛♣❛r❡❝❡♥ q✉❡❞❛♥❞♦ ❡♥t♦♥❝❡s ✉♥ s♦❧♦ ❡st❛❞♦ q✉❡ ❣✉❛r❞❛ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✱

❛s♦❝✐❛❞♦ ❛ ✉♥❛ ♣♦r❝✐ó♥ ❝♦♥ ❡s♣❡s♦r ❞❡t❡r♠✐♥❛❞♦✳

▲♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣❛r❛ ❧❛s ✐s♦t❡r♠❛s ❞❡❧ s✐st❡♠❛ ❳❡✴◆❛ ❛♥❛❧✐③❛❞♦ ❛rr✐❜❛ ♣✉❡❞❡♥ ❡①t❡♥❞❡rs❡ ♣❡r❢❡❝t❛♠❡♥t❡

♣❛r❛ ♦tr♦s s✐st❡♠❛s t❛❧❡s ❝♦♠♦ ❳❡✴▲✐ ♦ ❳❡✴▼❣ ❞♦♥❞❡ ❛♣❛r❡❝❡♥ ♦tr❛ s❡r✐❡ ❞❡ ❧♦♦♣s ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s✳

✼✳✷✳✸✳ ❈♦♥✜♥❛♠✐❡♥t♦ ❞❡ ◆❡ó♥

❊♥ ❡st❡ ❝❛s♦ ❝♦♠❡♥③❛♠♦s ❛♥❛❧✐③❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❝♦♥❝❡r♥✐❡♥t❡s ❝♦♥ ❡❧ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦✱

♠❡❞✐❛♥t❡ ❡❧ ❡st✉❞✐♦ ❞❡ ❛❞s♦r❝✐ó♥ ❡♥ r❛♥✉r❛s ✭❡♥ ✈❡③ ❞❡ ♣r♦❝❡❞❡r ❝♦♠♦ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✻✱ ❞♦♥❞❡ s❡ ❛♥❛❧✐③ó ❧❛ ❛❞s♦r❝✐ó♥

s♦❜r❡ ♣❛r❡❞❡s✮✳ ❙❡ ❝❛❧❝✉❧❛♥ ❛sí ❧❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ♠❡❞✐❛♥t❡ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ r❛♥✉r❛s

❞❡ ❘❜✱ ◆❛ ② ▲✐✱ ❛ t❡♠♣❡r❛t✉r❛s q✉❡ ❡stá♥ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✳

✶✸✶



P❛r❛ ❡❧ ◆❛ ② ❡❧ ▲✐ s❡ ✉t✐❧✐③❛r♦♥ r❛♥✉r❛s ❞❡ 40σff ❞❡ ❛♥❝❤♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❘❜ s❡ ✉t✐❧✐③❛r♦♥ r❛♥✉r❛s ♠ás ❛♥❝❤❛s

✭60σff ✮ ♣❛r❛ ❡✈✐t❛r ❧♦s ❡❢❡❝t♦s ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧❛s ♣❡❧í❝✉❧❛s ✢✉✐❞❛s ❛❞s♦r❜✐❞❛s ❡♥ ❧❛s ♣❛r❡❞❡s ♦♣✉❡st❛s ❞❡

❧❛ r❛♥✉r❛✳

✼✳✷✳✸✳✶✳ ❙♦❧✉❝✐♦♥❡s ❝♦♥ ♣❡r✜❧❡s s✐♠étr✐❝♦s ❞❡ ◆❡ó♥

❊♥ ❧❛ ❋✐❣✳ ✼✳✸✸ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥❛ ✐s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴▲✐ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛

❞❡ ✸✽✳✺ ❑ ✳ ❊st❛ t❡♠♣❡r❛t✉r❛ ❡s ❧❛ ♠ás ❛❧t❛ ♣❛r❛ ❧❛ ❝✉❛❧ ✉♥❛ ✐s♦t❡r♠❛ ❞❡ ❡st❡ s✐st❡♠❛ ♣r❡s❡♥t❛ ✉♥ ❧❛③♦ ❞❡ ✈❛♥ ❞❡r

❲❛❛❧s✳ ❆❧❧í s❡ ♠✉❡str❛♥ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ♦❜t❡♥✐❞❛s t❛♥t♦ ♣❛r❛ ❧❛ r❛♥✉r❛ ❝❡rr❛❞❛ ✭tr❛③♦ ❞❡ r❛②❛s✮ ❝♦♠♦ ♣❛r❛

❧❛ ♠✐s♠❛ r❛♥✉r❛ ❛❜✐❡rt❛ ✭tr❛③♦ ❝♦♥t✐♥✉♦✮✳ ❊♥tr❡ ❧♦s ♣✉♥t♦s CS1 ② SS1 ❛sí ❝♦♠♦ ❡♥tr❡ SS2 ② CS2 ❡st❛s ❝✉r✈❛s s❡

s✉♣❡r♣♦♥❡♥✳ ▲❛ r❡❣✐ó♥ ✐♥❡st❛❜❧❡ s❡ ❡①t✐❡♥❞❡ ❡♥tr❡ ❧♦s ♣✉♥t♦s ❡s♣✐♥♦❞❛❧❡s SS1 ② SS2✳ ▲♦s ❡st❛❞♦s MS1 ② MS2✱ ❡stá♥

❛s♦❝✐❛❞♦s ❝♦♥ ♣❡❧í❝✉❧❛s ✢✉✐❞❛s ❞❡ ❞✐st✐♥t♦s ❡s♣❡s♦r❡s q✉❡ ❝♦❡①✐st❡♥ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ❞❡♥tr♦ ❞❡ ❧❛ r❛♥✉r❛✳

▲♦s ❡st❛❞♦s ❡♥tr❡ MS1 ② SS1 ② ❧♦s ♣r❡s❡♥t❡s ❡♥tr❡ SS2 ② MS2 s♦♥ ♠❡t❛st❛❜❧❡s✳ ❊♥ ❡❧ ❧❧❡♥❛❞♦ ❞❡ ❧❛ r❛♥✉r❛ ♣✉❡❞❡♥

s❡r ❛❧❝❛♥③❛❞♦s ❝✉❛❧q✉✐❡r❛ ❞❡ ❧♦s ❡st❛❞♦s ❡♥tr❡ MS1 ② SS1 s✐❡♠♣r❡ ② ❝✉❛♥❞♦✱ ❡♥ ❡❧ ❧❧❡♥❛❞♦ ❞❡ ❧❛ r❛♥✉r❛✱ ❡❧ s✐st❡♠❛

♥♦ ❛❧❝❛♥❝❡ ❡❧ ❡st❛❞♦ ❡st❛❜❧❡ MS1 ✳ ❆♥á❧♦❣❛♠❡♥t❡✱ ❡♥ ❡❧ ✈❛❝✐❛❞♦ ❞❡ ❧❛ r❛♥✉r❛ ♣✉❡❞❡♥ s❡r ❛❧❝❛♥③❛❞♦s ❝✉❛❧q✉✐❡r❛ ❞❡

❧♦s ❡st❛❞♦s ❡♥tr❡ SS2 ② MS2✱ s✐ ❡♥ ❡st❡ ♣r♦❝❡s♦ s❡ t✐❡♥❡ ❝✉✐❞❛❞♦ ♣❛r❛ q✉❡ ❡❧ s✐st❡♠❛ ♥♦ ❛❧❝❛♥❝❡ ❡❧ ❡st❛❞♦ MS2✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ r❛♥✉r❛ ❝❡rr❛❞❛ ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡ ❝♦❡①✐st❡♥❝✐❛ s❡ ♦❜t✐❡♥❡ tr❛③❛♥❞♦ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡

▼❛①✇❡❧❧ ❞❡ ár❡❛s✱ ✐♥❞✐❝❛❞❛ ❝♦♥ ✉♥❛ r❡❝t❛ ✈❡rt✐❝❛❧ ❡♥ tr❛③♦ ❞❡ r❛②❛s ② ♣✉♥t♦s✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ ✈❛❧♦r ❞❡❧ ♣♦t❡♥❝✐❛❧

q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❡s ❡❧ ❛s♦❝✐❛❞♦ ❛ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧♦s ❡st❛❞♦s ❡st❛❜❧❡s MS1 ② MS2 s❡ñ❛❧❛❞♦s ❡♥ ❡❧ ❣rá✜❝♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♠✐s♠❛ r❛♥✉r❛✱ ♣❡r♦ ❛❤♦r❛ ❛❜✐❡rt❛✱ ❧♦s ❡st❛❞♦s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❡st❛❜❧❡ s❡ ♦❜t✐❡♥❡♥ ✜❥❛♥❞♦ ❡st❡

♠✐s♠♦ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦✳ ❊♥ ❡st❡ ❝❛s♦✱ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡s❞❡ ❡❧ ❣rá✜❝♦

❞❡ ❧❛ ✐s♦t❡r♠❛✱ s❡ r❡❛❧✐③❛ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ t❛♥❣❡♥t❡s✳ ▲♦s r❡s✉❧t❛❞♦s s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ❋✐❣✳ ✼✳✸✹✳

❈♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ ❡st❡ ✈❛❧♦r ❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❛s♦❝✐❛❞♦ ❛❧ ♣✉♥t♦ Mcross

q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ ❋✐❣✳ ✼✳✸✸✳ ❊♥ ❝♦♥❝❧✉s✐ó♥ ❧♦s ❡st❛❞♦s ❡♥ ❝♦❡①✐st❡♥❝✐❛ ❡st❛❜❧❡ ❞❡♥tr♦ ❞❡ ❧❛ r❛♥✉r❛ ❝❡rr❛❞❛ ♦ ❛❜✐❡rt❛

♣♦s❡❡♥ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✸✺ s❡ ❣r❛✜❝ó✱ ♣❛r❛ ❡❧ s✐st❡♠❛ ❛♥t❡r✐♦r✱ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ ✭fDF ) ② ❡❧ ✈❛❧♦r

❞❡ ❧❛ ❝♦♦r❞❡♥❛❞❛ ✏y✑ ✭❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❊❝✳ ✭✻✳✸✾✮✮✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ n∗ = nσ̃2
ff ✳ ❊♥ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❡st❛s ❞✐❢❡r❡♥❝✐❛s

❞❡❜❡♥ ✈❛❧❡r ❝❡r♦✱ t❛❧ ❝✉❛❧ s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r ❡♥ ❧❛ ❣rá✜❝❛✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✸✻ s❡ ♠✉❡str❛♥ ✐s♦t❡r♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ❧❧❡♥❛❞♦ ❞❡ r❛♥✉r❛s

❝❡rr❛❞❛s ❞❡ ❘❜✱ ◆❛✱ ② ▲✐ ❝♦♥ ◆❡✳ ▲♦s ❞❛t♦s s❡ ❝❛❧❝✉❧❛r♦♥ ♣❛r❛ ❧❛s t❡♠♣❡r❛t✉r❛s ✐♥❞✐❝❛❞❛s ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s

r❡s♣❡❝t✐✈♦s ❣rá✜❝♦s✳ ❊♥ ❡❧❧♦s ❧❛s ❧í♥❡❛s ✈❡rt✐❝❛❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝♦♥str✉❝❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ❞❡ ár❡❛s✳ ❊♥ ❝❛❞❛ ✉♥♦

❞❡ ❡st♦s ❣rá✜❝♦s s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ❢❡♥ó♠❡♥♦ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♥ s❛❧t♦ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧

❝✉❜r✐♠✐❡♥t♦✳ ❉❡ ❡st❛ ❢♦r♠❛ ❡❧ ∆Γl s❡ ♣✉❡❞❡ ✐❞❡♥t✐✜❝❛r ❝♦♥ ❡❧ ♣❛rá♠❡tr♦ ❞❡ ♦r❞❡♥ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛ ❡st❛ tr❛♥s✐❝✐ó♥✳

❙❡ ❡s♣❡r❛ ❡♥t♦♥❝❡s q✉❡ ❡st❡ ♣❛rá♠❡tr♦ ❝✉♠♣❧❛ ✉♥❛ ❧❡② ❞❡ ♣♦t❡♥❝✐❛s ❞❡❧ t✐♣♦✿

∆Γl(T ) = bpw (Tcpw − T )
1/2

. ✭✼✳✶✽✮

❊♥ ❧❛ t❛❜❧❛ ✼✳✷✳✸✳✶ s❡ ❡①♣♦♥❡♥ ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s ❞❡ t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ② ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ ❝❛❧❝✉❧❛❞♦s

♠❡❞✐❛♥t❡ ❡st❛s r❛♥✉r❛s ❬♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ s❡ ✉t✐❧✐③ó ❧❛ ❊❝✳ ✭✻✳✷✷✮❪✳ ▲❛s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦

s❡ ❛❥✉st❛♥ ♣❡r❢❡❝t❛♠❡♥t❡ ❛ ❧❛s q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ tr❛❜❛❥❛♥❞♦ ❝♦♥ ❛❞s♦r❝✐ó♥ s♦❜r❡ ♣❛r❡❞❡s ✭❈❛♣ít✉❧♦ ✻✮✳ ❊♥ ❝✉❛♥t♦

✶✸✷
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■s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ❝♦♥str✉✐❞❛ ❝♦♥ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ◆❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ▲✐
❞❡ 40σff ❞❡ ❛♥❝❤♦ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✽✳✺ ❑✳ ▲❛ ❝✉r✈❛ só❧✐❞❛ s❡ ♦❜t✐❡♥❡ t❛♥t♦ ♣❛r❛ ❧❛ r❛♥✉r❛ ❝❡rr❛❞❛ ❝♦♠♦ ♣❛r❛
❧❛ ♠✐s♠❛ r❛♥✉r❛ ❛❜✐❡rt❛✳ ▲❛ ❝✉r✈❛ r❛②❛❞❛ ❝♦rr❡s♣♦♥❞❡ ❛ s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s s♦❧❛♠❡♥t❡ ❡♥ r❛♥✉r❛s ❝❡rr❛❞❛s✳ ▲♦s
♣✉♥t♦s ♠❛r❝❛❞♦s ❝♦♥ SS1 ② SS2 s♦♥ ♣✉♥t♦s ❡s♣✐♥♦❞❛❧❡s✱ ♠✐❡♥tr❛s CS1 ② CS1 s♦♥ ❞♦s ❡st❛❞♦s ❣❡♥ér✐❝♦s ❛s♦❝✐❛❞♦s ❛
♣❡❧í❝✉❧❛s ✢✉✐❞❛s ❞❡ ❞✐❢❡r❡♥t❡s ❡s♣❡s♦r❡s✳ ▲♦s ♣✉♥t♦s ♠❛r❝❛❞♦s ❝♦♥ MS1 ② MS2 ❝♦rr❡s♣♦♥❞❡♥ ❛ ❞♦s ♣❡❧í❝✉❧❛s ✢✉✐❞❛s
❡♥ ❝♦❡①✐st❡♥❝✐❛ ✭❞❡ ❡s♣❡s♦r❡s ❞✐❢❡r❡♥t❡s✮✳ ▲❛ ❧í♥❡❛ ✈❡rt✐❝❛❧ ❞❡ r❛②❛s ② ♣✉♥t♦s ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡
▼❛①✇❡❧❧ ❞❡ ár❡❛s✳
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●r❛♥ ♣♦t❡♥❝✐❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ♣❛r❛ ◆❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❛❜✐❡rt❛ ❝♦♥st✐t✉✐❞❛ ♣♦r ♣❛r❡❞❡s
✐❞é♥t✐❝❛s ❞❡ ▲✐ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✽✳✺ ❑✳ ❊st❡ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ t❛♥❣❡♥t❡s✳ ❊❧
♣✉♥t♦ ❞❡ ❝r✉❝❡ ♠❛r❝❛❞♦ ❝♦♥Mcross✱ ✐♥❞✐❝❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❛♠❜❛s ♣❡❧í❝✉❧❛s ✭✈❡r t❡①t♦✮✳ ❊♥ ❡st❡ ❣rá✜❝♦ ω+ = ωσ̃2

ff ✳
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❉✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ② ❧❛ r❡❝t❛ ✏y✑ ❬✈❡r ❈❛♣✳ ✺✱ ❊❝✳ ✭✺✳✸✵✮❪ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ ❧❛s
t❛♥❣❡♥t❡s✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ 1/n∗ ✳ ▲❛ ❞✐❢❡r❡♥❝✐❛ s❡ ❛♥✉❧❛ ❡♥ ❧♦s ✈❛❧♦r❡s 1/nmin ② 1/nmax t❛❧ ❝✉❛❧ ❧♦ r❡q✉✐❡r❡ ❧❛ ❊❝✳
✭✺✳✷✽✮✳

❈✉❛❞r♦ ✼✳✷✿
❊♥ ❧❛ ♣r❡s❡♥t❡ t❛❜❧❛ s❡ ✐♥❞✐❝❛♥ ✈❛❧♦r❡s ❞❡ t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ② ❝rít✐❝❛s ❞❡ ♣r❡✲♠♦❥❛❞♦✱ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ◆❡✱
❛❞s♦r❜✐❞♦ ❡♥ r❛♥✉r❛s ❛♥❝❤❛s ❞❡ ❘❜✱ ◆❛ ② ▲✐✳ P❛r❛ ❡❧ ❘❜ s❡ ✉t✐❧✐③❛r♦♥ r❛♥✉r❛s ❞❡ 60σff ❞❡ ❛♥❝❤♦ ♠✐❡♥tr❛s q✉❡ ♣❛r❛
❡❧ ◆❛ ② ❡❧ ▲✐ s❡ ❡♠♣❧❡❛r♦♥ r❛♥✉r❛s ❞❡ 40σff ✳ ❚❛♠❜✐é♥ s❡ ♠✉❡str❛♥ ❧♦s ✈❛❧♦r❡s q✉❡ t♦♠❛♥ ❧♦s ♣❛rá♠❡tr♦s apw ② bpw
❞❡ ❧♦s ♠♦❞❡❧♦s r❡♣r❡s❡♥t❛❞♦s ❡♥ ❧❛s ❊❝s✳ ✭✻✳✷✷✮ ② ✭✼✳✶✽✮✳

