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Problemas elipticos con crecimiento no estandar y falta
de compacidad

(Resumen)

En esta tesis estudiamos el teorema de inmersion de Sobolev Wé’p (X)(Q) — LIDQ) y el Teo-
rema de Trazas de Sobolev W'"P™(Q) — L' (HQ) para espacios de exponente variable, en el
caso en que las inclusiones no son compactas.

Para este propdsito, primero extendemos el celebrado Principio de compacidad por concen-
tracion de P.L. Lions para el caso de exponente variable que describe con precisiéon los motivos
por los cuales una sucesion es débil convergente pero no convergente en norma.

Como primera aplicacién del principio de compacidad por concentracion encontramos condi-
ciones en términos de las constantes 6ptimas para las mencionadas inmersiones que garantizan
la existencia de extremales para las mismas. Finalmente, damos condiciones locales en los ex-
ponentes p(x), g(x) y r(x) para garantizar la existencia de extremales.

Como segunda aplicacién estudiamos resultados de existencia y multiplicidad para ecuaciones
elipticas con crecimiento critico cuando el operador involucrado es el llamado p(x)—laplaciano.

Palabras Claves: Espacios de exponente variable, principio de compacidad por concen-
tracion, exponente critico, inmersiones de Sobolev .






Elliptic problems with non standard growth and lack of
compactness
(Abstract)

In this Thesis we study the Sobolev immersion Theorem Wé’p (x)(Q) —s [19(Q) and the Sobolev
trace Theorem WHPM(Q) — L™ (HQ) in the variable exponent setting in the critical case, i.e.
when the immersions are not longer compact.

For this purpose, we firs extend the celebrated concentration compactness principle of P.L.
Lions to the variable exponent case which describe the mechanism why a sequence is weakly
but not strongly convergent.

As a first application of the concentration compactness principle, we find conditions in terms
of the optimal constants in the above mentioned immersions in order to guaranty the existence
of extremals for the immersions. Finally, we give local conditions on the exponents p(x), g(x)
and r(x) to ensure the existence of such extremals.

As a second application we study existence and multiplicity results for solutions to critical
elliptic equations when the elliptic operator is the so-called p(x)—laplacian.

Key words: Variable exponent spaces, Concentration compactness principle, critical expo-
nent, Sobolev embeddings
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1

Introduccion

1.1 Resultados preliminares

El propésito de esta Tesis es el estudio de los Teoremas de inmersion de Sobolev en espacios de
exponente variable con pérdida de compacidad.

Vamos a comenzar con un breve resiimen de resultados conocidos. Sea Q ¢ RY un dominio
acotado y notamos por M(Q) el conjunto de funciones medibles en Q con valores en la recta real
extendida [—oo, +00]. Los espacios de Lebesgue para exponente constante son definidos como:

D@ = {r e mM@: [ P dx<) 15p <o,y L7@ = [ € MO): supll < ).

Aqui, y a lo largo de esta Tesis, denotamos sup como el supremo esencial con respecto a la
medida de Lebesgue.

Estos espacios estan equipados con las normas

1
P
Ifllzr = I1flp = (f 17 dX) s I<p<oo, y [Ifllze@ = IIfllo = ess supgl|fl.
Q

Los espacios de Sobolev son definidos como
WhP(Q) = {f € LP(Q): 0;f € LP(Q) paratodoi=1,...,N}, 1< p<oo,
donde 0;f = % representa la i—ésima derivada parcial en el sentido de las distribuciones.

La norma de sobolev es definida como
1
Ifllwiey = If N = AL + VAR ?, 1< p <o, y [Ifllwieog) = 1l = 1flleo + 1V fllco-

Sea 1 < p < N fijo. El teorema de inmersion de Sobolev dice que para Q Lipschitz, uno tiene,
paratoda f € whr(Q), la desigualdad, cf. [21]]

Ifllg < Cp, g, DSl ps
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para 1 < g < p*, donde p* es llamado exponente critico de Sobolev dado por

Np
e — 1.1
P=N=p (b
Equivalentemente,
IVlli,p

0<S(p,q, Q% in .
vewlr@) [vllg

(1.2)
Esta constante S (p, g, Q) es llamada la (mejor u éptima) constante de Sobolev y las funciones v
que realizan el infimo (si existen) son llamadas extremales.

Una cuestion basica en andlisis y en ecuaciones en derivadas parciales, es el calculo explicito
de las constantes Optimas de Sobolev y sus correspondientes extremales.

Vamos a remarcar que un extremal es una solucién débil de la correspondiente ecuacién de
Euler-Lagrange

—Apu+ ulP2u = Aul"u en Q,

(1.3)

VulP=294 = 0 en 0Q,

donde Apu = div(|Vu|P~2Vu) es el operador p—laplaciano y du/on es la derivada normal con
respecto al vector normal unitario exterior n de €.

La constante A es un multiplicador de Lagrange y depende de la normalizacién de u. Por
ejemplo, si u es elegido tal que [|u|l, = 1, entonces A = S(p,q,Q)P.

Cuando g es subcritico, i.e. 1 < g < p*, la immersién W'P(Q) < LI(Q) es compacta,
entonces el método directo del cdlculo de variaciones permite probar de manera inmediata la
existencia de extremales para (I.2)) y, por ende, la existencia de una solucién para (1.3).

Por otro lado, cuando g = p* es facil de ver que la compacidad se pierde y entonces la
existencia de un extremal para (I.2) o la existencia de una solucién para la ecuacién (1.3) es un
problema no trivial.

Es comtin en la literatura, debido a muchas aplicaciones, considerar el subespacio de W!7(Q)
que consiste en todas las funciones que se anulan en la frontera de Q. Este subespacio es definido
como

Wy"(Q) = CE (@),

donde C°(€) son las funciones suaves con soporte compacto y la clausura es tomada en la
norma || - ||y p.

En este espacio, se verifica la desigualdad de Poincaré

Ifll, < C(p. IV, para f € Wy P (Q). (1.4)

De (T.4) se sigue que ||Vf]|, define una norma en Wé’p () que es equivalente a ||f]l;,,. En-

tonces, cuando uno trabaja con el espacio Wé”’ (Q), el teorema de inmersiéon de Sobolev puede

SEr rescrito como
Vvl
0<S(p,q,Q) =

(1.5)
vew! @) [IVllg
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y la ecuacion de Euler-Lagrange para extremales de (1.3) se convierte en

(1.6)

—Apu = Aul"?u  inQ,
u=20 on JQ.

Otra vez, para el problema de existencia de extremales, el Unico caso no trivial es el critico,
. 1, . .
g = p*. Observemos que en el espacio W, P(Q) para que valga el teorema de inmersién no es
necesaria ninguna hipétesis de regularidad sobre el dominio Q.

En el caso critico se sabe que la constante S (p, p*, Q) no se alcanza para ningtn abierto
acotado y que la ecuacién de Euler-Lagrange no tiene solucién para Q estrellado respecto
de un punto.

Ademais, la constante S (p, p*, Q) es independiente de Q. En efecto,
Vvl

S(p,p*, Q) = KN, p)™" := :
veD!P@®N) [V -

donde D'?(RV) es el conjunto de funciones f en L” (RV) tal que ;f € LP(RN),i=1,...,N.

Es también bien sabido que los extremales para K(N, p)~' forman una familia bi-paramétrica
definida por

_N-p _
Unxo(x) = 47 U,
con U dada por

N-p

U@ = (1+ 1) 7.
Ver [37,53]]. En particular esto permite calcular explicitamente el valor de K(N, p)~! (ver [53])

p—1 )1—1‘7 (1 + ¥)rav) v
N-p réhra -n -5

K(N,p) = N7 (

donde I'(x) es la funcién Gamma, I'(x) = fooo et dt.

Otra inmersién de Sobolev muy importante es el llamado feorema de trazas de Sobolev. Este
teorema permite restringir una funcién de Sobolev al borde del dominio (que tiene medida de
Lebesgue cero).

Para poder enunciar el teorema de trazas, necesitamos definir los espacios de Lebesgue en 0€).
Suponemos que Q es C! entonces dQ es una variedad (N — 1)—dimensional C' inmersa en RY
(Menos regularidad en 9Q es suficiente para que valga el teorema de trazas, pero la regularidad
C! alcanza para nuestro propésito). En este caso la medida del borde concuerda con la medida
(N — 1)—Hausdorff restringida a Q2. Denotamos esta medida por dS . Entonces, los espacios son
definidos por

LP(@Q):{feM(aQ):f|f|PdS<oo}, 1<p<oo
0Q

y la obvia definicién para L*(9€Q2). Las normas son definidas de manera usual y se notan como
1A lzr o) = 11 p.00-
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El Teorema de trazas de Sobolev dice que,paral < p <Ny 1 <r<p.=(N-1)p/(N - p),
existe un operador linal acotado T : WhrP(Q) — L'(0Q) tal que: Tv=vlgosive whr @Q)NC(Q)
Y ITVIIro0) < Cllullwirga) 0 equivalentemente:

IIvIl1,p

0<T(p,r,Q = 1n . 1.7
vewlr@) |Vllroe
La ecuacién de Euler-Lagrange para (1.7) es
—Apu+uPPu=0 inQ
v 5 (1.8)
[VulP==5" = Alul"“u  on 6Q.

Otra vez, A es un multiplicador de Lagrange que depende de la normalizacién de u. Si u es
normalizada por ||ul|.s0 = 1 entonces A = T'(p, r, Q).

Cuando r es subcritico, i.e. 1 < r < p,, la inmersién Whr(Q) < L"(0Q) es compacta y, como
en el caso previo, la existencia de extremales para (1.7)) junto con la existencia de una solucién
no trivial para (I.8)) es una consecuencia del método directo del Célculo de Variaciones.

En el caso critico, r = p., la inmersioén no es compacta. Entonces el problema de existencia,
otra vez, es no trivial.

El problema critico de trazas presenta grandes diferencias con el problema de inmersion de

Sobolev. En [26] se muestra que se tiene la desigualdad

) | Vvl v
T(p.p..Q) < KN, p)™' = ] gz
veDLP(RY) ||V||p*,aRQ’

donde D"”(RY) es el conjunto de funciones medibles f tales que d;f € LP(RY),i=1,...,Ny
S lgmve LP(@RY).

Mas atin, en [26], se prueba que si se tiene la desigualdad estricta
T(p, p-, Q) < KN, p)™, (1.9)

entonces existen extremales para (I.7) y por ende una solucion no trivial para (I.8).

Una condicién global para Q que implica (I.9) es

Q)7

————— <KW, p". (1.10)
HN-1(0Q) 7

Observar que la clase de conjuntos que verifican (1.10) es grande. En particular, para un dominio
Q dado, si denotamos Q; = 7 - Q entonces €, verifica (I.I0) para todo ¢ > 0 suficientemente
pequeio.

Mas interesante es encontrar condiciones locales en Q que garanticen (1.9). Para p = 2 esto
fue conseguido por Adimurthi y Yadava usando el hecho de que los extremales para K(N, 2)!
son conocidos explictamente desde el trabajo de Escobar [19]. De hecho, en [1]], los autores
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prueban que si el borde de Q contiene un punto con curvatura media positiva, entonces se verifica
Recientemente Nazaret, en [43], encontr extremales para K(N, p)‘1 usando métodos de
transporte de masa. Estos extremales son de la forma

e A N-1
Va0 = A= TVESR, 5, yeRY >0

_N-p
V.o =r 7, = L+ 02+ P

Del conocimiento explicito de los extremales uno puede calcular el valor de la constante K(N, p)
(ver, por ejemplo, [27]). Se verifica que

p-1

_ N=-D N1

_ i (p-1\" F(g(p—l)) "

K(N,p)=n"2 N P .
P (1)

Usando estos extremales, Ferndndez Bonder y Saintier en [[27] extendieron [[1] y probaron que
(I.9) se verifica si 9Q contiene un punto de curvatura media positiva para 1 < p < (N + 1)/2.
Ver también [44] para un resultado relacionado.

1.2 Espacios de Lebesgue y de Sobolev con exponente variable

Antes de esta Tesis muy pocos resultados eran conocidos sobre los teoremas de inmersién de
Sobolev cuando uno reemplaza los espacios de Lebesgue y Sobolev usuales por sus contrapartes
de exponente variable.

Vamos a comenzar con una breve descripcion de los espacios de Lebesgue y Sobolev con
exponente variable. Daremos una discusion més detallada en el Cdpitulo[3]

Notamos por £(€2) el conjunto de funciones medibles p: QQ — [1,+00). Este es el conjunto
de exponentes finitos.

Para cualquier p € $(Q) definimos el Espacio de Lebesgue de exponente variable como

LPQ) = {f € MQ): f AP dx < o).
Q
Estos espacios poseen una norma (llamada Norma de Luxemburg) la cual es definida como

" gy < 1).

1Ay = fllpeo = inf {2 > 0: f |JZC
Q

Con esta norma L™ (Q) resulta un espacio de Banach. M4s atin, si 1 < infg p(x) < supq p(x) <
co, LPY(Q) resulta ser un espacio reflexivo cuyo dual viene dado por dado por Lpl(x)(Q), 1/p(x)+

1/p'(x) = 1.
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Se define el espacio de Sobolev de exponente variable como
WHPO(Q) = (f € LPY(Q): §;f € LPY(Q), i=1,...,N}

y la norma en este espacio es definida como

IA

| 117 + 19 17
ey =Wl o= int {2 > 0: [ BT < 1)

Observemos que es posible definir la norma como ||f1l,x) + [V fllp. Ambas normas resultan
equivalentes, pero para nuestros propdsitos es mas conveniente trabajar con la primera.

Andlogamente al caso de exponentes constantes, definimos el subespacio de funciones que se
anulan en el borde como
Lp(x) 0N
Wy "9(Q) = CZ(Q),
la clausura siendo tomada en la norma || - ||1 p(x).

En orden de recuperar la desigualdad de Poincaré en este contexto, son necesarias algunas
hipétesis en el exponente p(x). Se sabe que la desigualdad de Poincaré es vélida si, por ejemplo,
el exponente p(x) es log-Holder continuo, cf. Capitulo

Entonces, bajo la hipétesis de log-Holder continuidad de p(x) lanorma ||V f]| ,(x) €s equivalente
ala norma || f1|1 ) para f € Wol’p(x)(Q).

Luego, si supg p(x) < N, el Teorema de inmersion de Sobolev para exponente variable resulta

IV |p(x)

0<S(p()g() Q)= in ’
veWO'p(X)(Q) ”qu(X)

(1.11)

para cualquier g € P(Q) tal que

Np(x)

g(x) < p*(x) = N——p(x)

Para recuperar la compacidad de la inmersién Wg’p (x)(Q) — L19(Q), necesitamos que el
exponente g(x) sea uniformemente subcritico, i.e.

irs_lzf(p*(x) —q(x)) > 0. (1.12)

Como en el caso de exponente constante, bajo la hipétesis (I.12) se sigue por el método
directo del Cdlculo de Variaciones la existencia de extremales para (I.TT).

El principal objetivo de esta Tesis es estudiar la existencia de extremales para (I.11)) cuando
(I.12) es violada.

Para la desigualdad de trazas definimos los espacios de Lebesgue en 0€2 como

LPMQ) = {f € MOQ): f £ dS < oo}
oQ
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y su correspondiente norma (de Luxemburg) es
. f1p
1lroaey = 1fllpeo.0a = inf {2 > 0: f 21 as <),
a0 ' 4

Entonces, el teorema de trazas de Sobolev para exponentes variables dice:

VIl peo)

0 < T(p()’ r(-), Q) = T
veWwLr(@) |Vllrx).00

(1.13)

para cualquier r € P(0Q) tal que

(N = Dp(x)

100 < pu) = B

Otra vez , para recuperar la compacidad de la inmersiéon W& (Q) < L'™(9Q), necesitamos
que el exponente r(x) sea uniformemente subcritico, i.e.

inf(p.(x) = r(x)) > 0. (1.14)

Otro de los principales intereses de esta Tesis es el estudio de la existencia de extremales para
(L.13) cuando (I.14) no se verifica.

Para una revisién mas completa de los espacios de Lebesgue y Sobolev con exponente vari-
able, ver el Capitulo[3]

1.3 Motivaciones Fisicas

En esta seccion revisamos uno de los mas importantes problemas fisicos que modelan los espa-
cios de exponente variable. Esta es la descripcién matemdtica de los fluidos electroreoldgicos.

El modelamiento de los fluidos electroreolégicos estd ampliamente desarrollado en el libro de
Ruzicka [48]].
Los fluidos electroreolégicos tienen la habildad especial de cambiar sus propiedades

mecdnicas dependiendo de manera dramética del campo eléctrico aplicado. Algunas aplica-
ciones de estos incluyen: amortiguadores, soportes de motor, embragues y telemedicina.

Un modelo interesante para estos fluidos fue estudiado por Rizicka [48]]. A saber,

div(E+P) =0 (1.15)
curl(E) = 0 (1.16)

divS +Vv-v+ Ve = f + (VE)P (1.17)
divy = 0, (1.18)

donde E es el campo eléctrico, P es la polarizacion, v la velocidad, S el tensor de estres extra, ¢
es la presion y f es la fuerza mecénica.
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Suponemos que el tensor de estres extra S depende de manera no lineal del campo eléctrico
E y de la componente simétrica del gradiente de velocidades D, D(v) = %(Vv + (V).

Experimentalmente, se observa que S depende polinomialmente de D con el grado dependi-
endo de E. Suponemos que S tiene un crecimiento no estdndar dada por

PUEP)-1

IS(D,E)| < LA +|D"~ = .

Bajo las hipétesis de que la polarizacién P es constante, el sistema (I.15))—(I.18) se desacopla

y podemos resolver primero (I.15)—(T.16) para E y entonces, si denotamos p(x) = p(|E|*) el
sistema (L.T7)—(T.18) se convierte en una ecuacién no lineal con crecimiento no estandar.

La energia asociada naturalmente a este problema es

f IDW)IPX dx.
Q

En el caso de la velocidad escalar u, la energia se convierte en

f [VulP™ dx,
Q

|Vu|P™)

o P
El operador asociado al funcional . se llama el p(x)—laplaciano y estd dado por

J ) =

(1.19)

Apoyu = div([VulP 2 Vu).
Cuando p(x) = p es constante, este operador es el bien conocido p—laplaciano. Ademas, cuando
p(x) = 2 se convierte en el usual operador de Laplace.

Este hecho provee una motivacién para el estudio de la siguiente ecuacion eliptica no lineal,
= Apoyu = f(x,u) en Q, (1.20)

complementada con condiciones de borde (Dirichlet, Neumann, etc.). Por supuesto, son nece-
sarias algunas hipdétesis sobre el crecimiento de f(x, f). Ver la préxima seccion.

Otra aplicacién interesante en donde el p(x)—laplaciano juega un rol importante, es en el
procesamiento de imédgenes.

En efecto, Y. Chen, S. Levin y R. Rao en [[11]] propusieron el siguiente modelo para la restau-
racién de imagenes:

E(u) = f M + f(lu(x) — I(x)|) dx — min,
o pX)

donde p(x) es una funcién que varia entre 1 y 2 'y f es una funcién convexa. En su aplicacién,

ellos elijieron p(x) cerca de 1 en los lugares donde presuponen que hay bordes y p(x) cerca de 2

en los lugares donde presuponen que no hay bordes. De esta manera los autores pueden remover

el ruido de la imdgen preservando los bordes.



Introduccion

1.4 Descripcion de los resultados

Como mencionamos antes, el principal objetivo de esta Tesis es el estudio de las inmersiones de
Sobolev
Wé’p(x)(Q) PN Lq(x)(Q) y WLP(X)(Q) PN Lr(x)(aQ)

en el rango critico, es decir en el caso donde 1 < g(x) < p*(x), 1 < r(x) < p.(x) con
A={xeQ:qgx)=p )} £0 y Ar={xe€dQ: r(x) = p.(x)} 0.

Nuestro principal interés es el estudio de la falta de compacidad en la inmersion. Por otro lado,
buscamos condiciones en Q, p(x), g(x) y r(x) que garanticen la existencia de extremales para las
constantes de Sobolev.

Vull pex .
S(P(), Q(), Q) = inf % y T(p(), r(.)’ Q) — ”ulll,p( )

uew! 70y ullge uew' @) [lullx.00”

En el caso de exponente constante, con Q acotado, la falta de compacidad fue descripta por
P.L. Lions con el llamado Principio de compacidad por concentracion (PCC) [37]. Ver también
los trabajos de H. Brezis y L. Nirenberg [9] y T. Aubin [J3]].

El PCC afirma que si una sucesion f, € Wé’p (€2) converge débil a f, pero f, no converge
fuerte a f en LP (Q). Entonces, la falta de convergencia fuerte viene dada por la aparicién de
masas puntuales.

El primer resultado de esta Tesis es la extension del PCC para el caso de exponente vari-
able. Un aspecto importante de nuestra extension es el hecho de que las masas puntuales estan
localizadas en el conjunto critico A (o Ay en el caso de la inmersién de trazas).

Estos resultados estdn contenidos en el Capitulo (4, Resultados similares fueron obtenidos
independientemente por Y. Fu en [32]] pero nuestros resultados son mds generales, dado que
en [32] s6lo es considerada la inmersién de Sobolev Wé’p (x)(Q) — LP"¥(Q) y, mas atin, en
nuestro resultado obtenemos las constantes precisas en las estimaciones. Esto dltimo juega un
rol preponderante en las aplicaciones del resultado.

Respecto de la existencia de extremales, queremos recordar el resultado de compacidad de
[42]. En ese trabajo, se muestra que si el conjunto critico A es pequeiio y tenemos un con-
trol preciso de como el exponente g(x) alcanza al critico p*(x) en A, entonces la inmersién
Wé’p (x)(Q) s L1¥(Q) permanece compacta y, por ende, la existencia de extremales se sigue
por el método directo del Calculo de Variaciones.

En esta direcci6n, obtenemos al comienzo del Capitulo[5|un resultado similar para el problema
de trazas aplicando las técnicas desarrolladas en [42]].

Sin embargo, las condiciones de [42] son bastante restrictivas. Entonces, es deseable obtener
un resultado mas general que garantice la existencia de extremales.

Recordemos que para el caso de exponente constante no existen extremales en ningtin dominio
acotado para las constantes de Sobolev S (p, p*, Q) y que esa constante es independiente de Q.
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En el caso de exponentes constantes, algunos resultados positivos fueron obtenidos usando
perturbaciones del problema original.

En efecto, en [9] y [5] los autores consideran el problema perturbado.

R - Jo, IVul? + h(x)lul? dx
1 = m

vew, () (fQ|M|2* dx)%

’

y encuentran condiciones locales en 4 que aseguran la existencia de extremales para A;.

Observemos que si i(x) > 0, se sabe que la obstruccién de PohoZaev implica que no existen
extremales para A, si Q es estrellado con respecto a un punto, luego % debe ser negativa en algin
lugar. De cualquier manera, se requiere que

llull? := f IVul* + h(x)|ul® dx
Q

defina una norma equivalente en Wé’z(Q).

Nuestro primer resultado para la inmersion de Sobolev dice que es vdlida la siguiente de-
sigualdad.

S(p(-), (), Q) < inf sup S (p(-), g(-), Be(x)) < inf K(N, p(x))~!
XEA g5 X€EA
y, ademds si la desigualdad es estricta

S(p(),q(-),€) < inf sup S(p(-), q(-), Be(x)) (1.21)
XEA 50
entonces existe un extremal para S (p(-), g(-), Q). Después, encontramos condiciones suficientes
para que valga esa desigualdad estricta.

Primero, con una estimacién muy cruda, encontramos que si el conjunto subcritico Q \ A
contiene un bola suficientemente grande, entonces (I.2I]) vale y por ende existe un extremal

para S(p(-), q(-), Q).

Este tltimo resultado no es completamente satisfactorio. Uno desearfa encontrar condiciones
locales en Q, p(x) y g(x), en el espiritu de [9][5]], que impliquen la validez (I.2T)). En el Cépitulo
5] damos ese tipo de condiciones.

Para la desigualdad de trazas, en el caso de exponentes constantes, se sabe (ver [1] para
p = 2y [26, 27, 44] para p # 2) que si el borde contiene a un punto de curvatura media
positiva (por ejemplo, cualquier dominio acotado) entonces existe un extremal para T'(p, p*, Q).
Recordemos que en los trabajos antes mencionados, algunas restricciones en p son necesarias,
ie. p<(N+1)/2.

En el caso de exponente variable, primero obtenemos un resultado general andlogo al caso de
la inmersion de Sobolev. Se verifica que

T(p().r(), Q) < inf sup T(p(),r("),Qs,I') < inf RN, pOo)™,
X€E >0 XEAT

T g
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donde Q, = QN B.(x), e = QN IB(x) y T(p(), r(-),Q,T') es la mejor constante de trazas de
Sobolev para funciones que se anulan en I" C 9Q2.

Ademds, probamos que si la primera desigualdad estricta, es decir si se verifica

T(p(),r(-), Q) < inf sup T(p(), (), Q. T), (1.22)

XEAT >0
entonces existe un extremal para T (p(-), r(-), Q).

Después de eso, primero encontramos condiciones globales similares a (I.10) para que (1.22))
sea estricta.

Al final del Capftulo encontramos condiciones locales en p(x), r(x) y en la geometria de Q
que aseguran la existencia de extremales para T'(p(-), (-), ).

Como una aplicacién de los resultados previos, el resto de la Tesis, se dedica a estudiar la
existencia de soluciones para algunas ecuaciones con crecimiento critico en el sentido de las
inclusiones de Sobolev.

Mais precisamente, analizamos el problema de existencia de soluciones de la ecuacion

{_Ap(x)u = f(x, u) in .Q, (123)

u=0 on 092,
donde el crecimiento de f verifica
|f G, o) ~ 197!
y q(x) es critico, i.e. A = {x € Q: q(x) = p*(x)} # 0.

En los dltimos afos han aparecido una gran cantidad de resultados dedicados al estudio del
problema de existencia para (I.23) con diferentes condiciones de contorno (Dirichlet, Neumann,
flujo no lineal, etc). Ver, por ejemplo [10, 16,22} 40, 41] y sus referencias.

En estos trabajos, y en la mayoria de los articulos que se encuentran en la literatura, sélo el
caso subcritico es considerado (A = (). Observemos que dado que los exponentes se suponen
continuos, A = 0 es equivalente a (I.12).

Al igual que en el caso de exponentes constantes, el problema de hallar soluciones de (1.23)
resulta equivalente al de hallar puntos critios del funcional asociado. Este funcional viene dado

por
p(x)
T(u):f [Vud a’x—fF(x,u)dx,
o px) Q

donde F(x,1) = [ f(x,5)ds.

Bajo condiciones muy generales para f, el funcional ¥ verifica las hipétesis geométricas
del Teorema del Paso de la Montafia. En el caso subcritico, la compacidad de la inmersién
de Sobolev implica la condicién de the Palais—Smale para cualquier nivel de energia c € Ry
entonces, se obtiene la existencia de un punto critico para ¥, y por ende, la existencia de una
solucion para (I.23). Para un breve resimen del Teorema de paso de la montafia y algunas
técnicas usuales del célculo de variaciones, ver el Capitulo
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Cuando la subcriticalidad es violada, i.e. A # 0, si bien las hip6tesis geométricas del Teorema
del Paso de la Montaiia siguen verificindose, la falta de compacidad en la inmersién hace que
la condicién de Palais—Smale ya no pueda verificarse. En consecuencia existen s6lo unos pocos
resultados de existencia de soluciones para (I.23) que describiremos brevemente abajo.