◆❡ ❘❜ ◆❛ ▲✐
Tw [❑] ✹✷✳✷✺ ✸✾✳✻ ✸✺✳✾
Tcpw [❑] ✹✸✳✵✷ ✹✶✳✷ ✸✽✳✽

apw/kB [❑−1/2] ✲✵✳✷✹ ✲✵✳✷✸ ✲✵✳✷✷
bpw [❑−1/2] ✶✸✳✾ ✾✳✺ ✺✳✾

❛ ❧❛s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s ❞❡ ♣r❡✲♠♦❥❛❞♦✱ ❤❛② q✉❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ ❡♥ ❡❧ ❛♥á❧✐s✐s s♦❜r❡ ♣❛r❡❞❡s s♦❧♦ s❡ ✐♥❞✐❝♦

✉♥ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ❡❧❧❛s ✭✈❡r ❈❛♣ít✉❧♦ ✻✮✳

✼✳✷✳✸✳✷✳ ❙♦❧✉❝✐♦♥❡s ❝♦♥ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❞❡ ◆❡ó♥

❈♦♠❡♥③❛r❡♠♦s ❛♥❛❧✐③❛♥❞♦ ❡♥ ❢♦r♠❛ ❣❡♥ér✐❝❛ ❧♦s ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ❛❞s♦r❝✐ó♥ ❡♥ r❛♥✉r❛s ❞❡ ▲✐✱

◆❛ ② ❘❜ ② ♣♦st❡r✐♦r♠❡♥t❡ ❤❛r❡♠♦s ✉♥ ❛♥á❧✐s✐s ❞❡t❛❧❧❛❞♦ ♣❛r❛ ✉♥❛ r❛♥✉r❛ ❞❡ ◆❛✳

❊①❛♠✐♥❛r❡♠♦s ♣r✐♠❡r❛♠❡♥t❡ ❞♦s ✐s♦t❡r♠❛s✱ s❡♣❛r❛❞❛s ❛♣❡♥❛s ❡♥ ✉♥ ❣r❛❞♦✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s t❡♠♣❡r❛t✉r❛s

❞❡ ✸✼✳✺ ② ✸✽✳✺ ❑ ♣❛r❛ ✉♥❛ r❛♥✉r❛ ❞❡ ▲✐✳ ❊♥ ❧❛ ❋✐❣✳ ✼✳✸✼✭❛✮ s❡ ♠✉❡str❛♥ ❡st❛s ✐s♦t❡r♠❛s q✉❡ ❤❛♥ s✐❞♦ ❝♦♥str✉✐❞❛s

t❛♥t♦ ❝♦♥ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ✭✐♥❞✐❝❛❞❛s ♣♦r ❧í♥❡❛s só❧✐❞❛s✮ ❝♦♠♦ ❝♦♥ ❛s✐♠étr✐❝❛s ✭❧í♥❡❛ ❞❡ r❛②❛s✮✳ ❊♥ ❛♠❜❛s

✐s♦t❡r♠❛s ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ♥❛❝❡♥ ❡♥ ❧♦s ♣✉♥t♦s ❡s♣✐♥♦❞❛❧❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ♠á①✐♠♦s r❡❧❛t✐✈♦s ❞❡

❡st❛s ❝✉r✈❛s✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ✐s♦t❡r♠❛ ❞❡ ✸✽✳✺ ❑ ❡st❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s s❡ ❡①t✐❡♥❞❡♥ ❡♥ t♦❞❛ ✉♥❛ r❡❣✐♦♥ ❞♦♥❞❡
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✭❛✮ ■s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥ ✭❝✉❜r✐♠✐❡♥t♦ ✈s✳ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ◆❡ ❛❞s♦r❜✐❞♦ ❡♥ r❛♥✉r❛s
❞❡ ❘❜ ❛ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❞❡s❞❡ ❧♦s ✹✷✳✺ ❑ ✭tr✐á♥❣✉❧♦s ❤❛❝✐❛ ❛❜❛❥♦✮ ❤❛st❛ ❧♦s ✹✸✳✷✺ ❑ ✭❝ír❝✉❧♦s✮ ❝♦♥ ✉♥ ♣❛s♦
❞❡ ✵✳✷✺ ❑✳ P❛r❛ ❡❧ ❘❜ s❡ ✉t✐❧✐③ó ✉♥❛ r❛♥✉r❛ ❞❡ 60σff ❞❡ ❛♥❝❤♦✳
✭❜✮ ▲♦ ♠✐s♠♦ q✉❡ ✭❛✮ ♣❡r♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴◆❛ ❛ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❞❡s❞❡ ❧♦s ✹✵ ❑ ✭tr✐á♥❣✉❧♦s ❤❛❝✐❛ ❛❜❛❥♦✮
❤❛st❛ ✹✶✳✺ ❑ ✭❝ír❝✉❧♦s✮ ❝♦♥ ✉♥ ♣❛s♦ ❞❡ ✵✳✺ ❑✳ P❛r❛ ❡❧ ◆❛ s❡ ❝♦♥s✐❞❡ró ✉♥❛ r❛♥✉r❛ ❞❡ 40σff ✳
✭❝✮ ▲♦ ♠✐s♠♦ q✉❡ ✭❛✮ ♣❡r♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ▲✐✴◆❛ ❛ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❞❡s❞❡ ❧♦s ✸✻✳✺ ❑ ✭tr✐á♥❣✉❧♦s ❤❛❝✐❛ ❛❜❛❥♦✮
❤❛st❛ ✸✾ ❑ ✭❝ír❝✉❧♦s✮ ❝♦♥ ✉♥ ♣❛s♦ ❞❡ ✵✳✺ ❑✳ P❛r❛ ❡❧ ▲✐ s❡ ❝♦♥s✐❞❡ró ✉♥❛ r❛♥✉r❛ ❞❡ 40σff ✳
✭❞✮ ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦ ♣❛r❛ ❧♦s s✉str❛t♦s ❛♥❛❧✐③❛❞♦s✳
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❊❧ ❣rá✜❝♦ ✭❛✮ ❝♦rr❡s♣♦♥❞❡ ❛ ❞♦s ✐s♦t❡r♠❛s ❞❡❧ s✐st❡♠❛ ◆❡✴▲✐ ♣❛r❛ ❧❛s t❡♠♣❡r❛t✉r❛s ❞❡ ✸✼✳✺ ✭❝✉r✈❛ s✉♣❡r✐♦r✮ ② ✸✽✳✺
❑ ✭❝✉r✈❛ ✐♥❢❡r✐♦r✮✳ ▲❛s ❧í♥❡❛s ❞❡ ♣✉♥t♦s✱ ✈❡rt✐❝❛❧❡s✱ ✐♥❞✐❝❛♥ ❡❧ ♠á①✐♠♦ ✈❛❧♦r ❞❡ n∗ ❧✉❡❣♦ ❞❡❧ ❝✉❛❧ s❡ r❡❡st❛❜❧❡❝❡ ❧❛
s✐♠❡trí❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s✳ ❊❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❧♦s r❡st❛♥t❡s ♣✉♥t♦s s❡ ❛❝❧❛r❛ ❡♥ ❡❧ t❡①t♦✳ ❊♥ ❡❧ ❣rá✜❝♦ ✭❜✮ s❡ ♠✉❡str❛
❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ② ❞❡ ❧❛s s✐♠étr✐❝❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ n∗

♣❛r❛ ❛♠❜❛s t❡♠♣❡r❛t✉r❛s✳ ▲❛ ❝✉r✈❛ ✐♥❢❡r✐♦r ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✼✳✺ ❑ ② ❧❛ s✉♣❡r✐♦r ❛ ✉♥❛ ❞❡ ✸✽✳✺
❑✳ ❊♥ ❡❧ ré❣✐♠❡♥ ❞❡❧✐♠✐t❛❞♦ ♣♦r SS1 ② SA1 ❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❛s♦❝✐❛❞♦ ❛ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❡①❤✐❜❡ ✉♥❛
❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛✱ ♣♦r ❡♥❝✐♠❛ ❞❡ n∗(SA1) ❡st❛ ❝✉r✈❛t✉r❛ ❞❡✈✐❡♥❡ ♣♦s✐t✐✈❛✳ ❊st♦s r❡s✉❧t❛❞♦s✱ q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ ♣❛r❛
r❛♥✉r❛s ❝❡rr❛❞❛s✱ s❡ ♦❜t✐❡♥❡♥ t❛♠❜✐é♥ ❡♥ ❡❧ ❝❛s♦ ❞❡ r❛♥✉r❛s ❛❜✐❡rt❛s✳

❧❛s s✐♠étr✐❝❛s s♦♥ ✐♥❡st❛❜❧❡s ✭❡♥tr❡ ❧♦s ♣✉♥t♦s SS1 ② SS2✮✳ P❛r❛ ❡❧ ❡st❛❞♦ ❡s♣✐♥♦❞❛❧ ♠á①✐♠♦ ❞❡ ❡st❛ ✐s♦t❡r♠❛✱ ❡❧

♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❡s ♥❡❣❛t✐✈♦✱ ❡st♦ ♣r♦❞✉❝❡ q✉❡ ❡❧ ré❣✐♠❡♥ ❛s✐♠étr✐❝♦ ❞❡s❛♣❛r❡③❝❛ ❝✉❛♥❞♦ ∆µasym ❛❧❝❛♥❝❡

❡❧ ✈❛❧♦r q✉❡ ∆µsym t✐❡♥❡ ❡♥ SS1✳ P❛r❛ ❧❛ ♦tr❛ ✐s♦t❡r♠❛ ❡①✐st❡ ✉♥❛ ❞✐❢❡r❡♥❝✐❛ ❝✉❛❧✐t❛t✐✈❛ ✐♠♣♦rt❛♥t❡✿ ❡❧ ♣♦t❡♥❝✐❛❧

q✉í♠✐❝♦ r❡❞✉❝✐❞♦ ❞❡❧ ❡st❛❞♦ ❡s♣✐♥♦❞❛❧ SS1 ❡s ♣♦s✐t✐✈♦ ② ❡♥t♦♥❝❡s ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s s❡ ❡①t✐❡♥❞❡♥ ❞❡ ♠❛♥❡r❛

t❛❧ q✉❡ ∆µasym s❡ ❛♣r♦①✐♠❛ ❛ ❝❡r♦ ② ❧❛ ❛s✐♠❡trí❛ ♣❡r❞✉r❛ ❤❛st❛ q✉❡ s❡ ♣r♦❞✉❝❡ ✉♥❛ ❝♦♥❞❡♥s❛❝✐ó♥ ❞❡ ❢❛s❡ ❝❛♣✐❧❛r✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✸✼ ✭❜✮ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ♣♦r ♣❛rtí❝✉❧❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ❡s ✐♥❢❡r✐♦r ❛ ❧❛ ❞❡

❧❛s s✐♠étr✐❝❛s ❡♥ ❡❧ r❛♥❣♦ ❞❡✜♥✐❞♦ ♣♦r SS1✲SA1✲SA2 ♣❛r❛ ❛♠❜❛s t❡♠♣❡r❛t✉r❛s✳ ❱❛❧❡ ❞❡❝✐r ❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s

❝♦♥st✐t✉②❡♥ ❧♦s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s ❛s♦❝✐❛❞♦s ❛ ❧♦s ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ n∗✳

❊s ♦♣♦rt✉♥♦ s❡ñ❛❧❛r t❛♠❜✐é♥ q✉❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❝✉r✈❛ r❛②❛❞❛ ❡♥tr❡ SS1 ② SA1✱ ♣❛r❛ ❛♠❜❛s ✐s♦t❡r♠❛s✱ ❧❛s s♦❧✉❝✐♦♥❡s

s♦♥ ✐♥❡st❛❜❧❡s ✭dµasym/dn < 0✮✳ ❙✐♥ ❡♠❜❛r❣♦✱ t♦❞❛s ❡st❛s s♦❧✉❝✐♦♥❡s ❝✉②❛s ❡♥❡r❣í❛s s♦♥ ✐♥❢❡r✐♦r❡s ❛ ❧❛s ❡♥❡r❣í❛s ❞❡

❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s✱ s♦♥ ✏❡st❛❜✐❧✐③❛❞❛s✑ ❛❧ ✜❥❛r ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♠♦ ♦❝✉rr❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ r❛♥✉r❛

❝❡rr❛❞❛ ❬✶✷✷❪✳

❊♥ ❧♦s ❣rá✜❝♦s ✭❛✮✱ ✭❝✮ ② ✭❡✮ ❞❡ ❧❛ ❋✐❣✳ ✼✳✸✽ s❡ ♠✉❡str❛♥ ✈❛r✐♦s ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ◆❡ ❛❞s♦r❜✐❞♦

❡♥ r❛♥✉r❛s ❞❡ ▲✐✱ ◆❛ ② ❘❜ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞♦♥❞❡ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❝♦♠♦ ✏❡✈♦❧✉❝✐♦♥❛♥✑ ❡st❛s s♦❧✉❝✐♦♥❡s ❝✉❛♥❞♦ s❡

✈❛♥ ❧❧❡♥❛♥❞♦ ❧❛s r❛♥✉r❛s ❝♦♥ ❡❧ ✢✉✐❞♦ ✭❝❛❞❛ ✉♥❛ ❞❡ ❡st❛s ❝✉r✈❛s ❡stá♥ ❛s♦❝✐❛❞❛s ❛ ❞✐❢❡r❡♥t❡ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✮✳

❊♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ❣rá✜❝♦s ❧❛s ❝✉r✈❛s ❞❡ tr❛③♦ ❣r✉❡s♦ ❝♦rr❡s♣♦♥❞❡♥ ❛❧ ❡st❛❞♦ ❛s✐♠étr✐❝♦ q✉❡ ❡s ❡❧ q✉❡ ❝♦❡①✐st❡

❝♦♥ ❧♦s ❞♦s ❡st❛❞♦s s✐♠étr✐❝♦s r❡s♣❡❝t✐✈♦s✱ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ s❡ñ❛❧❛❞❛ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s✳

▲❛s ❝✉r✈❛s ❞✐❜✉❥❛❞❛s ❡♥ ❧í♥❡❛ ❞❡ r❛②❛s✱ s❡ ❛s♦❝✐❛♥ ❛ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s✱ ♠ás ❣r❛♥❞❡s✱ ✭❞❡ ♠❛②♦r ♥ú♠❡r♦ ❞❡

♣❛rtí❝✉❧❛s✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ♣❡r✜❧❡s ❛❞s♦r❜✐❞♦s ❞❡ ♣♦❝♦ ❡s♣❡s♦r✳ ▲♦s ♣❡r✜❧❡s s✐♠étr✐❝♦s q✉❡ ✈✉❡❧✈❡♥ ❛ ❛♣❛r❡❝❡r

❧✉❡❣♦ ❞❡ ❡st♦s ❡st❛❞♦s ❛s✐♠étr✐❝♦s✱ s✐ s❡ s✐❣✉❡ ❛❞✐❝✐♦♥❛♥❞♦ ♣❛rtí❝✉❧❛s ❛ ❧❛ r❛♥✉r❛✱ ❡stá♥ ❛s♦❝✐❛❞♦s ❛ ♣❡❧í❝✉❧❛s ❞❡

♠❛②♦r ❡s♣❡s♦r q✉❡ ❧❛s q✉❡ ❞❡✜♥❡♥ ❡st❛s ❝✉r✈❛s✳

❊♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡ ♠✉❡str❛♥ ❝♦♠♦ ❝❛♠❜✐❛ ❡❧ ❢❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ ❛❧❣✉♥❛s t❡♠♣❡r❛t✉r❛s ✭❝♦♠♦

❢✉♥❝✐ó♥ ❞❡❧ ❝✉❜r✐♠✐❡♥t♦✮✳ ❙✐ ♦❜s❡r✈❛♠♦s ♣♦r ❡❥❡♠♣❧♦ ❡❧ ❣rá✜❝♦ ✭❜✮✱ ❛❧❧í s❡ ❤❛♥ ❞✐❜✉❥❛❞♦ ❝✉r✈❛s ❞❡ ❛s✐♠❡trí❛ ❝❛❞❛

✉♥❛ ❞❡ ❧❛s ❝✉❛❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❞❡s❞❡ ✸✻✳✺ ❑ ✭❧❛ ❝✉r✈❛ ♠ás ❛❧t❛✮ ❛ ✸✽✳✺ ❑ ❡♥ ♣❛s♦s ❞❡ ❛

♠❡❞✐♦ ❣r❛❞♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦r ❡❥❡♠♣❧♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ▲✐✱ ❧♦s ♣❡r✜❧❡s ❛s♦❝✐❛❞♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ✭❛✮✱ s❛❧✈♦ ❡❧

❡st❛❞♦ s✐♠étr✐❝♦ ✭❝✉r✈❛ r❛②❛❞❛✮ s♦♥ ❛❧❣✉♥♦s ❞❡ ❧♦s ♣✉♥t♦s q✉❡ ❝♦♠♣♦♥❡♥ ❧❛ s❡❣✉♥❞❛ ❝✉r✈❛ ✭❝♦♥t❛♥❞♦ ❞❡s❞❡ ❛❜❛❥♦

✶✸✻



❤❛❝✐❛ ❛rr✐❜❛✮ q✉❡ s❡ ❡①t✐❡♥❞❡ ❡♥tr❡ ❧♦s ❡st❛❞♦s ♣r❡s❡♥t❡s ❡♥tr❡ SA1② SA2 ✭❧♦s ❡st❛❞♦s SA1② SA2 s♦♥ ❧♦s ♠✐s♠♦s q✉❡

❡stá♥ s❡ñ❛❧❛❞♦s ❡♥ ❧❛ ❋✐❣✳ ✼✳✸✼✮✳ ❊❧ tr❛③♦ ❣r✉❡s♦ ❞❡ ❧❛ ❝✉r✈❛ r❡♣r❡s❡♥t❛ ❛ ❡st❛❞♦s ❡st❛❜❧❡s ✭s♦❧✉❝✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥

t❛♥t♦ ♠❡❞✐❛♥t❡ ❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦ ❝♦♠♦ ❝♦♥ ❡❧ ❣r❛♥ ❝❛♥ó♥✐❝♦✮✳