En [42], como discutimos en la seccidn previa, los autores dan condiciones muy restrictivas
para que la inclusién de Sobolev se mantenga compacta, y las técnicas usuales pueden ser apli-
cadas para encontrar un solucién no trivial de (I.23)). Cuando falta compacidad en la inmersion,
en el mismo trabajo los autores prueban que si el conjunto subcritico Q \ A contiene una bola
suficientemente grande, entonces (I.23) tiene una solucion no trivial no negativa.

El estudio de (I.23)) planteado en todo RY es analizado en [4] 22]. En estos trabajos, los
autores estudian el problema en el caso donde p(x), g(x) y f son funciones radiales y dan condi-
ciones que garantian la existencia de una solucién radial no trivial.

En esta Tesis, obtenemos dos tipos de resultados de existencia para (I.23)). EI primero se
obtiene pertubando subcriticamente la no linealidad f. En efecto, consideremos

—Apeout = |70 2u + A(x)g(u) in Q, (1.24)
u=0 on 0Q),

donde |g(?)] ~ |f*®~! y el exponente s(x) es subcritico.

En el caso de exponentes constantes, el problema de existencia para (1.24) fue analizado en
[33]]. Nosotros seguimos las mismas ideas en nuestro caso.

Para estos problemas encontramos que si p(x) < s(x) < g(x) y A(x) es grande en el conjunto
critico A entonces existe una solucién del problema (1.24). Ademads, cuando s(x) < p(x) < g(x)
y A(x) es uniformemente pequefio, entonces existen infinitas soluciones del problema (1.24)) bajo
la suposicién de que g es impar.

Sin suponer condiciones de paridad en g podemos obtener un resultado de multiplicidad para
(I.24)). Para hacer esto, necesitamos que sup p(x) < inf s(x) < sup s(x) < inf g(x) y que inf A(x)
sea suficientemente grande y obtenemos tres soluciones no triviales , una positiva, una negativa
y otra que cambia de signo. Esto extiende un trabajo previo [12], donde fue tratado el mismo
problema para exponentes constantes. Ver también el trabajo de Struwe [52] donde el caso
subcritico para exponentes constantes fue analizado.

Estos resultados estdn contenidos en el Capitulo[6] Resultados similares (algo mds restrictivos
que los nuestros) fueron obtenidos independientemente por [32].

Finalmente, el dltimo Capitulo de la Tesis se ocupa del problema de existencia para (I.23) sin
perturbaciones subcriticas. Para este problema podemos mostrar que el funcional asociado ¥
verifica la condicién de Palais—Smale para niveles de energia ¢ por debajo de una cierto nivel de
energia critico c* (que podemos calcular explicitamente en términos de la constante de Sobolev).

Entonces, el problema de existencia se reduce a encontrar una sucesién de Palais—Smale con
nivel de energia por debajo de ¢*. En el espiritu de [9} 5], etc. encontramos condiciones locales
en p(x) y g(x) que implican la existencia de esa sucesion.
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Esto se logra por medio de un andlisis asintético fino obtenido al concentrar el extremal de
K(N, p)~! alrededor de algtn punto critico de p(x) y g(x).

Usando el mismo tipo de argumentos, el problema con condiciones de flujo no lineal en la
frontera
—Apou + Iulp(x)‘zu =0 inQ,
VP29 = |y|99=2y  on 9Q,

puede ser tratado pero en este caso el andlisis asintético es ain mds delicado debido a que entra
en juego la geometria de J€2.

Finalmente, al final de la Tesis incluimos un apéndice donde son calculadas las expansiones
asintoticas necesarias para el Capitulo[/| Elegimos dejar estos célculos para el apéndice debido
a que las mismas son excesivamente técnicas y largas.

1.5 Publicaciones incluidas

Los resultados de esta Tesis han aparecido publicados como articulos de investigacion. Estos
resultados pueden ser leidos como contribuciones individuales unidos por un tema comun y la
mayoria de los mismos ya han sido publicados. La Tesis contiene los siguientes articulos:

[28] J. Fernandez Bonder, N. Saintier, A. Silva. On the Sobolev trace Theorem for variable
exponent spaces in the critical range. Preprint.

[29]] J. Fernandez Bonder, N. Saintier, A. Silva. Existence of solution to a critical equation
with variable exponent. Ann. Acad. Sci. Fenn. Math., 37 (2012), 579-594.

[30] J. Ferndndez Bonder, N. Saintier, A. Silva. On the Sobolev embedding theorem for vari-
able exponent spaces in the critical range. J. Differential Equations, 253 (2012), no. 5,
1604-1620.

[31]] J. Fernandez Bonder, A. Silva. The concentration-compactness principle for variable
exponent spaces and applications. Electron. J. Differential Equations, 2010 (2010), no.
141, 1-18.

[51] A. Silva. Multiple solutions for the p(x)—laplace operator with critical growth. Advanced
Nonlinear Studies, 11 (2011), 63-75.
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Introduction

2.1 Preliminary results

The purpose of this Thesis is the study of the Sobolev immersion theorems in variable exponent
spaces with lack of compactness.

Let us begin with a brief account of the known results. Let Q ¢ R" be a bounded domain
and denote by M(Q) the set of measurable function on Q with values in the extended real line
[—co, +00]. The Lebesgue spaces for constant exponents are defined as

LP(Q) = {f e M©): flflpdx<oo}, 1<p<oo, and L™(Q) = {f € M(Q): sup|f| < oo},
Q Q

Here and in this Thesis, by sup we mean de essential supremum with respect to the Lebesgue
measure.

This spaces are equipped with the norms

1
P
Al = ANl = (f 17 a’x) » 1 <p<oo, and [|fllz=@) = Ifllc = ess supglfl.
Q

The Sobolev spaces are defined as
WP(Q) = {f e LP(Q): 0;f e LP(Q), i=1,...,N}, 1<p<oo,
where 0;f = % stands for the distributional partial derivative.

The Sobolev norm is defined as
1
Ifllwie = Il = AL + VA7, 1< p <oeo, and || fllyieo@) = 110 = flleo + 1V fllco-

Let 1 < p < N be fixed. The Sobolev immersion Theorem, says that for Q Lipschitz, one has,
for any f € W!P(Q), the inequality, cf. [21]]

I1fllg = C(p, g, DlIfll1.p
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for 1 < g < p*, where p* is the so-called critical Sobolev exponent and is given by

._ Np
=l @1
-p
Equivalently, there holds
Ivll1,p

0<8(p,g,Q) = in .
vew'r@) |Vlly

(2.2)

This constants S (p, g, Q) are called the (best or optimal) Sobolev constants and the functions v
that realize the above infimum (if they exist) are called extremals.

One basic question in analysis and partial differential equations is the (explicit) computation
of the optimal Sobolev constants and of their corresponding extremals.

Let us recall that an extremal is a (weak) solution of the corresponding Euler-Lagrange equa-

tion

{—Apu +ulP2u = Au? % inQ, (2.3)

p-20u _
[VulP==5. =0 on 092,
where A,u = div(|VulP~2Vu) is the well-known p—Laplace operator and du/dn is the normal
derivative with respect to the outer unit normal vector n to €2.

The constant A is a Lagrange multiplier and depends on the normalization of u. For instance
if u is chosen so that [|ull, = 1, then A = S (p, g, Q)*.

When g is subcritical, i.e. 1 < g < p*, the immersion W'?(Q) — L4(Q) is compact, and so
the direct method of the Calculus of Variations immediately yields the existence of an extremal
for (2.2)), and therefore the existence of a weak solution to (2.3).

On the other hand, when g = p* it is easy to see that the compactness fails and so the existence
of an extremal for (2.2) or the existence of a weak solution to (2.3) is a nontrivial matter.

It is customary in the literature, due to many applications, to consider the subspace of W!(Q)
consisting in those functions having zero boundary values. This subspace is defined as

Wy"(Q) = CE(Q),

where C7°(€2) stands for the smooth functions with compact support and the closure is taken in
the || - [[,,—norm.

In this space, the well-known Poincaré inequality holds

Ifll, < Cp, DIV Fllp,  for £ € Wy (€. (2.4)

From (2.4) it follows that ||V f]|,, defines a norm in Wé’p (€) which is equivalent to || f]l . So,
when one works within the space Wé’p (€2), the Sobolev immersion Theorem can be restated as

Vvl

vew! @) VMg

0<S(p,q,Q) = 2.5)
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and the Euler-Lagrange equation for the extremals of (2.3) becomes

2.6
u=20 on 0Q2. (2:6)

{—Apu =Auf%u inQ,

Again, for the existence of extremals problem, the only nontrivial case is the critical one,

q = p*. Let us observe that in the space Wé’p (€2) no regularity hipothesis is needed on Q for the
Sobolev immersion Theorem to hold.

In the critical case it is known that S (p, p*, Q) is not attained for any Q bounded and the Euler—
Lagrange equation (2.6) does not have a solution for QQ bounded and starshaped with respect to
some point.

Moreover, the constant S (p, p*, Q) is independent of Q. It holds
IVvll,

S(p,p* Q) =KWN,p)' = in
veDLP®N) |[V]] p+

where D'P(RV) is the set of functions f in L (RV) such that 8; f € LP(RM),i=1,...,N.

It is known, see [37, 53], that the extremals for K(X, p)‘1 form a two-parameter family given
by

N-p

Upxy(¥) =477 UCETY),

with U given by
N-p

U@ = (1+77) 7

In particular, see [53], this allows one to compute explicitly the value of K(N, p)~!,

o po1\H( Ta+Yran )
K(N,p):nzN_p(p 1) (d+ )T ,
N-p) \ré&ra-nN-=

where I'(x) is the Gamma function, I'(x) = fooo e dr.

Another very important Sobolev immersion is the Sobolev trace Theorem. This theorem al-
lows one to restrict a Sobolev function to the boundary of the domain (that has Lebesgue measure
Z€ero).

In order to state the trace Theorem we need to define the Lebesgue spaces on 0Q2. We assume
that Q is C! so dQ is a (N — 1)—dimensional C! immersed manifold on R (less regularity on
dQ is enough for the trace Theorem to hold, but the C' regularity is enough for our purposes).
Therefore the boundary measure agrees with the (N — 1)—Hausdorff measure restricted to 9.
We denote this measure by dS. So, the spaces are defined as

L”(@Q):{feM(éQ):f|f|PdS<oo}, l<p<o
0Q

and an obvious definition for L*(0Q).
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The norms are defined in the usual manner and are denoted by | f1lzr@a0) = Il fllp.00-

The Sobolev trace Theorem states that,for1 < p < Nand1 <r < p, = (N-1)p/(N—p),there
exiits a bounded lineal operator 7 : WP(Q) — L"(0Q) such that : Tv = v]gq siv e WHP(Q) N
C(€) and ||TV||Lr) < Cllullyiroq) or equivalently

[IVIl1,p

0<T(p,r,Q = 1in . 2.7
vewlr@) |Vlroe
The Euler-Lagrange equation for (2.7) is
—Apu+ufu=0 inQ
29 ) (2.8)
[VulP==5: = Alul""“u  on 6Q.

Again, A is a Lagrange multiplier that depends on the normalization of u. If u is taken as
lullo = 1 then A = T(p, r, )P

If r is subcritical, i.e. 1 < r < p,, the immersion W'P(Q) — L’(0Q) is compact and, as in
the previous case, the existence of extremals for (2.7) and therefore the existence of a solution
to (2.8) follows by the direct method of the Calculus of Variations.

In the critical case, r = p., the immersion is no longer compact. So the existence problem,
again, becomes nontrivial.

The critical trace problem presents striking differences with respect to the critical Sobolev
immersion problem.

It is known, see [26], that
IVl

T(p.p Q< KWN.p)' = inf o,
veDLP(RY) ||v”p*,aRQ]

where D"P(RY) is the set of measurable functions f such that d;f € LP(RY), i = 1,...,N and
[ lope LP*(ORY).

Moreover, in [26] it is shown that if
T(p, p.,Q) < KN, p)~", (2.9)

then there exists an extremal for (2.7) and so, a solution to (2.§).
One trivial global condition on Q that implies (2.9) is

1

Qlr _

LY AR (2.10)

HN-1(9Q)

Observe that the family of sets that verify (2.10) is large. In particular, for any fixed set Q if we
denote Q; = 1 - Q then Q, verifies (2.10) for any 7 > 0 small.

More interesting is to find local conditions on Q that ensure (2.9). For p = 2 this was done by
Adimurthi and Yadava by using the fact that the extremals for K(N,2)~! were explicitly known
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since the work of Escobar [19]. In fact, in [[1], the authors proved that if the boundary of Q
contains a point with positive mean curvature, then (2.9) holds true.

Recently Nazaret, in [43], found the extremals for K(N, p)~! by means of mass transportation
methods. These extremals are of the form

N_
Vignf) = A VAR 5y e RV 150

_N-p
Vo =rmt, = (02 + P

From the explicit knowledge of the extremals one can compute the value of the constant K(N, p)
(see, for example, [27]). It holds

and

N-1)\\R=T
> p(p—1 P! r(gzp—l))) "
K(N,p)=n"2 NI .

N=r) T

Using these extremals, Fernandez Bonder and Saintier in [27]] extended [1]] and prove that
(2.9) holds true if AQ contains a point of positive mean curvature for 1 < p < (N + 1)/2. See
also [44] for a related result.

2.2 Variable exponent setting

Prior to this Thesis very little was known on the Sobolev immersion theorems when one replaces
the usual Lebesgue and Sobolev spaces for their variable exponent counterparts.

Let us begin with a brief description of the Lebesgue and Sobolev spaces with variable expo-
nent. A more detailed discussion is given in Chapter 3]

We denote by P(€2) the set of measurables functions p: Q — [1, +00). This is the set of finite
exponents.

For any p € P(Q) we define the variable exponent Lebesgue space as

L79@Q) = [f e M@): f AP dx < o),
Q

These spaces are endowed with a norm (so-called the Luxemburg norm) which is defined as

p(x)
d

£l = Ifllpeey = inf {2 > 0: f |§ x< 1.
Q

With this norm, LP™(Q) becomes a Banach space and if 1 < infg p(x) < supg p(x) < oo, it is a
reflexive space with dual given by L”'®(Q), 1/p(x) + 1/p’(x) = 1.

The variable exponent Sobolev space is defined as

WHPOQ) = (f € LPYQ): §;f € LPD(Q), i=1,...,N}.



Introduction

The norm within this space is defined as

AP0+ WA

1Al = flpe = inf{a> 00 | —rmm—dx <1

Observe that we can define the norm as || 1| ,(x) + IV f1lp(x). Both norms turn out to be equivalent,
but is more convenient for our purposes to work with the first one.

Analogously to the constant exponent case, the subspace of the functions with zero boundary
values is defined as
Lp(x) 0N
Wy "(@) = CT@),
the closure being taken in the || - |[1 p(x)—norm.

In order to recover Poincaré inequality in this context, some hypotheses on the exponent p(x)
are needed. Up to date, Poincaré inequality is known to hold if p(x) is log-Hdlder continuous,
cf. Chapter 3]

So, under log-Hdélder continuity of p(x) the norm ||V |,y is an equivalent norm to || f]l1,p(x)
for f € Wy"Y(Q).

Thus, if supg p(x) < N, the Sobolev immersion Theorem for variable exponents reads

V] |p(x)

0<S(p()q()Q)= in ’
vew ") IVllgeo

2.11)

for any g € P(Q) such that
Np(x)

g(x) < p*(x) = N——p(x)

In order to recover the compactness of the immersion W(; P (x)(Q) — LIM(Q), we require the
exponent g(x) to be uniformly subcritical, i.e.

irs_lzf(p*(x) - q(x)) > 0. (2.12)

As in the constant exponent case, under hypothesis (2.12)) the existence of extremals for (2.11))
follows immediately by direct minimization.

The main objective of the Thesis is to study the existence of extremals for (2.11) when (2.12))
is violated.

As for the trace inequality, the Lebesgue spaces on 0Q are defined as
LPY0Q) = {f € M(0Q): £ dS < oof
0
and the corresponding (Luxemburg) norm is

" s < 1.

I sooen = Wflsan = nf {2 0: [ |2
a0 ' 4
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Hence, the Sobolev trace Theorem for variable exponents reads

VIt pexy

0<T(p(),r(),Q) = '
veW (@) [Vl r(x),00

(2.13)

for any r € P(0Q) such that
(N - Dp(x)

00 < pu) = S

Again, in order to recover compactness of the immersion WH?™(Q) — L"¥(5Q), we require
the exponent r(x) to be uniformly subcritical, i.e.

inf(p.(x) - r(x)) > 0. (2.14)

Another main concern of this Thesis is the study of the existence of extremals for (2.13) when
(2.14) is violated.

For a more comprehensive review of Lebesgue and Sobolev spaces with variable exponents,
see Chapter 3]

2.3 Physical motivation

In this section we review one of the most important physical problems where variable exponent
spaces play a crucial role in modeling. This is the mathematical description of electrorheological
fluids.

The modeling of electrorheological fluids is fully developed in the book of Ruzicka [48]].

Electrorheological fluids have the special feature that their mechanical properties depend in a
dramatic way on a applied electric field. Some applications of these include: vibration absorbers,
engine mounts, earthquake-resistant buildings, clutches, actuators and telemedicine.

An interesting model for such fluids was studied by Rtzicka [48]. Namely,

div(E+P)=0 (2.15)

curl(E) =0 (2.16)

divS + Vv-v+ V¢ = f+ (VE)P 2.17)
divyv =0, (2.18)

where E is the electric field, P the polarization, v the velocity, S the extra stress tensor, ¢ the
pressure and f is the mechanical force.

The extra stress tensor S is assume to depend in a nonlinear manner of the electric field £ and
of the symmetric velocity gradient D, D(v) = %(Vv + (Vv)").

Experimentally, it is observed that S depends polinomially on D with degree depending on E.
it is assumed that S’ has the nonstandard growth given by

PUEP)-1

IS(D,E)| < LA +|D)"™ = .
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Under the assumption that the polarization P is constant, the system (2.13)—(2.18) decouples

and we can first solve (2.15)—(2.16)) for E and so, if we denote p(x) = p(|E|*) the system @Z.17)-
(2.18)) becomes a nonlinear differential equation with nonstandard growth.

The natural energy associate to this problem is

f IDOW)IP® dx.
Q

In case the velocity is a scalar u, this energy becomes

f [VulP® dx,
Q

|Vu|P)
p(x)
The Euler-Lagrange equation associated to the functional (2.19) is the so-called p(x)—laplacian
given by

or

J(u) = (2.19)

Apeoyu = div((VulP D2 V).

When p(x) = p is constant, this operator is the well-known p—Laplacian. Moreover, when
p(x) = 2 it becomes the usual Laplace operator.

This fact is a motivation for the study of the following nonlinear elliptic equation,
= Apoyu = f(x,u) in Q, (2.20)

complemented with boundary conditions (Dirichlet, Neumann, etc.). Of course, some hypothe-
ses on the source term f(x, f) are needed. See the next section.

There is another interesting application where the p(x)—laplacian plays an important role.
This application comes from Image Processing.

In fact, Y. Chen, S. Levin and R. Rao in [[11] proposed the following model for image restora-

tion: «
p(x

P W\
p(x)

where p(x) is a function varying between 1 and 2 and f is a convex function. In their application,
they chose p(x) close to 1 where there is likely to be edges and close to 2 where it is unlikely
to be edges. In this way, the authors are allowed to remove the noise from the image preserving
the boundaries.

+ f(lu(x) — I(x)]) dx — min,

2.4 Description of the results

As we mentioned before, the main objective of this Thesis is the study of the Sobolev immersions

W@ > L49(Q)  and  WHOIQ) > LOGQ)
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in the critical range, i.e. in the case where 1 < g(x) < p*(x), 1 < r(x) < p.(x) and
A={xeQ:qx)=p"x0)}#0 and Ar ={xe€ dQ: r(x) = p.(x)} #0.

The main questions that we address is the study of the failure of compactness of the immersion.
On the other, we look for conditions on Q, p(x), g(x) and r(x) that guaranty the existence of
extremals for the Sobolev constants

”VM”p(x) ||u||1,p(x)

S(p(),q(), Q)= inf ——=— and T(p(),r(), Q)= _inf .
uew! 70 Ilullge) ueW!' 7@ [|ullr).60

In the constant exponent case, with  bounded, the failure of compactness was fully described
by the so-called Concentration—Compactness Principle (CCP) by P.L. Lions in [37]. See also
the works of H. Brezis and L. Nirenberg [9]] and T. Aubin [3].

The CCP states that if a sequence f, € Wé’p (€2) weakly converges to f, but f, does not
converges to f strongly in LP" (Q). Then, the failure for this strong convergence comes from the
appearance of point masses.

The first result in this Thesis is the extension of the CCP to the variable exponent case. An
important feature of our extension is the fact that the point masses are located in the critical set
A (or Ar in the case of the trace immersion).

These results are the content of Chapter ] Let us mention that similar results were obtained
independently by Y. Fu in [32] but our results are more general since in [32] only the case of the
Sobolev immersion W(;’p (x)(Q) — LP"M(Q) was considered and, moreover, in our results the
precise constants entering the estimates are obtained. The precise knowledge of these constants
play a decisive role in the applications of our result.

As for the existence of extremals, we recall the compactness result of [42]. In that work it is
shown that if the critical set A is small and we have a certain precise rate at which the exponent
g(x) reaches the critical one p*(x) at A, then the immersion W(;’p @DQ) — LIO(Q) remains
compact, and so the existence of extremals follows by direct minimization.

In this direction, we obtain at the beginning of Chapter[5|a similar result for the trace problem
applying the same technique developed in [42].

Nevertheless, the conditions of [42]] are rather restrictive. So, a more general result in order to
obtain the existence of extremals is desirable.

Recall that in the constant exponent case extremals for the Sobolev constant S (p, p*, Q) do
not exist in any bounded domain and that this constant is independent of Q.

Still in the constant exponent case, some positive results were obtained for perturbations of
the extremal problem.

In fact, in [9] and [5] the authors considered the perturbed problem

Jo, IVu? + h(x)lul* dx

Av= inf Z
veW () (jg‘zmlz* dx)z*

2
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and found local conditions on /4 that ensure the existence of an extremal for A;.

Observe that if A(x) > 0 and Q is starshaped with respect to some point, it is well known
that the Pohozaev obstruction implies that no extremal for A; exists, so 2 must be negative
somewhere. Anyway, it is required that

llull? := fg IVul? + h(x)|ul? dx

define an equivalent norm in WS’Z Q).

Our first result for the Sobolev immersion says that the following inequality holds
S(p(-),q(), Q) < inf sup S (p(),q(-), Be(x)) < inf KN, p(x))”!
XEA 50 xeA
and, moreover if the strict inequality holds

$(p().q(), ) < inf sup S(p(),q(-), Bs(x)) (2.21)

then there exists an extremal for S (p(-), g(-), Q). Then, we find sufficient conditions for the above
strict inequality to hold.

First, with a very crude estimate, we find that if the subcritical set Q\ A contains a sufficiently
large ball. Then, (2.21)) holds and therefore an extremal for S (p(-), g(-), Q) exists.

This latter result is not satisfactory. It would be desirable to find local conditions on p(x) and
q(x), in the spirit of [9, [5]], that imply the validity of (2.21). We find such conditions in Chapter
&l

As for the trace inequality, in the constant exponent case. It is known (see [1]] for p = 2
and [26| 27, 44] for p # 2) that if the boundary of the domain contains a point of positive
mean curvature (for instance, any bounded domain) then there exists an extremal for T'(p, p*, Q).
Recall that in the above mentioned works, some restrictions on p are in order, i.e. p < (N+1)/2.

In the variable exponent case, we first obtain a general result analogous to the Sobolev im-
mersion case. There holds

T(p().r(). ) < inf sup T(p(). r("), Q. Is) < inf KN, p(e)~!,
XEAT >0 XEAT

where Q. = Q N By(x), ['e = QN 9dB(x) and T(p(-), r(-), Q, ') stands for the best trace constant
on functions that vanish on I' C 9Q.

Moreover, we prove that if the strict inequality holds

T(p().r(), ) < inf sup T(p(), r("), Qs. L), (2.22)

T &>0

then there exists an extremal for T'(p(-), r(-), Q).
After that, we first find global conditions similar to (2.10) in order to (2.22)) holds true.
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Finally, at the end of Chapter 5] we find local conditions on p(x), r(x) and on the geometry of
Q) that ensure the existence of extremals for T(p(-), r(-), Q).

As an application of the previous results, the rest of the Thesis, is devoted to the study of the
existence of solution to some partial differential equations with critical growth in the sense of
the Sobolev embeddings.

To be precise, we analyze the existence problem for solutions of the equation

(2.23)
u=0 on 0Q),

{—Ap(x)u = f(x,u) inQ,
where the source term f verifies
|fCe D] ~ 120!

and ¢(x) is critical, i.e. A = {x € Q: g(x) = p*(x)} # 0.

In recent years a vast amount of literature that dealt with the existence problem for (2.23)
with different boundary conditions (Dirichlet, Neumann, nonlinear, etc) has appeared. See, for
instance [10, 16, 22,140, 41]] and references therein.

In these works, and in most of the papers found in the literature, only the subcritical case
is considered (A = ). Recall that as the exponents are assumed to be continuous, A = 0 is

equivalent to (2.12).

In the subcritical case, the compactness of the Sobolev immersion immediately gives that,
under reasonable assumptions on f, the functional associated to (2.23))

(x)
F(u) = f Vul™ 4 f F(x,u)dx,
o P o

where F(x,t) = fot f(x, s)ds, verifies the Palais—Smale condition for any energy level ¢ > 0
and so, by means of the Mountain Pass Theorem the existence of a critical point for ¥, and
therefore of a solution to (2.23), follows as in the constant exponent case. For a brief account
on the Mountain-Pass Theorem and on some of the most common variational techniques in the
calculus of variation, see Chapter 3]

When the subcriticality is violated, i.e. A # 0, there are only a handful of results on the
existence of solutions to (2.23) that we briefly describe below.

In [42], as we discussed in the previous section, the authors give very restrictive conditions to
ensure that the Sobolev immersion remains compact, and so the usual techniques can be applied
to find a nontrivial solution to (2.23). When the immersion fails to be compact in the same work
the authors prove that if the subcriticality set Q \ A contains a sufficiently large ball, then (2.23))
has a nonnegative nontrivial solution.

The study of (2:23) posed in the whole RY is analyzed in [4, 22]. In those works the authors
studied the problem in the case where p(x), g(x) and f are radial functions and give somewhat
restrictive conditions to ensure the existence of a nontrivial radial solution.
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In this Thesis, we obtain two type of existence results for (2.23). The first ones are obtained
by perturbing the critical source f by a subcritical one. That is, we consider

(2.24)

Aot = [ul 7072y + Ax)g(u) in Q,
u=0 on 0Q),

s(x)—1

where |g(?)| ~ [t and s(x) is subcritical.

In the constant exponent case, the existence problem for (2.24) was analyzed in [33]. We
follow the same line of approach in our case.