▲❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s s✐st❡♠❛s ◆❡✴◆❛ ② ◆❡✴❘❜✱ ❡♥ ❝✉❛♥t♦ ❛ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧♦s ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞✱ s♦♥

s✐♠✐❧❛r❡s ❛ ❧❛s ❞❡❧ s✐st❡♠❛ ◆❡✴▲✐ ✳ P❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴❘❜✱ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ r❛❞✐❝❛ ❡♥ q✉❡ ❞❡❜✐❞♦ ❛ ❧❛

♠❡♥♦r ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ s✉str❛t♦✲✢✉✐❞♦✱ ❧♦s ♣❡r✜❧❡s ♥♦ ♣r❡s❡♥t❛♥ ❧♦s ♣✐❝♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❡❧ ❝❛s♦ ❞❡❧

▲✐ ♦ ❞❡❧ ◆❛✱ ❝❛r❛❝t❡ríst✐❝♦s ❞❡ ❧❛ ❢♦r♠❛❝✐ó♥ ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ✏❝❛♣❛s✑ q✉❡ s❡ ♠❛♥✐✜❡st❛ ❡♥ ❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦

❝❡r❝❛♥♦ ❛ ❧❛ ♣❛r❡❞✳

✼✳✷✳✹✳ ❆♥á❧✐s✐s ❞❡ ❧❛ ❛❞s♦r❝✐ó♥ s♦❜r❡ ❙♦❞✐♦

❙❡ ❛♥❛❧✐③❛ ❝♦♥ ❞❡t❛❧❧❡ ✉♥❛ ✐s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ s♦❜r❡ ◆❛✱ ❡st❛ ✐s♦t❡r♠❛ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✶ ❑✳

❊st❛ t❡♠♣❡r❛t✉r❛ ❡s ❧❛ ♠ás ❛❧t❛ ♣❛r❛ ❧❛ ❝✉❛❧ ❡st❡ s✐st❡♠❛ ❡①❤✐❜❡ ✉♥❛ tr❛♥s✐❝✐ó♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥✳ ▲❛s ✐s♦t❡r♠❛s

❞❡ ❛❞s♦r❝✐ó♥ s❡ ❝❛❧❝✉❧❛♥ t❛♥t♦ ♣❛r❛ ❧❛ r❛♥✉r❛ ❛❜✐❡rt❛ ❝♦♠♦ ♣❛r❛ ❧❛ ♠✐s♠❛ r❛♥✉r❛ ❝❡rr❛❞❛✳ ❊st♦s r❡s✉❧t❛❞♦s s❡

♠✉❡str❛♥ ❡♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❋✐❣✳ ✼✳✸✾✳ ❊♥ ❡❧ ❣rá✜❝♦ ✭❛✮ ❧❛ ❝✉r✈❛ q✉❡ r❡❝♦rr❡ ❧♦s ♣✉♥t♦s✿ CS1✱ MS1✱ SS1✱ SS2✱ MS2

② CS2 ❡st❛ ❛s♦❝✐❛❞❛ ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ♠✐❡♥tr❛s q✉❡ ♣❛s❛ ♣♦r SS1✱ SA1 ② SA2 s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ s♦❧✉❝✐♦♥❡s

❛s✐♠étr✐❝❛s✳ P❛r❛ ✉♥ ✈❛❧♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ s✉♣❡r✐♦r ❛❧ ❛s♦❝✐❛❞♦ ❛ SA2 ♥♦ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s q✉❡ r♦♠♣❛♥ ❧❛ s✐♠❡trí❛

❞❡❧ ♣♦t❡♥❝✐❛❧ s✉str❛t♦✲✢✉✐❞♦✳ ▲❛ ❧í♥❡❛ ✈❡rt✐❝❛❧ ❞❡ r❛②❛s ② ♣✉♥t♦s ❡s ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r

❞❡ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ♦❜t❡♥✐❞❛s ❝♦♥ ❧❛ r❛♥✉r❛ ❝❡rr❛❞❛✳

▲♦s ❡st❛❞♦s✱ r❡♣r❡s❡♥t❛❞♦s ❡♥ ❧❛s ❝✉r✈❛s ❞❡ ❧í♥❡❛ só❧✐❞❛✱ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♠✐s♠❛

r❛♥✉r❛ ❛❜✐❡rt❛✳ P❛r❛ ❝❛❧❝✉❧❛r✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ r❛♥✉r❛ ❛❜✐❡rt❛ ❧♦s ❡st❛❞♦s s✐♠étr✐❝♦s q✉❡ ❝♦❡①✐st❡♥ ❛ ❧❛ t❡♠♣❡r❛t✉r❛

✐♥❞✐❝❛❞❛ ✭q✉❡ ❡♥ ❧❛ ✜❣✉r❛ ❡stá♥ r❡♣r❡s❡♥t❛❞♦s ♣♦r MS1 ② MS2✮ ❡s ♥❡❝❡s❛r✐♦ r❡❝✉rr✐r ❛ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧

❞❡ t❛♥❣❡♥t❡s✳ ❊♥ ❧❛ ❋✐❣✳ ✼✳✸✾✭❜✮ s❡ ♠✉❡str❛♥ ❧❛ ❝✉r✈❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❡st❡ ♠ét♦❞♦✳ ❊♥ ❡❧❧❛ ❧❛ ❝✉r✈❛ q✉❡ s❡

❡①t✐❡♥❞❡ ❞❡s❞❡ CS1 ❤❛st❛ SS1 s❡ ❝♦rt❛ ❡♥ ❡❧ ♣✉♥t♦ ♠❛r❝❛❞♦ ❝♦♥ Mcross ❝♦♥ ❧❛ ❝✉r✈❛ q✉❡ s❡ ❡①t✐❡♥❞❡ ❡♥tr❡ CS2 ②

SS2 s✐ s♦❜r❡ ❡st❡ ♠✐s♠♦ ❣rá✜❝♦ s❡ tr❛③❛ ❧❛ ❝✉r✈❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ ❞❡ t❛♥❣❡♥t❡s ♣❛r❛

❧❛s s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ✭❝✉r✈❛ q✉❡ s❡ ❡①t✐❡♥❞❡ ❡♥tr❡ SA1 ② SA2✮ s❡ ♦❜t✐❡♥❡ q✉❡ ❡st❛ ❝✉r✈❛ ❝♦rt❛ ❛ ❧❛s ❛♥t❡r✐♦r❡s

❡♥ ❡❧ ♠✐s♠♦ ♣✉♥t♦ Mcross✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ❡st❛❞♦ ♠❛r❝❛❞♦ ❝♦♥ MA ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛✱

t✐❡♥❡ ❛s♦❝✐❛❞♦ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s MS1 ② MS2 ❧♦ ❝✉❛❧ ✐♥❞✐❝❛✱ ✐❣✉❛❧ q✉❡

♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ r❛♥✉r❛ ❞❡ ▲✐✱ q✉❡ ❡♥ Mcross✱ ✏❝♦❡①✐st❡♥✑ tr❡s ❡st❛❞♦s ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝♦ ✭❞♦s s✐♠étr✐❝♦s

② ✉♥♦ ❛s✐♠étr✐❝♦✮✳ ❊st♦s tr❡s ❡st❛❞♦s s❛t✐s❢❛❝❡♥✿

∆µS1(T, ωe) = ∆µS2(T, ωe) = ∆µA(T, ωe = ∆µe(T, ωe) , ✭✼✳✶✾✮

❞♦♥❞❡ µe(T, ωe) = −0,38991 ❑ ❝♦♥✿ ωe/kBT = −2,22737 ♥♠−2✳

❊❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ❛❞s♦r❜✐❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❡st❛❞♦MA ♣✉❡❞❡ ♦❜s❡r✈❛rs❡✱ ♠❛r❝❛❞♦ ❝♦♥ tr❛③♦ ❣r✉❡s♦✱

❡♥ ❧❛ ❋✐❣✳ ✼✳✸✽ ✭❝✮ ② ❡♥ ❧❛ ❋✐❣✳ ✼✳✹✵ ✭❜✮ ❡♥ ❡❧ ❣rá✜❝♦ ❝❡♥tr❛❧✳

▲❛ ❋✐❣✳ ✼✳✸✾ ✭❜✮ ♠✉❡str❛ q✉❡ ❞❡s❞❡ Mcross✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ µ✱ ❧♦s ❡st❛❞♦s ♠❡t❛st❛❜❧❡s ❛s✐♠étr✐❝♦s s✐❡♠♣r❡ t✐❡♥❡♥

❣r❛♥ ♣♦t❡♥❝✐❛❧ ♠ás ❜❛❥♦ q✉❡ ❧♦s s✐♠étr✐❝♦s✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ t❡♠♣❡r❛t✉r❛s s✉♣❡r✐♦r❡s ❛ ❧❛ ❞❡ ♠♦❥❛❞♦✱ ♣❛r❛ ✉♥

❞❛❞♦ µ✱ ❧♦s ❡st❛❞♦s q✉❡ ♣♦s❡❡♥ ❣r❛♥ ♣♦t❡♥❝✐❛❧ ♠ás ❜❛❥♦ ❡stá♥ r❡♣r❡s❡♥t❛❞♦s ♣♦r ♣✉♥t♦s ❡♥ ❧❛ ❧í♥❡❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

CS1 −Mcross − CS2 ② ❡❧ ♠♦❥❛❞♦ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡str✉❝t✉r❛ ❞❡ ❡st♦s ❡st❛❞♦s ❝♦♥s✐st❡ ❡♥ ♣❡❧í❝✉❧❛s

✢✉✐❞❛s ✉♥✐❢♦r♠❡s s♦❜r❡ ❡❧ ♣❧❛♥♦ ✭x✱y✮✳ P♦r ❧♦ t❛♥t♦ ♥♦ s❡ r♦♠♣❡ ❧❛ s✐♠❡trí❛ ❡♥ ❡st❡ ♣❧❛♥♦✳

▲❛ ❋✐❣✳ ✼✳✹✵ ❡s ✉♥ ❣rá✜❝♦ s✐♠✐❧❛r ❛❧ ❞❡ ❧❛ ❋✐❣✳ ✼✳✸✺✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ♠✉❡str❛♥ ❧❛s ❞✐❢❡r❡♥❝✐❛s✿ fDF −y ❝♦rr❡s♣♦♥❞✐❡♥t❡s
t❛♥t♦ ❛ ❡st❛❞♦s s✐♠étr✐❝♦s ❝♦♠♦ ❛s✐♠étr✐❝♦s✳ ❆q✉í µe/kBT = −6,97235 [µ0/kBT (T =✹✶ ❑✮= −6,96284] ② ω+

e /kBT =

ωeσ̃
2
ff/kBT = −2,22737✳

✶✸✼



0 10 20 30 40
0 

10 

20 

30 

40 

z*

ρ 
[n

m
−3

]

(a) 

Ne/Li   T=38 K 

0 2 4 6 8 10 12
0 

15 

30 

45 

60 

75 

90 

Γ
l

∆ N
 (

%
)

(b) 

Ne/Li 

S
A1

 

S
A2

 

S
A2

 

S
A1

 

0 10 20 30 40
0 

5 

10 

15 

20 

25 

30 

z*

ρ 
[n

m
−3

]

(c) 

Ne/Na   T=41 K 

0 2 4 6 8 10 12
0 

20 

40 

60 

80 

Γ
l

∆ N
 (

%
)

Ne/Na 

(d) 

S
A1

 

S
A1

 

S
A2

 

S
A2

 

0 10 20 30 40 50 60
0 

5 

10 

15 

20 

25 

z*

ρ 
[n

m
−3

]

(e) 

Ne/Rb   T=42.75 K 

0 2 4 6 8 10 12
0 

10 

20 

30 

40 

50 

Γ
l

∆ N
 (

%
)

(f) 

Ne/Rb 

S
A1

 

S
A2

 

S
A2

 S
A1

 

❋✐❣✉r❛ ✼✳✸✽✿
✭❛✮ P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❛s✐♠étr✐❝♦s ❞❡ ◆❡ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ▲✐ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✽ ❑✱ ♣❛r❛ ❝✐❡rt♦s ✈❛❧♦r❡s ❞❡
Γl✳ ▲❛ ❝✉r✈❛ ❞❡ tr❛③♦ ❣r✉❡s♦ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣❡r✜❧ ❛s✐♠étr✐❝♦ q✉❡ ❝♦❡①✐st❡ ❝♦♥ ❧♦s ❞♦s s✐♠étr✐❝♦s✳ ▲❛ ❝✉r✈❛ ❞❡ r❛②❛s
❡st❛ ❛s♦❝✐❛❞❛ ❝♦♥ ❡❧ ♣❡r✜❧ s✐♠étr✐❝♦ ♠❡t❛st❛❜❧❡ ❞❡ ♠❡♥♦r ❡s♣❡s♦r ✭✈❡r t❡①t♦✮✳
✭❜✮ ❋❛❝t♦r ❞❡ ❛s✐♠❡trí❛ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴▲✐ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❢❛❝t♦r ❞❡ ❝✉❜r✐♠✐❡♥t♦ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ ❧♦s ✸✻✳✺
✭❝✉r✈❛ s✉♣❡r✐♦r✮ ② ❧♦s ✸✽✳✺ ❑ ✭❝✉r✈❛ ✐♥❢❡r✐♦r✮ ❡♥ ♣❛s♦s ❞❡ ♠❡❞✐♦ ❣r❛❞♦✳ ❊❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❧♦s ♣✉♥t♦s SA1 ② SA2 ❡s
❡❧ ♠✐s♠♦ q✉❡ ♣❛r❛ ❧❛ ❋✐❣ ✼✳✸✼✳
✭❝✮ ▲♦ ♠✐s♠♦ q✉❡ ✭❛✮ ♣❡r♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴◆❛ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✶ ❑✳
✭❞✮ ▲♦ ♠✐s♠♦ q✉❡ ✭❜✮ ♣❡r♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴◆❛ ♣❛r❛ ✉♥ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❞❡s❞❡ ❧♦s ✹✵ ❑ ✭❝✉r✈❛
s✉♣❡r✐♦r✮ ❛ ❧♦s ✹✶ ❑ ✭❝✉r✈❛ ✐♥❢❡r✐♦r✮ ❡♥ ♣❛s♦s ❞❡ ❛ ♠❡❞✐♦ ❣r❛❞♦✳
✭❡✮ ▲♦ ♠✐s♠♦ q✉❡ ✭❛✮ ♣❡r♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴❘❜ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✷✳✼✺ ❑✳
✭❢✮ ▲♦ ♠✐s♠♦ q✉❡ ✭❜✮ ♣❡r♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴❘❜ ♣❛r❛ ✉♥ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s q✉❡ ✈❛♥ ❞❡s❞❡ ❧♦s ✹✷✳✺ ❑ ✭❝✉r✈❛
s✉♣❡r✐♦r✮ ❛ ❧♦s ✹✸ ❑ ✭❝✉r✈❛ ✐♥❢❡r✐♦r✮ ❡♥ ♣❛s♦s ❞❡ ❝✉❛rt♦ ❞❡ ❣r❛❞♦✳

✶✸✽
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❋✐❣✉r❛ ✼✳✸✾✿
■s♦t❡r♠❛ ❞❡ ❛❞s♦r❝✐ó♥ ② ❣r❛♥ ❡♥❡r❣í❛ ❧✐❜r❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❝✉❜r✐♠✐❡♥t♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ◆❡✴◆❛✱ t❛♥t♦ ♣❛r❛ s♦❧✉❝✐♦♥❡s
s✐♠étr✐❝❛s ❝♦♠♦ ❛s✐♠étr✐❝❛s✳ ❊♥ ❡❧ ❣rá✜❝♦ ✭❛✮ s❡ ♠✉❡str❛ ✉♥❛ ✐s♦t❡r♠❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✶ ❑✳
▲❛ ❧í♥❡❛ só❧✐❞❛ ❡st❛ ❝♦♥st✐t✉✐❞❛ ♣♦r ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❡♥ ✉♥❛ r❛♥✉r❛ ❛❜✐❡rt❛ ② ❧❛ r❛②❛❞❛ ❧❛ q✉❡ ❝♦rr❡s♣♦♥❞❡
❛ ❧❛ ♠✐s♠❛ r❛♥✉r❛ ♣❡r♦ ❝❡rr❛❞❛✳ ▲❛s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡ ❧♦s ♣✉♥t♦s ✭CS1✱ SS1✱
SS2✱ CS2✮✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ❛s✐♠étr✐❝❛s ❡st❛s ❛s♦❝✐❛❞❛s ❛ ❧❛ ❝✉r✈❛ q✉❡ ✉♥❡ ✭SS1✱ SA1✱ SA2✱ SS2✮✳ ▲❛ ▲í♥❡❛ ✈❡rt✐❝❛❧
✭❡♥ ♣✉♥t♦s ② r❛②❛s✮ ❡s ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ▼❛①✇❡❧❧ q✉❡ ❝♦♥❡❝t❛ ❧♦s ❡st❛❞♦s s✐♠étr✐❝♦s MS1 ② MS2 ❡♥ ❝♦❡①✐st❡♥❝✐❛
❝♦♥ ✉♥ ❡st❛❞♦ ❛s✐♠étr✐❝♦ MA✳ ❊♥ ❡❧ ❣rá✜❝♦ ✭❜✮ ❡❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❧♦s ♣✉♥t♦s ❡s ❡❧ ♠✐s♠♦ q✉❡ ♣❛r❛ ❡❧ ❣rá✜❝♦ ✭❛✮✳ ▲❛s
❝✉r✈❛s q✉❡ ❝♦♥t✐❡♥❡♥ ❛ CS1✲SS1 ② SS2✲CS2 ❝♦rr❡s♣♦♥❞❡♥ ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ② ❧❛s q✉❡ ❝♦♥t✐❡♥❡♥ ❛ SA1✲SA2

❡stá♥ ❛s♦❝✐❛❞❛s ❛ ❧❛s ❛s✐♠étr✐❝❛s✳ ❊❧ ♣✉♥t♦ Mcross ✐♥❞✐❝❛ ❧❛ ❧♦❝❛❧✐③❛❝✐ó♥ ❞❡❧ ❝r✉❝❡ ❞❡ ❧❛s tr❡s ❧í♥❡❛s ② ❞❡t❡r♠✐♥❛ ❧❛
❝♦❡①✐st❡♥❝✐❛ ❞❡ ❞♦s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ② ✉♥❛ ❛s✐♠étr✐❝❛ MS1✱ MS2 ② MA✱ ♠♦str❛❞❛s ❡♥ ✭❛✮✳

❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❧❛ ❣rá✜❝❛ q✉❡ ❧❛s tr❡s ❝✉r✈❛s t✐❡♥❡♥ s✉ ✈ért✐❝❡ ❡♥ ❡❧ ❝❡r♦ ❞❡ ❧❛s ♦r❞❡♥❛❞❛s✱ ❞♦♥❞❡ ❝♦❡①✐st❡♥ ❧♦s

❡st❛❞♦s MS1✱ MS2 ② MA✳ ▲♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣❡r✜❧❡s s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ❋✐❣✳ ✼✳✹✵ ✭❜✮✳

❊♥ ❧❛ ❋✐❣✳ ✼✳✹✶ s❡ ♠✉❡str❛♥ ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡ ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❡st❛❞♦s ♣❛r❛ ❧♦s s✐st❡♠❛s ❡st✉❞✐❛❞♦s✳ ❆❧❧í s❡

tr❛③❛r♦♥ tr❡s ❧í♥❡❛s r❡❝t❛s ❤♦r✐③♦♥t❛❧❡s q✉❡ ✐♥❞✐❝❛♥ ❧❛s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ❞❡❧ ▲✐✱ ◆❛ ② ❘❜✳ P❛r❛ ❝❛❞❛ ✉♥♦

❞❡ ❡st♦s ♠❡t❛❧❡s✱ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♣❡❧✐❝✉❧❛ ✢✉✐❞❛ ♠ás ❣r✉❡s❛✱ ❡❧ ❡s♣❡s♦r ❞✐✈❡r❣❡✱ t❛♥t♦ ❡♥

❡❧ ❝❛s♦ s✐♠étr✐❝♦ ❝♦♠♦ ❡♥ ❡❧ ❛s✐♠étr✐❝♦✱ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ s❡ ❛♣r♦①✐♠❛ ❛ ❧❛ ❞❡ ♠♦❥❛❞♦✳ ❈✉❛♥❞♦ s❡ ❛❧❝❛♥③❛ ❧❛

t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✱ ❧♦s tr❡s ❡st❛❞♦s ❡♥ ❝♦❡①✐st❡♥❝✐❛ ❝♦♥✈❡r❣❡♥ ❛ ✉♥♦ s♦❧♦ ✭♣✉♥t♦ q✉❡ ❡♥ ❣rá✜❝♦ ❤❛

s✐❞♦ ♠❛r❝❛❞♦ ❝♦♥ ✉♥❛ ❡str❡❧❧❛✮✳

P♦r ú❧t✐♠♦✱ ❡♥ ❧❛ ❋✐❣✳ ✼✳✹✷ s❡ ♠✉❡str❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ♣❡r✜❧❡s ❛s✐♠étr✐❝♦s ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ♣❛r❛

❛❧❣✉♥♦s ✈❛❧♦r❡s ❡♥ ❡❧ r❛♥❣♦ Tw < T < Tssb✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡♥ ❡s♦s ❣rá✜❝♦s ❝♦♠♦✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛ ❧❛

t❡♠♣❡r❛t✉r❛✱ ❝r❡❝❡ t❛♠❜✐é♥ ❡❧ ❡s♣❡s♦r ❞❡ ❧❛ ♣❡❧í❝✉❧❛ ✜♥❛ ❡♥ ❞❡tr✐♠❡♥t♦ ❞❡ ❧❛ ♣❡❧í❝✉❧❛ ♠ás ❣r✉❡s❛ ✭❞❡♣♦s✐t❛❞❛ ❡♥

❡st❡ ❝❛s♦ s♦❜r❡ ❧❛ ♣❛r❡❞ ❞❡r❡❝❤❛ ❞❡ ❧❛ r❛♥✉r❛✮✳

✼✳✸✳ ❘❡s✉♠❡♥

❆♥❛❧✐③❛♠♦s ❧❛ ❛❞s♦r❝✐ó♥ ❞❡ ❳❡ ② ◆❡ ❡♥ r❛♥✉r❛s ❛❜✐❡rt❛s ❝♦♠♣❛r❛♥❞♦ ❡♥ ❛❧❣✉♥♦s ❝❛s♦s ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s

❡♥ r❛♥✉r❛s ❝❡rr❛❞❛s✳

✶✲P❧❛♥t❡❛♠♦s✱ s♦❜r❡ ❧❛ ❜❛s❡ ❞❡ ♥✉❡str♦s ❝á❧❝✉❧♦s✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❞✐r❡❝t❛ ❡♥tr❡ ❞♦s ❝✉❡st✐♦♥❡s q✉❡ ❡♥

♣r✐♥❝✐♣✐♦ ❛♣❛r❡❝❡♥ ❝♦♠♦ t♦t❛❧♠❡♥t❡ ❞✐s❝♦♥❡①❛s✳ ◆♦s r❡❢❡r✐♠♦s ♣♦r ✉♥ ❧❛❞♦ ❛ ❧❛ s✐♠❡trí❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ✭❡♥ ❡❧ ❝❛s♦

❞❡ r❛♥✉r❛s✮ ② ♣♦r ♦tr♦ ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❞❡❧ s✉str❛t♦ ❡♥ ❝✉❡st✐ó♥✳

❆sí ♠❡❞✐❛♥t❡ ❡❧ ❛♥á❧✐s✐s ❞❡ ♥✉❡str♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛♠♦s q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♣✉❡❞❡♥
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(b) 

❋✐❣✉r❛ ✼✳✹✵✿
❊♥ ❡❧ ❣rá✜❝♦ ✭❛✮ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❧❛ ❞✐❢❡r❡♥❝✐❛✿ fDF − y ✭❞♦♥❞❡ y = µe + ωen

−1✮ ❡♥ ❢✉♥❝✐ó♥ ❞❡ 1/n∗✱ ♣❛r❛ ✉♥❛
r❛♥✉r❛ ❞❡ ◆❛ ❧❧❡♥❛ ❝♦♥ ◆❡ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✶ ❑✳ ❊❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❧♦s ♣✉♥t♦s ❡s ❡❧ ♠✐s♠♦ q✉❡ ❡❧ ❞❡ ❧❛ ❋✐❣✳
✼✳✸✾✳ ❊st❛ ❞✐❢❡r❡♥❝✐❛ s❡ ❛♥✉❧❛ ❡♥ ❧♦s ✈❛❧♦r❡s ❞❡ Γ ❛s♦❝✐❛❞♦s ❛ ❧♦s ❡st❛❞♦s q✉❡ ❝♦❡①✐st❡♥ ❡♥ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥á♠✐❝❛
✭❞♦s s✐♠étr✐❝♦s ② ✉♥♦ ❛s✐♠étr✐❝♦✮✳ ❊♥ ❡❧ ❣rá✜❝♦ ✐♥❢❡r✐♦r s❡ ♠✉❡str❛♥ ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ♠✐s♠♦
s✐st❡♠❛ ② ❛ ❧❛ ♠✐s♠❛ t❡♠♣❡r❛t✉r❛✳ ▲♦s ♠❛r❝❛❞♦s ❝♦♥ MS1 ② MS2 ❝♦rr❡s♣♦♥❞❡♥ ❛ s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ② ❡❧ ♠❛r❝❛❞♦
❝♦♥ MA ❛ ✉♥❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛✳ P❛r❛ r❡❛❧✐③❛r ❡st♦s ❝á❧❝✉❧♦s s❡ ✉t✐❧✐③ó t❛♥t♦ ❡❧ ❢♦r♠❛❧✐s♠♦ ❝❛♥ó♥✐❝♦ ❝♦♠♦ ❡❧ ❣r❛♥
❝❛♥ó♥✐❝♦✳
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❋✐❣✉r❛ ✼✳✹✶✿
❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❡st❛❞♦s ❞❡ ◆❡ ❛❞s♦r❜✐❞♦ ❡♥ r❛♥✉r❛s ❞❡ ▲✐✱ ◆❛ ② ❘❜ ❛
t❡♠♣❡r❛t✉r❛s✿ Tw < T < Tcpw✳ ▲♦s ❝ír❝✉❧♦s ❡stá♥ ❛s♦❝✐❛❞♦s ❛ ❡st❛❞♦s s✐♠étr✐❝♦s ♠✐❡♥tr❛s q✉❡ ❧♦s ❞✐❛♠❛♥t❡s ❛
❡st❛❞♦s ❛s✐♠étr✐❝♦s✳ ▲❛s ❧í♥❡❛s ❞❡ ♣✉♥t♦s ❤❛♥ s✐❞♦ ❞✐❜✉❥❛❞❛s ❛ ♠❛♥♦ ❛❧③❛❞❛ ❝♦♥ ❡❧ ✜♥ ❞❡ ✐♥❞✐❝❛r ❧❛ t❡♥❞❡♥❝✐❛ ❞❡❧
❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s✿ ❧♦s ❡st❛❞♦s t✐❡♥❞❡♥ ❛ ✉♥ ú♥✐❝♦ ❡st❛❞♦ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ s❡ ❛❝❡r❝❛ ❛ ❧❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✱
❞♦♥❞❡ s❡ ✈✉❡❧✈❡ ❛ r❡❡st❛❜❧❡❝❡r ❧❛ s✐♠❡trí❛ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ✭❡st❡ ú♥✐❝♦ ❡st❛❞♦ ❤❛ s✐❞♦ ✐♥❞✐❝❛❞♦ ❝♦♥ ✉♥❛ ❡str❡❧❧❛✮✳
▲❛s ❧í♥❡❛s ❤♦r✐③♦♥t❛❧❡s ♠❛r❝❛♥ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s t❡♠♣❡r❛t✉r❛s ❞❡ ♠♦❥❛❞♦ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s s✉str❛t♦s✳
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3 ] Ne/Li 

❋✐❣✉r❛ ✼✳✹✷✿
P❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ◆❡ ❛❞s♦r❜✐❞♦ ❡♥ ✉♥❛ r❛♥✉r❛ ❞❡ ◆❛✱ ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ z∗ ❛ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s✱
♣❛r❛ ❝✐❡rt♦s ✈❛❧♦r❡s ❞❡ t❡♠♣❡r❛t✉r❛✳ ❊st♦s ❞❛t♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❡♠♣❧❡❛♥❞♦ t❛♥t♦ r❛♥✉r❛s ❛❜✐❡rt❛s
❝♦♠♦ ❝❡rr❛❞❛s✳
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r♦♠♣❡r ❧❛ s✐♠❡trí❛✱ ❛✉♥ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦✱ ♣❛r❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ② q✉❡

❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❡st❛ r✉♣t✉r❛ s❡ ❡①t✐❡♥❞❡ ♥♦ ♠ás ❛❧❧á ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✳

✷✲❆❧ tr❛❜❛❥❛r ❝♦♥ r❛♥✉r❛s ❛❜✐❡rt❛s✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❥✉♥t♦ ❛ ❧❛s ❤❛❜✐t✉❛❧❡s s♦❧✉❝✐♦♥❡s s✐♠étr✐❝❛s ♣✉❡❞❡ ❝♦❡①✐st✐r ✉♥

❡st❛❞♦ ❛s✐♠étr✐❝♦✳ ❊st❡ r❡s✉❧t❛❞♦ ❤❛st❛ ❡❧ ♠♦♠❡♥t♦ ♥♦ ❤❛ s✐❞♦ r❡♣♦rt❛❞♦✳

✸✲P❛r❛ s✐st❡♠❛s r❡❛❧✐st❛s ♦❜t✉✈✐♠♦s ❧♦s r❡❣✐♠❡♥❡s ❞❡ ♠♦❥❛❞♦ r❡♣♦rt❛❞♦s ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✱ ❞♦♥❞❡ ♠❡❞✐❛♥t❡ ❧❛ ♠♦❞✐✲

✜❝❛❝✐ó♥ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ✢✉✐❞♦✲s✉str❛t♦ s❡ r❡♣r♦❞✉❝í❛ ❝✐❡rt❛ ❡str✉❝t✉r❛ ❞❡ ❧í♥❡❛s ❞❡ ♣r❡✲♠♦❥❛❞♦✳

✹✲❊♥❝♦♥tr❛♠♦s s♦❧✉❝✐♦♥❡s ❡st❛❜❧❡s ❛s✐♠étr✐❝❛s tr❛❜❛❥❛♥❞♦ ❝♦♥ r❛♥✉r❛s ❛♥❣♦st❛s ❞❡ ❛♣❡♥❛s 15σff ❞❡ ❛♥❝❤♦✳

✺✲❖❜t✉✈✐♠♦s ❧❛s tr❡s ❝❧❛s❡s ❞❡ ♣❡r✜❧❡s q✉❡ s❡ r❡♣♦rt❛♥ ❡♥ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛ ✭❘❡❢s✳ ❬✶✱ ✷✱ ✶✷✼✱ ✶✷✽❪✮✳

✻✲◆✉❡str♦s r❡s✉❧t❛❞♦s ♠✉❡str❛♥ q✉❡ ❧♦s ❡❢❡❝t♦s ❝❛♣✐❧❛r❡s ❝♦♠✐❡♥③❛♥ ❛ s❡r ✐♠♣♦rt❛♥t❡s ♣❛r❛ r❛♥✉r❛s ❞❡ ❛♥❝❤♦ ♠❡♥♦r

❛ ❧♦s 12σff ✳

✼✲❆♥❛❧✐③❛♠♦s ❡❧ ❣r❛❞♦ ❞❡ ✐♥✢✉❡♥❝✐❛ q✉❡ t✐❡♥❡ ❡❧ ❛♥❝❤♦ ❞❡ ❧❛ r❛♥✉r❛ ❡♥ ❧❛ ❛s✐♠❡trí❛ ❞❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞✱ ♣❛r❛ ❧♦

❝✉❛❧ s❡ ❧❧❡✈❛r♦♥ ❛ ❝❛❜♦ ❝á❧❝✉❧♦s ❡♥ r❛♥✉r❛s ❞❡ ❞✐✈❡rs♦s ❛♥❝❤♦s✳

✶✹✷



❈❛♣ít✉❧♦ ✽

❆♣é♥❞✐❝❡ ❆

✽✳✶✳ P♦t❡♥❝✐❛❧ ❲❈❆

▲❛ ❡str✉❝t✉r❛ ❞❡ ✉♥ ✢✉✐❞♦ ✉♥✐❢♦r♠❡ ❡st❛ ❡s❡♥❝✐❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ♣❛rt❡ r❡♣✉❧s✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ✐♥t❡r♠♦❧❡❝✉✲

❧❛r✳ P♦❞❡♠♦s ✐♠❛❣✐♥❛r ❛❧ ✢✉✐❞♦ ❝♦♠♦ ❢♦r♠❛❞♦ ♣♦r ❡s❢❡r❛s ❞✉r❛s q✉❡ ✐♥t❡r❛❝tú❛♥ ♠❡❞✐❛♥t❡ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡t❡r♠✐♥❛❞♦

✭♣♦r ❡❥❡♠♣❧♦ ✉♥ ♣♦t❡♥❝✐❛❧ ▲❡♥♥❛r❞✲❏♦♥❡s✮✳ ▲❛ ✏❝♦❧❛✑ ❞❡ ❡st❡ ♣♦t❡♥❝✐❛❧ ✭❛tr❛❝t✐✈❛ ♦ r❡♣✉❧s✐✈❛✮ ❛ñ❛❞❡ s♦❧❛♠❡♥t❡ ♣❡✲

q✉❡ñ❛s ❝♦rr❡❝❝✐♦♥❡s ❛❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❣❡♥❡r❛❞♦ ♣♦r ❡❧ ♥ú❝❧❡♦ r❡♣✉❧s✐✈♦✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡ ❞❡❜❡ s❡r ♣♦s✐❜❧❡ tr❛t❛r

❧❛ ❝♦❧❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❝♦♠♦ ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ q✉❡ ❛❝tú❛ s♦❜r❡ ❧♦ q✉❡ ❧❧❛♠❛r❡♠♦s ✏s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✑ q✉❡ ❡s ❛q✉❡❧

❡♥ ❡❧ q✉❡ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ♣❛rtí❝✉❧❛s ❡st❛ ❢♦r♠❛❞♦ s♦❧❛♠❡♥t❡ ♣♦r ❡❧ ♥ú❝❧❡♦ r❡♣✉❧s✐✈♦✳ ❊❧ s✐st❡♠❛ ❞❡

r❡❢❡r❡♥❝✐❛ ♣✉❡❞❡ ❡st❛r ❡♥t♦♥❝❡s ❝♦♥st✐t✉✐❞♦✱ ♣♦r ❡❥❡♠♣❧♦✱ ♣♦r ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s✳ ▲♦ q✉❡ s✐❣✉❡ s❡ ❡①tr❛❥♦ ❞❡

❧❛ r❡❢❡r❡♥❝✐❛ ❬✶✸✹❪✳

❉❡ ❛❝✉❡r❞♦ ❛ ❡st❡ ♠♦❞❡❧♦✱ s✉♣♦♥❡♠♦s q✉❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❧❛s N ♣❛rtí❝✉❧❛s✱ q✉❡ ❧❧❛♠❛r❡♠♦s✿

Φ(r1, r2, .......rN ) s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿

Φ(r1, r2, .......rN ) = Φ0(r1, r2, .......rN ) + Φ1(r1, r2, .......rN ) ✭✽✳✶✮

❞♦♥❞❡ Φ0 ❡s ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣r♦❝❡❞❡♥t❡ ❞❡❧ ♥ú❝❧❡♦ r❡♣✉❧s✐✈♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ② Φ1 ❡s ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❝♦♥tr✐❜✉❝✐ó♥

❞❡ ❧❛ ❝♦❧❛ ❞❡❧ ♣♦t❡♥❝✐❛❧✳

❙✐ tr❛❜❛❥❛♠♦s ❞❡♥tr♦ ❞❡❧ ❝♦♥t❡①t♦ ❝❛♥ó♥✐❝♦✱ ❝♦♠♦ ✈✐♠♦s ❡♥ ❡❧ ❝❛♣✐t✉❧♦ ✷ ❧❛ ♣❛rt❡ ❝♦♥✜❣✉r❛❝✐♦♥❛❧ ❞❡ ❧❛ ❡♥❡r❣í❛

❧✐❜r❡ ❞❡ ❍❡❧♠❤♦❧t③ FN (V, T )✱ q✉❡❞❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝❛♥ó♥✐❝❛ ZN (V, T ) ♠❡❞✐❛♥t❡ ❧❛ s✐❣✉✐❡♥t❡

❡①♣r❡s✐ó♥✿

e−βFN (V,T ) =
ZN (V, T )

N !
=

1

N !