For these problems we find that if p(x) < s(x) < g(x) and A(x) is large in the critical set A
then there exists a solution to (2.24)). Moreover, when s(x) < p(x) < g(x) and A(x) is uniformly
small, then there exists infinitely many solutions to (2.24) under the assumption that g is odd.

Without the oddness assumption on g we can still obtain a multiplicity result for (2.24). In
order to do this, we need to assume that sup p(x) < inf s(x) < sups(x) < infg(x) and that
inf A(x) large enough and we obtain three nontrivial solutions, one positive, one negative and the
other one is sign changing. This extend previous work [12]], where the same problem but with
constant exponents was treated. See also the paper from Struwe [52]] where the subcritical case
in the constant exponent framework was analyzed.

These results are the content of Chapter [} Let us mentioned that some related results (more
restrictive than ours, though) were obtained independently in [32].

Finally, the last Chapter of the Thesis deals with the existence problem for (2.23)) without sub-
critical perturbations. For this problem we can show that the associated functional # verifies the
Palais—Smale condition for energy levels ¢ below some critical energy c¢* (that can be computed
explicitly in terms of the Sobolev constants).

So, the existence problem is reduced to find a Palais—Smale sequence with energy level below
¢*. In the spirit of [9, 5], etc. we find local conditions on p(x) and ¢g(x) that imply the existence
of such sequence.

This is done by a refined asymptotic analysis obtained by concentrating the extremal for
K(N, p)~! around some critical point of p(x) and g(x).

By using the same type of arguments, the nonlinear boundary condition case

—Apoyt + [uPP2u =0 inQ,
[VulP9=2%8 = |y|99=2y  on 9Q,

can be treated but in this case the asymptotic analysis is even more delicate since the geometry
of 0Q comes into play.

Finally, at the end of the Thesis we included an appendix where the asymptotic expansions
needed in Chapter [/| are computed. We have chosen to leave this computations in a separated
appendix since they are rather technical and long.
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Preliminaries

3.1 Variable exponent Sobolev spaces

In this chapter we review some preliminary results regarding Lebesgue and Sobolev spaces with
variable exponent, they differ from classical L” in that the exponent p is not constant but a
function from Q to [1, co]. All of these results and a comprehensive study of these spaces can
be found in [[14]]. For the definition of the variable exponent spaces is necessary to introduce the
kind of variable exponents that we are interested in.

Definition 3.1. Let (E, )., i) be a o-finite, complete measure space. We define P(E, ) to be the
set of all 4 measurable functions p: E — [1, oo]. The functions p € P(E, i) are called variable
exponents on Q. We define p~ := py := infycg p(y) and p* := pj = supyep p(y). If pT <o
then we call p a bounded variable exponent.

For p € P(E, u), we define p’ € P(E, u) by ﬁ + ﬁ = 1, with the usual convention é :=0.
The function p’ € P(E, ) is called the dual variable exponent of p.

Remark 3.2. The two most important cases that we consider in this Thesis are

o (E,Z, 1) = (Q,%(Q),dx), where Q C RN is a bounded open set, X(Q) are the Lebesgue
measurable subsets of Q and dx is de Lebesgue measure in RV,

o (E.Z,u) = (0Q,8B(0Q),dS), where Q C RY is an open set with C? boundary, B(0Q)
are the Borel sets of Q2 and dS is the surface measure that agrees with the Hausdorft
(N — 1)-dimensional measure H™~! restricted to dQ.

Definition 3.3. Let p € P(E, 1) bounded and let p,(r) be de modular given by

Pp(x)(”) = f |M|p(X) du.
E
So, the variable exponent Lebesgue space ij(x) (E) is defined by

LEU(E) = {u € Mu(E): ppeoy(u) < oo},
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where M, (E) := {u: E — [0, +00], u— measurable}.

This space is endowed with the norm, so-called Luxemburg norm,

. u
N, = Wl = Wl = el = inf {2 02 i () < 1),

The following proposition is proved in [36] and it will be most useful (see also [14], Chapter
2, Section 1).

Proposition 3.4. Set p(u) = pyx(u). Foru € L,’j(x)(E) and {ug}gen C Lﬁ(x)(E), we have

u#0= (lullp =1 p(4) =1). (3.1)
lullpr) < 1(=1;> 1) © p(u) < 1(= 1;> 1). 3.2)
ldlpey > 1= Nl < p(a) < Nl (3.3)
ldllpey < 1= Nl < p(a) < Nl (3.4)
lim gl = 0 & lim p(an) = 0. (3.5)
Tim gl = 0 & lim plu) = oo. (3.6)

When (E, %, ) = (Q, Z(Q), dx) as in Remark [3.2) we can define the variable exponent Sobolev
space WP (Q) by

WHPO(Q) = {u € LP(Q): diu € LP(Q) fori = 1,...,N},
where 0;u = g—;‘l_ is the i"—distributional partial derivative of u.

This space has a corresponding modular given by

P1.peo (1) = f P + |VulP™ dx
Q

and so the corresponding norm for this space is
. u
”Mllwl,p(x)(g) = ||u||1,p(x) = inf {/l >0: P1,p(x) (Z) < 1}

Analogously, the WP (Q) norm can be defined as ||u| p(x) + IVull ). Both norms turn out
to be equivalent but we use the first one for convenience.

In order to deal with the important case of zero boundary values, we define Wé P (x)(Q) as the
closure of C7°(€2) with respect to the WP (Q) norm.

From now on, we will focus on the case (E, X, u) = (Q, X(Q), dx).

The spaces Lﬁ(x)(E), whP(Q) and Wé’p (x)(Q) are separable and reflexive Banach spaces
when 1 < p~ < p* < 0 if E is a locally compact metric space.

In order for the variable exponent Sobolev spaces to enjoy similar properties to the usual
constant exponent counterparts, some regularity hypothesis is needed on the exponent p(x). To
this end, we state the following definition.
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Definition 3.5. Let p € P(Q). We say thet p(x) is log-Holder continuous if there exists a
constant C > 0 such that

lp(x) = pO)l < forx,y € Q, x # y.

|log |x — yII’

Remark 3.6. Although this regularity assumption is not needed to define the Lebesgue or
Sobolev spaces with variable exponent p(x), it turns out to be very useful for these Sobolev
spaces to enjoy all the usual properties like Sobolev embeddings, Poincaré inequality and so on.
We will therefore assume it from now on for simplicity.

As usual, we denote the Sobolev conjugate exponent by

poo [ T
o0 if p(x) > N.

The following result is proved in [36} 23] (see also [[14], pp. 79, Lemma 3.2.20 (3.2.23)).

Proposition 3.7 (Holder-type inequality). Let f € LP®(Q) and g € LIV (Q). Then the following
inequality holds

1gllsco) < ((l—s))+ + (2)+)||f||p<x)||guq<x>,

where
1 1 1

+ —.
s(x)  p(x)  q(x)
The Sobolev embedding Theorem is also proved in [23]], Theorem 2.3.

Theorem 3.8 (Sobolev embedding). Let g € P(Q) be such that g(x) < p*(x) < oo for all x € Q.
Then there is a continuous embedding

WHPO(Q) s LID(Q),
Moreover, if info(p* — q) > 0 then, the embedding is compact.

As in the constant exponent spaces, Poincaré inequality holds true (see [[14], pp. 249, Theorem
8.2.4)

Proposition 3.9 (Poincaré inequality). Let p € P(Q) be a log-Hdolder exponent. Then there
exists a constant C > 0, C = C(Q, p(x)), such that

||u||p(x) < C”VM”p(x)a

for all u € Wy (Q).

Remark 3.10. From Poincaré inequality it follows immediately that ||Vul| ) and ||ull1 py) are
equivalent norms on W(;’p @ Q).
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Remark 3.11. Is at this point where the log-Holder continuity is used. Without any hypotheses
on p(x), Poincaré inequality fails. Let us mentioned the work of Harjulehto et al. [35] where
Poincaré inequality is proved under weaker assumptions on p(x), but a different definition of the
space Wé’p (x)(Q) is used.

The Sobolev trace Theorem is proved in [23]]. When the exponent is critical, It requires more
regularity on the exponent p(x) (Lipschitz regularity is enough). This regularity can be relaxed
when the exponent is strictly subcritical. It holds,

Theorem 3.12. Let Q C RY be an open bounded domain with Lipschitz boundary and let
p € P(Q) be Lipschitz such that p € WY (Q) with 1 < p_ < p* < N < y. Then there is a
continuous boundary trace embedding Whr(Q) c LP9(4Q), where

oy = = Dp)
) N-p(x)

Theorem 3.13. Let Q ¢ RN be an open bounded domain with Lipschitz boundary. Suppose that
peClQ)and 1 < p~ < p* < N. If r € P(OQ) and there exists a positive constant & such that

r(x)+ & < pu(x)  forxedQ
then the boundary trace embedding W'"P®(Q) — L'(4Q) is compact.

Corollary 3.14. Let Q c RN be an open bounded domain with Lipschitz boundary. Suppose
that p € CO(Q) and 1 < p_ < p, < N. If r € CY(0Q) satifies the condition

1 <r(x) < px) xe0Q

then there is a compact boundary trace embedding WP (Q) — L' (9Q)

For much more on these spaces, we refer to [14]].

3.2 Mountain pass theorem

In this section we review some well known results on the existence of critical points for function-
als ¥ : E — R where E is a (real) Banach space. The main tool here is the celebrated Mountain
pass Theorem.

We begin with some basic definitions.

Definition 3.15. We say that ¥ : E — R is (Fréchet) differentiable at uy € E if there exists
f € E’ such that

F(u) = F(up) + {f,u—up) + o(|lu —ugl|), foreveryuekE,

where E’ is the dual space to E and (-, -) is the duality product.
We denote f = F'(u)
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Definition 3.16. We say that ¥ € C! = CY(E) = C'(E,R) if ¥ is differentiable in E and
F’: E — E’is continuous in the strong topologies.

Definition 3.17. We say that u € E is a critical point of F, if ¥’ (u) = 0.

Let us introduce the sets
FC=lueE:Fw<c} and K. ={u€cE:Fu)=candF (u) =0}
Definition 3.18. We say that ¢ € R is a critical value of ¥ if K. # 0

Definition 3.19. We say that {u,},en C E is a Palais—Smale sequence of level c if

F(u,) > c and F'(u,) - 0in E’.

We say that ¥ satisfies the Palais—Smale condition of level c if every Palais—Smale sequence
of level ¢ contains a strongly convergent subsequence.

Now, we introduce the well known Mountain pass theorem. The proof of this Theorem can
be found, for instance, in [21]].

Theorem 3.20 (Mountain pass theorem). Let F € C' be such that:

e F(0)=0.
o There exist r,a > 0 such that if u € E with ||u|| = r then F (1) > a.

o There exists v € E with ||v|| > r such that ¥ (v) < 0.

Then, if we denote

= inf
c ;rér max ¥ (g@),

where ' = {g € C([0, 1], E): g(0) = 0, g(1) = v} and F verifies the Palais—Smale condition of
level c, then c is a critical value of F.

3.3 A topological tool: the genus

In this section we define a topological tool, called the genus that is commonly used in the litera-
ture in order to obtain the existence of multiple critical points for even functionals.

We begin with the definition and some basic properties. For an excellent reference on this
subject and much more interesting results we refer to [47]].

Definition 3.21. Let E be a real Banach space. We define K to be the class of closed symmetric
subsets of E, i.e.
K ={ACE-{0}: Aisclosed and A = —A}.
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For any A € K we define the genus of A, denoted by y(A), as the smallest n € N such that
there exists ¢ € C(A,R" — {0}) odd.

If no such n € N exists, then we define y(A) = co. Finally, we define y(0) = 0.
Now, we give some properties of .
Lemma 3.22. 1. Ifthere exists f € C(A, f(A)) odd, then y(A) < y(f(A))
2. If A C B then y(A) < y(B)
3. y(AU B) < y(A) +y(B)

4. If A is compact, then y(A) < oo and there exist a & > 0 such that y(Ns(A)) = y(A), where
Ns(A) = Uxea Bs(x).

Now, we can introduce an important result. The following Theorem will give us a multiplicity
result for even functionals. This theorem is proved in [33]].

Theorem 3.23. Let ¥ € C'(E,R) be an even functional, bounded below. Assume that for & > 0
small, there holds y(F %) > k. Let us denote

K ={A CK: y(A) > k).

Then
¢ = inf sup F(u)
AeKs yea
is a negative critical value of ¥ and, moreover, if c = ¢; = - -+ = Cgyr, then y(K.) = r + 1.

Remark 3.24. Recall that if y(A) > 1 then A has infinite pairs of distinct points. Therefore,
Theorem gives the existence of an infinite number of critical points of .

3.4 The variational principle of Ekeland

This section follows Appendix C in the Lecture Notes of Peral, [45]. The original result is due
to Ekeland and can be found in [18]].

The basic idea of Ekeland’s variational principle is as follows: Suppose that ¥ is a real func-
tion defined in a metric space (X, d) which is lower semicontinuous and bounded below.

The principle ensures the construction of a minimizing sequence {x.}.~o C X for ¥ with some
kind of control, more precisely, that verifies

in}f({?-'(x)} +e>F(xe)

and

FO) 2 F(xe) — ed(xg, y),

that is, the graph of F stays above a cone centered at x;.
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Theorem 3.25. Let (X,d) be a metric space and we let F: X — (—o0, 0] be a lower semi-
continuous function such that ¥(x) > B for all x € X. Let € > 0 and u € X be such such
that:

Fu) < ir)l(f?’ + &

Then there exist v € X such that:
o F(u)=2F ),
e du,v) <1and
e F(w) = F(v)—edv,w) foreveryw € X,

The following corollary is extremely useful in finding critical points for C' functionals.

Corollary 3.26. Let E be a real Banach Space and & € C'(E,R) be bounded below. Then for
every € > 0 and for every u € E such that

F(u) < irblfT + &,
there exists v € E such that
o F(v) <F(u),
o |lu—v| < & and
o IF O <&,

To finish this section, we state two corollaries that generalize Corollary [3.26| to the case of
differentiable manifolds in Banach spaces.

Corollary 3.27. Let M be differential manifold in a Banach space E and ¥ € C'(M,R) be
bounded below. Then for every € > 0 and for every u € M such that

F(u) < i]I‘I/IfT +¢&,
there exists v € M such that
o F(v) <F ),
o llu—vl < &% and
o IF Wi, < &.

where T,M C E’ is the tangent space to M at u.

Corollary 3.28. Let M and F be as in Corollary Then given any minimizing sequence
{ur}keny C M for @, there exists another minimizing sequence {vi}ren C M such that:

o F(vi) <F (),
o |lux — vi|| = O when k — oo and

d ||7_~/(Vk)||TVkM — 0 when k — oo.
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The concentration—compactness principle for variable
exponent spaces

One of the main goals while working in a non compact setting is the need to understand the
reason for a sequence to be weakly, but not strongly convergent and, ultimately, to fully describe
the possible behaviors of such sequences.

In the case of Sobolev spaces with constant exponents this was achieved by P.L.. Lions in
the seminal paper [37] and is now called the concentration—compactness principle. Roughly
speaking, it says that in a bounded domain, if a sequence is weakly convergent in Wé’p (Q) but
not strongly convergent in L”" (Q), then this lack of compactness comes from the appearance of
point masses where the sequence concentrate.

This principle has been proved to be a fundamental tool when dealing with nonlinear elliptic
equations with critical growth (in the sense of the Sobolev embeddings). Just to cite a few, see
[2, 3116} 17,125, 133]] but there is an impressive list of references on this.

The objective of this chapter is to extend the concentration—compactness principle of P.L.
Lions to the variable exponent setting.

The method of the proof follows the lines of the ones in the original work of P.L. Lions and
the main novelty in our result is the fact that we do not require the exponent g(x) to be critical
everywhere. Moreover, we show that the delta masses are concentrated in the set where g(x) is
critical.

4.1 The concentration—compactness principle for the Sobolev im-
mersion

In this section we analyze the failure of compactness in the immersion Wé’p (x)(Q) — LID(Q)
when A = {x € Q: g(x) = p*(x)} # 0. More precisely, we prove,

Theorem 4.1. Let p,q € P(Q) be such that q(x) is continuous and p(x) is log-Holder continu-
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ous. Assume that q(x) < p*(x) in Q. Let {uj}jen C W(;’p (x)(Q) be a weakly convergent sequence
with weak limit u, and such that:

|Vu jlp(x) —u and |u jlq(x) — v weakly-* in the sense of measures.

Assume, moreover that A = {x € Q: q(x) = p*(x)} is nonempty. Then, for some finite index set
I, we have:

v=u? + ) vidy, vi>0 4.1
i€l
w > |VulP™ + Z,u,-éxi ui >0 4.2)
i€l
SXivil/P*(xf) < ’u[l/[’(xi) Viel (4.3)

where {x;}ic; C A and S  is the localized Sobolev constant defined by

Sy =supS(p(),q(), Be(x)) = Jim S(p(), 4(), Be(x))- (4.4)

>0

Let {u;} jen be a bounded sequence in W(;’p @(Q) and let ¢ € C(Y) be such that ¢ < p* with
A ={xe€Q: q(x) = p*(x)} # 0. Then there exists a subsequence that we still denote by {u} jen,
such that

e uj — u weakly in Wé’p @),

e u; — u strongly in L™ (Q) for every s € P(Q) such that infeq(p*(x) — s(x)) > 0,

|uj|9™ — v weakly-* in the sense of measures,

[Vu jlp(x) — u weakly-* in the sense of measures.

Take ¢ € C*(Q) and from Theorem we obtain

S(p(), q(), Dllgujllge < NIV (Pupllpen- 4.5

Observe that if ¢ € C°(€2) then the constant S (p(-), g(-), ) can be replaced by S (p(-), g(), U)
with U c Q any open set containing supp(¢).

On the other hand,
HIV(@upllpey = 16Vl p < NliejVllp)-

We first assume that # = 0. Then, we observe that the right side of the inequality converges to 0.
In fact, we can assume that p (1) < 1, then

||ij¢||p(x) < (IVYlleo + 1)p+||”j”p(x)
< (IV8lleo + 1 ppio ()P~ = 0

Finally, if we take the limit for j — co in (4.3), we arrive at

S qC) DlIBllgn.y < N8l peou- (4.6)

The last inequality is a “Reverse Holder inequality” for ¢ with measures y and v.
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4.1.1 Preliminary Lemmas

Now we need a lemma that plays a key role in the proof of Theorem 4.1]

Lemma 4.2. Let u1, v be two non-negative and bounded measures on Q, such that for p, q € P(Q)
bounded exponents with p* < q~, there exists some constant C > 0 such that

||¢||q(x),v < C“¢||p(x),;u (47)

for every ¢ € C2(Q). Then, there exists a finit index set I, points {xj}ic; C Q and scalars
{vitier C (0, 00), such that
V= Z Vi5.Xj7

iel

where 60y, is the Dirac’s delta measure supported on x;.

For the proof of Lemma[4.2] we need a couple of preliminary results. The next Lemma is due
to P.L. Lions in [37], but we include it here for the sake of completeness.

Lemma 4.3. Let v be a non-negative bounded Borel measure on Q. Assume that there exists
0 > 0 such that for every Borel set A we have that, v(A) = 0 or v(A) > 6. Then, there exist a
finite index set I, points {x;}ic; C Q and scalars {v;}ic; € (0, o) such that

V= Zvidxi‘

iel
Proof. Let A such that v(A) > ¢ we want to prove that there exist xp such that v({xp}) > 6. Let

{0} be a covering of A by cubes. Then, there exists a cube Q; € {Q} such that v(Q;) > 6.

Making a dyadic decomposition of the cube Q;, we obtain a decreasing sequence of cubes
{Or}ken such that v(Qy) > ¢ for every k € N.

Let {xo} = Nien Ok then v({xo}) = limg_,o v(Q) = 6.

Let {x;}ic; € Q be the set of points such that v(x;) > . Since v is bounded, it is easy to see
that [ is a finite set.

The preceding argument easily shows that the measure is supported on {x;};c;, and if we denote
by v; := v({x;}), we obtain the desired result. O

Lemma 4.4. Let v be a non-negative, bounded Borel measure such that for some p,q € P(Q)
bounded exponents with p* < g~ it holds that

||¢”q(x),v < C||¢||p(x),v, (48)

for every ¢ € CX(Q). Then there exists & > 0 such that for all Borel set A C Q, v(A) = 0 or
v(A) > 0.
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Proof. We can assume that v(A) < 1, then

fze ] s
Q V(A)# Q

1
therefore ||y allp(x),» < v(A)#*. On the other hand,

q(x) )
f dvzfXAxdv:l,
Q
1

a v(A)
so V(A)e < |lxallyex),y- Now, from @.8) we conclude that

p(x)
xa(x)

Y(A)FT

xa(x)
WA)T

Bl i
V(A)7 < Cv(A)r",
from where it follows that, since p* < ¢~, v(A) = 0 or

rra”

W(A) > (é)”’ > 0.

This completes the proof. O
Now we are ready to prove Lemma[4.2]

Proof of Lemma By the reverse Holder inequality (4.7)), the measure v is absolutely contin-
uous with respect to u. As consequence there exists f € LIII(Q), f =0, such that v = u| f. Also

by (&.7) we have,
min {V(A)f%—, V(A)‘%*} < Cmax {u(A)Jf, u(A)p%}

for any Borel set A C Q. In particular, f € L;’(€2). On the other hand the Lebesgue decomposi-
tion of u with respect to v gives us

u=vlg+o, where g € L},(Q),g >0
and o is a bounded positive measure, singular with respect to v.
Let ¢ € C2°(Q), now consider (4.7) applied to the test function
¢ = ng{gSn}d’-
We obtain
g7 x g <nlgcory < CITT7 Y gl
= 8T 7 g lpco)gavear

q(x) 1
< ||gp(x)(q(x)ﬂ’(x))/\/{gSn}w|p(x),v + ”gq(x)ﬂ’(x))({gSn}wl|p(x),0"
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Since o L v, we have
1 ()
”g q(x)_p('x)/\/{gSn}l/’l|q(x),v < C||gp(x)(q(x)_p(x)))({ggn}d/l|p(x),V9
q(x) . . .
hence if we denote dv,, = g™ y,,dv the following reverse Holder inequality holds
”'Mlq(x),v,, < ”'Mlp(x),v,,-

Now, by Lemma and Lemma there exists {x!};c and K! > 0 such that v, =
r(x)
Yiern Ki'6x». On the other hand, v,/ g"@=r@y. Then, we have

r(x)
gror®y = E Kidy,,
iel

r(x;)

where K; = g0 (x;)v({x;}). This finishes the proof. O
The following Lemma is the extension to variable exponents of the well-known Brezis-Lieb
Lemma (see [8]). The proof is analogous to that of [§]].

Lemma 4.5. Let f, — f a.e and f, — f in LP™(Q) then

lim ( [ ax= [ 1= g dx)= NG

Proof. First, it is easy to see that given & > 0, there exists C, = C.(p~, p™) > 0 such that for
every a,b € R,
lla + blp(x) _ |a|P(X)| < 8|a|p(x) + C£|b|p(x).

We define
Wean(x) = (Ifa()IP® = 1£(0) = £ = 1 f@PD] = &l fu(0)1P)
and note that W, ,(x) — 0 as n — oo a.e. On the other hand,
/GOPD = 1£(x) = P = [FQPD] < )P = 1) = )P + [ f P
< &l fy (P + Col fOPD + | fo) P

i.e.
1O = [£(x) = ()P = [FOIPD] = el £, ()P < (Ce + DIF )P,

therefore
0 < Wen(x) < (Ce + DI f ()P

By the dominated convergence Theorem, we conclude that

n—oo

lim | We,(x)dx =0.
Q
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On the other hand,

I/ =10 = fuPD = [fF)PO] < Wen(2) + el ful0)IP

Then, if we denote

b= [ HOP® =170 = £COP - 0 d

we get

I, < f Ws,n(x) dx + 8pp(x)(fn) < f Ws,n(x) dx+e Suppp(x)(fn) = f Ws,n(x) dx + &C,
Q Q neN Q

for some constant C > 0. Hence, we can conclude that lim sup I,, < &C, for every € > 0. O

4.1.2 Proof of the Concentration Compactness Principle

Now we are in position to prove Theorem 4.1}

Proof of Theorem{.1} Given any ¢ € C*(Q) we write v; = u; — u and by lemma[4.5] we have

lim (f |¢|q(x)|uj|Q(x)—fl¢|q<x)|vj|qmdx)=f|¢|qm|u|q(x)dx.
J7RN\JQ Q Q

On the other hand, by the reverse Holder inequality (4.6) and Lemmal.2] taking limits we obtain
the representation

v = [ulfY dx + Z Vidy,. (4.9)
i€l
Let us now show that the points x; actually belong to the critical set A.

In fact, assume by contradiction that x; € Q \ A. Let B = B(x1,r) cC Q — A. Then g(x) <
p*(x) — 6 for some & > 0 in B and, by Proposition 3.8 The embedding W'-*®(B) < LI¥(B) is
compact. Therefore, u; — u strongly in LI9(B) and so |u j|‘7(") — |uld™® strongly in L'(B). This
is a contradiction to our assumption that x; € B.

Now we proceed with the proof.

Let ¢ € C?(RN ) be such that 0 < ¢ < 1, ¢(0) = 1 and supp(¢) € B1(0). Now, for each i € 1
and € > 0, we denote ¢ ;(x) := ¢((x — x;)/&).

Since supp(¢g iitn) C Bo(x;), by and the subsequent remark, we obtain

S (p()’ Q()’ Bs(-xi))l|¢8,i|lL3("‘)(B£(xi)) S ”¢s’i||L£(X)(Bg(x,'))'
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By (@.9), we have

Pacor(igs) = f 610199 dy
Bs(xio)
= f |¢io,s|q(x)|u|‘I(x) dx + Z Vi¢i0,g(xi)q(xi)
Belip) iel

> Vig-

From now on, we will denote

i, = sup qx),  gqi, = inf g(x),
’ Be(xi) ’ Be(xi)

P:s := sup p(x), Pie = inf p(x).
Bg(x;) Be(xi)

If p,(¢i,.c) < 1 then
i /q;,
||¢i0’8||L1q,(x)(B€(xio)) > pv(¢i0,£) /q‘*g > Vio .

Analogously, if p,(¢;,s) = 1 then

el >y, e
oSN LI (By(xig)) = Vi

Therefore,
£ L
min (" v S (p(). 40, B < il pio -
On the other hand,
f |¢i,8|p(X) d,u < u(Be(xy)),
Bg(xi)
hence

+ L
Iiell oo s, ey < max {ou(@ie) ", pu(ie) " |
1 1
< max {u(Bo(x) "t . p(Be(x) e |,

SO we obtain,

1
+
e

S(p(). ). By min [y} v, | < max {u(Bo(0)) e pu(Beliei)) " |.
As p and q are continuous functions and as g(x;) = p*(x;), letting € — 0, we get
(1im S (p). g, BeCap)yy ”" <l 7,

where y; := limg_,o u(Bs(x;)).
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Finally, we show that g > [VulP™ + ¥ c; (6.

In fact, we have that it > fi := Y} pi6y,. On the other hand, since u; — u weakly in W(;’p Q)
then Vu; — Vu weakly in LPY(U) for all U c Q. By the weakly lower semicontinuity of norm
we obtain that du > |VulP™ dx and, as |VulP® dx is orthogonal to fi, we conclude the desired
result.

This finishes the proof. O

4.2 The concentration—compactness principle for the Sobolev trace
immersion

This section is devoted to the extension of the CCP to the trace immersion.

In order to state the Theorem correctly, let us first introduce some notation. For Q C RV, let
I' € 0Q be closed, I" # 9Q (possibly empty) and define

W]l’p (x)(Q) = {¢ € C*(Q): ¢ vanishes in a neighbourhood of T'},

where the closure is taken in the || - ||y, p(y—norm. This is the set of functions in whr(Q) that
has zero boundary values on I'. Obviously, qu)’p (x)(Q) = WHr(Q). In general Wll’p @ Q) =
WP (Q) if and only if the p(x)—capacity of I is 0, see [35].

Let r € P(0Q) be a continuous critical exponent in the sense that
Ar = {x € dQ: r(x) = p.(x)} # 0.
We define the Sobolev trace constant in er’p @(Q) as

”le’P(x) . ”Vlll,p(x)
T(p()9 r(')’ Qy F) = lln _— = | e/ o GO
vewi @) Mlroe vew!? @) IMlr.oa\r

More precisely, we prove

Theorem 4.6. Let {u,}nery € WHP(Q) be a sequence such that u, — u weakly in WHPO(Q).
Then there exists a finite set 1, positive numbers {u;}ic; and {vi}ier and points {x;}ic; C Ar C 0Q
such that

[t dS — v = [uf™@dS + Z vidy,  weakly-* in the sense of measures, (4.10)
iel
[VitaPO dx — > |VulP™® dx + Zﬂi5x,- weakly-* in the sense of measures, 4.11)
i€l
L L
Ty <pu]™, (4.12)

where Txi = sup,.o T'(p(-), q(-), Q¢i, I's;) is the localized Sobolev trace constant where

Qg’i =QNBs(x;)) and I_‘g’i 1= 0B:(x;) N Q.
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Proof. The proof is very similar to the one for the Sobolev immersion Theorem, Theorem [#.1]
so we only make a sketch stressing the differences between the two cases.

As in Theorem |4.1it is enough to consider the case where u,, — 0 weakly in W' (Q).
Arguing as in (4.6), we obtain
T(p(), 7). Dl 10 50 < NPl o0 ) (4.13)

for every ¢ € C(Q). Observe that if ¢ € C(RY) and U c RY is any open set that contains the
support of ¢, the constant in (4.13) can be replaced by T(p(-), ¢(-), Q@ N U, U N Q).

Now, the exact same proof of Theorem [4.1]| can be applied to obtain that (4.10) and (.11)
hold. Again, exactly as in Theorem [4.1]it follows that the points {x;};c; belong to the critical set
Ar.

It remains to see (#@.12). Let ¢ € CZ(RN) be such that 0 < ¢ < 1, ¢(0) = 1 and supp(¢) C
B1(0). Now, for each i € I and € > 0, we denote ¢ ;(x) := ¢((x — x;)/€).

From (#.13) and the subsequent remark we obtain

T(P(), I"('), Qs,ia rg’i)||¢‘9’5”L(,(X)(5QFTB€(X,')) < ||¢8’[||L£(X)(QmBg(xi)).

By @.10), we have

pv(¢i0,£) = f |¢io,s|r(X) dv
9QNB,(xiy)

- f |¢i0’8|r(x)|u|r(X) ds + Z Vi¢i0,£(xi)r(xi)
9QNB,(x;y)

i€l

> Vig-

From now on, we will denote

. _ .
rioi=  su r(x), ri. = inf r(x),
be anBI:(x,-) < " 90NB.(x) )
. _ .
o= su X), - = inf X).
Pie QOBEI()x,-)p( ) Pis QﬁBe(x,-)p( )
If p(¢iye) < 1 then
l/ri”s

1/r7 .
||¢i0’8”L:,(X)(6QﬂBg(xi0)) > pv(¢io,8) e > Vlo

Analogously, if p,(¢;,) > 1 then

S 1/rf,
||¢io,£||L;(X)(aQﬂB€(xio)) = ViO
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Therefore,
L L
T(p(). r(), Qs o) min (v v | < Iicell o o, -
On the other hand,
f 16i.61PY dp < (N Bo(x7))
QNB(x;)
hence

1 1

i ell oo @np,(xy) < Max {Pu(¢i,a) Pie sPy(¢i,8)p5€}
1

< max {u(Q N Be(x) i, p(Q N Be(x) e |,

SO we obtain,

1

T(p(-), (-), Qe Te) min {v,* v

L L L
7} < max {u(@ 0 Bo(xi) e, u(Q N Bo(x)) e .

As p and r are continuous functions and as r(x;) = p.(x;), letting € — 0, we get

T VI/P*(XI') <#i1/p(Xi)

Xi% - ’

where y; 1= limg_o u(Q N Bo(x;)).

The proof is now complete. ]
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Existence of extremals for Sobolev Embeddings

In this chapter we study the existence problem for extremals of the Sobolev immersion Theorem
for variable exponents W(;’p (x)(Q) —s LIM(Q) and for the Sobolev trace Theorem WX (Q) —
L'™(0Q). As we discuss in the introduction, the only nontrivial case is when the exponents g
and r are critical, i.e.

A={xeQ:qx)=p" ()} #0 and Ar ={x € 0Q: r(x) = p.(x)} #0.

Recall that by extremals we mean functions where the Sobolev constant are attained, i.e. the
existence of u € Wé’p (x)(Q) and v € WP (Q) such that

||Vu||p(x) ||V”1,p(x)

S(p(),q(-),Q) = and  T(p(),q(-), Q) = : (5.1)
[leell ) IVIlr(x.00
Also recall that the critical exponents are defined as
: Np(x) (N - Dp(x)
)= ———— and p.(x) = ————.
PYZ N P N = p()

5.1 Compact case

We begin this chapter by finding conditions that implies that though the exponents ¢ and r are
critical, the immersions Wé”’ W(Q) — LID(Q) and WIPD(Q) — L™ (HQ) remains compact.
Therefore, in these cases, the existence of extremals for (5.1)) follows directly by minimization.

Roughly speaking, these conditions require that the critical set is small and that one has a
strict control on how the exponent ¢ and r reaches the critical one when one is approaching the
critical set. For the Sobolev immersion Wé’p (x)(Q) s LIM(Q), this result was obtained in [42]].
Following the same ideas we can prove a similar result for the trace immersion.

First we need to introduce some notations. For any compact set K ¢ RY, we denote by dx(x)
the distance of x to K and we define K(r) := {x € RV : §x(x) < r} for r > 0.
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For a compact set K in RN and s € [0, N], we say that (N — s)- dimensional upper Minkowski
content of K is finite if there exists a constant C > 0 such that

IK(r)l < Cr®, forevery r > 0.
More precisely, the result obtained in [42] is the following:

Theorem 5.1 ([42], Theorem 3.4). | Let ¢: [r;!', 00) — (0,00) be a continuous function such
that: ¢(r)/ Inr is nonincreasing in [r(;], o0) for some ry € (0, e V) and @(r) > ccasr — oo, Let
K be a compact set in RN whose (N — s)-dimensional upper Minkowski content is finite for some
swith0) < s < N.

Let p,q € P(Q) be such that p* < N and g(x) < p*(x). Assume that q(x) is subcritical outside
a neighborhood of K, i.e. info\k(r,)(p*(x) — q(x)) > 0. Moreover, assume that q(x) reaches p*(x)
in K at the following rate

1
(e
In(

Ok (x)

g(x) < p*(x) - for almost every x € K(rg) N Q.

Then the embedding Wé’p (x)(Q) s LI9(Q) is compact.

When the critical set consists of a single point, we immediately obtain the following corollary.
We will use the notation In"(7) = In(In"~'(2)).

Corollary 5.2 ([42], Corollary 3.5). Let p,q € P(Q) be such that p* < N and g(x) < p*(x).

Suppose that there exist xy € Q, C > 0, n € N, rg > 0 such that ian\BrO(xo)(P*(x) -qx) >0

n 1
\X*xo\)

and g(x) < p*(x) — ¢ ) for almost every x € By (xo). Then the embedding Wé’p(x)(Q) —

Jx=xgl

LIO(Q) is compact.

Following the same ideas of [42] we can obtain an analogous result for the trace immersion.

First, we define the upper Minkowsky content for sets contained in Q2. We say that a compact
set K C 0Q has finite (N — 1 — s)—boundary dimensional upper Minkkowsky content if there
exists a constant C > 0 such that

HYYK(r) N oQ) < Cr, for all r > 0.

Theorem 5.3. Let ¢: [ral, 00) — (0, 00) be a continuous function such that: ¢(r)/ Inr is non-
increasing in [r; I 00) for some ry € (0,e”") and ©(r) = oo asr — oo. Let 0Q lipschitz and
K c 0Q be a compact set whose (N — 1 — s)—boundary dimensional upper Minkowski content is
finite for some s with(0) < s < N — 1.

Let p € P(Q) and g € P(OQ) be such that p* < N and r(x) £ p.(x). Assume that r(x) is
subcritical outside a neighborhood of K, i.e. infsq\ k() (p«(x) — r(x)) > 0. Moreover, assume
that r(x) reaches p.(x) in K at the following rate

1
SD(W)

r(x) < p.(x) — for Hausdorf{f (n-1)-almost every x € K(ry) N 0Q.

1
(5
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Then the embedding Wg’p D(Q) s L'OHQ) is compact.

Proof. Let us prove that

lim sup { f )@ ds - ve WHD(Q) and [Vl 1wy < 1} = 0. (5.2)
K(£)NHQ

e—0"

First, we take 8 such that 0 < 8 < s/p; and & > 0 such that &' > ;! and (1) > 1. For each
n € N we consider 77, = e #". We choose x € (K(¢") \ K(£"*1)) N dQ, then , we have

1 1
_¢(5K(x)) _sﬂ(dﬁl)

. In(51—) (L) _ B L
nrrl(x) p+(x) <n, I2E) <n, AT _ g prsk4Gersy) =A,

On the other hand, we know that H(K(r) N dQ) < Cr* and we can estimate the following term

e ds <l f ds < Ce"FrD)

IK(&")\K(S"”))OBQ K(g")NoQ

Now, we have

f I ds
(K(eM\K(e"1)NoQ

P« (x)=r(x)
V(X

f |v(x)|’<x>(ﬂ) ds + f O ds
(K(eM\K(e"1)NOQ Mn (K(eM\K(e"1)NoQ

< A"f |v(x)|p*(x) dsS + Cg"s=Bri)
(K(eM\K(e"1)ndQ

<

for each ny € N, we obtain

f ()™ dS = Z f voOI'™ ds
K(£"0)noQ (K(s")\K(s’”‘l))ﬁBQ

n=ng

< (sup A,) WO dS + C Z =B

n=ng K(£"0)NoQ n=ng

Using that V]|, so < Cl[vll1,, and that (s — Sp}) > 0, we can conclude (5.2).
Finally, let {v,},ey € WP™(Q) and v € WP™M(Q) be such that

v, = v weakly in W@ (Q).
Then,

v, = v weakly in L' (5Q),
v, — v strongly in L*D(6Q) for every s such that ianf( p«(x) — s(x)) > 0,
O
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therefore v, — v in L"@(AQ \ K(¢)) for each & > 0 small. Hence,

lim sup f v () = V(O dS = limsup ( f ) = V(O™ dS
0Q K(£)NoQ

n—oo n—oo

t [ - veoras)
IO\K (&)

<sup f Va(x) = v(xX)|"™ dS
neN J K(g)noQ

So, by (5.2)), we conclude the desired result. O

Now it is straightforward to derive, analogous to Corollary

Corollary 5.4. Let p € P(Q) be such that p* < N and let r € P(OQ). Suppose that there exist
(L)
In( IX—lX()I)

Sfor Hausdorf{f (n-1)-almost every x € QN B, (xo). Then the embedding Whr(Q) — L0 HQ)
is compact.

x0€Q C>0,neN,rg> 0suchthat inng\Bro(xO)(p*(x)—r(x)) > 0andr(x) < p«(x)—c

5.2 Non-compact case 1: The Sobolev immersion Theorem

In the general case A # 0, up to our knowledge, there are no results regarding the existence or
not of extremals for the Sobolev immersion Theorem. In this chapter we first prove a general
result that implies the existence of extremals in the noncompact case.

This general result says that if the Sobolev constant is smaller than the smallest localized
Sobolev constant on the critical set (A, then the existence of extremals follows.

Consequently, in the next sections of this chapter, we give conditions that ensure that this
strict inequality holds. We give both global and local conditions.

Global conditions are easily obtained by making some rough estimates on the Sobolev con-
stant. In our case, this global condition says that if the subcritical set, Q \ A, contains a suffi-
ciently large ball, then the strict inequality holds, and so the existence of extremals follows.

Local conditions are much harder and requires of a fine asymptotic analysis of the Sobolev
constant when the Rayleigh quotient is evaluated in a precise function concentrating around
some critical point.

In order to state our main results, let us introduce some notation.

e The Rayleigh quotient will be denoted by

IV |p(x)
Vllge

Qp,q,Q(V) = (5.3)
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e The localized Sobolev constant by

§x=supS(p(). (), Be(x) = lim S(p(), 4(), Be(x)), xe A

&0

e The critical constant by

S =inf §,. 4
§ =S, 4

With these notations, our main results can be stated as

Theorem 5.5. Assume that p, g € P() are continuous functions with modulus of continuity p(t)
such that
p®log(1/t) >0 ast—0+.

Assume, moreover, that the criticality set A is nonempty and p* < q~.

Then, for every domain € it holds
S(p(),4(), Q) < § < inf KN, p(),

Theorem 5.6. Under the same assumptions of the previous Theorem, if the strict inequality
holds

S(p(),q(), Q) < S,

then there exists an extremal for the immersion Wé’p (x)(Q) — LIO(Q).

The proof of Theorem [5.6] heavily relies on the Concentration—-Compactness Theorem for
variable exponents that we prove in Chapter [4]

The other key ingredient in the proof is the adaptation of a convexity argument due to P.L.
Lions, F. Pacella and M. Tricarico [38] in order to show that a minimizing sequence either
concentrates at a single point or is strongly convergent.

First we prove a uniform upper bound for S (p(-), g(-), Q) depending only on p(x) with x € A.

Lemma 5.7. With the assumptions of Theorem it holds that

S(p(),4(), Q) < inf K~H(N, p(x).

Proof. First, we observe that our regularity assumptions on p and g implies that

q(xo + Ax) = q(x0) + p1(4, x) = p*(x0) + p1(4, x),
p(xo + Ax) = p(xp) + p2(4, x),

where p; and p, ara modulus of continuity such that lim;_,0+ AP0 =] uniformly in Q (k =
1,2).
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Now, let ¢ € CX(€), and define ¢, to be the rescaled function around xo € A as ¢,

A7 ¢(*=2). Then we have

l_f( $a(x) )Q(X) dx—f AW%W+N( é(y) )q(xo)+Pl(/LXO+/1y) dy
Q (05}

”¢/l”q(x)
where Q) :={y : Ay + xp € Q}. Since
—Npj (Lxp+1y)
/1";(73&( P(y) )plu,xwy)

||¢/1| |q(x)

I|¢/l”q(x)

— 1 when A — 0+ in{|¢| > 0} c Q,

By dominated convergence,we get

 Je [ dy

T q(x0) *
hm/l-)O ||¢/l||q(x)

Analogously,

\Y
| = f( [Vga(x)l )P(x) dx
Q ||V¢/l”p(x)
_ f ﬂi_lv(p(xo;:ffgmﬂy Y ( %|V¢(Y)| )P(xo)+p2(/lxo+/1y) dx
Q IV p)

IVl px)
Again,

—Npj (Axg+Ay)

/IMPZ(MOHY)(”VLZQ(;?“ )Pz(ﬂxw/ly)
AN p(x)

SO we arrive at
Jon V)P dy

lim . [V
Now, by definition of S (p(-), g(-), Q),
IV allpc
S(p(),q(), Q) < T
lldallgeo

and taking limit 4 — 0+, we obtain
V@l e

S(r(). q(). Q) <
R P T

for every ¢ € C°(Q2). Then,
S(p(), q(-), Q) < K™Y (N, p(x0)),

SO,
S(P(),q(), Q) < inf K~/(N, p(x))

as we wanted to show.

—N(p(x, A Ay
3 f A%W+N—p(m)—m(m+4y)( Vo)l )P(Xo)+pz(/1XO+/1Y) I
Q

— 1 when A4 — 0+ in {|Vg¢| > 0} C Q,
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Now, the proof of Theorem [5.5|follows easily as a simple corollary of Lemmal5.7}

Proof of Theorem Applying Lemma [5.7)to the case Q = B,(xo) for xo € A we get that

S(p(-), q(), Be(x0)) < K™Y (N, p(x0))

for every £ > 0. So
S < K™'(N, p(x0)).

Now, for the first inequality, we just observe that the Sobolev constant is nondecreasing with
respect to inclusion, so

S(p(),q(-), ) < S(p(-), q(-), Be(x0))
for every ball B.(xp) C Q.

So the result follows. O

Now we focus on our second theorem. We begin by adapting a convexity argument used in
[38]] to the variable exponent case.

Theorem 5.8. Assume that p* < g, with the assumptions of theorem [3.3]. Let {uy}nen be a
minimizing sequence for S (p(-), q(-), Q). Then the following alternative holds

o {u,},en has a strongly convergence subsequence in LIDQ) or

o {u,}uen has a subsequence such that (7SN Ox, weakly in the sense of measures and
Vi, [P — § §(§x°)6 xo weakly in the sense of measures, for some xp € A.

Proof. Let {u,},en be a normalized minimizing sequence, that is,
S(P()g() Q) = lim [[Vitgllpco
and
”uan(x) =1

Since {u,,},en 1s bounded in Wé’p (x)(Q), by the Concentration—Compactness Theorem (Theorem
, we have that, for a subsequence that we still denote by {u, },en,

1, |99 — v = [u)? + Z vidy;, weakly-* in the sense of measures,
i€l
[Vitn [P — > [VuP® + Z widy,, weakly-* in the sense of measures,

i€l

where u € Wy"™(Q), I is a finite set, x; € A and §5' /P > /7D
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Hence, using Theorem[5.5]

Vi, [P
1= fim [ LV

= Ja [Vu,lin)

- fg 1S (P(),q(), Q7 VUl dx + 1S (p(), 400, gy
iel
= f 1S (p(), g(-), Q) ' VulPW dx + Z g;p(xi) 9
¢ iel
p(x;)

> min{($ (p(-), (), Q) 1Vl p)” (S (), ), Q) IVull )} + > v

iel

p(x;)
14 i)

+ I'n 0
g0 [l + Z Vi

iel

> min{|[ull

where in the last inequality we have used the definition of S (p(-), (), Q).
Now, as [|unllgx) = 1 and u, — u weakly in LID(Q), it follows that llullyx) < 1, hence

. p* P p* =
m1n{||u||q(x), ||M||q(x)} = IIuIIq(x) > Py ()T .

So we find that

P(x;)

Py + 3 v < 1. (55)

iel

On the other hand, as u,, is normalized, we get that
1= pq(x)(u) + Z V. (56)
i€l
Since p* < ¢~, by (5.3) and (5.6), we can conclude that either p,(y)(u) = 1 and the set / is empty,
or u = 0 and the set / contains a single point.

If the first case occurs, then 1 = ||u,llyx) = Pgo0(Un) = Pgeo@) = llully) and, as LI9(Q) is a
strictly convex Banach space, it follows that u, — u strongly in LI®(Q).

If the second case occurs it easily follows that vo = 1 and g = Sﬁé’“’).

With the aid of this result, we are now ready to prove Theorem 5.6

Proof of Theorem Let {u,},en be a minimizing sequence for S (p(-), g(+), Q).
If {u,}nen has a strongly convergence subsequence in LIX(Q), then the result holds.

Assume that this is not the case. Then, by the previous Theorem, there exists xg € A such
that |u, |99 — 6§ x, weakly in the sense of measures and Vi, |PD — § i()x(’)é x, weakly in the sense
of measures
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So, for £ > 0, we have

S'P(XO)
[y s o,
oSy —¢€ (Sxo : 8)p(xo)

Then, there exists ng such that for all n > ng, we know that:
”Vun”p(x) > Sxo —&.

Taking limit, we obtain
S(p().q(1. =8, —=.

As g > 0 is arbitrary, the result follows. |

5.3 Global conditions for the validity of S (p(-), g(-),Q) < §

In this section we provide with an example of a domain Q and exponents p, g where the condition
S(p(),q(-),Q) < § is satisfied.

The condition is the existence of a large ball where the exponent g is subcritical. Up to our
knowledge it is not known if S (p(-), ¢(-), Q) < § can hold when ¢ = p* on Q.

This example somewhat relates to the one analyzed in [42]. More precisely, we can show
Theorem 5.9. Assume that Bg C Q \ A where By is a ball of radius R. Moreover, assume that
dp, < (P,

Then, if R is large enough, we have that S (p(-), q(-), Q) < S.

Proof. Assume that Q contains a subcritical ball Bg. Take u € C°(B7) such that |u|, |[Vu| < 1,
and consider ug(x) = u(x/R). We take R big enough to have

RN Vul” dx>1, RV [ |Ju >1
B B
and v
ull -
%RN(I/(pgR)*—l/qER) <S.
||u||q,§R
Then we claim that IVugll
UgR B
IYPRIp.Br - _
lleerllgx).Br

We first note that

f IVug|’™ dx = f RN=PERIg PR (x) dx > RN-P" f IVul”" dx > 1
Br By B,
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so that, by Proposition [3.4]

/P, "Bg ~ 1/pg,
Vgl ), B s( |Vutg|P dx) <R " ( Vul"x dx) :
B

Bg

In the same way

ugl?@ dx = RV | ™™ dx > RY |t > 1

B B B

so that ot
9B +
N
letRllg ), 85 = ( fB Jug |7 dx) > R u
R

from which we deduce our claim. This finishes the proof. O

5.4 Continuity of the Sobolev constant with respect to p and ¢

In this section, we prove the continuity of the Sobolev constant S (p(-), g(+), ) with respect to p
and ¢ in the L™ (Q) topology for monotone sequences.

This result will be usefull in order to provide local conditions that imply S (p(-), g(-), Q) < S,
but we have chosen to put it in a separate section since we believe that is of independent interest.

We first prove an easy Lemma on the continuity of the Rayleigh quotient.
Lemma 5.10. Let p, pu,q,qn € P(Q) be such that p, — p and g, — q in L*(Q). Then, for
every v € C2(Q), Qp,.4..00) = Opga).

Proof. We only need to prove that

||VV”p,,(x) - ||VV”p(x) and ”V”q,,(x) - ”VHq(x)-

() % (x)
f(—M )q ! dx — f (—l | )qx dx <1,
Q “VHq(x) +6 Q ”VHq(x) +6

s0, there exist ng such that for every n > no,

f( |v| )qn(x) dx < 1
a Vllye +6

Therefore [|v]l,x) < [Vllgx) + 6. Analogously, we obtain [|v||y) — 6 < |Vllg,x)- In conclusion, for
every 0 > 0 we get

For that, we have

[Vllyery — 6 < liminf |[v]ly, v < limsup [Vllg, ) < IVllgex) + 6.
In a complete analogous fashion, we get
IVVllpry — 6 < liminf |[Vy||,, ) < Limsup ||V, ) < [IVV]p) + 6.

This finishes the proof. O
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Now we prove the main result of the section.

Theorem 5.11. Let p, p,,q,q, € P(Q) be such that p, — p and q, — q in L™ (). Assume,
moreover, that p, > p and that q, < q. Then S (p,(-), gn(+), Q) — S (p(-), q(-), Q).

Proof. Given 6 > 0 we pick u € C°(Q) such that Q, ;o) < S(p(-),q(-), Q) + 6. Since, by
Lemma [5.10} lim, e Qp, ¢,.0() = Q) 4.0(u), we obtain, using u as a test-function to estimate
S (Pn(), gn(), €), that

lim sup S (p,(), ga(+), Q) < limsup Q,, 4,.o(1)

n—00 n—oo

= Qp,q,Q(u)
<S(p(), q(), Q)+,

for any 6 > 0. It follows that

limsup S (p,(+), gn(), Q) < S (p(-), q(), Q).

n—co
We now claim that there holds
Hminf S (pu(), ga(), ) 2 S (p(), (), D).
The claim will follow if we prove that for any u € C°(€2),
IVullpno @) = (1 + o(W)IVull oo ) (5.7

and
lleell ooy < (1 + o)l Lo () (5.3

where o(1) is uniform in u. Since p, > p we can use Holder inequality (Theorem [3.7)), with

L— 1 4 1 obtain
P P S

||V”||p(x) < ((P/Pn)+ + (p/sn)+)||vu||p,1(x)||1||s,,(x)
< (1 + 0(1)|[Vull, (p max |/ |Qft/s)7)
= (1 + o(NNIVullp, 5

where the o(1) are uniform in u. Equation (3.7) follows. We prove (5.8) in the same way
considering Ll] = qi + ti and writing that

”Van(x) < ((qn/CI)+ + (Qn/tn)+)||vllq(x)||1 ”t,,(x)
= (1 + o(I)IVIlger)-

The proof is now complete. O
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5.5 Investigation on the validity of § = inf,c4 K~ (N, p(x))

Another key result that is needed in order to provide local conditions that assure S (p(+), (), ) <
S is the validity of § = infycq KN, p(x)) since for KN, p(x)) we have the knowledge of
the extremals.

So in this section we investigate whether the equality
S = inf K"\, p(x)) (5.9)
X€EA
holds or not.
We show that, under certain assumptions on p(xp) and g(xop), xo € A the equality
Sx = KN, p(x0) (5.10)
is valid.

As far as we know, it is an open problem to determine wether the equality holds true or not in
general.

The aim of this section is to prove the following Theorem.

Theorem 5.12. Let p,q € P(Q) be continuous and assume that p(-) has a local minimum and
q(-) has a local maximum at xy € A. Then

Sy = lim §(p(), q(), Bs(x0)) = K™Y, p(xo)).

This Theorem is a direct consequence of Theorem [5.11]and the following result:
Proposition 5.13. Assume 0 € A and denote by p = p(0), B. = B:(0).
For any u € C;°(Bg), there holds
lell gz, = £™/7 (1 + o(W)lltelg, .51

and
IVl iy 8, = V7 (1 + o(O)NIVitell o).,

where o(1) is uniform in u, ps(x) := p(ex), g<(x) := g(ex) and u.(x) := u(ex).

Assuming Proposition [5.13|we can prove Theorem[5.12]

Proof of Theorem We have
O(p(-),q(), Be)(w) = (1 + o(1)Q(ps(), q(-), B1)(us),

where the o(1) is uniform in u, so that, noticing that the map u € C.°(B;) — u, € C2(By) is
bijective, using Theorem [5.11]

S(p(), q(), Be) = (1 + o(1)S (pe(), g=(), B1) = (1 + o(1))S (p(0), 4(0), B1)
= (1 +o(1)S (p(0), p(0)*, B1)
which proves Theorem|[5.12] m]
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It remains to prove Proposition [5.13]

Proof of Proposition[5.13] Given u € C°(B,) we have

llullge.B, = inf{d > 0: I}M°(u) < 1},

Iy ::f |@ qmdx:f ug(x)
B A B e~ @@

£ @0 = exp{—NIns(g(0) + 0())™1} = VP (1 + o(1)),

where

qe(X)
d

X.