ˆ

dr1dr2dr3.......drN exp(βΦ(r1, r2, .......rN )) ✭✽✳✷✮

s✐ ❧✉❡❣♦ ❧❧❛♠❛♠♦s Z0
N (V, T ) ② F 0

N (V, T ) ❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝❛♥ó♥✐❝❛ ② ❛ ❧❛ ❡♥❡r❣í❛ ❛s♦❝✐❛❞❛ ❛❧ s✐st❡♠❛ ❞❡

r❡❢❡r❡♥❝✐❛ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r✿

e−βF 0

N (V,T ) =
Z0
N (V, T )

N !
=

1

N !

ˆ

dr1dr2dr3.......drN exp(βΦ0(r1, r2, .......rN )) ✭✽✳✸✮

✶✹✸



▲❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ ❞❡N ❝✉❡r♣♦s✱ ♥♦r♠❛❧✐③❛❞❛✱ q✉❡ ❞❡s❝r✐❜❡ ❛❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ s❡rá ❧❧❛♠❛❞❛ f0N (r1, r2, .......rN )✳

❊st❛ ❢✉♥❝✐ó♥ ❡s ❧❛ q✉❡ ❞❡✜♥❡ ❛❧ ♣r♦♠❡❞✐♦ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❞✐♥❛♠✐❝❛ ❝✉❛❧q✉✐❡r❛ ✏A✑ ❡♥ s❡♥t✐❞♦ q✉❡✿

〈A〉 =
ˆ

dr1dr2dr3.......drN f 0
N
(r1, r2, .......rN) ✭✽✳✹✮

▲✉❡❣♦✱ ❡st❛ ❢✉♥❝✐♦♥ ❞❡ ❞✐str✐❜✉❝✐♦♥ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦✿

f0N (r1, r2, .......rN ) =
1

N !
̺0N (r1, r2, .......rN )

e−βΦ0(r1,r2,.......rN )

Z0
N (V, T )

✭✽✳✺✮

❞♦♥❞❡ ̺0N r❡♣r❡s❡♥t❛ ❛ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ❛ ❧❛s ♣❛rtí❝✉❧❛s✱ ❡st❡ ❝❛s♦ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✱ ❡♥ ❡♥t♦r♥♦s

❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s r1, r2, .......rN ✳ ❉❡ ❡st❛ ❡①♣r❡s✐ó♥ s❡ ❞❡❞✉❝❡ q✉❡✿

e−βΦ0(r1,r2,.......rN ) = Z0
N (V, T )f0N (r1✱r2✱✳✳✳✳✳✳✳rN ) ✭✽✳✻✮

② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❊❝✳✭✽✳✶✮ ♣♦❞❡♠♦s ❡s❝r✐❜✐r✿

e−βFN (V,T ) = e−βF 0

N (V,T )

ˆ

dr1dr2dr3.......drN f 0
N
(r1, r2, .......rN)e−βΦ1(r1,r2,.......rN ) =

= e−βF 0

N (V,T )
〈

e−βΦ1(r1,r2,.......rN )
〉

✭✽✳✼✮

❞♦♥❞❡ ❤❡♠♦s ❞❡✜♥✐❞♦ ❡❧ ♣r♦♠❡❞✐♦ ♠❡❞✐❛♥t❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧✐③❛❞❛ f0N (r1, r2, .......rN )✳

P♦r ♦tr♦ ❧❛❞♦ ♣♦❞❡♠♦s ❡s❝r✐❜✐r✿
〈

e−βΦ1(r1,r2,.......rN )
〉

= exp
∞
∑

n=1

(−β)n
n!

Cn ✭✽✳✽✮

❞♦♥❞❡ Cn ❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ✏❝✉♠✉❧❛♥t❡ ❞❡ ♦r❞❡♥ ♥✑ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❞✐str✐❜✉❝✐♦♥❡s✳ ❊①✐st❡♥ ❡①♣r❡s✐♦♥❡s ❡①♣❧í❝✐t❛s ❞❡

❡st♦s ❝✉♠✉❧❛♥t❡s ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ✭Φ1 ❡♥ ♥✉❡str♦ ❝❛s♦✮✳ P♦r ❡❥❡♠♣❧♦✿

C1 = 〈Φ1〉

C2 =
〈

Φ2
1

〉

− 〈Φ1〉2

C3 =
〈

Φ3
1

〉

− 3 〈Φ1〉
〈

Φ2
1

〉

+ 2
〈

Φ2
1

〉

✭✽✳✾✮

s❡ ♦❜t✐❡♥❡ ❛sí✱ ❞❡s♣✉és ❞❡ t♦♠❛r ❧♦❣❛r✐t♠♦s✿

FN (V, T ) = F 0
N (V, T ) + Φ1(r1, r2, .......rN )− β

2

[

〈

Φ2
1

〉

− 〈Φ1〉2
]

+ ............. ✭✽✳✶✵✮

❙✐ ❡❧ ♣♦t❡♥❝✐❛❧ ❡s ❛❞✐t✐✈♦ ❛ ♣❛r❡s ✭❡s ❞❡❝✐r s✐ s❡ ❞❡s♣r❡❝✐❛♥ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ♠ás ❞❡ ❞♦s ❝✉❡r♣♦s✮ ❡♥t♦♥❝❡s ❡s

❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❞♦s ♣❛rtí❝✉❧❛s ❡❧ q✉❡ ❞❡s❝♦♠♣✉s✐♠♦s ❡♥ ✉♥❛ ♣❛rt❡ ❛s♦❝✐❛❞❛ ❛❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛

✏φ0(r12)✑ ② ♦tr❛ ❛s♦❝✐❛❞❛ ❛ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ✏φ1(r12)✑✭✈❛❧❡ ❞❡❝✐r ❛ ❧❛ ❝♦❧❛ ❞❡❧ ♣♦t❡♥❝✐❛❧✮✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ s❡❣✉♥❞♦

s✉♠❛♥❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ❞❡❧ s✐st❡♠❛ ❞❡

r❡❢❡r❡♥❝✐❛✳ P❛r❛ ❤❛❝❡r❧♦ ❜❛st❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ ❛❧ ✐♥t❡❣r❛r✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ♦❜t❡♥❡r ❡❧ ♣r♦♠❡❞✐♦ ❞❡ Φ1(r1, r2, .......rN )✱

♥♦s ❛♣❛r❡❝❡rá ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✭t♦❞❛s ✐❣✉❛❧❡s✮ ❞❡ N(N −1)/2 ♣❛r❡s ❞❡ ♣❛rtí❝✉❧❛s q✉❡ ❝♦♥❢♦r♠❛♥ ❛❧ ✢✉✐❞♦✳ ❉❡ ❡st❛

♠❛♥❡r❛ ♦❜t❡♥❡♠♦s✿

〈Φ1(r1, r2, .......rN )〉 = 1

2
N(N − 1)

ˆ

❞r1❞r2φ(r12)
ˆ

dr1dr2dr3.......drN f 0
N
(r1, r2, .......rN) =

=
1

2

ˆ

dr1dr2φ1(r12)̺
2
0(r12) =

1

2
Nρ

ˆ

drφ1(r)g0 (r) ✭✽✳✶✶✮

❊♥ ❡st❛ ❡①♣r❡s✐ó♥ ρ ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡❧ ✢✉✐❞♦ ② g0(r) ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ✭❛s♦❝✐❛❞❛ ❛❧ ✢✉✐❞♦ ❞❡

r❡❢❡r❡♥❝✐❛✮✳ ❊st❛ ú❧t✐♠❛ ❡①♣r❡s✐ó♥ ♥♦ ❡s ♠❛s q✉❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ♣r✐♠❡r ♦r❞❡♥ ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❞❡❧ ❧íq✉✐❞♦

✶✹✹



✉♥✐❢♦r♠❡✳ ▲❛ ❡①♣r❡s✐ó♥ ❡s ❢á❝✐❧♠❡♥t❡ ✐♥t❡r♣r❡t❛❜❧❡ ②❛ q✉❡ ❡st❛♠♦s ♣❛rt✐❡♥❞♦ ❞❡ ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡ q✉❡ ❧❛ ❡str✉❝t✉r❛ ❞❡❧

✢✉✐❞♦ ❡st❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ♣❛rt❡ r❡♣✉❧s✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ♣♦r ❧♦ t❛♥t♦ ❧♦ q✉❡ ❛ ❡st❡ ♥✐✈❡❧ s✉♣♦♥❡♠♦s ❡s ❥✉st❛♠❡♥t❡

q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ❞❡❧ ✢✉✐❞♦ ❡s ♣r❡❝✐s❛♠❡♥t❡ g0(r)✳ ▲❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ♥♦ ❡s ❡♥t♦♥❝❡s ♦tr❛

❝♦s❛ q✉❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ♦❜t❡♥✐❞❛ s✉♠❛♥❞♦ s♦❜r❡ t♦❞♦s ❧♦s ♣❛r❡s ❞❡ ♣❛rtí❝✉❧❛s ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❛❞❛ ♣❛r✱

♣❡s❛♥❞♦ ❝♦♥ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ t❛❧ ♣❛r ❡①✐st❛✳ ❊❧ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱ ❛q✉í r❡♣r❡s❡♥t❛❞♦ ♣♦r ❡❧

t❡r❝❡r s✉♠❛♥❞♦✱ ❡s ♠✉② ❝♦♠♣❧❡❥♦ ♣❛r❛ s❡r ❡①♣r❡s❛❜❧❡ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥✳ ❙✐ ♥♦s q✉❡❞❛♠♦s ❛

♣r✐♠❡r ♦r❞❡♥ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❝♦♠♦✿

FN (V, T ) = F 0
N (V, T ) +

1

2
Nρ

ˆ

drφ1(r)g0 (r) ✭✽✳✶✷✮

❡st❛ ❡❝✉❛❝✐ó♥ ❡s ❡①tr❡♠❛❞❛♠❡♥t❡ út✐❧ ❛ ❧❛ ❤♦r❛ ❞❡ ❞❡t❡r♠✐♥❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡ ✉♥ ❧íq✉✐❞♦ ❛ ♣❛rt✐r

❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❧♦ ❝♦♥st✐t✉②❡♥ ✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❞✐s♣♦♥❡r ❞❡ ❧❛

❡♥❡r❣í❛ ❧✐❜r❡ ② ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ P♦r ❡st❛ r❛③ó♥ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛

❝♦♥✈❡♥✐❡♥t❡ ❡s ✉♥ ♠♦❞❡❧♦ ❞❡ ❣❛s ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ♣✉❡s ❛♠❜❛s ♣r♦♣✐❡❞❛❞❡s s❡ ❝♦♥♦❝❡♥ ♠✉② ❜✐❡♥ ♣❛r❛ ❡st❡ s✐st❡♠❛✳

❈✐❡rt♦s ♠♦❞❡❧♦s ❞❡ ♣♦t❡♥❝✐❛❧ ❝♦♥❞✉❝❡♥ ❞❡ ♠❛♥❡r❛ ♥❛t✉r❛❧ ❛ ❡st❛ s✐t✉❛❝✐ó♥✱ ❡st❡ ❡s ❡❧ ❝❛s♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣♦③♦

❝✉❛❞r❛❞♦ ♦ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ❡s❢❡r❛ ❞✉r❛ ❝♦♥ ❝♦❧❛ ❛tr❛❝t✐✈❛✱ ♣✉❡s ❡♥ ❡st♦s ❝❛s♦s ❡s ♥❛t✉r❛❧ t♦♠❛r ❧❛ ♣❛rt❡ ❞❡ ❡s❢❡r❛

❞✉r❛ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ② ❧❛ ❝♦❧❛ ❝♦♠♦ ♣❡rt✉r❜❛❝✐ó♥✳ ❙✐♥ ❡♠❜❛r❣♦ ♠♦❞❡❧♦s ❞❡ ♣♦t❡♥❝✐❛❧ ♠ás r❡❛❧✐st❛s

❝♦♠♦ ❡❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s✱ ❝❛r❡❝❡♥ ❞❡ ✉♥ ♥ú❝❧❡♦ r❡♣✉❧s✐✈♦ ❞✉r♦ ❞❡ ♠♦❞♦ q✉❡ ♥♦ ❡①✐st❡ ✉♥❛ s❡♣❛r❛❝✐ó♥ ♥❛t✉r❛❧ ②

ú♥✐❝❛ ❞❡❧ ♣♦t❡♥❝✐❛❧✳ ❊♥t♦♥❝❡s ❧❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞ ❞❡ ❧❛

❊❝✳ ✭✽✳✶✷✮ r❡q✉✐❡r❡ ❞❡ ❞♦s ♣❛s♦s ❛❞✐❝✐♦♥❛❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡♥tr❡ s✐ ❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ q✉❡ s✐❣♥✐✜❝❛

❡❧ ✉s♦ ❞❡ ❡st❛ ❡①♣r❡s✐ó♥✿

✶✲ ❘❡❛❧✐③❛r ✉♥❛ ♣❛rt✐❝✐ó♥ ✭❛r❜✐tr❛r✐❛✮ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡♥ ✉♥ ♣❛rt❡ ❞❡ r❡❢❡r❡♥❝✐❛ ✭φ0(r)✮ ② ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ ✭φ1(r)✮

✷✲❆♣r♦①✐♠❛r ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ✭φ0(r)✮ ♣♦r ✉♥♦ ❞❡ ❡s❢❡r❛ ❞✉r❛ ❝♦♥ ❞✐á♠❡tr♦ ❡❢❡❝t✐✈♦ ✏d✑ ✭q✉❡ ❤❛ ❞❡ s❡r

♦❜t❡♥✐❞♦ ❞❡ ❛❧❣✉♥❛ ♠❛♥❡r❛✮ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ② t❛♠❜✐é♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ❞❡❧ s✐st❡♠❛ ❞❡

r❡❢❡r❡♥❝✐❛ s❡ ❛♣r♦①✐♠❡♥ ❛ ❧❛ ❞❡ ✉♥ ✢✉✐❞♦ ❞❡ ❡s❢❡r❛s ❞✉r❛s ❞❡ ❞✐á♠❡tr♦ d✳

❉✐st✐♥t❛s ♠❛♥❡r❛s ❞❡ r❡❛❧✐③❛r ❧♦s ♣❛s♦s ✶ ② ✷ ❝♦♥❞✉❝❡♥ ❛ ❞✐st✐♥t❛s t❡♦rí❛s q✉❡ ❡✈✐❞❡♥t❡♠❡♥t❡ ❞❛♥ ❞✐st✐♥t♦s r❡s✉❧t❛❞♦s

❝✉❛♥❞♦ s❡ ❛♣❧✐❝❛♥ ❛❧ ♠✐s♠♦ ♠♦❞❡❧♦ ❞❡ ♣♦t❡♥❝✐❛❧ ✐♥t❡r♠♦❧❡❝✉❧❛r✳ ❉♦s ❞❡ ❧♦s ♠♦❞❡❧♦s ♠❛s ❢r❡❝✉❡♥t❡s s♦♥ ❧❛s t❡♦rí❛s

❞❡ ❇❛r❦❡r ② ❍❡♥❞❡rs♦♥ ✭❇❍✮ ② ❧❛ ❞❡ ❲❡❡❦s✲❈❤❛♥❞❧❡r✲❆♥❞❡rs❡♥ ✭❲❈❆✮ ✭✈❡r r❡❢❡r❡♥❝✐❛s ❬✶✸✹❪ ② ❬✻✺❪✮

❆♥❛❧✐③❛♠♦s ❛❤♦r❛ ❡st❡ ú❧t✐♠♦ ♣✉♥t♦✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥t♦♥❝❡s ✉♥ ♣♦t❡♥❝✐❛❧ φ0(r) q✉❡ ❡s ❢✉❡rt❡♠❡♥t❡ r❡♣✉❧s✐✈♦ ♣❡r♦

❝♦♥t✐♥✉♦✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ ❢❛❝t♦r ❞❡ ❇♦❧t③♠❛♥♥ ✏e−βφ0(r)✑ ❛❧ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ✏e0(r)✑ t✐❡♥❡ ❧❛ ❢♦r♠❛ q✉❡ s❡

♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✳ ✽✳✶ ✭❣rá✜❝♦ s✉♣❡r✐♦r✮ ② ♥♦ ❡s ♠✉② ❞✐❢❡r❡♥t❡ ❛ ✉♥ ♣♦t❡♥❝✐❛❧ q✉❡ ❧❧❛♠❛♠♦s ed(r) ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛ ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ❞♦♥❞❡ ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧❛s ❡s❢❡r❛s ❡s d ✭❣rá✜❝♦ ❝❡♥tr❛❧ ❞❡ ❧❛ ♠✐s♠❛ ✜❣✉r❛✮✱ s✐❡♠♣r❡

② ❝✉❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ d ❡st❡ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❡❧❡❣✐❞♦✳ P♦r ❧♦ t❛♥t♦ s✐ ❡❧❡❣✐♠♦s ❛♣r♦♣✐❛❞❛♠❡♥t❡ ❡❧ ✈❛❧♦r ❞❡ ❡st❡

❞✐á♠❡tr♦ t❡♥❞r❡♠♦s q✉❡ ❧❛ ❝❛♥t✐❞❛❞✿

∆e(r) = e0(r)− ed(r) ✭✽✳✶✸✮

s❡rá ❞✐st✐♥t❛ ❞❡ ❝❡r♦ ✭❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛✮ s♦❧♦ ❡♥ ✉♥ ♣❡q✉❡ñ♦ ✐♥t❡r✈❛❧♦ q✉❡ ❧❧❛♠❛r❡♠♦s ξd✳ ❆ ❧❛ ❢✉♥❝✐ó♥

∆e(r) s❡ ❧❛ ❝♦♥♦❝❡ ❝♦♥ ❡❧ ♥♦♠❜r❡ ❞❡ ❢✉♥❝✐ó♥ ✏❜❧✐♣✑✳ ❊♥t♦♥❝❡s✱ s✐ ❝♦♠♦ s✉♣♦♥❡♠♦s✱ ξd ❡s ♣❡q✉❡ñ♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r

❡♥ ❤❛❝❡r ✉♥ ❞❡s❛rr♦❧❧♦ ❡♥ ♣♦t❡♥❝✐❛s ❡♥ tér♠✐♥♦s ❞❡ ξd✳ ▲♦ ♠❛s ❝♦♥✈❡♥✐❡♥t❡ ❡s ❞❡s❛rr♦❧❧❛r

A =
−βFexc

V
✭✽✳✶✹✮

❞♦♥❞❡ ❞❡✜♥✐♠♦s ❛❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡ ❝♦♠♦✿

Fexc = −kBT ln
ZN (V, T )

V N
✭✽✳✶✺✮

❞❡ ❡st❛ ❢♦r♠❛ ❡❧ ❞❡s❛rr♦❧❧♦ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

✶✹✺



❋✐❣✉r❛ ✽✳✶✿
❊♥ ❡❧ ❣rá✜❝♦ s✉♣❡r✐♦r s❡ ♠✉❡str❛ ❧❛ ❢♦r♠❛ q✉❡ ♣♦s❡❡ ❡❧ ❢❛❝t♦r ❞❡ ❇♦❧t③♠❛♥♥ ✏e0(r)✑✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ♣♦t❡♥❝✐❛❧
❢✉❡rt❡♠❡♥t❡ r❡♣✉❧s✐✈♦ ♣❡r♦ ❝♦♥t✐♥✉♦✳ ▲❛ ❢✉♥❝✐ó♥ ♥♦ ❡s ♠✉② ❞✐❢❡r❡♥t❡ ❛ ✉♥ ♣♦t❡♥❝✐❛❧ q✉❡ ❧❧❛♠❛♠♦s ed(r) ❝♦rr❡s✲
♣♦♥❞✐❡♥t❡ ❛ ❡s❢❡r❛ ❞✉r❛✱ ❞♦♥❞❡ ❡❧ ❞✐á♠❡tr♦ ❞❡ ❧❛ ❡s❢❡r❛ ❡s d ✭❣rá✜❝♦ ❝❡♥tr❛❧ ❞❡ ❧❛ ♠✐s♠❛ ✜❣✉r❛✮✳ ❊❧ ú❧t✐♠♦ ❣rá✜❝♦
♠✉❡str❛ ❡❧ ✈❛❧♦r ❞❡ ∆e(r) = e0(r)− ed(r)

A = Ad +

ˆ

dr
δA

δe(r)
|e=ed ∆e(r)+

+
1

2

ˆ ˆ

drdr′
δ2A

δe(r)δe(r′)
|e=ed ∆e(r)∆e(r′) + ............ ✭✽✳✶✻✮

❉♦♥❞❡ Ad❝♦rr❡s♣♦♥❞❡ ❛❧ s✐st❡♠❛ ❞❡ ❡s❢❡r❛s ❞✉r❛s✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ❡①❝❡s♦ ❞❡ ❡♥❡r❣í❛ ❧✐❜r❡✱

❛❞❡♠ás ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ s❡ ❞❡s♣r❡♥❞❡ q✉❡✿
δFex

δφ(r)
=

1

2
ρ2g(r) ✭✽✳✶✼✮

s❡ ❧❧❡❣❛ ❛✿
δA

δe(r)
=

1

2
ρ2gN (r)eβφ(r) ✭✽✳✶✽✮

♣♦r ❧♦ t❛♥t♦ ❧❛ ❊❝✳ ✭✽✳✶✻✮ s❡ ♣✉❡❞❡ r❡❡s❝r✐❜✐r ❝♦♠♦✿

A = Ad +
1

2
ρ2
ˆ

dr g0N (r)eβφ
0(r)∆e(r) + ........ ✭✽✳✶✾✮

❞♦♥❞❡ ❡❧ s✉♣r❛✐♥❞✐❝❡ ✏✵✑ ✐♥❞✐❝❛ q✉❡ ❡st❛s ❝❛♥t✐❞❛❞❡s ❡stá♥ ❛s♦❝✐❛❞❛s ❛❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳

❊♥ ❡st❛ ú❧t✐♠❛ ❡①♣r❡s✐ó♥ s❡ ❤❛♥ ❞❡s♣r❡❝✐❛❞♦ tér♠✐♥♦s s✉♣❡r✐♦r❡s ❛❧ ♣r✐♠❡r ♦r❞❡♥✱ ♣✉❡s ✐♥❝❧✉②❡♥ ❢✉♥❝✐♦♥❡s ❞❡

❞✐str✐❜✉❝✐ó♥ ❞❡ ♠ás ❞❡ ❞♦s ♣❛rtí❝✉❧❛s q✉❡ ❤❛❝❡♥ ✐♥✈✐❛❜❧❡ ❡❧ ❝á❧❝✉❧♦✳ ❊❧ tér♠✐♥♦ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

✭✽✳✶✾✮ ❡s ❞❡ ♦r❞❡♥ ξd ✭♣✉❡s ∆e(r) ❧♦ ❡s✮ ♣❛r❡❝❡ ❡♥t♦♥❝❡s ✉♥❛ ❜✉❡♥❛ ❡❧❡❝❝✐ó♥ t♦♠❛r ❡❧ ✈❛❧♦r ❞❡ d ♣❛r❛ q✉❡ ❡st❡

tér♠✐♥♦ s❡ ❛♥✉❧❡✳ ❊st❡ ❝♦♥st✐t✉②❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❧❛ t❡♦rí❛ ❲❈❆ ♣❛r❛ ❡❧ ❞✐á♠❡tr♦ ❡❢❡❝t✐✈♦ ❞❡ ❡s❢❡r❛ ❞✉r❛✳ P♦r ❧♦ t❛♥t♦✱

❡♥ ❡st❛ t❡♦rí❛ ❡❧ ❞✐á♠❡tr♦ s❡ ♦❜t✐❡♥❡ ❛❧ r❡s♦❧✈❡r✿
ˆ

dr g0N (r)eβφ
0(r)∆e(r) = 0 ✭✽✳✷✵✮

✶✹✻



▲❛ ❡♥❡r❣í❛ ❧✐❜r❡ ✈✐❡♥❡ ❞❡✜♥✐❞❛ ♣♦r✿

A0 = Ad ✭✽✳✷✶✮

▲❛ ❡❧❡❝❝✐ó♥ ❲❈❆ ♥♦ ❡s ❧❛ ú♥✐❝❛ ♣♦s✐❜❧❡✳ P✉❡st♦ q✉❡ ∆e(r) ❡s ♥♦ ♥✉❧❛ s♦❧♦ ❡♥ ✉♥❛ r❡❣✐ó♥ ♠✉② ❡str❡❝❤❛ ❛❧r❡❞❡❞♦r ❞❡

r = d✱ ♣♦❞❡♠♦s ❤❛❝❡r ✉♥ ❞❡s❛rr♦❧❧♦ ❞❡ ❚❛②❧♦r ❞❡❧ ❢❛❝t♦r r2g0N (r)eβφ
0(r) q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧ ✐♥t❡❣r❛♥❞♦ ❞❡❧ tér♠✐♥♦

❞❡r❡❝❤♦ ❞❡ ❧❛ ❊❝✳ ✭✽✳✶✾✮✿

r2g0N (r)eβφ
0(r) = σ0 + σ1

( r

d
− 1
)

+ σ2

( r

d
− 1
)2

+ ........... ✭✽✳✷✷✮

❞♦♥❞❡✿
σm
dm

=

(

dm

drm
r2g0N (r)eβφ

0(r)

)

r=d

✭✽✳✷✸✮

s✉st✐t✉②❡♥❞♦ ✭✽✳✷✷✮ ❡♥ ✭✽✳✷✵✮ ♦❜t❡♥❡♠♦s✿
∞
∑

m=0

σm
m!

Im = 0 ✭✽✳✷✹✮

❞♦♥❞❡✿

Im =

ˆ

∞

0

d
( r

d

)

∆e(r)
( r

d
− 1
)m

=

− 1

m+ 1

ˆ

∞

0

dr
( r

d
− 1
)m+1 d

dr

(

e−βφ0(r)
)

✭✽✳✷✺✮

❙✐ φ0(r) ✈❛r✐❛ rá♣✐❞❛♠❡♥t❡ ❝♦♥ r✱ ❧❛ ❞❡r✐✈❛❞❛ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧ ✐♥t❡❣r❛♥❞♦ ❞❡ ❡st❛ ❢✉♥❝✐ó♥ ❡s ❧❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡❧t❛

❝❡♥tr❛❞❛ ❡♥ r = d ② ❞❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ s❡r✐❡ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ ❊❝✳ ✭✽✳✷✹✮ ❝♦♥✈❡r❣❡ rá♣✐❞❛♠❡♥t❡✳ ❘❡t❡♥❡♠♦s ❡♥t♦♥❝❡s

s♦❧♦ ❡❧ ♣r✐♠❡r tér♠✐♥♦✱ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ❞✐á♠❡tr♦ ❡❢❡❝t✐✈♦ ❞❡ ❡s❢❡r❛ ❞✉r❛ ❡s I0 = 0 ✳ ▲✉❡❣♦✿

d =

ˆ

∞

0

dr
(

1− e−βφ0(r)
)

✭✽✳✷✻✮

❊st❛ ú❧t✐♠❛✱ ❡s ❧❛ ❡①♣r❡s✐ó♥ ❞❡❧ ❞✐á♠❡tr♦ ❡❢❡❝t✐✈♦ ♣❛r❛ ❧❛ t❡♦rí❛ ❇❍✳ ❊♥ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r ✭♣❡r♦ ♠✉② ✉s✉❛❧✮ q✉❡ ❡❧

♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ t❡♥❣❛ ❧❛ ❢♦r♠❛ ❞❡ ♣♦t❡♥❝✐❛ ✐♥✈❡rs❛ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ✐♥t❡r♠♦❧❡❝✉❧❛r✱ ♦ s❡❛✿

φ0(r) = ε
(σ

r

)n

✭✽✳✷✼✮

❞♦♥❞❡ ε ❡s ✉♥❛ ❝♦♥st❛♥t❡✱ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❧❛ ❊❝✳ ✭✽✳✷✻✮ t✐❡♥❡ ❡①♣r❡s✐ó♥ ❛♥❛❧ít✐❝❛✳ ❊❧ r❡s✉❧t❛❞♦ ❡s✿

d = σ

(

ε

kBT

)1/n

Γ

(

n− 1

n

)

= σ

(

ε

kBT

)1/n

(1 +
γ

n
+ .......)

❞♦♥❞❡✿ γ = 0,5772.... ❡s ❧❛ ❞❡♥♦♠✐♥❛❞❛ ✏❝♦♥st❛♥t❡ ❞❡ ❊✉❧❡r✑✳

▲❛ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ♣r❡s❝r✐♣❝✐♦♥❡s ❲❈❆ ❬❊❝✳ ✭✽✳✷✵✮❪ ② ❇❍ ❬❊❝✳ ✭✽✳✷✻✮❪ ❡s q✉❡ ❡st❛ ú❧t✐♠❛ ❞❛ ❧✉❣❛r ❛ ✉♥

❞✐á♠❡tr♦ ❞❡ ❡s❢❡r❛ ❞✉r❛ q✉❡ ❞❡♣❡♥❞❡ s♦❧❛♠❡♥t❡ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❞✐á♠❡tr♦ ❲❈❆ ❞❡♣❡♥❞❡ t❛♥t♦

❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❝♦♠♦ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✳ ❊st❛ ♠❛②♦r ✢❡①✐❜✐❧✐❞❛❞ ✐♥❞✐❝❛ ❡♥ ❣❡♥❡r❛❧ q✉❡ ❧❛ t❡♦rí❛ ❲❈❆ ❡s✱ ❡♥ ❛❧❣ú♥

s❡♥t✐❞♦✱ ♠ás ✏❝♦♠♣❧❡t❛✑ q✉❡ ❧❛ ❇❍✳

P❛s❛♠♦s ❛❤♦r❛ ❛ ❛♥❛❧✐③❛r ❝♦♠♦ s❡♣❛r❛r ❡❧ ♣♦t❡♥❝✐❛❧ φ(r) ❡♥ ✉♥❛ ♣❛rt❡ ❞❡ r❡❢❡r❡♥❝✐❛ φ0(r) ② ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ φ1(r)✳

❉❛❞♦ ✉♥ ♣♦t❡♥❝✐❛❧ ♥♦ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ ♠❛♥❡r❛ ❞❡ ❤❛❝❡r ❡st♦✳ ❊♥ ♣r✐♥❝✐♣✐♦ ♣❛r❡❝❡rí❛ q✉❡ ❡st❛ ❛r❜✐tr❛r✐❡❞❛❞ ✐♥tr♦❞✉❝❡

✉♥❛ ❞✐✜❝✉❧t❛❞ ❛❞✐❝✐♦♥❛❧ ❡♥ ❧❛ t❡♦rí❛✱ ♣❡r♦ ♣♦r ❡❧ ❝♦♥tr❛r✐♦ ❧❛ ✢❡①✐❜✐❧✐❞❛❞ ❡①tr❛ q✉❡ ✐♥tr♦❞✉❝❡ ❧❛ ❢♦r♠❛ ❛r❜✐tr❛r✐❛ ❞❡

♣❧❛♥t❡❛r ❡st❛ ♣❛rt✐❝✐ó♥✱ ♣❡r♠✐t❡ ♠❡❞✐❛♥t❡ ✉♥❛ ❡❧❡❝❝✐ó♥ ❛♣r♦♣✐❛❞❛✱ ♣♦❞❡r ♠❡❥♦r❛r s✉st❛♥❝✐❛❧♠❡♥t❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛

❞❡ ❧❛ s❡r✐❡ ♣❡rt✉r❜❛t✐✈❛✳ ❚♦♠❡♠♦s ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ ❡❧ ❝❛s♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ▲❡♥♥❛r❞✲❏♦♥❡s✳ ❊st❡ ♣♦t❡♥❝✐❛❧ ❝❛r❡❝❡ ❞❡

✉♥ ♥ú❝❧❡♦ ✐♥✜♥✐t❛♠❡♥t❡ r❡♣✉❧s✐✈♦✱ ♣♦r ❧♦ t❛♥t♦ ❡s s✉s❝❡♣t✐❜❧❡ ❞❡ s❡r s❡♣❛r❛❞♦ ❝♦♥ t♦t❛❧ ❛r❜✐tr❛r✐❡❞❛❞ ❛ ❧❛ ❤♦r❛ ❞❡

❡①♣r❡s❛r❧♦ ❡♥ ❧♦s tér♠✐♥♦s ♣r❡❞✐❝❤♦s✳

✶✹✼



❋✐❣✉r❛ ✽✳✷✿
P♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s ✏❝♦rt❛❞♦✑ ❞❡ tr❡s ❢♦r♠❛s ❞✐❢❡r❡♥t❡s✳ ▲❛ ✜❣✉r❛ ✭❛✮ s❡ ❞❡❜❡ ❛ ✉♥❛ ♣r♦♣✉❡st❛ ❞❡ ▼❝◗✉❛rr✐❡
② ❑❛t③✳ ✭▼❑✮✳ ▲❛ s❡ñ❛❧❛❞❛ ❝♦♥ ✭❜✮ ❡s ❧❛ ♣❛rt✐❝✐ó♥ q✉❡ ♣r♦♣♦♥❡♥ ❇❛r❦❡r ② ❍❡♥❞❡rs♦♥ ② ❧❛ ✭❝✮ ❡s ❧❛ q✉❡ ❝♦rr❡s♣♦♥❞❡
❛ ❧❛ t❡♦rí❛ ❲❈❆✳ ❊♥ ❡❧ ♠♦❞❡❧♦ ▼❑ s❡ ❡❧✐❣❡ ❡❧ tér♠✐♥♦ r−12 ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ② ❧❛ ❝♦❧❛ q✉❡❞❛ ❛s✐❣♥❛❞❛
❛ ❧❛ ❢✉♥❝✐ó♥ r−6 q✉❡ s❡ t♦♠❛ ❝♦♠♦ ♣❡rt✉r❜❛❝✐ó♥✳ ▲❛ ♣r♦♣✉❡st❛ ❇❍ ❝♦♥s✐st❡ ❡♥ t♦♠❛r ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛
❧❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s r❡❛❧ ✭r < σ✮✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❝♦♥s✐st❡ ❡♥ ❧❛ ♣❛rt❡
♥❡❣❛t✐✈❛ ❞❡ ❞✐❝❤♦ ♣♦t❡♥❝✐❛❧ ✭r > σ✮✳ ❊♥ ❧❛ ♣r♦♣✉❡st❛ ❲❈❆✱ ❧❛ ♣❛rt✐❝✐ó♥ ❡s ✜❥❛❞❛ ♣♦r ❧❛ ❞❡r✐✈❛❞❛ ❞❡❧ ♣♦t❡♥❝✐❛❧✳ ❈♦♥
❡st❛ ♣❛rt✐❝✐ó♥ s❡ ❝♦♥s✐❣✉❡ q✉❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ✈❛rí❡ ♠✉❝❤♦ ♠ás ❧❡♥t❛♠❡♥t❡ ❛❧❧í ❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥
r❛❞✐❛❧ ♣r❡s❡♥t❛ ✉♥ ♠á①✐♠♦ ❛❣✉❞♦✳

❊♥ ❧❛ ❋✐❣✳ ✽✳✷ s❡ r❡♣r❡s❡♥t❛ ❝♦♥ ✉♥❛ ❧í♥❡❛ ❝♦♥t✐♥✉❛ ❧❛ ❡❧❡❝❝✐ó♥ ♣❛r❛ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ② ❝♦♥ ✉♥❛ ❞❡ tr❛③♦s