Writing that

where the O(g) and the o(1) are uniform in x and u, we obtain

llullge.8, = inf {2 > 0: I75(u) < 1}

) 5.11
= NP (1 + o(1))inf (A > 0: 1" (up) < 1}, o

from which we deduce the result. The proof of the result for the gradient term is similar: we
have
IVullpeo.5, = inf{d > 0: I7°(Vu) < 1},

I“(V )_f ’Vu(x) p(X)d _f ‘ Vug(x)
B| Pr(*)

and we can end the proof as before. m|

and
Pe (x)

5.6 Local conditions for the validity of S (p(-), g¢(-),Q) < S

In this section, applying the results of the preceding ones, we find local conditions that ensures
the validity of S (p(-), g(-), Q) < §. The main assumptions are the existence of a point xo € A
such that § = S, and that xo is a local minimum of p and a local maximum of g. Under these
assumptions, it holds that § = K~1(N, p(xo)).

Therefore, a natural candidate to evaluate the Rayleigh quotient Q,, , o is a rescaled extremal
for K~'(N, p(xo)). Then, a detailed asymptotic analysis with respect to the scaling parameter
€ allows us to show that if the rescaled function u, is concentrated enough then Q, , a(us) <
K~(N, p(x0)) and we obtain the desired result.

So, in this section we assume that 0 € A, we write p = p(0) and observe that g = g(0) =
and we also assume that 0 is a local maximum of ¢ and a local minimum of p and so

§= lim S(p(), (), Bs(0)) = K~'(N, p).

In order to estimate S (p(-), g(-), 2) we compute the Rayleigh quotient 0, , o given in (G.3) in
the test function u, constructed in Proposition [A.T]in the Appendix.
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Hence, by Proposition [A.T]and Remark [A.2] we obtain

q(x) A A
f(”—) dr= 22 4 2L g + o2 Ing), (5.12)
a\2 o
with
. 1 :
Ap = f UP dx, A, =-—A~Aq(0) f IXPUP" dx
RV 2p* RV
and
vu\"" By B
f Vuel) ™ 2 B0 Bl el 4 o2 e, (5.13)
o\ 1 P,
with

L

BO :f |VU|p dx, B, =
RV 2p

Ap(0) f IX*IVUIP dx.
RN

From (5.12)) and (5.13)) we obtain
lletellgy = lIUIl e v + Cro(1)

and
IVuellpry = IVUIl, mv — C20(1),

with Cy,C, > 0 and o(1) > 0. So

S(p(),q(), Q) < Qpg0(ue)
VUl zx = Cro(1)
Ul gy + Cro(1)
=K'V, p) - Co(1) < K"X(N, p)

if either Ap(0) > 0 or Ag(0) < 0.

So we have proved the following theorem

Theorem 5.14. Let p,q € P(Q) be C? and that p* < q~. Assume that there exists xg € A
such that § = sup .48 . and that x is a local minimum of p(x) and a local maximum of q(x).
Moreover, assume that either Ap(0) > 0 or Ag(0) < 0.

Finally, assume that p(xg) < YN if N > 5, p(x) < 2 if N = 4 and p(xg) < 3/2 if N = 3. Then
the strict inequality holds

S(p(),q(), ) < S

and therefore, there exists an extremal for S (p(-), q(+), ).
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5.7 Non-compact case 2: The Sobolev trace Theorem

In this section we parallel the results for the Sobolev immersion Theorem, Section [5.2] to the
Sobolev trace Theorem.

In that spirit, the result that we obtain says that if the Sobolev trace constant is strictly smaller
that the smallest localized Sobolev trace constant in the critical set A7, then there exists an
extremal for the trace inequality.

Then, the objective will be to find conditions on p(x), g(x) and Q in order to ensure that strict
inequality. Again, we find global and local conditions.

As in the previous case, global conditions are easily obtained and they say that if the surface
measure of the boundary is larger than the volume of the domain, then the strict inequality holds
and therefore an extremal for the trace inequality exists.

Once again, local conditions are more difficult to find. In this case, the geometry of the domain
comes into play.

Let us begin by recalling some notation introduced in Section §.2]
Let Q c R" be smooth (C? is enough) and let I ¢ 9Q be a (possibly empty) closed set.

‘We consider

WLP(Q) = (¢ € C=(Q): ¢ vanishes in a neighborhood of T},
the closure being taken in || - |1, p(xy—norm.

The critical Sobolev trace constant is defined as

T(p(), (), Q,T) := . l:lvvl:h(—j(;‘; (5.14)
with r € P(0Q) critical, i.e. Ar = {x € 0Q\T': r(x) = p.(x)} # 0.
The localized Sobolev trace constant is defined, for x € Ar, as
T, = sup T(p(-),r(), Qe Te) = ll_{% T(p(-), (), Qe Te), (5.15)

where Q, = QN B.(x) and T, = dB.(x) N Q and the smallest localized Sobolev trace constant is
denoted by

T := inf T,. (5.16)

xeAr

Finally, the optimal Sobolev trace constant for constant exponents in RY = RN=! x (0, 00) is

denoted by il
pRY

reptr @) Nl omy

where D'7(RY) is the set of functions f such that 9;f € LP(RY) and flyzy € LP*(ORY).

KN, p)™' =

We begin with a lemma that gives a bound for the constant 7T'(p(-), r(:), Q,I'). This is the
analogous to Lemma[5.7]
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Lemma 5.15. Assume that the exponents p € P(Q) and r € P(0Q) are continuous functions
with modulus of continuity p such that

In(D)p()) -0 asd1—0+.

Then, it holds that
T(p(),r(), QD) < inf K(N, p(x))™".
XEAT

Proof. The proof uses the same rescaling argument as in Lemma but we have to be more
careful with the boundary term.

Let xo € Ar. Without loss of generality, we can assume that xo = 0 and that there exists r > 0
such that
Q. :=B,NQ={xeB,: xy>uyx)} B, NoQ ={x€B,: xy =¢¥((x)},
where x = (X', xy), ¥ € RV"1, xy € R, B, is the ball centered at the origin of radius r and
¥ RV = Riis of class C? with (0) = 0 and V(0) = 0.

First, we observe that our regularity assumptions on p and r impliy that

r(Ax) = r(0) + p1(4, x) = p.(0) + p1(4, x),
p(Ax) = p(0) + p2(4, x),
with p; and p, modulus of continuity such that lim,_,0+ AP0 = uniformly in Q,. From now
on, for simplicity, we write p = p(0) and p. = p.(0).
Now, let ¢ € C;"(RN ), and define ¢, to be the rescaled function around 0 € Ay as ¢, =

~(N-1)
A" ¢(%) and observe that, since I' is closed and 0 ¢ T, ¢, € Wll_’p @(Q) for A small. Then we
have

-1y ()
fgb/l(x)’(")ds =f ,lTplgb(y)pﬁpl(/l,y)dS
0Q a0,

W-bp @y YY1 (AY) 2dy
= | AT o0 ) T+ V(P dy
-

where @ = 1 - Qand y,() = Ty ().

Since ¥(0) = 0 and V¢(0) = 0 we have that ¢,(y") = O(2) and |V¢, ()| = O(A) uniformly in
y’ for y’ € supp(¢) which is compact. Moreover, our assumption on p; imply that

—(N-Dp(4.y)

e gy ™) — 1 when 1 — 0+

uniformly in y.

Therefore, we get

Pri.00(82) = fa PGy ds — fR 00 ay, as - 0+ (5.17)
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In particular, (5.17) imply that ||¢,l|,(x),60 is bounded away from 0 and co. Moreover, arguing
as before, we find

Ll
00 \PAll(x),00

-(N-Dpj (1) & ) petp1(2Y) )
- [ SO e moray
-

P allrx).00
SO
lim = .
lim flgall-w.oe = 1ll,, ory

For the gradient term, we have

f VealP® dx = f PO )P dy
Q Q
) f AT ()P dy.
Q)

Now, observing that Q; — R%Y and from our hypothesis on p, we arrive at

prna@n = [ Vool dx— [ Va0 dy s -0+,
R+

Similar computations show that

Pr.(@r) = fQ lpa(0)IPD dx = OP),

SO

P1pm.0(@)) = fg VoD + |2 ()P dx — fR VoI dy asA— 0+,

Arguing as in the boundary term, we conclude that

lim =V .
/l_)0+“¢/l”1,p(x),§2 IVl rv

Now, by the definition of T'(p(-), r(-), Q,I'), it follows that

164111pte
T(p(), r(), Q,T) < 2P0
P allx),00

and taking the limit A — 0+, we obtain

IVl 2

T(r(). (). Q.T) <
e

for every ¢ € C°(RV). Then,

T(p(),q(),Q,T) < KN, p)~!
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and so, since xg = 0 is arbitrary,
T(p(-),q(),Q,T) < inf KN, p(x))™",
xXeAr
as we wanted to show. O

Now we prove a Lemma that gives us some monotonicity of the constants 7' (p(-), g(-), Q,I')
with respect to Q and I C 9Q.
Lemma 5.16. Let Q;, Qs ¢ RY be two C? domains, and let T; c 0Q;, i = 1,2 be closed.

IfQQ C Q], (892 N Q]) C Fz and (F] N 6!22) C Fz, then

T(p()’ Q(), Ql 5 rl) < T(p()s Q()’ Q2’ FZ)

Proof. The proof is a simple consequence that if v € Wllép @ (€), then extending v by O to
Q1 \ Q gives that v € W"(Qy). o

Remark 5.17. Lemma will be used in the following situation: For Q@ ¢ RY and I' c 0Q
closed, we take xo € 0Q \ I" and r > 0 such that (B,(xg) N 90Q) NI = 0.

Then, if we call Q, := Q N B.(xg), I, = 0B.(xp) N Q, we obtain

T(p(),q(), Q) < T(p(),q(), Q. 1).
As a consequence of Lemma[5.15]and Lemma [5.16] we easily obtain the following Theorem

that is the trace analog of Theorem[5.5]

Theorem 5.18. Let Q ¢ RN be a bounded C* domain and T’ C dQ be closed. Let p € P(Q) and
r € P(0Q) be continuous functions with modulus of continuity p such that

In(D)p()) -0 asd1—0+.
Then, it holds that
T(p(),r(), QD) < T < inf KN, p(0)~".
xeAr
Now, in the spirit of Theorem [5.8] we use the convexity method of [38]] to prove that a mini-
mizing sequence either is strongly convergent or concentrates around a single point.

Theorem 5.19. Under the same assumption of Theorem Let {u,}nen C W;’p (x)(Q) be a
minimizing sequence for T(p(-), r(:), Q,I"). Then the following alternative holds:

o {u,}nen has a strongly convergence subsequence in L' (0Q) or

o {u,}lnen has a subsequence such that " dS — & x, Weakly in the sense of measures and
Vi, [P dx — Tfo(x")éx() weakly in the sense of measures, for some xo € Ay and u,, — 0
strongly in LP9(Q).
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Proof. Let {u,}nen C W;’p (x)(Q) be a normalized minimizing sequence for 7(p(-), r(-), Q,I), i.e.

and
||un”r(x),6§2 =1

For simplicity, we denote by T = T(p(-), r(-),,I'). The concentration compactness principle
for the trace immersion, Theorem[4.6] together with the estimate given in Theorem [5.18] gives

| Tim |Vun|p(") + |Mn|p(X)

n—oo p(x)
ol

[VulPO 4 [P o)
Q TprX) dx + Z r Hi
i€l

> min{(T lull1po)” s (T Nl o) 3+ Y Tl

iel

N _ P(x;)
p )4 Pr(xj)
v 1l a0b + Z v

iel

> min(]|ul|

p(x;)

+ nen)
> [l o+ D

i€l

p(x;)

i D+ (X;)
2 pr(x),EiQ(”) Tt Z Vl'l .

iel

On the other hand, since {1, },c is normalized in L' (0Q), we get
1= f '@ ds + Zv,»
0Q icl

So, since p™ < r~, we can conclude that either « is a minimizer of the corresponding problem
and the set / is empty, or v = 0 and the set / constains a single point.

If the second case occur, it is easily seen that the second alternative holds. O

With the aid of Thorem [5.19|we can now prove the main result of the section.

Theorem 5.20. Let Q be a bounded domain in RN with 0Q € C'. Let T’ ¢ dQ be closed.Let
p € P(Q) and r € P(OQ) be exponents that satisfy the regularity assumptions of Theorem[5.18]
Assume, moreover, that p* < r.

Then, if the following strict inequality holds
T(p(),r(), QD) <T (5.18)

Then the infimum (5.14) is attained.
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Proof. Let {uy}nen C W;’p (x)(Q) be a minimizing sequence for (5.14) normalized in L'™(4Q).
If {1, }ner has a strongly convergence subsequence in L' (), then the result holds.

Assume that this is not the case. Then, by Theorem there exists xo € Az such that
lup"™® dS — &, and [V, [P dx — ch’o(x‘))éxo weakly in the sense of measures.

So for £ > 0, we have,
f R N 0
Q (Txo - 8)]7()6) (Txo - E)P(X(J) ‘

Then, there exists ng such that for all n > ng, we know that

”unlll,p(x) > Txo —é&.

Taking limit, we obtain
T(p(),r(), Q1) = Ty — .

As € > 0 is arbitrary, the result follows. O

5.8 Global conditions for the validity of 7(p(-), 7(:),Q) < T

Now we want to show an example of when the condition (5.18]) is guaranteed. We assume that
I' = 0 and using v = 1 as a test function we can estimate

I1]ls,
T(p(), r(-), Q) < —L9
” 1 ”r(x),()Q
It is easy to see that
1 1
Wlpe = e < max{mw,mwf}
and 1 1
s > min{dQ1*,10Q17 ).
So, if Q satisfies
1 1
max {|Q|F, |Q|F}
<T, (5.19)

min{|dQ|*, 0QI* }
then by Theorem [5.20)] there exists an extremal for T'(p(-), (), Q).

Observe that the family of sets that verify (5.19) is large. In fact, for any open set Q with C!
boundary, if we denote Q; = - Q we have

L L
max {007, 1007 |
. 1 17 Nl 1
min{[0Q, |7, [0Q,|7} 17 [0Q|~
Now, the hypothesis ’r’—j < 1 imply that % - Nr -1 > L 50, so we can conclude that:

p
T(P(), r(')’ Qt) < T7

if # > 0 is small enough.
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5.9 Investigation on the validity of T = inf 4, K(N, p(x))~!

In this section we find conditions on the exponents p(x) and r(x) that ensure the validity of
T = inf,c A K(N, p(x))‘l. This fact, as in the Sobolev immersion case, plays a crucial role in
order to find local condition for the existence of extremals for T(p(-), r(-), Q, ).

We begin with a Lemma that is a refinement of the asymptotic expansions found in the proof
of Lemma since we obtain uniform convergence for bounded sets of W!'?¥(Q). Though
this lemma can be proved for variable exponents, we choose to prove it in the constant exponent
case since this will be enough for our purposes and simplifies the arguments.

In order to prove the Lemma, we use the so-called Fermi coordinates in a neighborhood of
some point xy € 0Q. Roughly speaking the Fermi coordinates around xy € 0L is to describe
x € Qby (v,7) with y € R¥=! # > 0 and y are the coordinates in a local chart of 9Q and ¢ is the
distance to the boundary along the inward unit normal vector. See Definition[A.6|and Lemma
in the Appendix for a description of the Fermi coordinates for C? open sets in RV.

Lemma 5.21. Let 1 < p < N be a constant exponent and let u be a smooth function on Q. Then,
there holds

lully. 5,y = & 7 (1 + o(Wllel,,_yrgrys
llutllp, B, (xo)n@ = er(l+ oM)llagll, yrry-

Vil .o = & 7 (1 + 0C(D)IVEI], yozs,
where V is the unit ball transformed under the Fermi coordinates, o(1) is uniform in u for u
bounded in WHP(Q), i (y) = ii(ey) and it is u read in Fermi coordinates.
Proof. If we denote by ®(y, ) the change of variables from Fermi coordinates to Euclidian
coordinates, then, from Lemma we have

JO =1+ 0(e) in Bg(x9) N Q,
where J® is the Jacobian of @,
Joo® =1+ 0(e) in Bg(xp) N 0Q2,
where Jyo® is the tangential Jacobian of ® and
IViig| = (1 + O(€)|Vul
with O(g) uniform in u.
For a more comprehensive study of the Fermi coordinates see [19] and the book [34].

Now, we simply compute

f mww=f 70, 0P (1 + 0e)) dy
B:(x0)NIQ (& V)NIRY

= "1+ 0(e)) f lit:(y, 0)I"* dy.
VNIRY



Existence of extremals for Sobolev Embeddings

In the same way,

f [Vul? dx = f [Vay)IP(1 + O(e)) dy
B (x0)NIQ (& V)NARY

=&VP(1 + O(e)) Vi) dy
VNIRY
and
f l? dx = f EOP (1 + ) dy
B (x0)NoQ (&-V)NIRY
=&(1 + 0(e)) lii=))IP dy.
VNoRY

This completes the proof. O

Now we can prove the main result of the section

Theorem 5.22. Let p € P(Q) and r € P(0LQ) be as in Theorem Assume that xy € Ar is a
local minimum of p(x) and a local maximum of r(x). Then

Ty = KN, p(xo)™".

Proof. From the proof of Theorem , it follows that Txo < K(N, p(xo))‘l.

Let us see that if xq is a local minimum of p(x) and a local maximum of r(x) then the reverse
inequality holds. Let us call p = p(xg) and then p.. = r(xp).

. y . . . 1 _ 1 1 .
Since p(x) > p, by Young’s inequality with 5= 50 T s Ve obtain

f ul? + [Vul? dx < £ f ulP® + VulP® dx + 22 |B,|
Q. Pe JO, Sg
where p, = supg_p(x).
It then follows that
Il < (14 0(D)p1peo0, (A7 w) + O(E).
So, for any ¢ > 0, taking A = [{ully p(x),0, + 6 We obtain

lleell1,p 0. < Nleally p.0. + 0, (5.20)

if £ is small, depending only on §.

Arguing in much the same way, we obtain

lullro.00, < llullp. o0, + 6, (5.21)

for & is small, depending only on 6.
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Now, by (5.20) and (5.21]) it follows that

lleall1,px).02 S [lzell1,p, 00,
el -oo.00. — lullp, o0,

O(p(), r(-), Q) (u) = +0(0).

Finally, by Lemma [5.21] we get

IVitg|, gy

O(p(), (), Qe)(u) 2 +o(1) + 0() = KN, p)~" + o(1) + 0().

Hﬁs”p*,vr\aRﬁ’

So, taking infimum in u € Wllp @(Q,), e — 0 and § — 0 we obtain the desired result. m]

5.10 Local conditions for the validity of 7(p(-), r(-),Q) < T

In this section we find local conditions to ensure the validity of T(p(-), (-), 2,T) < T, and so the
existence of an extremal for 7' (p(-), r(:), Q,T).

We assume, to begin with, that there exists a point xy € Az such that T = TXO. Moreover, this
critical point xg is assume to be a local minimum of p(x) and a local maximum of g(x), so by
Theorem [5.22] we obtain that 7 = T, = K(N, p(x))~".

The idea, then, is similar to the one used in Section[5.6] We estimate T'(p(-), (-), Q,T’) evalu-
ating the corresponding Rayleigh quotient Q(p(-), ¢(+), Q) in a properly rescaled function of the
extremal for K(N, p(xo))~".

A fine asymptotic analysis of the Rayleigh quotient with respect to the scaling parameter will
yield the desired result.

Hence the main result of the section reads
Theorem 5.23. Let p € P(Q) and r € P(OQ) be C* and that p* < r~. Assume that there exists

xo € Ar such that T = TXO and that xq is a local minimum of p(x) and a local maximum of r(x).
Moreover, assume that either 0;p(xo) > 0 or H(xgp) > 0.

Then the strict inequality holds

T(p(),q(), QD) <T

and therefore, there exists an extremal for T (p(-), q(-), Q,T).

Proof. The proof is an immediate consequence of Propositions [A.8] and of the Ap-
pendix. In fact, without loss of generality we can assume that xyp = 0, denote p(0) = p and
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assume first that 9;p(0) > 0. Then

) Dé (1 + l%oslns+ o(alns))
T(p(),q(-),Q,T) < O(p(-), q(-), Q)(ue) =

T -
A (14 A e + ol no)

by
1+ pDoslne+0(slns)

= RN, p)~' —— :
1+2Le2lne+o(s?2lne)
P*Ao

The proof will be finished if we show that

Dy
1+ pDoslns+0(slns) -

AA glne+o(elne)

pAo

1+

or, equivalently,

D A
—_]+o(1)< L g+ o(e).
pDo P«Ao

But this former inequality holds, since D < 0 and Dy > 0.

The case where 9;p(0) = 0 and H > 0 is analogous.
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Existence results for critical elliptic equations with
compact perturbations

In this chapter we begin our analysis of critical elliptic equations when the (nonlinear) elliptic
operator is the p(x)—Laplacian. That is, we will study the existence problem for the elliptic
equation

= Apou = f(x,u), inQ, (6.1)

complemented with some boundary conditions (in this chapter will be Dirichlet, but see next
chapter).

By critical we mean that the source term f(x, ) has critical growth in the sense of the Sobolev
embedding, i.e.

0 1
¢ <timinf 250 < fimsup L0 o
o tPT)-1

e

C, (6.2)

11—

for some constants 0 < ¢ < C < oo.

Observe that this problem is variational in the sense that weak solutions to (6.1)) are critical
points of the associated funcional

(x)
T(u):f [Vul? dx—fF(x,u)dx,
o P Q

where F(x, 1) = fot f(x, s)ds and that, from (6.2)), ¥ is a well defined functional in the Sobolev
space whre(Q).

The main tool that we employ in order to find critical points for F is the Mountain Pass
Theorem that was described in Chapter [3] Theorem The Mountain pass theorem has two
types of hypotheses, geometrical and topological. Under fairly general conditions on f(x, ?) it
can be checked that the geometrical hypotheses are satisfied. The topological hypotheses, i.e.
the Palais—Smale condition, Definition requires the mapping

u— f F(x,u)dx
Q
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to be compact. When F(x, f) is subcritical, the compactness of the Sobolev embedding yields
the desired result, but when one is working in the critical range this point becomes a delicate
matter.

It is well known since the work of PohoZaev [46]] that in the constant exponent case p(x) = p
and for the pure power critical source f(x, ) = ||’ ~*t solutions to with Dirichlet boundary
conditions do not exist, if the domain € is starshaped with respect to some point.

In order to obtain existence of solutions to the critical equation in the constant exponent case,
one need to perform some sort of perturbations. In this direction, we point out the seminal
works of [5, O] where the authors perturbed the equation studied by PohoZaev and obtain local
conditions that ensure the existence of solutions.

Later on, we like to mention the work of Garcia-Azorero and Peral [33] where the authors
considered problem (6.2]) with constant exponent p(x) = p and a source of the form f(x,7) =
|t|P"~2¢ + A|#]972¢ with g subcritical. Then by choosing A large, or small (depending on the g being
smaller or larger that p), the authors obtained the existence of nontrivial solutions.

In all the above mentioned works, the general approach to the problem is similar. It is proved
that the functional ¥ satisfies the Palais—Smale condition below a certain energy level ¢* (that
can be computed explicitly in terms of the Sobolev constants) and then prove that if the pertur-
bation is chosen properly, then there exists a Palais—Smale sequence with energy below c*.

Let us also point out that related existence results for problems like (6.1) with critical growth
were obtained independently by Fu in [32]]. In that paper the author considered a source of the
form f(x,u) = a(x)ulP" @2y + Ag(x,u) where g(x,1) ~ [t/"®~2; with r(x) subcritical. Under
these assumptions the author obtains existence of a nontrivial weak solution for positive and
small enough a(x) and for every 4 > 0. No multiplicity results were obtained.

In this chapter, we follow the approach of [33] and extend those results to the variable expo-
nent case.

6.1 Superlinear-like compact perturbation

In this section, we study the existence problem for the following elliptic equation

(6.3)

—Apot = [l 192U + A0 ul™ 2y inQ,
u=0 in 9Q,

where r(x) < p*(x) — g, g(x) £ p*(x) and A = {x € Q: g(x) = p*(x)} # 0.

We define As := U ea(Bs(x) N Q) = {x € Q: dist(x, A) < d} the s—tubular neighborhood of
A.

In this case, the associated functional reads

[Vu|P g2 ||
= —_— = - A dx.
7w fg o am w
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We assume in this section that the compact perturbation term A(x)|u| ™2

ie. pt<r.

u is superlinear—like,

For this problem we can prove

Theorem 6.1. Assume that p,q,r € P(Q) are continuous and that p(x) and q(x) verify the
hypotheses of Theorem Assume moreover that p* < r~ < r(x) < g(x) < p*(x) with
A={xeQ: g(x) = p*(x)} #0.

Then, there exists Ao > 0 depending only on p,q,r, N and Q, such that if

inf A(x) > g for some § > 0,
XEAs

problem has at least one nontrivial solution in Wé’p “(Q).

We begin by proving the Palais-Smale condition for the functional 7, below certain level of
energy.

Lemma 6.2. Assume that r < q. Let {u} jen C W(;’p (x)(Q) a Palais-Smale sequence then {u;}jen
is bounded in Wé’p (X)(Q).
Proof. By definition
Fuj) - c and F'(uj) — 0.

Now, we have

L, L,

12 Fup) = Fu)) = —(F (w)oug) + —(F"(w)),uj),

r— r—

where
(F'(uj),uj) = f IV P9 — 99 — Ju ™ dx.
Q

Then, if (x) < g(x) we conclude

1 1 1
cilx (— - _) f Va7 doe = = (), )l
5 _

p+ r—

We can assume that [[Vujl|,)q > 1, if not the sequence is bounded. As IIT’(MJ-)IIW_W(Q) is
bounded we have that

11 ~ C
c+1> (p_+ - I’_—) ||Vuj”p(x)’g - r__HVMj”P(X)’Q'

We deduce that u; is bounded.

This finishes the proof. O
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From the fact that {u;} jav is a Palais-Smale sequence it follows, by Lemma @, that {u} jen is
bounded in Wé P9 Q). Hence, by Theorem we have

10 = v = W + Y visy, v >0, (6.4)
i€l
Va P = > (VulP® + 3 oy, i > 0, (6.5)
i€l
Sv;/p*(xl') < ,u;/P(xi)‘ (6.6)

Note that if / = 0, we have that ||ulyx.0 — [l#jll4x),0 and we know that LID(Q) is uniformly
convex then u; — u strongly in L™ (Q). We know that {x;};e; C A.

Let us show that if ¢ < (# - %)E N and {u i}jen 1s a Palais-Smale sequence, with energy
A
level ¢, then I = (.

In fact, suppose that / # 0. Then let ¢ € Cy*(R") with support in the unit ball of RV. Consider
the rescaled functions ¢;.(x) = ¢(=2).

As F'(uj) — 0 in (Wy"(Q), we obtain that
jli_{g(?dl(uj), dicuj) = 0.
On the other hand,
(F'(u)), $icuj) = fg Vi P2V (i ot ) = A0 i e — |19 ;.0 dx

Then, passing to the limit as j — co, we get

0 = lim ( fg IV P2V V(i e u dx)

J—)OO

+ f e dp — f iedv — f A0l . dx.
Q Q Q

By Holder inequality, it is easy to check that

lim fg IV ;PO 2V V(i o )uj dx = 0.

j—ooo

On the other hand,

lim f biedu = i (0), lim f Biedv =vip(0).
=0 Jo >0 Jo

and
lim f A" ™ ¢; o dx = 0.
e—0 Q
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So, we conclude that (u; — v;)¢(0) = 0, i.e, u; = v;. Then,

SNVil/p*(xz') < VI_I/P(XI')’

so it is clear that v; = 0 or SV < v;.

On the other hand, as r~ > p™,

1
¢ =1lim F(u;) = im F(u;) — —(F'(u;), u;)
Jj—oo Jjooo p+t

11 11
=lm | {————]|Vu, I”(")dx+f(———)|u-lq°‘)dx
joe (p(X) p+) a\pt g/
11
af(———)mjr(x)dx
a\p+ r(x)

1 1
Zlimf(———)lujlq(x)dx
e Jo\pt q(x)

1
> lim — — —— |99 dx
joeo (p+ q(x)) /
1
> hm _—— — |uj|q(x) dx
e Ja \ Pt dg,
But
1 1 1 1
lim [——T]lu,-rf(”dw — - — f W7 dx+ > v
e Ja\PT 4, Pt g, jel
1 1
2l—==—=1V
Pt 44,
> i—é SN
Pt 4g,

Therefore, if

the index set / is empty.

Now we are ready to prove the Palais-Smale condition below level c.
Theorem 6.3. Let {u;}jen C Wé’p (x)(Q) be a Palais-Smale sequence, with energy level c. If
c < (p%r - é)SN , then there exist u € Wé’p OC)(Q) and {uj bken C {uj}jen a subsequence such
that uj, — u strongly in Wé’p (x)(Q).
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Proof. We have that {u;} jeiy is bounded. Then, for a subsequence that we still denote {u;} e,
u; — u strongly in LI9(Q). We define F'(u;) := ¢;. By the Palais-Smale condition, with
energy level ¢, we have ¢; — O in (Wé’p (x)(Q))’.

By definition (' (u), z) = (¢;,2) for all z € W, "V(Q), i.e,

f|Vuj|p(x)‘2Vuszdx—fIujl"(")_zujzdx—f/l(x)lujlr(x)_Zujzdx:<¢j,z).
Q Q Q

Then, u; is a weak solution of the following equation.

{_Ap(x)uj = |Mj|‘1(x)—2uj + /l(x)|uj|r(x)—2uj + ¢j =: fj in Q, ©67)

u;j=0 on 0L

We define T : (Wé’p (x)(Q))’ - Wé’p (x)(Q), T(f) := u where u is the weak solution of the follow-
ing equation.

{—Ap(x)u =f inQ ©5)

u=20 on 0Q.
Then it is easily seen, analogous to the constant case, that 7" is a continuous invertible operator.

To finish the proof, it is sufficient to show that f; converges in (Wé’p (x)(Q))’. We only need to
prove that |u jlq(x)‘zu i [u|4D~2y strongly in (Wé’p (x)(Q))’.

In fact,
-2 -2 -2 -2
QU2 2,0 = [ 2= 0 d
Q
-2 -2
< IWllgeo.all (720 = 12wl .0
Therefore,
1702 = 1l 1oy = SUP f (o120 = ul® 02wy dx
0 ,,,Ewé,m(m Q
||l//HWéA,p(X)(Q)=1

IA

-2 -2
(12t /19972 = w2 w)ly (0.0

and now, by 4.5 we kwow that
f (7920 — [l 10207 dx = f g 17021 dlx — f D20l dx + o(1)
Q Q Q
= f |uj|q(x) dx — f )7 dx + o(1)
Q Q
= f luj — ul?™ dx + o(1)
Q

this last term goes to zero as j — oo because u; — u strongly in LIO(Q).

The proof is finished. o
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We are now in position to prove Theorem [6.1]

Proof of Theorem[6.1l In view of the previous result, we seek for critical values below level
c. For that purpose, we want to use the Mountain Pass Theorem. Hence we have to check the
following condition:

1. There exist constants R, r > 0 such that when [|ul|; y).q = R, then F (u) > r.
2. There exist vo € WHPX(Q) such that F(vg) < r.
Let us first check (1). We suppose that [||Vul| ,x,o < 1 and [jul|y,0 < 1. The other cases can be

treated similarly.

By Poincaré inequality (Proposition 4.5) we have,

[Vu|PO  |ua™ ||
- - A(x) dx
o p(x) g r(x)
1 1 Ao
> f |Vu|”(x)dx—— f 9 g — ke f ul™™ dx
r= Ja
II/lIIoo
2 _“Vu”p(x)g || ”q(x)g ||M||r(x)g
|| Iloo
2 _”V ”p(x)Q ||V Hp(x)Q ||V |p(x)Q

Let g(¢) = p%tp* - qi_t‘l‘ - ”f#t", then it is easy to check that g(R) > r for some R, r > 0. This
proves (1).

Now (2) is immediate as for a fixed w € Wé’p (x)(Q) we have

tlim Fw) = —

Now the candidate for critical value according to the Mountain Pass Theorem is

¢ = inf sup F(g(1)),
8€C 4e[0,1]

where C = {g : [0,1] — Wé’p(x)(Q): g continuous and g(0) = 0, g(1) = vg}.

We will show that, if infc 4, A(x) is big enough for some ¢ > 0 then ¢ < (1% - q%) S and so
A

the local Palais-Smale condition (Theorem [6.3) can be applied.
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We fix w € W(;’p @ (Q). Then, if f < 1 we have
(x () r(x)
F(tw) < f tP(X)M 14 X)|W|q — A0t f(x)l | * dx
Q
I
< — f IVwlP™ dx — — f AW dx
-
= [
<— f IVwlP® dx — — | A)w|"™ dx
p— r+ Jas
I
<— f VP dx — f (inf A(x))lw|"™ dx
pP— Jo r+ As XEAs
We define g(¢) := %al — (inf e, ﬂ(x))§a3, where a; and a, are given by a; = |||Vw|p(x)||1,g

and a3 = [|IwI"™l; gz,
1

m)rwf. So, we conclude that there exists
xess

Ao > 0 such that if (infye#, A(x)) > Ao then

The maximum of g is attained at ¢, = (

F(tw) < (L - L)SN

Pt 4z

This finishes the proof. O

Remark 6.4. Observe that if A(x) is continuous it suffices to assume that A(x) is large in the
criticality set A.

6.2 Sublinear-like compact perturbation

In this section we study the existence problem for but now the compact perturbation is
assumed to be sublinear-like, i.e. r* < p_.

With this hypothesis we prove
Theorem 6.5. Let p, q,r € P(Q) be continuous such that p(x) and q(x) verify the hypotheses of

Theorem .1} Moreover, assume that r* < p~ < p* < ¢~ < p*(x) with A := {x € Q: q(x) =
pr(x)} #0.

Then, there exists a constant A1 > 0 depending only on p,q,r,N and Q such that if A(x)
verifies 0 < infyeq A(x) < ||l < A1, then there exists infinitely many solutions to in
WI’P(X)(Q)

0 .

In order to prove Theorem|[6.5] we begin by checking the Palais—Smale condition for this case.

Lemma 6.6. Let {u;};cn C Wé’p (x)(Q) be a Palais-Smale sequence for ¥ then {u;} jen is bounded.
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Proof. Let {u;}jen C W(;’p @(Q) be a Palais-Smale sequence, that is
Fuj)—c and F'(u;)— 0.
Therefore there exists a sequence £; — 0 such that
I (up)wl < &119Wll .0 for all w € Wy P ().

Now we have,

1 1
c+12>F(uj) - q—_T'(uj)uj + q—_?'(uj)uj

1 1 A A 1
> (—+ - —_)f IV 1P dx + f (@ - @) lu I dx + —F (uj)u;
P4 )Ja o\ 4 r q

We can assume that |[Vu ||, o > 1. Then we have, by Propositionand by Poincaré inequal-
ity,

1 1 - 1 1 + 1
- _ 1P — _ A" _ ) .
c+1 Z(p+ q—)HVMJHp(x),Q + ”/l”oo(q_ r_)””j”,f(x)’g q_”vuj”p(x),Qsj

11 - 11 - 1
> (1; - q—_) Vil o + llleo (q—_ - —)CIIVujII,,(x),Q - q—_IIVuj||p<x>,Q

r—

from where it follows that [|[Vu || ,x),o is bounded (recall that pt<q andrt < p7). O

Let {u;}jen be a Palais-Smale sequence for ¥ . Therefore, by the previous Lemma, it follows
that {uj} e is bounded in W, 7™ (<).

Then, by Theorem we can assume that there exist two measures u, v and a function u €
W,y P(Q) such that

. 1
uj— u weakly in W, @),
|Vu jlp(") — > | VulP® 4 Z iy,  weakly in the sense of measures,
iel
|u jl‘I(x) —y = [uf 4+ Z Viby, weakly in the sense of measures,

i€l
G, 1/p(x) 1/p(xi)
Svl.px </Jl.px.

As before, assume that I # (. Now the proof follows exactly as in the previous case, until we

get to
11 1 1), 11
cx|l—-—| | W@dx+|—-—|5" +|llwn|—-—] [ 1u™ dx.
+ - + - : + -
Pt a7 ) Ja Pt g pt ) Ja
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Applying now Hoélder inequality, we find

1 1 1 1)~
cz(—+——_)flulq(x)dx+(—+——_)SN
p q Q p q
VoY) e e
+ | Ac0,02 P et gy /() 2l €2 =7

If |y /rv.0 = 1, we have

2 el @D o+ e = Illsacallt lly o
so, if fi(x) := cyx\am= — [l 0c2x, this function reaches its absolute minimum at xp =
( g )Wi—_l
ci(q/r)” ’

On the other hand, if || ™||4(x)/rx.0 < 1, then

N
ez el @I o+ e = Illsacallullyro.0;
so, if fo(x) = cyxam® - [A]lo.0c2x, this function reaches its absolute minimum at xy =
( [[lco.2€2 ) (q/r)1+—l
ci(q/r* ’

Then, we obtain

1 1 v (@/r)” 1 (q/rj’1
c2 (— . —_)S + Kmin{ 192 7, 1417
pt q

which contradicts our hypothesis.
Therefore I = 0 and so u; — u strongly in LY9(Q).

With these preliminaries the Palais-Smale condition can now be easily checked.

Lemma 6.7. Let (uj) C Wé’p (x)(Q) be a Palais-Smale sequence for ¥, with energy level c.

There exists a constant K depending only on p,q,r and Q such that, if ¢ < (p%r - qi_)g N4
G/~ (g/n*
K min ||/l||<"/') B ||/l||("/r) '3, then there exists a subsequence {uj dken C {uj}jen that converges

strongly in Wé P <x)(Q).

Proof. At this point, the proof follows by the continuity of the solution operator as in Theorem
6.3] ]

Assume now that [|Vul|,v) o < 1. Then, applying Poincaré inequality, we have
|| - ”‘”Qu I
P.Q q0).Q r(x),Q

, MWsaC oo
|| lll 0 = TVl = 11Vl ),

F (u) > IIVuII

1
= _+”Vl't”p(x) Q-
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where Ji(x) = >F Lt qC,xq

As Jj attains a local, but not a global, minimum (J; is not bounded below), we have to perform
some sort of truncation. To this end let xy, x; be such that m < xy < M < x; where m is the
local minimum and M is the local maximum of J; and J;(x;) > J;(m). For these values xy and
x1 we can choose a smooth function 71(x) such that 7;(x) = 1 if x < x¢, 71(x) = 0if x > x; and
0<ti(x) < 1.

M“fﬂc " . We recall that p* < g~ and r~ <r* < p~ < p*.

If ||Vull pry,@ > 1, we argue similarly and obtain

|0, C

F(u) 2 —||VM|| ||VM||p(x)Q —||V ||p(x)g = o(llVullpo.0)

p.Q

where Jo(x) = 7 Ly — Cxa" lM”‘” o€ " As in the previous case, J; attains a local but not a

global minimum. So let xg, x; be such that m < x9 < M < x; where m is the local minimum
of j and M is the local maximum of J, and J>(x;) > J>(m). For these values x¢ and x; we can
choose a smooth function 7,(x) with the same properties as 7. Finally, we define

o) = {n(x) ifx<1

T(x) ifx> 1.

Next, let ¢(u) = 7(||Vull ,r),0) and define the truncated functional as follows

- |Vu|P) |04 f AX) o
= dx — d " dx
TW= 0 P ) a0 ()' “

Now we state a Lemma that contains the main properties of 7.

Lemma 6.8. ¥ is C!, if F(u) < 0 then ||Vull p0.0Q < Xo and F(v) = F(v) for every v close
enough to u. Moreover there exists 11 > 0 such that if 0 < |||l < A1 then F satisfies a local
Palais-Smale condition for ¢ < 0.

Proof. We only have to check the local Palais-Smale condition. Observe that every Palais-Smale

sequence for F with energy level ¢ < 0 must be bounded, therefore by Lemma if A verifies
(g/n~ g/t

0< (p ) SN+ K min {ll/lll a1 ||/l|| ("W ! }, then there exists a convergent subsequence O

The following Lemma gives the final ingredients needed in the proof.

Lemma 6.9. For every n € N there exists € > 0 such that
YF ) >n

where F ¢ = {u € W(;’p D(Q): F(u) < —&} and y is the Krasnoselskii genus.
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Proof. LetE, C W(;’p (x)(Q) be a n-dimensional subspace. Hence we have, for u € E, such that
IVullp.0 = 1,

(x) (x)
Fwy = [ NN [y ax f Ax )|z I gy
o p) a q(x)

V(t p(x) 4™
Sf|(uz| fll () dx — f ()Vlr(x)d
Q P
Ift < 1, then

i 7 VU £ o fea () -
F(tu) < f L f T g - f infic0 A ) g
Q p Q 9 Q re

L t
= ; - —an — 12}; /l(x)__,_bn,
where
a, = inf | f " dx: u € Ey, [IVullpo.0 = 1}
Q
and

b, = inf{f "™ dx: u € Ey. |[Vullp.a = 1}.
Q

Now,we have

+ +

F(tu) < i inf A( )t by < v inf A( )tr b
U)< — — —a—1 X)—bp < — —1 X)—
T pT g x€Q rt P xeQ "

Observe that a, > 0 and b, > 0 because E,, is finite dimensional. As r* < p~ and r < 1 we
obtain that there exists positive constants p and & such that

F(ou) < —& foru € E,, IVullpo. = 1.

Therefore, if we set S, = {u € E,, : ||ul| = p}, we have that S ,,, C # ~¢. Hence by monotonicity
of the genus

YF ) 2 ¥(Spn) =n

as we wanted to show. m]

The proof of Theorem[6.5]now follows exactly as in that of [33] using Lemma[6.9]and Theo-
rem[3.23]

Proof of Theorem[6.3] We denote J ¢ = {u € Wé’p @(Q) : J(u) < —&}. By Lemma for every
k € N, there exists € > 0 such that y(J7%) > k.

Since J is continuous and even, J ¢ € X;; then C; < —¢ < 0, for every k € N. But J is
bounded from bellow; hence, ¢, > —ocoVk.

Let us assume that ¢ = ¢x = -+ = ¢4, S0, applying Theorem we obtain y(K.) > r and
by Remark [3.24] the proof is finished. i
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6.3 Multiplicity result

In the preceding section we obtained a multiplicity result for (6.3)) (with a sublinear—like pertur-
bation). That multiplicity result relied heavily on the oddness of the source f(x,t). The oddness
of f implies that the associated functional ¥ is even and therefore there exists a whole machinery
for even functionals that can be applied in order to obtain de existence of multiple solutions.

Without the oddness assumption, multiplicity result are in general harder to obtain and this is
the goal of this section.

So, here, we consider (6.1)) complemented with Dirichlet boundary conditions, with a source
term given by
1) = 147972 + Ag(x, 1),

where g is subcritical, but g is not assumed to be odd. i.e., we consider

(6.9)

—Apyut = |92y + Ag(x,u) in Q
u=0 onodQ,

where Q is a bounded smooth domain in R", g(x) is critical in the sense that A = {g(x) =
p*(x)} # 0, A is a positive parameter and the perturbation g is subcritical with some precise
assumptions that we state below.

This problem with constant exponents was analized in [12]. In that paper, the authors proves
the existence of at least three nontrivial solutions for (6.9) , one positive, one negative and one
that changes sign, under adequate assumptions on the source term g and the parameter A.

The method in the proof used in [12]] consists of restricting the functional associated to (6.9)) to
three different Banach manifolds, one consisting of positive functions, one consisting of negative
functions and the third one consisting of sign-changing functions, all of them under a normal-
ization condition. Then, by means of a suitable version of the Mountain Pass Theorem due to
Schwartz [50] and the concentration-compactness principle of P.L. Lions [37] the authors can
prove the existence of a critical point of each restricted functional and, finally, the authors were
able to prove that critical points of each restricted functional are critical points of the unrestricted
one.

This method was introduced by M. Struwe [52] where the subcritical case (in the sense of
the Sobolev embeddigs) for the p—Laplacian was treated. A related result for the p—Laplacian
under nonlinear boundary condition can be found in [24]]. Also, a similar problem in the case of
the p(x)—Laplacian, but with subcritical nonlinearities was analyzed in [39]].

In all the above mentioned works, the main feature on the perturbation g is that no oddness
condition is imposed.

The precise assumptions on the perturbation g are as follows:

(G1) g: QxR — R, is a measurable function with respect to the first argument and continuously
differentiable with respect to the second argument for almost every x € Q. Moreover,
g(x,0) = 0 for every x € Q.
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(G2) There exist constants ¢; > 1/(g" = 1), ¢2 € (p*,¢7), 0 < ¢3 < c4, such that for any
ueLi9Q)and p~ < pt <r <rt<q <q".

c3prn(u) <o fg G(x,u)dx < fQ g(x,u)udx

< €1 Joy u(x wu? dx < capyi(u)

Remark 6.10. Observe that this set of hypotheses on the nonlinear term g are similar than the
ones considered by [12].

Remark 6.11. We exhibit now one example of nonlinearities that fulfills all of our hypotheses.
g(x, 1) = "™ 2u + (uy)* ™71, if s(x) < r(x), g~ —1 > s~ > p*. Hypotheses (G1)~(G2) are
clearly satisfied.

More precisely, the main result said that:

Theorem 6.12. Let p,q,r € P(Q) be such that p and q verify the hypotheses of Theorem
Under assumptions (G1)—(G?2), there exists A* > 0 depending only on N, p,q and the constant
c3 in (G2), such that for every A > A*, there exist three different, nontrivial, solutions to problem
@]}. Moreover these solutions are, one positive, one negative and the other one has non-
constant sign.

The proof uses the same approach as in [52]. That is, we will construct three disjoint sets
K; # 0 not containing 0 such that # has a critical point in K;. These sets will be subsets of
C'—manifolds M; ¢ W'P™(Q) that will be constructed by imposing a sign restriction and a
normalizing condition.

In fact, let
T = f TV — e gy,
Q

M, = {u e Wy P(Q: f uy dx > 0and J(uy) = f Ag(x, wyus dx},
Q Q

M, = {u e Wy P(Q: f u_dx>0and J(u_) = - f Ag(x, wu- dx},
o) o)
Mz =M N M.
where u; = max{u, 0}, u_ = max{—u, 0} are the positive and negative parts of u. We define

Ki={ueM;|u>0j},
K> ={ue My |u<0},
K3 = M3.

First, we need a Lemma to show that these sets are nonempty and, moreover, give some
properties that will be useful in the proof of the result.



Existence results for critical elliptic equations with compact perturbations

Lemma 6.13. For every wy € W(;’p (x)(Q), wo > 0 (wg < 0), there exists t; > 0 such that

. . 1

tywg € Mi(e€ M). Moreover, lim oty = 0. As a consequence, given wy,w; € Wo’p (x)(Q),
wo > 0, wy < 0, with disjoint supports, there exists ty,t; > 0 such that tywo + t,w; € M3.
Moreover 1_/1,2/1 —0as A — oo

Proof. We prove the lemma for M1, the other cases being similar. For w € W(;’p (x)(Q), w >0,
we consider the functional

1) = f VWP — [l — Ag(x, whw dx.
Q

Given wg > 0, in order to prove the lemma, we must show that ¢(f,wo) = 0 for some #; > 0.
Using hypothesis (G2), if ¢ < 1, we have that:

@1(two) = At?” — Bt7 — desCt”

and
@1(twg) < AP — B4 — Ac3Ct”,

where the coefficients A, B and C are given by:

A= f [VwolPP dx, B= f woli® dx, C = f Iwol™® dx.
Q Q Q

Since p~ < p* < r < rt < ¢ < g" it follows that ¢;(twp) is positive for ¢ small enough,
and negative for 7 big enough. Hence, by Bolzano’s theorem, there exists some ¢ = ¢, such that
@1(tju) = 0. (This #, need not to be unique, but this does not matter for our purposes).
In order to give an upper bound for ¢, it is enough to find some #;, such that ¢;(¢t;wp) < 0.
We observe that:
@1(two) < max{At’ — AcsCt™ ;AP — desCt )

so it is enough to choose 1 such that max{Atf_ - /103C1’+;Atf —Ac3Cr 1 =0, ie.,

. A 1/(r*-p7) . A 1/(r~=p*)
= T =|— .
TS o=\ Gac

Hence, again by Bolzano’s theorem, we can choose £, € [0, t;], which implies that t; — 0 as
A — +oo. O

Lemma 6.14. There exists C,Cy > 0 depending on p(x) and on c, such that, for every u € K;,
i=1,2,3, we have

f |Vu|”(x)dx:(/l f g(x, wyudx + f Iulq(x)dx)sClT(u)SCZ ( f IVulp(")dx).
Q Q Q Q
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Proof. The equality is clear since u € K;. Now, by (G2), G(x,u) > 0; so

T = Jo piVulr = g5ll®® — G (x,u) dx
< pi fg |VulP™ dx.

To prove the final inequality, we proceed as follows. Using the norming condition of K; and
hypothesis (G2):

F(u) = f iwuv’“‘) - L|u|q<x> — AG(x, u) dx
o p(x) q(x)

1 1 1
> (_+ _ __)f |u|q(x) dx + /lf (—+g(x, wu — G(x, u)) dx
p q Q Q\p

1 1 1 1
> (_+ _ __)f |7 dx + (_+ - —)Af g(x, wudx.
p q Q p 2 Q

(Recall that g~ > p*). This finishes the proof. O

Lemma 6.15. There exists ¢ > 0 such that

IVuillpm,o =c¢ YueK, (6.10)
Vu_lpwa >c Yu €K, 6.11)
Vuillp.o, IVu-llpa =c YueKs. (6.12)

Proof. Suppose that |[Vu.||,x),0 < 1. By the definition of K;,by (G2) and the Poincaré inequality
we have that

IViell? ) o < Ppen (Vi) = f Ag(x, W + |ux]?™ dx
o

< Cpri(ue) + paeouz) < Cllually o + Nl o

< cllVuslly g o + c2llVusll?, ) o

As p™ <r~ < ¢, this finishes the proof. m]

The following lemma describes the properties of the manifolds M;.

Lemma 6.16. M; is a C! sub-manifold of Wé’p (x)(Q) of co-dimension 1 (i = 1,2), 2 (i = 3)
respectively. The sets K; are complete. Moreover, for every u € M; we have the direct decompo-
sition

Wé’p(x)(Q) =T,M; ® span{u,,u_},
where T,,M is the tangent space at u of the Banach manifold M. Finally, the projection onto the
first component in this decomposition is uniformly continuous on bounded sets of M;.
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Proof. Let us denote

My ={ue Wy"(Q): [ju,dx >0},
My = {ue WyP(Q): [Lu_dx>0},
M3 = Ml N M2.

Observe that M; C M;. The set M; is open in Wé’p (x)(Q). Therefore it is enough to prove that M;
is a C! sub-manifold of M;. In order to do this, we will construct a C' function i M; — R4
withd =1 (i = 1,2),d = 2 (i = 3) respectively and M; will be the inverse image of a regular
value of ¢;.

In fact, we define: For u € M,

@1(u) = f IV [P — Jus |19 — Ag(x, ) dx.
Q

For u € M5,
@a(u) = f IVu_ [P — |u_ | — Ag(x, u)u_ dx.
Q

For u € M3,
w3(u) = (1(u), p2(u)).

Obviously, we have M; = (,ol.‘] (0). From standard arguments (see [[15], or the appendix of [47]),
;i is of class C!. Therefore, we only need to show that 0 is a regular value for ¢;. To this end we
compute, for u € My,

(Vor1(u),usy < p pp(Vuy) — g pg(uy) — A f g0, Wy — gu(x, Wyl dx
Q
<q (pp(Vu+) - pq(u+)) -4 fg g(x, . — gu(x, wyu dx
<(@gA1-2) f g(x, wu dx — f gu(x, u)u%r dx.
o) Q
By (G2) the last term is bounded by
_ A _ 1
(G A=-2==) | gtewusdx={q" = 1= =] (pp(Vits) = pgo(us))
1 Ja 1
_ 1
< (q -1- _)pp(x)(vu+)-
C1

Recall that ¢; < 1/(g~ — 1). Now, the last term is strictly negative by Lemma Therefore,
M, is a C' sub-manifold of Wé’p (x)(Q). The exact same argument applies to M. Since trivially

(Vo1 (), u-) = (Vo (u), us) =0

for u € M3, the same conclusion holds for M3.
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To see that K; is complete, let u; be a Cauchy sequence in K;, then u; — u in W(;’p Q).

Moreover, (u)+ — us in W(;’p (x)(Q). Now it is easy to see, by Lemma and by continuity
that u € K.

Finally, by the first part of the proof we have the decomposition
T,W'"PX™(Q) = T,M; ® span{u, }

where My = {u : ¢1(u) = 0} and T,M; = {v : (Vo1 (u),v) = 0}. Now let v € T,W,"() be a
unit tangential vector, then v = v + v, where v, = au; and vi = v — v;. Let us take « as
o~ (Verw.v)
(Veor(u),u)’
With this choice, we have that v € T,M;. Now

(p1(u),v1) =0.

The very same argument to show that T, WHr™(Q) = T,M, & (u_y and T,WHP(Q) = T, M3 &
(us,u_). From these formulas and from the estimates given in the first part of the proof, the
uniform continuity of the projections onto 7, M; follows. O

Now, we need to check the Palais-Smale condition for the functional ¥ restricted to the man-
ifold M;. We begin by proving the Palais-Smale condition for the functional # unrestricted,
below certain level of energy.

Lemma 6.17. Assume that r < q. Let {uj}jen C Wé’p (x)(Q) be a Palais-Smale sequence. Then
{uj} jen is bounded in W(;’p (x)(Q).