❧❛ ❡❧❡❝❝✐ó♥ ♣❛r❛ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s tr❡s ♣♦s✐❜✐❧✐❞❛❞❡s q✉❡ s❡ ♣r❡s❡♥t❛♥✳

▲❛ ♦♣❝✐ó♥ ✭❛✮ s❡ ❞❡❜❡ ❛ ▼❝◗✉❛rr✐❡ ② ❑❛t③ ✭▼❑✮✱ ❧❛ ♦♣❝✐ó♥ ✭❜✮ ❡s ❧❛ ♣❛rt✐❝✐ó♥ ❇❍ ② ❧❛ ✭❝✮ ❡s ❧❛ q✉❡ ❝♦rr❡s♣♦♥❞❡

❛ ❲❈❆✳ ❊♥ ❧❛ ♣r✐♠❡r❛ ❞❡ ❡❧❧❛s s❡ ❡❧✐❣❡ ❡❧ tér♠✐♥♦ r−12 ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ② ❧❛ ❝♦❧❛ q✉❡❞❛ ❛s✐❣♥❛❞❛ ❛ ❧❛

❢✉♥❝✐ó♥ r−6 q✉❡ s❡ t♦♠❛ ❝♦♠♦ ♣❡rt✉r❜❛❝✐ó♥✳ ▲♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡❧ ✢✉✐❞♦ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s

♦❜t❡♥✐❞♦s ❝♦♥ ❡st❡ ♠♦❞❡❧♦✱ s♦♥ ❛❝❡♣t❛❜❧❡♠❡♥t❡ ❜✉❡♥♦s ❝♦♠♣❛r❛❞♦s ❝♦♥ ❧❛s s✐♠✉❧❛❝✐♦♥❡s✱ ❝✉❛♥❞♦ ❧❛ t❡♠♣❡r❛t✉r❛ ❡s

s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❧t❛ ✭T∗ = kBT/ε ≥ 3✮✱ ♣❡r♦ ❡♠♣❡♦r❛♥ ♥♦t❛❜❧❡♠❡♥t❡ ❛ ♠❡❞✐❞❛ q✉❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡s❝✐❡♥❞❡✳ ❊st♦

❡s ❡♥t❡♥❞✐❜❧❡✱ ♣✉❡s ❝♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ✜❣✉r❛✱ ❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ❡s ♥♦t❛❜❧❡♠❡♥t❡ ♠ás ❜❧❛♥❞♦ ✭② ♣♦r ❧♦

t❛♥t♦ ❞✐❢❡r❡♥t❡ ❛❧ ❞❡ ✉♥❛ ❡s❢❡r❛ ❞✉r❛✮ q✉❡ ❡❧ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♣♦t❡♥❝✐❛❧ r❡❛❧ ❡♥ ❧❛ r❡❣✐ó♥ ♠ás ✐♠♣♦rt❛♥t❡✱ ❡s ❞❡❝✐r

❧❛ ❝❡r❝❛♥❛ ❛❧ ♠í♥✐♠♦ ❞❡❧ ♣♦t❡♥❝✐❛❧ ✭❞♦♥❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ ❡s ♠❛②♦r✮✳

▲❛ ♣r♦♣✉❡st❛ ❇❍ ❝♦♥s✐st❡ ❡♥ t♦♠❛r ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ❧❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s

r❡❛❧ ✭r < σ✮✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❝♦♥s✐st❡ ❡♥ ❧❛ ♣❛rt❡ ♥❡❣❛t✐✈❛ ❞❡ ❞✐❝❤♦ ♣♦t❡♥❝✐❛❧ ✭r > σ✮✳ ❊❧ ❞✐á♠❡tr♦ ❇❍

s❡ ❝❛❧❝✉❧❛ s✐❣✉✐❡♥❞♦ ❧❛ ♣r❡s❝r✐♣❝✐ó♥ ❡①♣❧✐❝❛❞❛ ❛♥t❡s✳ ▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❛ ❧❛ ❡♥❡r❣í❛ ❧✐❜r❡ s❡ ♦❜t✐❡♥❡

❛ ♣❛rt✐r ❞❡ ❧❛ ❊❝✳ ✭✽✳✶✷ ✮ ❝♦♥ g0(r) = gd(r)✳

❈✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ❡st❛ t❡♦rí❛ ♣❛r❛ ♦❜t❡♥❡r ❧❛s ♣r♦♣✐❡❞❛❞❡s t❡r♠♦❞✐♥á♠✐❝❛s ❞❡❧ ✢✉✐❞♦ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s✱ ❡❧ r❡s✉❧t❛❞♦

❡s ♠✉② ❜✉❡♥♦ ❛✉♥q✉❡ ❡♠♣❡♦r❛ ❛ ❞❡♥s✐❞❛❞❡s ② t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ ❧❛ ❞❡❧ ♣✉♥t♦ tr✐♣❧❡✳ ▲❛s s♦❧✉❝✐♦♥❡s ♠❡❥♦r❛♥

♥♦t❛❜❧❡♠❡♥t❡ s✐ s❡ ❛❣r❡❣❛ ✉♥ t❡r♠✐♥♦ ♣❡rt✉r❜❛t✐✈♦ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✳ ❊st❡ ❡❝❤♦ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ❡♥t❡♥❞❡r ✐♥t✉✐t✐✲

✈❛♠❡♥t❡ s✐ t❡♥❡♠♦s ❡♥ ❝✉❡♥t❛ q✉❡ ❧❛ ♣❛rt✐❝✐ó♥ ❇❍✱ ✐♥❝❧✉②❡ ❡♥ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❧❛ ♣❛rt❡ rá♣✐❞❛♠❡♥t❡ ❝❛♠❜✐❛♥t❡ ❞❡❧

♣♦t❡♥❝✐❛❧✱ q✉❡ ✈❛ ❞❡s❞❡ r = σ ❤❛st❛ ❡❧ ♠í♥✐♠♦ ❡♥ ✭rm = 21/6σ ✮✳ ❊♥ ❡st❡ r❛♥❣♦ ❞❡ ❞✐st❛♥❝✐❛s ❡s ❥✉st❛♠❡♥t❡ ❞♦♥❞❡

❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥ r❛❞✐❛❧ ❞❡ ❡s❢❡r❛s ❞✉r❛s✱ ❛❧❝❛♥③❛ s✉ ✈❛❧♦r ♠á①✐♠♦ ② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❞❡

✶✹✽



❧❛ ❡♥❡r❣í❛ ♣❡rt✉r❜❛t✐✈❛ t♦t❛❧ s♦♥ ❣r❛♥❞❡s✳ P♦r ❧♦ t❛♥t♦ ❡❧ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡❜❡ s❡r ✐♠♣♦rt❛♥t❡ ❬❡❧

s❡❣✉♥❞♦ ♦r❞❡♥✱ ♣r♦♣♦r❝✐♦♥❛❧ ❛ t❛❧❡s ✢✉❝t✉❛❝✐♦♥❡s✱ ❝♦rr❡s♣♦♥❞❡ ❛❧ t❡r❝❡r s✉♠❛♥❞♦ ❞❡ ❧❛ ❊❝✳ ✭✽✳✶✵✮❪✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱

❧❛ ♣r♦♣✉❡st❛ ❞❡ ❇❍ ❡s ❜✉❡♥❛✱ ❝✉❛♥❞♦ s❡ ❧❛ ❝♦♠♣❛r❛ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛❝✐♦♥❡s✱ ♣❡r♦ s♦❧♦ s✐ s❡ ✐♥❝❧✉②❡ ✉♥

s❡❣✉♥❞♦ ♦r❞❡♥ ♣❡rt✉r❜❛t✐✈♦✳ ▲❛ ♥❡❝❡s✐❞❛❞ ❞❡ ✐♥❝❧✉✐r ✉♥ s❡❣✉♥❞♦ ♦r❞❡♥ s❡ ❡❧✐♠✐♥❛ s✐ s❡ ❡❧✐❣❡ ❡❧ ♠♦❞❡❧♦ ❲❈❆✳ ❊♥

❡st❡ ❝❛s♦ ❡❧ ♣♦t❡♥❝✐❛❧ s❡ ❞✐✈✐❞❡ ❡♥ r = rm ② s❡ t♦♠❛✿

φ0(r) =







φLJ(r) r < rm

0 r > rm

φ1(r) =







−ε r < rm

φLJ(r) r > rm

❈♦♥ ❡st❛ ♣❛rt✐❝✐ó♥ s❡ ❝♦♥s✐❣✉❡ q✉❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ✈❛rí❡ ♠✉❝❤♦ ♠ás ❧❡♥t❛♠❡♥t❡ ❛❧❧í ❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐str✐❜✉❝✐ó♥

r❛❞✐❛❧ ♣r❡s❡♥t❛ ✉♥ ♠á①✐♠♦ ❛❣✉❞♦✳ ❉❡ ❡st❛ ❢♦r♠❛ ❡♥ ❡st❡ ❡sq✉❡♠❛✱ ❛ ♣r✐♠❡r ♦r❞❡♥ ♣❡rt✉r❜❛t✐✈♦ s❡ ❝♦♥s✐❣✉❡♥

r❡s✉❧t❛❞♦s t❛♥ ❜✉❡♥♦s ❝♦♠♦ ❧♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❡♥ ❡❧ ♠♦❞❡❧♦ ❇❍ ❝♦♥ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱ ✐♥❝❧✉s✐✈❡

♣❛r❛ ❡st❛❞♦s t❡r♠♦❞✐♥á♠✐❝♦s ♣ró①✐♠♦s ❛❧ ♣✉♥t♦ tr✐♣❧❡✳

✳

✶✹✾



✳

✶✺✵



❈❛♣ít✉❧♦ ✾

❈♦♥❝❧✉s✐♦♥❡s

❍❡♠♦s ♣r❡s❡♥t❛❞♦ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ♥♦✈❡❞♦s♦ ❞❡ ❛❥✉st❡ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❞❡♥s✐❞❛❞✱ q✉❡ ♥♦s ♣❡r♠✐t✐ó ♣r❡❞❡❝✐r✱

❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛s ❚❡♦rí❛s ❞❡❧ ❋✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ❉❡♥s✐❞❛❞✱ ❞✐✈❡rs❛s ♣r♦♣✐❡❞❛❞❡s ❛s♦❝✐❛❞❛s ❝♦♥ ✢✉✐❞♦s s✐♠♣❧❡s

❝♦♥st✐t✉✐❞♦s ♣♦r ❣❛s❡s ♥♦❜❧❡s✱ ❧✐❜r❡s✱ ♦ ❛❞s♦r❜✐❞♦s s♦❜r❡ s✉str❛t♦s só❧✐❞♦s ✭♣❛r❡❞❡s ♣❧❛♥❛s ♦ r❛♥✉r❛s ❝♦♥st✐t✉✐❞❛s ♣♦r

❡❧❡♠❡♥t♦s ❛❧❝❛❧✐♥♦s ② ❛❧❣✉♥♦s ♦tr♦s ❡❧❡♠❡♥t♦s ♦ ❝♦♠♣✉❡st♦s✮✳

❊♥ ❡st❛ t❡s✐s ♣r♦♣♦♥❡♠♦s ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❛❥✉st❡ ❞❡❧ ❢✉♥❝✐♦♥❛❧✱ ❝♦♥ ❡❧ ❛❣r❡❣❛❞♦ ❞❡ ✉♥ tér♠✐♥♦ ❛❞✐❝✐♦♥❛❧✳ ❊❧

♥✉❡✈♦ ❢✉♥❝✐♦♥❛❧ s❡ ❝♦♥str✉②❡ ❡♥t♦♥❝❡s t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦ s✐❣✉✐❡♥t❡✿

✐✲P♦r ✉♥ ❧❛❞♦ s❡ ✉t✐❧✐③ó ✉♥ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❡❢❡❝t✐✈♦ q✉❡ s❡ ♦❜t✐❡♥❡ ♦♣t✐♠✐③❛♥❞♦ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❞❡

♣❛r❡s ❞❡ ❲❡❡❦s✱ ❈❤❛♥❞❧❡r ② ❆♥❞❡rs❡♥✱ ✭✈❡r ❘❡❢✳ ❬✸✾❪ ② ❛♣é♥❞✐❝❡ ❆✮✳ ❊❧ ❛❥✉st❡ ❞❡ ❡st❡ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ❤❛❝❡ q✉❡

s✉s ♣❛rá♠❡tr♦s ✭♣r♦❢✉♥❞✐❞❛❞ ❞❡❧ ♣♦t❡♥❝✐❛❧ ② ❞✐á♠❡tr♦ ❞❡❧ ✏❝❛r♦③♦✑ ❞❡ át♦♠♦s ♦ ♠♦❧é❝✉❧❛s✮ ♣❛s❡♥ ❛ ❞❡♣❡♥❞❡r ❞❡

❧❛ t❡♠♣❡r❛t✉r❛ ② s❡ r❡❛❧✐③❛ s♦❜r❡ ❡❧ ✢✉✐❞♦ ❤♦♠♦❣é♥❡♦ ♣❛r❛ r❡♣r♦❞✉❝✐r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❧❛s ❢❛s❡s

❧íq✉✐❞♦✲✈❛♣♦r✳

❊❧ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r❡s ✏❡❢❡❝t✐✈♦✑ ❛sí ♦❜t❡♥✐❞♦✱ s❡ ✉t✐❧✐③ó ♣❛r❛ ❞❡s❝r✐❜✐r ❛❧ ✢✉✐❞♦ t❛♥t♦ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❤♦♠♦❣é♥❡❛s

❝♦♠♦ ✐♥❤♦♠♦❣é♥❡❛s✳

✐✐✲❙❡ ❛❣r❡❣♦ ❛❧ ❢✉♥❝✐♦♥❛❧ ✉♥ ♣❛rá♠❡tr♦ ❛❞✐❝✐♦♥❛❧ ❛❧ tér♠✐♥♦ ❞❡ ❣❛s ✐❞❡❛❧✱ q✉❡ s❡ ❛❥✉st❛ ❡♥ s✐♠✉❧t❛♥❡♦ ❛❧ ❧♦s r❡st❛♥t❡s

♣❛rá♠❡tr♦s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❲❈❆✳ ▲❛ ❥✉st✐✜❝❛❝✐ó♥ ❞❡ ❡st❡ ❝♦❡✜❝✐❡♥t❡ ❡st❛ r❡❧❛❝✐♦♥❛❞❛✱ ♣❛r❛ ❛❧❣✉♥♦s ✢✉✐❞♦s✱ ❝♦♥ ❧❛

♣r❡s❡♥❝✐❛ ❞❡ ❡❢❡❝t♦s ❝✉á♥t✐❝♦s ✭❝♦♠♦ ❡❧ ❝❛s♦ ❞❡❧ ◆❡ó♥ ② ❡♥ ♠❡♥♦r ❣r❛❞♦ ♣❛r❛ ❡❧ ❆r❣ó♥✮✳ P❡r♦ t❛♠❜✐é♥ s✉ ✉t✐❧✐③❛❝✐ó♥

♣♦❞rí❛ ❥✉st✐✜❝❛rs❡ ❛♣❡❧❛♥❞♦ ❛ ❧❛ ❞❡s✈✐❛❝✐ó♥ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ✏✐❞❡❛❧✑ q✉❡ ♣r❡s❡♥t❛♥ ❧♦s ✢✉✐❞♦s ❝✉❛♥❞♦ s✉ t❡♠♣❡r❛t✉r❛

s❡ ❛❝❡r❝❛ ❛ ❧❛ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦✱ ❞♦♥❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❡♥ ❧❛ ❞❡♥s✐❞❛❞ ❞✐✈❡r❣❡♥ ② ❝♦♥ ❡❧❧❛s ❞✐✈❡r❣❡♥ ✈❛r✐❛s ♦tr❛s

♣r♦♣✐❡❞❛❞❡s✳

❊❧ ❉❋ ♣r♦♣✉❡st♦ ❢✉❡ ❝♦♥✈❛❧✐❞❛❞♦ ✈❡r✐✜❝❛♥❞♦ q✉❡ ❧❛ ♣r❡❞✐❝❝✐ó♥ ♣❛r❛ ❧❛ t❡♥s✐ó♥ s✉♣❡r✜❝✐❛❧ ❞❡ ❧❛ ✐♥t❡r❢❛s❡ ❞❡ ❝♦♥t❛❝t♦

❡♥tr❡ ❧❛ ❢❛s❡ ❧íq✉✐❞❛ ❤♦♠♦❣é♥❡❛ ② ❧❛ ❞❡ ✈❛♣♦r ❤♦♠♦❣é♥❡❛ ❡♥ ❝♦❡①✐st❡♥❝✐❛ t❡r♠♦❞✐♥á♠✐❝❛ ❛ ✉♥❛ t❡♠♣❡r❛t✉r❛ ✜❥❛ ❡s

❝♦rr❡❝t❛ ✭♥ót❡s❡ q✉❡ ❧❛ ✐♥t❡r❢❛s❡ ❧íq✉✐❞♦✲✈❛♣♦r ❡s ✐♥❤♦♠♦❣é♥❡❛✮✳ ◆✉❡str❛ ♣r♦♣✉❡st❛ ♣❡r♠✐t❡ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❡♥

t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ Tt ② Tc ❞❡❧ ✢✉✐❞♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❤❡♠♦s r❡s✉❡❧t♦ ❡❧ ✐♥❝♦♥✈❡♥✐❡♥t❡ q✉❡ ♣r❡s❡♥t❛

❧❛ ♣r♦♣✉❡st❛ ❞❡ ❆♥❝✐❧♦tt♦ ② ❝♦❧❛❜♦r❛❞♦r❡s ❬✺✱ ✻❪✱ q✉❡ ❞❛ ♦r✐❣❡♥ ❛ ❞✐✈❡r❣❡♥❝✐❛s q✉❡ ♥♦ ♣❡r♠✐t❡♥ ♦❜t❡♥❡r s♦❧✉❝✐♦♥❡s

♥✉♠ér✐❝❛♠❡♥t❡ ❡st❛❜❧❡s ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❝❡r❝❛♥❛s ❛ Tt✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s s♦❜r❡ ♣❛r❡❞❡s ♣❧❛♥❛s✱ ❞♦♥❞❡ ❡❧ ✢✉✐❞♦ ❝❡r❝❛♥♦ ❛ ❧❛ ♣❛r❡❞ ❡s ❢✉❡rt❡♠❡♥t❡ ✐♥❤♦♠♦❣é♥❡♦✱

✶✺✶



s❡ r❡♣r♦❞✉❥❡r♦♥ ❝♦rr❡❝t❛♠❡♥t❡ ♣❡r✜❧❡s ❞❡ ❞❡♥s✐❞❛❞ ❞❡t❡r♠✐♥❛❞♦s t❛♥t♦ ♠❡❞✐❛♥t❡ s✐♠✉❧❛❝✐♦♥❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦

❬✽✽✱ ✾✻❪ ❝♦♠♦ ♣♦r ♠❡❞✐♦ ❞❡ t❡♦rí❛s ♥♦ ❧♦❝❛❧❡s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ ❉❋❚ ✭♣❛r❛ t❡♠♣❡r❛t✉r❛s ❛❧❡❥❛❞❛s ❞❡ Tt✮✳

❙❡ ❛♥❛❧✐③❛r♦♥ t❛♠❜✐é♥ ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠♦❥❛❞♦ ❞❡ s✉♣❡r✜❝✐❡s ② ❝✉❡st✐♦♥❡s r❡❢❡r❡♥t❡s ❛ ❧❛ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❥❛❞♦✳ ❊st❛s

♣r♦♣✐❡❞❛❞❡s ❢✉❡r♦♥ ❡①tr❛í❞❛s ❞❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s ✐s♦t❡r♠❛s ❞❡ ❛❞s♦r❝✐ó♥✳ ❊♥ ❡st❡ ❝❛s♦ ❛❧❣✉♥♦s ❞❡ ❧♦s

r❡s✉❧t❛❞♦s ♠ás r❡❧❡✈❛♥t❡s q✉❡ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❢✉❡r♦♥✿

✐✲P❛r❛ ❡❧ s✐st❡♠❛ ❆r✴❈❖2 s❡ ♣✉❞♦ ❞❡✜♥✐r ✐s♦t❡r♠❛s ❝✉②❛ ❡str✉❝t✉r❛ ❡s ♠ás ♣❧❛✉s✐❜❧❡ q✉❡ ❧❛s r❡♣♦rt❛❞❛s ❡♥ ❛❧❣✉♥♦s

tr❛❜❛❥♦s ❬✽❪✳

✐✐✲P❛r❛ ❡❧ s✐st❡♠❛ ❆r✴❘❜✱ ❞♦♥❞❡ ♥♦ ❡①✐st❡♥ ♣rá❝t✐❝❛♠❡♥t❡ r❡♣♦rt❡s s♦❜r❡ ❡st✉❞✐♦s ❞❡ ♠♦❥❛❞♦ ❞❡ ❡st❡ s✐st❡♠❛ ✉t✐❧✐✲

③❛♥❞♦ ❉❋❚✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❡①✐st❡ ♠♦❥❛❞♦ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦ q✉❡ s❡ñ❛❧❛♥ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❝❛❧❝✉❧❛❞♦s ♠❡❞✐❛♥t❡

s✐♠✉❧❛❝✐♦♥❡s ♥✉♠ér✐❝❛s ❞❡ ●❈▼❈✳

✐✐✐✲❊♥ ❡❧ s✐st❡♠❛ ❆r✴❆✉✱ s❡ ♦❜s❡r✈❛ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ s✉❜✲♠♦♥♦❝❛♣❛s✳ ❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡s

s✐♠✐❧❛r ❛❧ r❡♣♦rt❛❞♦ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❬✷✾❪✳

✐✈✲❊♥❝♦♥tr❛♠♦s ✈❛❧♦r❡s ❞❡ ♠♦❥❛❞♦ ② ♣r❡✲♠♦❥❛❞♦ ♣❛r❛ ❡❧ s✐st❡♠❛s ❝♦♠♦✿ ❳❡✴❑✱ ❳❡✴◆❛ ❳❡✴▲✐✳

✈✲❈♦♠♣❧❡♠❡♥t❛r✐♦ ❛ ❧♦s tr❛❜❛❥♦s ❝♦♠♦ ❡❧ ❞❡ ❧❛s r❡❢❡r❡♥❝✐❛s ❬✾✾❪ ②❬✶✵✷❪ ♥♦s♦tr♦s ❤❡♠♦s ❧♦❣r❛❞♦ r❡♣r♦❞✉❝✐r✱ ♣❛r❛

s✐st❡♠❛s r❡❛❧❡s✱ ❝♦♠♦ ❧♦s ❝♦♥st✐t✉✐❞♦s ♣♦r ❳❡♥ó♥ ❛❞s♦r❜✐❞♦ s♦❜r❡ ❞✐✈❡rs♦s s✉str❛t♦s✱ ❧❛s ❡str✉❝t✉r❛s ❞❡ ❧í♥❡❛s ❞❡

♣r❡✲♠♦❥❛❞♦ ♠ú❧t✐♣❧❡s s♦❜r❡ ❧❛s q✉❡ s❡ t❡♦r✐③❛ ❡♥ ❡st♦s tr❛❜❛❥♦s✳

❊♥ t♦❞♦s ❧♦s ❝❛s♦s s❡ ♦♣❡ró ❞❡♥tr♦ ❞❡❧ ❡♥s❛♠❜❧❡ ❝❛♥ó♥✐❝♦✱ ❡s ❞❡❝✐r ❝♦♥ ✉♥ s✐st❡♠❛ ❞♦♥❞❡ s❡ ♠❛♥t❡♥í❛ ❝♦♥st❛♥t❡

❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ✢✉✐❞♦ ✭❛❞❡♠ás ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ② ❡❧ ✈♦❧✉♠❡♥✮✱ ❛✉♥q✉❡ ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❢✉❡r♦♥

r❡♦❜t❡♥✐❞♦s tr❛❜❛❥❛♥❞♦ ❞❡♥tr♦ ❞❡❧ ❡♥s❛♠❜❧❡ ❣r❛♥❞ ❝❛♥ó♥✐❝♦ ♠ás r❡♣r❡s❡♥t❛t✐✈♦ ❞❡ ❧♦ q✉❡ ❝♦♥st✐t✉②❡ ✉♥ s✐st❡♠❛

r❡❛❧✳

❙❡ ❛♥❛❧✐③❛r♦♥ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st♦s ✢✉✐❞♦s ❛❞s♦r❜✐❞♦s ❡♥ r❛♥✉r❛s ❝♦♥❢♦r♠❛❞❛s ♣♦r ♣❛r❡❞❡s ✐❞é♥t✐❝❛s✳ ❘❡s✲

♣❡❝t♦ ❛❧ ♣❡r✜❧ ❛❞s♦r❜✐❞♦ s❡ ❡♥❝♦♥tr❛r♦♥ t❛♥t♦ ♣❡r✜❧❡s q✉❡ ❣✉❛r❞❛♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❛♣❧✐❝❛❞♦ ❛sí

❝♦♠♦ ♣❡r✜❧❡s q✉❡ r♦♠♣❡♥ ❡st❛ s✐♠❡trí❛✳ ❊st❛s s✐t✉❛❝✐♦♥❡s ❡stá♥ ❡♥ ♣❡r❢❡❝t♦ ❛❝♦r❞❡ ❝♦♥ ❧❛s r❡♣♦rt❛❞❛s ❡♥ ❧❛ ❧✐t❡r❛t✉r❛

✭❘❡❢s✳ ❬✶✱ ✷✱ ✶✷✼✱ ✶✷✽❪✮✳

❘❡❝✐❡♥t❡s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛ r✉♣t✉r❛ ❞❡ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣❡r✜❧ ❞❡ ❞❡♥s✐❞❛❞✱ ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡

❧❛ ❉❋❚✱ ❤❛♥ s✐❞♦ r❡♣♦rt❛❞♦s ♣♦r ❇❡r✐♠ ② ❘✉❝❦❡♥st❡✐♥ ❬✸❪✳ ❘❡s♣❡❝t♦ ❞❡ ❡st♦✱ ♥♦s♦tr♦s ❤❡♠♦s ♣♦❞✐❞♦ r❡♣r♦❞✉❝✐r ♣♦r

♠❡❞✐♦ ❞❡ ♥✉❡str♦ ❢✉♥❝✐♦♥❛❧ ❡s♦s r❡s✉❧t❛❞♦s ② ❛❞❡♠ás ❡st❛❜❧❡❝✐♠♦s ✉♥❛ ❝♦rr❡❧❛❝✐ó♥ ❡♥tr❡ ❞❡♥s✐❞❛❞✱ t❡♠♣❡r❛t✉r❛ ②

r✉♣t✉r❛ ❞❡ s✐♠❡trí❛✳ ❍❡♠♦s ❤❛❧❧❛❞♦ q✉❡ ❧❛ r✉♣t✉r❛ ❞❡ s✐♠❡trí❛ ❡♥ ❡❧ ♣❡r✜❧ ❞❡ q✉✐❡♥ ❝♦♥st✐t✉②❡ ❡❧ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱

s❡ ♣r♦❞✉❝❡ ♣❛r❛ ❝✐❡rt♦ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s✳ ❊st❡ r❛♥❣♦ ❝♦♥st✐t✉②❡ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥t✐♥✉♦✱ ❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s s♦♥

❡st❛❜❧❡s ✭♦ ♠❡t❛st❛❜❧❡s✮✳ ❆ s✉ ✈❡③✱ ❡st❡ r❛♥❣♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ ❡st❛

❛✉♠❡♥t❛✱ ❡❧ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♣❛r❛ ❡❧ ❝✉❛❧ ❡❧ ❡st❛❞♦ ❞❡ ♠ás ❜❛❥❛ ❡♥❡r❣í❛ ❡s ❛s✐♠étr✐❝♦✱ s❡ t♦r♥❛ ♠ás ❡str❡❝❤♦✳

P♦r ♦tr♦ ❧❛❞♦ ❝♦♥❥❡t✉r❛♠♦s ❛❝❡r❝❛ ❞❡ ❧❛ ♣♦s✐❜❧❡ r❡❧❛❝✐ó♥ ❡①✐st❡♥t❡ ❡♥tr❡ ❡❧ ❢❡♥ó♠❡♥♦ ❞❡ r✉♣t✉r❛ ② ❧❛s ♣r♦♣✐❡❞❛❞❡s

❞❡ ♠♦❥❛❞♦ s♦❜r❡ ✉♥❛ ♣❛r❡❞✳ ❍❡♠♦s ❡♥❝♦♥tr❛❞♦ q✉❡ ❧❛ ♠á①✐♠❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❧❛ ❝✉❛❧ ❛✉♥ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s

❛s✐♠étr✐❝❛s ❞❡♥tr♦ ❞❡ ❧❛ r❛♥✉r❛ ✭❝♦♥❢♦r♠❛❞❛ ♣♦r ❞♦s ♣❛r❡❞❡s ✐❞é♥t✐❝❛s✮ s❡ ❡①t✐❡♥❞❡ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

t❡♠♣❡r❛t✉r❛ ❞❡ ♠♦❥❛❞♦ ❞❡ ✉♥❛ ❞❡ ❧❛s ♣❛r❡❞❡s ♣❡r♦ ♥♦ ♠❛s ❛❧❧á ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❝r✐t✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦ q✉❡

❝♦rr❡s♣♦♥❞❡ ❛ ❡s❛ ♣❛r❡❞✳ ❊s ❞❡❝✐r ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ r✉♣t✉r❛ ❞❡ s✐♠❡trí❛ ✭q✉❡ ❤❡♠♦s ❞❡✜♥✐❞♦ ❝♦♠♦ ❛q✉❡❧❧❛ ♣♦r

✶✺✷



❡♥❝✐♠❛ ❞❡ ❧❛ ❝✉❛❧ ♥♦ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s ❛s✐♠étr✐❝❛s ♣❛r❛ ♥✐♥❣ú♥ r❛♥❣♦ ❞❡ ❞❡♥s✐❞❛❞❡s✮ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ t❡♠♣❡r❛t✉r❛

❝rít✐❝❛ ❞❡ ♣r❡✲♠♦❥❛❞♦✳ ❊st❛❜❧❡❝✐é♥❞♦s❡ ❞❡ ❡st❛ ♠❛♥❡r❛ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❞♦s ❢❡♥ó♠❡♥♦s q✉❡ ❡♥ ♣r✐♥❝✐♣✐♦ ♥♦ ♣❛r❡❝❡♥

r❡❧❛❝✐♦♥❛❞♦s✳

P♦r ✉❧t✐♠♦ s❡ ❡st✉❞✐❛r♦♥ r❛♥✉r❛s ❛❜✐❡rt❛s✱ ✈❛❧❡ ❞❡❝✐r s✐st❡♠❛s ❡♥ ❝♦♥t❛❝t♦ ❝♦♥ ✉♥ r❡s❡r✈♦r✐♦ ❞❡ ♣❛rtí❝✉❧❛s ✢✉✐❞❛s✳

P❛r❛ ❡❧❧♦ s❡ tr❛❜❛❥♦ ❡♥ ❡❧ ❡♥s❛♠❜❧❡ ❣r❛♥❞ ❝❛♥ó♥✐❝♦✳

❊♥ ❡st❡ ❝❛s♦ ❧❛s s♦❧✉❝✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ s♦♥ ❛q✉❡❧❧❛s q✉❡ s♦♥ ❡st❛❜❧❡s ✭♦ ♠❡t❛st❛❜❧❡s✮✳ P❛r❛ ❡st❛s r❛♥✉r❛s t❛♠❜✐é♥

s❡ ♦❜t✉✈✐❡r♦♥ s♦❧✉❝✐♦♥❡s✱ ❛s♦❝✐❛❞❛s ❛ ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛❧❡s q✉❡ r♦♠♣❡♥ ❧❛ s✐♠❡trí❛ ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦✱ ♣❡r♦ ❛

❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛ r❛♥✉r❛ ❝❡rr❛❞❛ s♦❧♦ ✉♥❛ s♦❧✉❝✐ó♥ ❛s✐♠étr✐❝❛ ♣♦s❡❡ ❡❧ ✈❛❧♦r ❞❡ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❡ ❝♦❡①✐st❡♥❝✐❛✳

❱❛❧❡ ❞❡❝✐r ❡♥ ❡st❡ ✉❧t✐♠♦ ❝❛s♦✱ ❛❞❡♠ás ❞❡ ❧♦s ❞♦s ❡st❛❞♦s s✐♠étr✐❝♦s ❡st❛❜❧❡s q✉❡ ❝♦❡①✐st❡♥ ❛s♦❝✐❛❞♦s ❛ ✉♥ ú♥✐❝♦

✈❛❧♦r ❞❡❧ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❛♣❛r❡❝❡ ✉♥ t❡r❝❡r ❡st❛❞♦ ❛s✐♠étr✐❝♦✱ t❛♠❜✐é♥ ❡st❛❜❧❡✱ q✉❡ ♣♦s❡❡ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡

♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ② q✉❡ ❧✉❡❣♦ ♣✉❡❞❡ ♣❡♥s❛rs❡ q✉❡ ❝♦❡①✐st❡ ❝♦♥ ❧♦s ❞♦s s✐♠étr✐❝♦s✳ ❊st❡ ❡❝❤♦ ♥♦ ❢✉❡ r❡♣♦rt❛❞♦✱ ❤❛st❛

❡❧ ♠♦♠❡♥t♦✱ ❡♥ ♥✐♥❣ú♥ ♦tr♦ tr❛❜❛❥♦ s♦❜r❡ ❡❧ t❡♠❛✳

▲❛s ✐♥✈❡st✐❣❛❝✐♦♥❡s r❡❛❧✐③❛❞❛s ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛ ♣r❡s❡♥t❡ ❚❡s✐s ❞✐❡r♦♥ ♦r✐❣❡♥ ❛ ❧♦s s✐❣✉✐❡♥t❡s ❛rtí❝✉❧♦s✿

✶✳✲ ❉❡♥s✐t② ♣r♦✜❧❡s ♦❢ ❆r ❛❞s♦r❜❡❞ ✐♥ s❧✐ts ♦❢ ❈❖2✿ ❙♣♦♥t❛♥❡♦✉s s②♠♠❡tr② ❜r❡❛❦✐♥❣

▲✳ ❙③②❜✐s③ ❛♥❞ ❙✳ ❆✳ ❙❛rt❛r❡❧❧✐

❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s ✶✷✽✱ ✶✷✹✼✵✷✲✶✴✽ ✭✷✵✵✽✮✳

✷✳✲ ❆❞s♦r♣t✐♦♥ ♦❢ ◆❡ ♦♥ ❛❧❦❛❧✐ s✉r❢❛❝❡s st✉❞✐❡❞ ✇✐t❤ ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧ t❤❡♦r②

❙✳ ❆✳ ❙❛rt❛r❡❧❧✐✱ ▲✳ ❙③②❜✐s③✱ ❛♥❞ ❯rr✉t✐❛

P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊ ✼✾✱ ✵✶✶✻✵✸✲✶✴✽ ✭✷✵✵✾✮✳

✸✳✲ ❈♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛s②♠♠❡tr✐❝ ♣r♦✜❧❡s ✐♥ s❧✐ts ❛♥❞ st❛♥❞❛r❞ ♣r❡✇❡tt✐♥❣ ❧✐♥❡s

❙✳ ❆✳ ❙❛rt❛r❡❧❧✐ ❛♥❞ ▲✳ ❙③②❜✐s③

P❛♣❡rs ✐♥ P❤②s✐❝s✱ ✶✱ ✵✶✵✵✵✶✲✶✴✾ ✭✷✵✵✾✮✳

✹✳✲ ❆❞s♦r♣t✐♦♥ ♦❢ ❆r ♦♥ ♣❧❛♥❛r s✉r❢❛❝❡s st✉❞✐❡❞ ✇✐t❤ ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧ t❤❡♦r②
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