Proof. By definition
Fuj) > c and F'(u;) — 0.
Now, we have
1 1
c+1>F () =7F(uj) - C—Z(f/(btj), uj) + g(?/(uj),uj%

where
(F'(uj),uj) = f IV P9 — Ju 99 — Af(x, uj)u;j dx.
Q
Then, if ¢c; < g~ we conclude
1 1 ® 1 ,
c+l1>2|{—-— Vi P dx — —KF " (uj), upl.
pt+ /) Jo (&)
We can assume that [|Vu;|| .0 > 1. As || (u;)|| is bounded we have that

1
c+12(

- C
— — — | IIVu,ll? - —||Vu; .
Dt 62) || j”p(x),g CZH j”p(x),Q

We deduce that u; is bounded. This finishes the proof. O
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From the fact that {u} jiv is a Palais-Smale sequence it follows, by Lemma[6.17] that {u;} jen
is bounded in W&’p ™(Q). Hence, by Theorem we have

99 = v = |ulfD + 3 vidy, vi >0,
Vi [P — > |VulP™ + 3 6y, i > 0,
S Vl/I’ (xl) <M1/p(xl

xi Vi
where {x,‘}iej Cc A.
Note that if / = () then u; — u strongly in LIO(Q). We define ¢, 7 = Inf g g(x).

Let us show that if ¢ < ([% - é)é_’ N and {u j}jen is a Palais-Smale sequence, with energy

level ¢, then I = 0. In fact, suppose that I # (. Then let ¢ € C° (RN) with support in the unit
ball of RY. Consider the rescaled functions ¢; .(x) = ¢( 1), x; € A.

As F'(uj) — 0 in (W " (€)Y, we obtain that
1im (7)), biett) = 0
On the other hand,
T ) ) = [ T G) = A = 1 .

Then, passing to the limit as j — oo, we get

= lim (f |V” |p(x) ZVMJV(¢1 a)u] dx) f¢tedﬂ f¢l€dv— f Af (x, wue; e dx.
J—)OO

By Holder inequality, it is easy to check that
lim fg IV ;PO 2V V(i o )uj dx = 0.

On the other hand,

tim [ duodi =00ty | gy =0
E Q

and

limf Af(x, Wup;dx =0
=0 Jo
So, we conclude that (u; — v;)¢(0) = 0, i.e, u; = v;. Then,

Sy < P,
so it is clear that v; = 0 or SV < v;. On the other hand, we consider the —tubular neighborhood
of A, namely

A = |_JBs(0) N Q).

xeA
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So, as ¢; > p*,
1
¢ =1im F(uy) = lim F(u)) — —(F"(u)),u;)
J—0 J—o p+
1 1 1 1
= lim (— - —) IVujlp(x) dx + f (— - —) Iujl"(x) dx
= Ja\px)  p+ al\p+ g

A
—/lfF(x,u,-)dx+—+ff(x,uj)ujdx
Q ’ P Ja

1 1
> lim (— - —) |u 19 dx
Q

= Ja\pt qx)
> lim — = —— | u|"" dx
oo Jas\p+  q(x)
1 1
> lim — — —|lu;1"™ dx.
meJas\ Pt dag,
But
1 1 1 1
hmf (——T]Wﬂqmdx: — [f |u|q(x)dx+zvi]
jme Jas \ P+ g, Pt Gq, )\JaAs iel
1 1
z|— - — |V
P+ 4y
> L—; SN,
P+ g,

As ¢ > 0 is arbitrary, and ¢ is continuous, we get
c> (L - i_) SN,
Pt 44
Therefore, if
1 1)~
c< (_ - __) 5,
Pt 44
the index set / is empty.
Now we are ready to prove the Palais-Smale condition below level c.

Lemma 6.18. Let {u;}jen C Wé’p (x)(Q) be a Palais-Smale sequence, with energy level c. If

c < (# - é)S'N, then there exist u € Wé’p(x)(Q) and {uj jren C {uj}jen a subsequence such

that uj, — u strongly in Wé’p (x)(Q).

Proof. We have that {u;} jen is bounded. Then, for a subsequence that we still denote {u;} jav,
uj — u strongly in LI9(Q). We define F'(u j) = ¢;. By the Palais-Smale condition, with
energy level ¢, we have ¢; — 0 in (Wé’p @)y
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By definition (F”(u)), 2) = (¢, 2) for all z € Wy "(Q), iLe,

f IV, |P 92V, Vzdx - f Ju 17920 1z dx — f Ag(x, uj)zdx = (¢}, 2).
Q Q Q

Then, u; is a weak solution of the following equation.

{_Apoo”f = ") + Ag(x,u)) + ¢ =: fjin Q, 6.13)

u; =0 on 0Q.

We define T : (Wé”7 (x)(Q))’ - Wé’p (x)(Q), T(f) := u where u is the weak solution of the follow-
ing equation.

(6.14)

—Ap(x)u = f in Q,
u=0 on 0Q2.

Then T is a continuous invertible operator.

It is sufficient to show that f; converges in (Wé’p (x)(Q))’. We only need to prove that
Iujlq(x)‘zuj — u|i2y strongly in (Wé’p(x)(Q))’. In fact,

QU2 20 = [ Q2= 20 d
Q

-2 -2
< Wyl 1792 — 112wy (1 00-

Therefore,
et 120 = ™20l o g, = sup f (ot 19920 = "0y dx
YW, "(Q), IVPlpm0=1Y
-2 -2
< 720 = ")l 0.0
and now, by the Dominated Convergence Theorem this last term goes to zero as j — oo. O

Now, we can prove the Palais-Smale condition for the restricted functional.

Lemma 6.19. The functional F |k, satisfies the Palais-Smale condition for energy level c for
every ¢ < (p% - ql_)SN.
A

Proof. Let {ux} C K; be a Palais-Smale sequence, that is ¥ (uy) is uniformly bounded and
F'|k;(ux) — O strongly. We need to show that there exists a subsequence u; that converges
strongly in K.

Letv; € Wé’p (X)(Q) be a unit vector such that

(F s vy = IF" @l -
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Now, by Lemma[6.16] v; = w; + z; with w; € T, M; and z; € span{(u,)+, (u;)-}.

Since ¥ (u;) is uniformly bounded, by Lemma , uj is uniformly bounded in W(;’p Q)
and hence, by Lemma , w; is uniformly bounded in W(;’p ) (Q). Moreover, by the definition
of the sets K; it follows that (¥ (u;), (u;)*) = 0. Therefore

||7:,(Mj)”(w(;sp(x)(g))r =(F"(uj),v;) = {F |x,(u)), wj) = o(1),

Since w; is uniformly bounded and ¥”[k,(ux) — O strongly. Now the result follows from Lemma

[6.181 o

The following lemma now follows easily.

Lemma 6.20. Let u € K; be a critical point of the restricted functional Fk,. Then u is also a
critical point of the unrestricted functional ¥ and hence a weak solution to (6.9).

Proof. To prove the Theorem, we need to check that the functional F |, verifies the hypotheses
of Ekeland’s Variational Principle, Corollary [3.28] But this follows directly by the construction
of the manifolds K;.

Then, by Corollary [3.28] there exist vy € K; such that

F(vp) = cj = igf?‘~ and (F |k.) (vk) = 0.
We have to check that if we choose A large, we have that ¢; < (# - qi_) SN .. This follows easily
A
from Lemmal6.13] For instance, for ¢1, we have that choose wy > 0, if t; < 1

1 +
1 < Ftawo) < —1th f [VwolP™ dx
p Q

Hence ¢; — 0 as 4 — oo. Moreover, it follows from the estimate of 7, in Lemma [6.13] that

ci < (p%r - qi_)SN for A > A*(p, g, n, c3). The other cases are similar.
A

From Lemma it follows that v, has a convergent subsequence, that we still call vy.

Therefore ¥ has a critical point in K;, i = 1,2, 3 and, by construction, one of them is positive,

other is negative and the last one changes sign. O
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Existence results for critical elliptic equations via local
conditions

In this final chapter, we continue with our study of existence of solutions for critical equations,
in the sense of the Sobolev embeddings, when the elliptic operator is the p(x)—laplacian.

As we discuss in the former chapter, it is not difficult to prove that the associated functional
verifies the geometrical assumptions of the Mountain Pass Theorem and also that the Palais—
Smale condition is verified below some critical energy level c*. Therefore, the main difficulty is
to exhibit some Palais—Smale sequence with energy below the critical level c*.

In Chapter [6] this was done by perturbing the equation with a compact term and then showing
that if the perturbation is chosen appropriately then the desired result holds.

In this Chapter, we follow a different line of approach, more closely to the one in the works of
[S,9]. That is, we treat the unperturbed problem and try to find local conditions on the exponents
and on the coeflicients of the equation in order to obtain the result.

To be precise, we consider two types of problems, with Dirichlet boundary conditions and
with a nonlinear boundary conditions. i.e. we consider the equation

—Apyu + h(O)|ulPD =2y = u|d92y in Q, 1)
u=0 on 4Q, '
and
—Apeott + h(X)ulP® =2y =0 inQ,
20 2 (7.2)
[VuPCO=2 G0 = Jul 2 on 6Q,

where Q c R" is a bounded domain, p,q € P(Q), r € P(0Q), 1 < p~ < p* < N and ¢ and r are
critical in the sense that A # 0, Ar # 0 where, as usual A and Ay are the critical sets of ¢ and
r respectively.

So, the rest of the chapter is divided into two sectios. The first one is devoted to the study of
problem (7.1)) and the second one to (7.2).
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7.1 Critical equation with Dirichlet boundary conditions

As we mentioned in the introduction of this chapter, in order to study (7.I) by means of varia-
tional methods, we analyze the functional F : Wé’p @ Q) — R which is defined as

- [_L @) @\ g f e
F(u) ._Lp(x)(wmp + h(0) ™) dx Qq(x)|u|‘1 dx. (7.3)

This functional is naturally associated to (7.1)) in the sense that weak solutions of (7.1) are critical
points of .

We need to assume that the smooth function 4 is such that the functional

J(u) := f L(|Vu|l’<x>+h(x)|u|1’<x>) dx (7.4)
Q

p(x)
p(x)
dx < l} ,

Under the asumption that p* < g7, it is easy to show, similar to the previous chapter, that
¥ satisfies the geometric assumptions of the Mountain—Pass Theorem. Hence if we assume
moreover that the exponent g(x) is subcritical then ¥ satisfies the Palais—Smale condition, and
the existence of a nontrivial solution to (7.1]) follows easily.

18 coercive in the sense that the norm

|lu]| := inf{/l >0 f
Q

is equivalent to the usual norm of W(;’p (x)(Q).

Vu + h(x)u(x)
P

When ¢(x) is critical, again as in Chapter [ we can prove that the functional ¥ verifies the
Palais—Smale condition below some critical value.

Theorem 7.1. Assume that p* < q~. Then the functional ¥ satisfies the Palais-Smale condition
at level ¢ € (0, x:8N) where S is given in (5.4).

Proof. The scheme of the proof is classical (see e.g. [49]) and relies on the concentration—
compactness principle proved in Chapter @ Theorem[.1]

Let {ux}reny € WP (Q) be a Palais—Smale sequence for #. Recalling that the functional 9
defined by is assumed to be coercive, it then follows that {u}ren is bounded in WP (Q).
In fact, for k large, we have that

1
c+ 1+ o(DlVurllpy = T (i) - q—_<7:'(uk), Uug)
1 1 @) ) 1w
> (= — =) | IVl + h)lue”? dx = | (== — —=)wl™" dx
Pt g Ja o 9x) ¢
11
> (4 -1 f IVilP + h(Olugl?® dx.
p q Q
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from where the claim follows recalling that p* < ¢g~. We may thus assume that u; — u weakly
in Wé’p (x)(Q). We claim that « turns out to be a weak solution to (7.I). The proof of this fact
follows closely the one in [49] and this argument is taken from [13| 20], where the constant
exponent case is treated.

In fact, since {uy}ren is a Palais—Smale sequence, we have that

(F'(ug), vy = f IVurlPP 2V, Vv dx + f IuglPO 2wy dx - f g 992wy dx = o(1),
Q Q Q

for any v € C°(2). Without loss of generality, we can assume that u; — u a.e. in Q and
in LPYW(Q) because {1y} is a Palais Smale sequence, so it is bounded. It is easy to see, from
standard integration theory, that

fhluklp(x)_Zukvdxefh|u|p(x>_2uvdx and fIuqu(x)_zukvdxef|u|q(")_2uvdx,
o) Q o) Q

so the claim will follows if we show that
f Vi |P9 2V Vv dx — f [VulPPO2VuVy dx.
Q Q

This is a consequence of the monotonicity of the p(x)-Laplacian. We can assume that there exist
£ e (LP™(@Q)N such that
IVir|PO 2V, — & weakly in L' (Q).

The idea is to show that Vi, — Vu a.e. in €, then this will imply that & = [VulP®~2Vy and thus,
the claim.

Let 6 > 0 then, by Egoroft’s Theorem, there exists Es C Q such that [Q\ Es| < 6 and uy — u
uniformly in Es. As a consequence, given € > 0, there exists kg € N such that |u(x) —u(x)| < €/2
for x € Es and for any k > k.

Define the truncation S, as
—-& ift<-¢
Bs)=4t if —e<t<e
e ift>e
Now we make use of the following well known monotonicity inequality
(X172 = D" 2y)(x = y) 2 0 (7.5)
which is valid for any x,y € RY and p > 1 and we obtain
(Va2 ~ [Vul” =2 Vu) VB, (. — u) = 0,

since VB (uy — u) = Vuy — Vu in Es and VB(uy — u) = 0in Q \ Es. Therefore, we obtain

(Vg POV = VulPO 2 V) (Vug— V) dx < f (IVur PO 2V = | VulPP 2V i) VB (up—u) dix.
Es Q
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Now, observe that B, (u; — u) — 0 weakly in W(;’p @) and so
f IVulP D2V uVB(ux — u) dx — 0.
Q
Now, for k sufficiently large, we obtain that

f Vi P2V VB, (uy — u) dx < Ce
Q

for some constant C > 0. In fact, since B.(ux — u) is bounded in Wé’p (x)(Q),

(F" (ui), Be e — w)) = o(1),

so that
f IV P2V VBe(uy — u)dx = o(1) + I, + I,
Q
where
1| = ’f |tk |72 1 B (ty. — 1) dx‘ < af |99 dx < Ce
Q Q
and

ol = | f Ml 2ot — w) d| < elllle f u?" dx < Ce.
Q Q

As a consequence, we get that

0 <limsup | (\Vugl"O 2V — |VulPD2Vu)(Vug — Vi) dx < Ce.

k— o0 E,;

Since € > 0 is arbitrary, it follows that (VupPO2V iy — [VulPO2Vu)(Vuy — Vu) — 0 strongly
in L'(E5) and thus, up to a subsequence, also a.e. in Es. By a standard diagonal argument, we
can assume that (|Vu [P 2Vuy — |VulP~2Vu)(Vuy — Vu) — 0 a.e. in Es for every ¢ > 0 and so

the convergence holds a.e. in Q.

Finally, it is easy to see that (Jxx|P~2x; — |x|P~2x)(xx — x) — O for xz, x € RV and p > 1 imply
that x; — x, so we get that Vi — Vu a.e. in Q. This concludes the proof of the claim.

By Theorem [4.1]it holds that

U9 — v = 9™ + Z vidy, weakly in the sense of measures,
i€l

[VigP® — > |VulP™ + Z widy, weakly in the sense of measures,

i€l

S N Vl} /p*(xi) < ﬂil /P(xl‘),

where [ is a countable set, {v;}ie; and {u;}ies are positive numbers and the points {x;};c; belong to

the critical set A.
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It is not difficult to check that v := u; — u is Palais—Smale sequence for FO) = FO) -
—L_pyP™. Now, by Lemmawe get

Q p(x)
F () — F (u) = f L[wvm@‘) + hiviP®] dx - Lt i+ (1)
o p(x) o q9(x)
=F () + f Ll dx + o(1)
o p()
= F ) + o).

Since u is a weak solution of (7.1)), and since p* < ¢,

1 1
F(u) > — f (|Vu|p(x) + h(x)lul”(x)) dx — — f |u|q(x) dx
P Q q Q
= i - i |u|q(x) dx
Pt g )Ja
> 0.

Therefore,

Fu) = F () + o(1).
Let ¢ € C°(Q). As F'(vk) — 0, we have
o(1) = (F' (i), vip)
= f [VvilP® dx — f Vel ? ¢ dx + f IVVelP =2V Vevy dx
Q Q Q
=A-B+C.

Since vy — 0 weakly in Wé’p (x)(Q) it is easy to see that C — 0 as k — oco. By means of Lemma

[.3]it follows that
A—>f¢dﬂ and B—>f¢d17,
Q Q

where ji =y — [VulP™ and 7 = v — |u|?"Y). So we conclude that i = ¥. In particular v; > y; (i € I)
from where we obtain that v; > SV. Hence

. . | 1
Cc = kh—>ngo T(I/lk) > kILIEoT(Vk) = f}m d/l - f@ dv

1 1y R
- f (@ - M)dv =2, (p(xi) p*(xo)v’

iel

1.
> #(H)—SV.
()N

We deduce that if ¢ < %S N then I must be empty. This implies that uy — u strongly in
WrQ). o
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As a corollary, we can apply the Mountain—Pass Theorem to obtain the following necessary
existence condition:

Theorem 7.2. If there exists v € Wé’p (x)(Q) such that
1 -
sup F(tv) < =3V, (7.6)
>0 N

then (1.1) has a non-trivial nonnegative solution.

Proof. The proof is an immediate consequence of the Mountain—Pass Theorem, Theorem
and assumption (7.6).

In fact, it suffices to verify that ¥ has the Mountain—Pass geometry and that ¥ (fu) < O for
some ¢ > 0. Concerning the latter condition notice that for ¢ > 1,

p(x) tq(x)
F(tu) = f L (IV2” + h()lul”™) dx — f —— [Vul?™ dx
o P(x) o q(x)
+ - 1
<t Jw) -1 f _|Vu|q(x) dx,
o q(x)

which tends to —co as t — +oco since g~ > p*.

It remains to see that F has the Mountain—Pass geometry. But #(0) = 0 and, if ||VV|| )0 = 7
small enough, then

p(0) p(x) "
fQ VP + P dx > el lI9VIEr

and
IVllge.2 < ClIVVIpa.0 = Cr <1,
SO
q(x) q

fg M dx < el VI o
Therefore . )

F) = —Lr’ﬁ - —%rq >0,

p q

since p* < g~. This completes the proof. g

Eventually the following result provide a sufficient local condition for to hold:

Theorem 7.3. Assume that there exists a point xy € A such that S x = S and that xy is a local
minimum of p and a local maximum of q. In particular

— Ap(xg) <0 < —Ag(xp). (7.7)

Assume moreover that p, q are C* in a neighborhood of xo, and that h(xg) < 0 if 1 < p(xg) < 2
(N >4), orif2 < p(xg) < VN (N > 5), that at least one of the two inequalities in is strict,
but h(xg) is arbitrary. Under these assumptions holds. In particular (7T.1)) has a non-trivial
nonnegative solution.
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Remark 7.4. In the constant exponent case, the well known Pohozaev obstruction [46] affirms
that if 2 > 0 and Q is starshaped then there are no (positive) solutions to (7.1)). Our result shows
that for variable p and g and p(x) > 2 this does not need to be the case, showing a stricking
difference between the constant exponent case and the variable exponent one.

Proof. Let xo € A be such that
S := inf lim S (p(-), ¢(-), Be(x)) = lim S (p(-), g(-), Be(x0)) = S,
xeA -0 &e—0
For ease of notation we assume that xy = 0, write p = p(0) and observe that g = ¢(0) = p
From Theorem [5.12] we have that if 0 is a local maximum of ¢ and a local minimum of p, then
§=So=KWN,p".

Let U be an extremal for the constant K(N, p). It follows that U verifies

-l = cur,

||U||ﬂ h

Then W = Cr-r = U= %U solves —A,W = WP =1 and satisfy

IVWI|, v = K(N, p)™/7.

Consider the test function
N-p
Wolx) = &7 7 W) = C7 7 uy(x).

From Proposition [A.T] we obtain the following asymptotic expansions
19 ” LA 2
f witdx = —K(N,p)™" + —*Ag Ineg + o(e” Ing),
RN CI(X) P

P
f — |V [P dx = —K(N N+ P B Ine+ o(e?ne), (7.8)
RV p(X) P P

p
f h(x)—lwglp(x) dx = h(O)t—Cs” + o(eP),
rv - p(x) P

with

Ag(0 B
a=-24O0py, p M f PUP dx,

2p* RN
A
B= —%K(N pP Ml pf XPIVUIP dx,

C = KN, py" MIUIL UL
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Using w, as a test-function in we can see that there exists 7o > 1 such that F(rw;) < 0
for t > ty. Now if p < 2, we can write

Je(t) == F(twe) = fo(0) + &” fi(1) + o(&")

C 1—uniformly in t € [0, 7], with

N[t 1
Jo(®) = K(N, p) (— - —*) , and fi(t) = —"h(0)C.
p p P

Notice that fy reaches its maximum in [0, 7] at = 1. Moreover it is a nondegenerate maximum

since fi'(1) = (p—p")K(N, p)™N # 0. It follows that £ reaches a maximum at t, = 1+as? +o(&”)
A

~ Hence

fora =
1
sup (twe) = F(tewe) = KN, P+ fiE” + o(eh)
>0
Then if h(0) < 0 we get sup,. F (tws) < v K(N, p)™.
We now assume that p > 2. Then
fo(D) = Ftwe) = fot) + fo(De* Ing + o(e” In &),
C 1—uniformly in t € [0, 7], with
" P
L) = —A-—B.
p P

. . . 7(1
As before f, reaches its maximum att, = 1 + ag?lne + o(e*Ing) with a = —% Hence
0

sup F(twg) = F(tewe) = fo(1) + fo(De? Ing + o(e? Ing)
>0

1
= LKW, 2N + H(De¥ Ine + o(e? Ing).

f IVU|? dx f IXPUP" dx
_ JRVN RN

— Ap(0) < —Aq(0)(p/p*)’D(N, p), where D(N, p) := - (1.9

f U” dx f IX2IVUIP dx
RN RN

Since 0 is a local maximum of ¢ and a local minimum of p we already know that (7.7) holds.
Then if one of the two inequalities in (7.7) is strict we see that (7.9) holds.

This ends the proof of Theorem[7.3] i

We thus need f>(1) < Oi.e.

Remark 7.5. As a final remark, we notice that we can compute D(N, p) exactly. To do this let

IZ = f‘x’ tq_l(l +0)7Pdt=B(g,p—q) = —F(q)r(p —9

s 7.10
A ) (7-10)
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where B(x,y) := fooo (1 + 1) ™ dr is the Beta function. This formula can be found, for
instance, in [7]. Passing to spherical coordinates and then performing the change of variable

a 1 1L .
t=rrl dr= ”Tlt rdt, we obtain

. -1 nzzt
fN U’ dxza)N_lp
R

Iy, ",

2.p _ p—1 NI 52
U dx = ona =ty T
—1(N-p\" v&t+
IVUP dx = wy 2 (—p) '
RN p-1
1 (N=p\’ N=l_2.3
f |x|2|VU|de=wN_1p—(—f) A
RN p AP~
Then
M+l Np-1) _2
| N N (N-p)-2p-1
DN, py= N _ (N-p)-2p ),
» = _2,4 N-p N +2
" 1,7 7
where we used that
1q+1 — q Iq
P T p-q-17

which follows from (7.10) and the formula I'(z + 1) = z['(z).

7.2 Critical equation with nonlinear boundary conditions

In order to study (7.2) by means of variational methods, we need to consider the functional
F: WPW(Q) — R defined by

Fu) := f L(wuv’m+h(x)|u|P(x>)dx— f L|u|’<x>ds. (7.11)
a p(x) 00 T(X)

Again, u € WP (Q) is a weak solution of (7.2) if and only if u is a critical point of 7.

We need to assume that the smooth function /% is such that the functional J given in (7.4) is
coercive in WHP™M(Q).

Our first result provides a condition for the functional ¥ defined by (7.11) to satisfy the
Palais—Smale condition.

Theorem 7.6. The functional F satisfies the Palais—Smale condition at level

1 1  pOps
0<c< inf [— - T P
xeAr \p(x)  p(x)
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Proof. Let {uJren € WHPM(Q) be a Palais—Smale sequence for 7.

Recalling that the functional J defined by (7.4) is assumed to be coercive, it then follows,
arguing as in the proof of Theoremthat {u} ket is bounded in WPX(Q).

We may thus assume that u; — u weakly in W'"?®(Q). Again, arguing as in the proof of
Theorem [7.1]it follows that u is a weak solution to (7.2)).

By the Concentration Compactness Principle for variable exponents, Theorem it holds
that

lue @ dS — v = u"™ds + Z vidy, weakly in the sense of measures,
iel
VP9 dx — p > [VulP™ dx + Z,uiéxi weakly in the sense of measures,
iel

= 1/p*(x) 1/ p(x;
TXiVj pr(x S,Ul P(x)’
where [ is a countable set, {v;};e;y and {u;};c; are positive numbers and the points {x;};c; belong to
the critical set Ay C Q.

The same argument used in the proof of Theorem 7.1]leads us to conclude that v; > y; (i € I)

POx)psx(x;)

from where we obtain that v; > 7). Hence

. 1 1 1 1
c=kh_>nolo?'(uk)2fﬁd#—f@dvzzl(p(xi)—p*(xi))vi

1€

1 _ P(x)ps(x)
> #(I) inf [— - —— | TP
xeAr \p(x)  p«(x)

P(X)ps(x)
We deduce that if ¢ < inf e, (ﬁ -5 1(x)) T 9779 then I must be empty implying that uy — u

strongly in whri(Q). |

As a corollary, we can apply the Mountain—Pass Theorem to obtain the following necessary
existence condition:

Theorem 7.7. If there exists v € W'"PY(Q) such that

1 1\ _zwnw
sup ¥ (tv) < inf (— - )T;’ #0070 (7.12)
p(x)  pu(x)

>0 YeAT

then (1.2)) has a non-trivial nonnegative solution.

Proof. The proof is an immediate consequence of the Mountain—Pass Theorem, Theorem
and assumption (7.12)).

In fact, it suffices to verify that ¥ has the Mountain—Pass geometry and that ¥ (fu) < 0 for
some 7 > 0. But these facts follows in exactly the same manner as in Theorem [7.2] using the fact
that p* < r~. m]
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In order to find local conditions that imply (7.12]) we need to recall the Fermi coordinates that
are described in the Appendix in Definition and Lemma

Briefly speaking, the Fermi coordinates describe a neighborhood of a point xy € 9Q with
variables (y,#) where y € R¥~! are the coordinates in a local chart of dQ such that y = 0
corresponds to xg and ¢ > 0 is the distance along the unit inward normal vector.

Eventually the following result provides a sufficient local condition for (7.12)) to hold:

Theorem 7.8. Assume that there exists a point xo € Ar such that T = Txo and such that x is

a local minimum of p(x) and a local maximum of r(x) and p(xy) < min{ VN, %}. Moreover
assume that one of the following conditions hold

1. L(x0) >0,

2. %—f(xo) = 0 and H(xp) > 0 or

3. %(XO) =0, H(xp) =0, 1 < p(x0) < 2 and h(xp) < 0 or

4. %_f(xo) =0, H(xo) = 0, p(x0) = 2 and Ap(xo) > 0 or Ayr(xp) < 0.

Then there exists a nontrivial solution to (1.2)). Here, by g and A, we refer to derivatives with

t
respect to the Fermi coordinates.

Proof. We assume, without loss of generality that xo = 0 and denote p = p(0). Observe that
r(0) = p..

The idea, similar to Theorem [7.2] is to evaluate (7.12) with v = Cv, where v, is the function
described in Section [A.2] that is constructed by rescaling and truncating properly the extremal
for K(N, p)~! in Fermi coordinates.

— __P . .
In fact, we consider z; = Cvg with C = K(N, p) »+» IIVII;1 e+ This constant C is chosen so
IR

that if Z(y, f) = CV(y, t) where V is the extremal for K(N, p)~!, then
f IVZIP dydt = f 2P+ dy = R(N, p) 77
RY ORY

We first consider the case where 9,p(0) > 0. In fact, from Propositions[A.8] [A.9and[A.10] we
have

fa(s) =F(sz¢) = Do + Dlglns - A() +o(elneg)
= fo(s) + elnefi(s) + O(e)

Ccl- uniformily in s € [0, sg], with

fols) = K(N, p) 75 (ﬁ - Sp*)
P D+
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and N 5
(6 = =2 20,0) f (V2P dydt
R,

Notice that fy reaches its maximum in [0, so] at s = 1. Moreover, it is a nodegenerate maximum

since f'(1) = (p — p)K(N, p)_% # 0. It follows that f, reaches a maximum at s, = 1 +
FHOY

RVOR Hence

aglne + O(e) fora =

sup F (s2e) = F (S£2¢) = (% - pi) K(N, p)_% + fill)elne + O(e)

5>0 *
If 9,p(0) > 0 then f1(1) < 0 and the result follows.
Assume now that d,p(0) = 0 and H(0) > 0. Then we have

F(sz¢) = Do + Dae + o(e) — Ag
= fo(s) + f2(s)e + o(e)

C'— uniformily in [0, so], with

P H(0 tly]?
f(s) = —H(0)— f vz dydr + 2O g f D920 dyar
P JrY¥ N-1 Jry r

+

IAQ) S

As before f, reaches its maximum at s, = 1 + ae + o(g) witha = YOk
0

sup F(s25) = F (5625) = (i - pi)I_((N, P77 + fo(De + o(e)

>0 *

So, we need that f,(1) <0, i.e.

H(0 tlyf?
—H(0)— f {|\VZ|? dydr + ©) f b —|VZ|P dydt < 0.
N 1 RQ’

But,

1 1 tly|?
- f (VZIP dydt + —— f D92 dyar <
P Jry N—-1Jgy r

1 1
—-—+ jﬁnvamwm<o
p N -1 Rf

if p < N —1. So, since H(0) > 0, the result follows.
Now suppose that 9,p(0) = 0 and H(0) = 0. Then

F(szz) = Do + Dse” Ine + o(e* In€) + Coe” + o(e”) — Ag — A 1€* Ine.
Ifl<p<?2

F(sz5) = (Do — Ap) + Cos” + 0(e”) = fo(s) + fa(s)e” + o(£)
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with )
() = h(0)= f IVZIP dyds.
P JRrY

£

As before f, reaches its maximum at s, = 1 + a&” + o(e”) with a = YKOR
0

Then,

s>0 %

1 1Y _ _pp
sup F(52) = F(552) = (; - p—) RN, p) 777 + f()e” + o(&”)
So, we need that f3(1) < 0. But, this is equivalent to 2(0) < O.
If p > 2, we have
F(sze) = (D — Ag) + (D4 — ADe* Ine + o(e® Ing) = fo(s) + fa(s)e* Ine + o(e? In€),
with

sP N
f4(S)=———((9ttp(0) f PIVZI? dydi + A,p(0) f |y|2|VZ|dedz)
p2p RY RY

sP+
+

1
A,r(0) f > ZP+ dy.
ARY

* *

As before, we need that f4(1) < 0. Since 0 is a local minimum of p(x) and a local maximum
of r(x) and 9;p(0) = 0 it easily follows that f4(1) < 0. And if one of the following inequalities

Ayr(0) < 0 < Ap(0)

is strict, then f4(1) < 0 and the result follows. m]
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Asymptotic expansions

The goal of this Appendix is to gather all of the asymptotic expansions needed in the course of
the proofs of this Thesis, mainly in Chapter [7] (although in Chapter [5] some of the results in the
Appendix are already used).

The computations of the asymptotic expansions are based on Taylor expansions of the test
functions with respect to a (small) concentration parameter € > 0. Though elementary, the
computations are lengthly and delicate.

The Appendix is divided into two sections. The first one is devoted to asymptotic expansions
of concentrations of extremals for K(N, p)~! and the second one to asymptotic expansions of
extremals for K(N, p)~!.

First, recall some basic definitions.

VA, ry
K(N,p)' = inf IV Allp 2y
FeDN.p) | f1l e

where D(N, p) = {f € LP"(RN): 8;f € LP(RV)).
i} VA, zy
RN.p™' = inf P
febNp) W1l 5, my

where D(N, p) = {f € M(RY): 9;f € LP(RY) and flypx € LP(GRY)).

Both constants are attained at some extremals. These extremals are completely characterized.
In fact an extremal for K(N, p)~! is given by

N
P*

Ux) = (1 ¥ |x|%)
and any other extremal for K(N, p)~! is obtained by a dilation and translation of U, namely

Uy (%) = A7 U(S2),
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As for K(N, p)~! an extremal is given by
N—
V= (WE+(+03 0 X eRN 150
and any other extremal for K(N, p)~! is given by a dilation and translation of V, namely

’ ’
xxo

, _Nep
Vi (X0 = 77T V=2, D).

A.1 Asymptotic expansions for the Sobolev immersion constant

In this section we perform the asymptotic expansions on appropriate test functions constructed
by concentrating the extremals U given in the introduction of the Appendix an truncated by a
cut-off function.

Assume that 0 € Q and given ¢ > 0 small we take a cut-off function € C°(Bys, [0, 1]) such
that 7 = 1 in Bs. We then consider the test-function

ug(x) = Ug o(x)n(x).

For this test function we have:

Proposition A.1. Let p,q € P(RN) be C? and assume that 0 is a critical point of p and g. We

have
e Ifp<¥,
f FOul™ dx = Ag + Aje’Ine + o(e* Ing) (A.1)
RN
with . 0
Ag=fO) | UPdx, A= N-pJO f UP (D?*q(0)x, x) dx
RN p 2 RN
e If p < min{ VN, 232},
FOIVug|/’™ dx = By + Bi&? Ine + o(¢? In €) (A.2)
RN
with N A0
By = f(0) f IVUIP dx, B = _NIO f IVUP(D*p(0)x, x) dx
RN p 2 RN
e Ifp< VN,

f FOlugP™ dx = Coe? + o(eP)  with  Co = f(0) f UP dx. (A.3)
RN RN
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Remark A.2. Observe that if g(x) is a radial function then
tr(A
f ¢(O(Ax, 1) dx = 1r(A) f gCodx = 1A f el dx,
RN RN N RN

for any A € RV (with adequate decaying assumptions at infinity on g). In fact this is a
consequence of the fact that, for i # j,

f g()x;x;dx = 0.
RN
With this observation, we easily conclude that

_fO0)

Ay = ——Aq(0) f U” |x|*> dx
p RV
and 0
B = —mAp(O) f IVUP|x)? dx.
2p RN

The proof of Proposition[A.1]is divided into three steps. Each step provides the proof of one
of the asymptotic expansions.

As 0 is a local minimum of p(-) we can assume that p,, := minyeg,; p(x) = p.

Lemma A.3. Under the assumptions of Proposition[A.1} (A1) holds true

Proof. We first write

f FOus(x)7 dx = f Ful™ dx + FOu(0)79 dx = I, (e) + Ly(e).
RN Bos\B,1/p

Bip

Since ug(x) < 1if |x| > /P, we have, letting g5 := ming,; ¢ that

1) < |l f w0 dix

Bys\B,1/p

N-Y=2 g _
< flleo,Bys™ 7 P20 U(x)" dx,
RM\B,_(p-1)/p

where the integral in the right hand side can be bounded by

+00 _ +00 _ _ —y
Cf (1+ r%)_¥q55 P ldr < Cf PN s gy < oV T
= (-D/p N &(-D/p
Hence I () < CeN'? so that
f FOu(x)?™ dx = FOus(x)1Y dx + O(EN'P)
RN Bip
N-—
- f Fene™ 1T U0 dx + 0EVP).
B

«—(p-1)/p
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As Vg(0) = 0 we get
q(ex) = q(0) + %ezwzq(mx, x) + o(e’|x%),

with ¢(0) = p(0)* = p*, so

f FOug(x)Y dx =Ag(e) + A1 (e)e” In € + f o(e*In &)|xPUx)P dx
]RN

B-p-nyp
+e f U(x)P" VF(0) - xdx + O(ENP)
B —p-1)1p
=Ao(e) + A1(e)* In & + o(e” In &) + O(EN'P),

where Ap(g) and A;(e) are the same as Ag and A except that we integrate over B,—,-1y, instead
of RN and we have used the fact that

f U(x)P' V£(0)-xdx =0,
B

«(p-D/p

since U is radially symmetric. We have

|Ao(e) — Aol < C f Ux)? dx
RN\Bg—(p—U/p
—+00 »
scf (1 +rr Ty NNt ar
e~ (p-D/p
+00 _
<C f pet V-1 g,
g~ (r-D/p
N
< Cegr.
If p < (N + 2)/2, we can estimate
|A1(e) - A1 < C f IXPU(x)? dx
RV\B,__(p-1)/p
+00 »
scf (1 +rr Ty NN gy
e~ (p-D/p
N+2-2p
<Cg »
We thus have
f FOug(x)1® dx — Ag — A1e* Ine = O(EV'P) + o(e? 1n &),
RN
which reduces to (A.1) if we assume that p < N/2. O

Lemma A.4. Under the assumptions of Proposition (A3) holds true
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Proof. As before,

[ oot ax -
RN

where, noticing that p = p;, the 2nd integral in the right hand side can be bounded by

(o)
L _
f u’édxﬁCspf (1 + rr1)yP N N1 gy
Bys\B,1/p glir-1

FEu™ dx + f FOul™ dx

B.ip Bys\B,1/p

2
< CégP SNTP
N
= Cgl’ .
if p? < N. Then
f FOul™® dx = P dx + O(s7)
RN Bgl/p

N—
f Fe0e"™ T PEOU()PED gy 4 O(s7)
B

o1/p-1

spf(O)f Ux)? dx + o(P).
RN

Lemma A.5. Under the assumptions of Proposition (A.2) holds true

Proof. We first write

f FOONVuP® dx = f FOOMTU, + Uyl dx = f FOMVULD dx + R,
RN RN RN
where, using the inequality

la =+ blY = |al] < CbIY + bllal’™),

(the constant C being uniform in ¢ for ¢ in a bounded interval of [0, +c0)) we can estimate
Rs| < C| f VPO UL dx + f VnU()IVU"O" dx| = CIl(#) + L&),
Bzg\Ba BZﬁ\Bé

Since U, < 1 in R¥\B; for & small, we can bound /;(&) as before by

N-p? N-

Lie) < cf U? dx < cgpf UPdx < CePerT = Cert,
Bz(s\B(y RN\BE/E

a1
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if p?> < N. Since |VU,| < 1 in RN \B; for & small, we also have

Dh(e) < Cf Us(x)|VU8|p_] dx
RM\Bs

p—1
< Ul g VUL

C =y VU |P7!
=
< CemT VUL L

_N-1
with, since |U’(r)| ~ r 771 as r ~ +oo0,

N-p

+00
f VUP dx < C f U (NP~ dr < Cerr.
RN\B5 ole

N-, N—
It follows that I,(g) = O(sﬁ) and then R, = O(slff). Independently, since

N - — |x| 11 |'C| : v
p N/p N
Vl) X)) =——¢ — 1+ —

we have

N- N - N-T
VU(x)| <1 for|x| > Cperv1, c,,:(—p) : (A.4)

Taking some constant C > C),, we thus write

f FOIVu P dx = f FOIVUP® dx
RN B N-p
Ce PIN-T)

+f FEOIVULPD dx + 07,
RM\B -

P
ce PIN-T)

Since [VU.(x)] < 1inRM\B v, , we can bound the second integral on the right hand side by

CepP(N-T)

& PV-T)

+eo . 2 \N v NN=p) N-p
C VU NP dx < C | npny ro! (1 + rpfl) "~ dr < CerW-D = o(gr1).
RM\B  np

CeP-T)

Hence

f FOIVue|P™ dx = f FOIVULPD dx + O(e 7T
RN B Ny

ceP(N-T)
2 2 Xp
=By(e) + Bi(e)e“In € + 0o(e“Ing) + O(er 1)

where By(e) and B (&) are the same as By, B; but integrating over B (-1, instead of RV, Again,
g PIN-1)

as in the computation of (A.T)), the term involving V f(0) vanishes for symmetry reasons.
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. p-N)
Since |U’(r)|P ~ r 77T as r ~ +o0, we have

+00

PNy NW-p) N-p
|Bog — By(e)| < C , VUPdx < C M rr 1 dr < Ce?®D = o(grT),
RM\B np-1) & pV=
ce PN=T)
NN-3p+2) N+2
|B; — Bi(e)| < Cf IXPIVUIPP dx < Ce »®D if p < .
RMB N1 3
ce PIN-T)
Hence if p < NT” we have

f FOIVug/P® dx — By — Bi&”In & = o(£* In e).
RN

Trivially, these lemmas imply Proposition [A.T]

A.2 Asymptotic expansions for the Sobolev trace constant

In this section we provide the asymptotic expansions needed in order to deal with the Sobolev
trace constant.

In order to construct the test functions in this case, we need to introduce the so-called Fermi
coordinates around some point of 9Q.

Definition A.6 (Fermi Coordinates). We consider the following change of variables around a
point xy € 9.

We assume that xp = 0 and that JQ has the following representation in a neighborhood of 0:
ANV ={xeV:x,=y(x), X eUcCRV)Y, QnV={xeV:x,>yl), x¥ eUcRV I}
The functiony: U C RN=1 5 R is assume to be at least of class C? and that w(0) =0, Vy(0) = 0.

The change of variables is then defined as ®: U x (0,0) - QNV

Oy, 1) = (v, ¥(») + 1v(y),
where v(y) is the unit inward normal vector, i.e.

VG D
V1I+ Vg

It is well known that ® defines a smooth diffeomorphism. In differential geometry, this is
called the Fermi coordinates (see [19]).

Moreover, in [[19] it is proved the following asymptotic expansions
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Lemma A.7. With the notation introduced in Definition [A.0] the following asymptotic expan-
sions hold

JOW, 1) =1 - Ht + O + [y,
where H is the mean curvature of 9.

Also, if we denote v(y, t) = u(®(y, 1)),
N s ..
IVu(x)? = 0v)* + Z (67 + 2kt + O + 1y%)) Dy, vy, v,
ij=1
where h' is the second fundamental form of 0.

For a general construction of the Fermi coordinates in differential manifolds, we refer to the
book [34].

Now, we are in position to construct the test functions needed in order to estimate the Sobolev
trace constant. Assume that 0 € 9Q. Then, the test-function in these coordinate is (x = ®(y, 1))

VS(X) = 77()” f)Vs,O(Y, l)s

where V is the extremal for K(N, p(0))~! given in the introduction of the Appendix and n €
C2°(Bas % [0,26),[0, 1]) is a smooth cut-off function.

From now on, we assume that p(x) € P(Q), r(x) € P(OQ) are of class C%, 0 € IQ and we
deonte p = p(0) and r = r(0).

The goal of this section is to prove the following propositions.

Proposition A.8. There holds
f FOWPP dx = Coe? + 0(”)  with  Cy = £(0) f VP dx. (A.5)

. N-1
Proposition A.9. If p < =,

f FOW™@dS = Ay + A% Ine + o(e* In€) (A.6)
0Q
with
Ao = f(0) V(y, 0)"* dy,
RN—I
and
_ N-p 5 »
Ar=-—=1(0) (D7r(0)y, »V(y, 0)" dy
P RN-1

1

3k

700 [ bRV .
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Proposition A.10. Assume that p < N2/(BN =2). Then
f FOIVVe(X)PP dx = Dy + Dielne + Dre + D3(elne)? + Dye’ Ine + O(&?),
Q
with
_ _ N
Dy = f(())f IVVIPdydt, Dy = ——f(())@zp(())f (VVIP dydt,
RY p RY
and, assuming that 0,p(0) = 0,
_ . P
Dy =@ - HfO) [ a9V dyde+ phr©) [ Lrwviaar
RY RY T
D;=0
) N 2 P N 2 P
Dy = ——f(0)04p0) | 7 |IVVIPdydt — -————f(0)Ayp(0) | I IVVI” dydt
2p RY 2(N-1p RY
Proof of Proposition|[A.8 We write
f FEVel" dx = f F@. 0 OO+ O + 1)) dydt.
Q RY
Now the result follows as in Lemmal[A.4] i
Proof of Proposition[A.9, We have
[ pas = [ 7000000000 + 0w
Q RN~
Now the proof follows from Lemma|[A.3] i
To treat the gradient term, we need the following result:
Lemma A.11. Assume p < N?/(3N - 2) and that p = p(v,t) has a local minimum at (y,t) =
(0,0). Given a bounded g € C%(Q) and real numbers a'’, 1 < i,j <N -1, we have
N-1
D d f 80, DN, DIVVel" 0728, Va(y, 09 Ve(y, 1) dydt
RY (A7)

=1
= By + Bielne + Bre + Ba(elne)? + By Ine + O(&?)
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where 0; = T and

Iy* lyt
Bo —Clg(O)f VV(y, t)|py— dydt, Bl ——g(O)azP(O)af VV(y, [)|Py_d dt

2
By =a f V. z)|p'j’—2! (5(0)3,p(0) In [VV(y. 1) + 3,g(0)) dydr

2 2 2
Nzg(O)(‘?zp(O) a f IVV(y, )P |y I dydt

~ N_ pPe
By=- —a vV, P2l
N r

N—-
Z ”C')” (0)f VV(y, )P r~ ( 3y1y2) dydt

Ng(0
ik=1 2p

where a = N o1 ZNII andr =r(y,t) = ,/(1 +1)2 + |y

Proof. Notice that

0
_& )anp(0> + 0,p(0)3,g(0) + 3,p(0g(0) In [TV, r)|) dydr

+

(a"iakkp(O) + 2aik3ikp(0)) fN VV(y, l‘)|p”_2)’%y% dydt
RY

N
IVVe(y, 0l =
p —

N-p __N-1
L om0 (e + 17 + i) .

=
So, [VV.(y, 1) < 1if |(y, 1) > Cem™ where C = (p—f) ', and V = (Vy,d,). Moreover, since
Pss = p = p(0,0),

f IVV P21V, V, | dydt < f IVV, PO dydt
;b\B N-p ;b\B N-p

Cce PIN-T) Cce PIN-T)

p(v-1)

N- Y < S
< f IVV.|P dydt < Csr T f {(s+t)2+|y|2} 0 dydt
BI\B  N-p RI\B -

P P
ce P(N-1) ce PIN-T)

N-p +oo N—l—p(N_])
< Cerl f (v, O =N dydt < Cs/’ I f N-p P T dp
RN\B N-p

CePN-T)

CePN-T)
Then, we obtain
N
f [VV POV, V, * dydt < Cer- .
Bj, \B N-p

Cce P(N-T)

Since p < 3N 5, we get that pﬂ > 2, hence

f IVV P02V, Ve 2 dydt = O(e?).
B*\B  n-

P
CePN-D)
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Hence
a’ f 80D DIV VP20,V (3,100 Ve, 1) dydt
=a' f g, DIVVPOD20,Vo(y, 0, Ve(y, 1) dydt + O(E?)
Bt
Ca%
.. (£y,81)
=d" f gley, ene™ T D WVIPEE25,v8,V dydt + O(E?).
B* _Np-D
ce PIN-I)
Letting
— p-2 _ pYiYj _
¢ij = IVVIP20;Va;V = [VV(y, 1) 2 vV =(V,,d),
we obtain

N-1
D f 80 NG, DIV Vel PO728,V,e0V, dydt
ij=1 RY

= By(e) + Bi(e)eIne + Ba(e)e + Bi(e)(eln€)? + Ba(e)e* Ine + £2R(e)
with coefficients B;(g), i = 0, ..., 4, defined as

N-1

By= ), dls(0) [ oyt dya

i,j=1

N-1

_ N .

B ==2500p0) Y. o [ 16,00 dye
ij=1 Ry

N-2
By= ) d fR i3 0(2(0)10,p(0) In [VV| + Ve(0)(y, ) dydt

ij=1

N2 N
By = —Zg(O)a,p(())2 Z a”f 1 ¢:;(y, 1) dydt
2p ij=1 RY

2 NX 30
By=—— > dl fR , 9 DD PO 1), (3.1) + 3p(O(T5(0). (v.1)
i,j=1 +

+ 8;p(0)*g(0)* In |VV)) dydt,

but with integral over B* 1 instead of RY, and the error term R(e) satisfies
CeP™-T~

IR(e) < C f PIVVIP In [VV|(1 + re Ine) dydt
B+

_Np-1)
ce P(N-1)

<C f PIVVIP In|VV| dydt.
B

.
_Np-1
ce PN-D)
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Clearly, this last integral is bounded by

+00 [_M
C p rTlnpdp
1

which is finite since p < NT” Moreover

_ _ o0 N(N-p)
|By — Bo(e)| < Cf |VVI? dydt < Cf N(p-1) r_1 = dr < Cepri- 0 < Cg?
RIB* vy & PN-D)
& PIN-D)
since p < 3N 5. Also fori = 1,2,
|Bi — Bi(e)| < Cf |y, OI(1 + In [VV)IVVIP dydt
RN\B+ (-1
_Np-1)
& PIN-1)
00 I_M
< C Ni-p) T p-1 lnrdr
£PN=1)
<C ® 1—N—:f+a
< Na-py TP dr foranya >0
£PN=1)
N(N=2p+1) N?+N
<Cen P > 0 and if p < ,
e or any 8 and if p AN 1
=o(e).
Eventually, for any i = 3,4,
|Bi - Bi(e)| < Cf 0, (L + In[VVIVVIP dydt
RIB" )

¢ PIN=T)

e N
1-2=p
SCfN(,,1>r T nrdr
£

~ p(N—-T)

00 N—
1——_lp+af
SC | ypp ¥ P dr forany a >0
&

~ p(N—-T)
= o(1),

since p < "+2

Hence 1f p < N?/(3N - 2),

S f 90 0. DIV 28,V (3, 00Uy, 1) dyds

i,j=1

= By + Bielne + Bre + B3((elne)® + B4e® Ine + O(&2).

Finally, using the radial symmetry in the y variable, we can simplify the expressions for the
B,”S.
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For B, notice that

N-1

. a0up©) [ [Pyt v
ij=1 Ry

N-1
=), d"0up(0) f VI, dydr + (Z a" 0 p(0) + 2a"kal-kp<0>] f VP yiy) dyd
=1 Ry ik Ry

=

= Y aup) [ [P (o - 3yh3) dovar

i=

> =

+

[

(@0p(© + 204 3,p00) [ 19VPr2y303
ik=1 +

The other simplifications follow in the same manner.

Lemma A.12. Assume p < N>/(3N — 2). There holds that

f FO, O, DIVVPOD dydt = Co + Crelne + Cae + Ca(elne)? + Ca® Ine + O(&?)
RY

with
_ _ N
Co =£(0) f YV dyde, €y = = £(0)8,p(0) f (VY dydi
RY p RY

Cy = f HVVIP (f(0)0;p(0) In|VV] + 8, £(0)) dydt
RN

+

_ N?
C5 =2 £(0)8,p(07 f CIVVIP dyd
2p? N

+

Cy=- % IV (f 04p(0) + 3,p(0)0,£(O) + 3,p(0) ) In |VV|) dyd
R

n—1
N
- f(O)A,p(0 2AVVIPdydt, A, = > 0;
vy OO [ DPVP s 8= 30

Proof. As before

f IVV,POD dydt < Cer = O(2).
RQI\B N-p

Ce PIN-1)

so that

f FO, O, DIV VPO dydt = f FO, DIVVPOD dydt + O(e?)
RY B*

N-p
ce PIN-T)

=Co(e) + Ci(e)elne + Car(e)e + C3(e)(eln 8)2 + 64(8)82 Ine + 0(82)
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where the constants C;(g) are the same as
Co= 5O [ 19V dds
RY
- N
€1 = =200 [ | AVVY dy
p RY

Cr = f fNVVIP (f(0)0,p(0) In|VV| + 8, £(0)) dydt
RY

2
C; = N—2 £(0)0,p(0)? f 2|IVVIP dydt
2p RY
_ N 0
Co=== | vvr (9(1)2 PO, 1), (v, 1) + 3, p(0)3, fO) + 8,p(0)* (O} In |VV|) dydt

but with integral over B* vp-1y instead of RQ/ . We can estimate |C;(e) — C;| as we estimated
_ _ Ce PN-T)
|Bi(¢) — Bj| in the previous lemma.

Again, using the radial symmetry of V we can simplify the constants C; as in the previous
lemma. O

With the aid of the previous Lemmas, we can now prove Proposition[A.T0]
Proof of Proposition First, by Lemma
f SNVl dx = f FODIVvel"O0(1 = He + OG* + ) dy,
Q RY

where we denote f(y,t) = f(D(y, 1)) and p(y, t) = p(D(y, 1)).
Recall that, by Lemma[A.7]

N-1
IVvel? = (0,v:)* + 87+ 20t + O + |y1P)) dived ive, 0
J

ij=1 Oyi

Then
[, DI = e+ O 4y v
= fR JEDIV@VIPOO(L - H + O + ) dydt
= fR S0, 0P IIVVAPOO(L - H + O + ) dydt + R(e),

where

0 (N-p)
IR(e)l < C f . [VIPOD dydt < Ce? f r N g = oY),
R 5 o

‘T\B &
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if p < (n+2)/3. Hence
[ reomnrax= [ om0 @0,
Q RY
N-1 3 . JCR))]
+ 07 + 20Tt + O + |yP)OVed, Ve |
i,j=1
(1 — Ht + O(* + [y[)) dydt + O(&%)
with
PO
N-1 N N 2
@ Vel + D (67 + 21Tt + O + 1y)) 9;Ved, Ve
i,j=1
N-1 N
= [VVPOD 14 )" ply, ORIV V|20,V Ve + O + )
i,j=1
= [VValP 4 pOy. OH IV Vel PO0720,V,0, Ve + VYl PO O + [y
Then
f JOIVvelPY dx = f SO, 0m(p, POV VPO dydt
Q RY
N-1 N
+ ) hY f Lf 0 OpGs DN, PN VPO 720,V,0 Vs dydt
ij=1 RY
~H [ O 0PIV, dya
RY
+ O(%)
since
f IVVelPYD0G + |y*) dydr < € f |, DPIV VPO dydt
RY RY
<C& f |6, DPIVVIPEO@ dydt
RY
= Cé? f Iy, DPIVVIP(1 + O(e) In |V V) dydt.
RY
As before this last integral is finite provided that p < (N + 2)/3.
The proof now follows applying Lemmas and ]
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