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Para mis viejos.





Problemas elı́pticos con crecimiento no estándar y falta

de compacidad

(Resumen)

En esta tesis estudiamos el teorema de inmersión de Sobolev W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) y el Teo-

rema de Trazas de Sobolev W1,p(x)(Ω) ֒→ Lr(x)(∂Ω) para espacios de exponente variable, en el

caso en que las inclusiones no son compactas.

Para este propósito, primero extendemos el celebrado Principio de compacidad por concen-

tración de P.L. Lions para el caso de exponente variable que describe con precisión los motivos

por los cuales una sucesión es débil convergente pero no convergente en norma.

Como primera aplicación del principio de compacidad por concentración encontramos condi-

ciones en términos de las constantes óptimas para las mencionadas inmersiones que garantizan

la existencia de extremales para las mismas. Finalmente, damos condiciones locales en los ex-

ponentes p(x), q(x) y r(x) para garantizar la existencia de extremales.

Como segunda aplicación estudiamos resultados de existencia y multiplicidad para ecuaciones

elı́pticas con crecimiento crı́tico cuando el operador involucrado es el llamado p(x)−laplaciano.

Palabras Claves: Espacios de exponente variable, principio de compacidad por concen-

tración, exponente crı́tico, inmersiones de Sobolev .





Elliptic problems with non standard growth and lack of

compactness

(Abstract)

In this Thesis we study the Sobolev immersion Theorem W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) and the Sobolev

trace Theorem W1,p(x)(Ω) ֒→ Lr(x)(∂Ω) in the variable exponent setting in the critical case, i.e.

when the immersions are not longer compact.

For this purpose, we firs extend the celebrated concentration compactness principle of P.L.

Lions to the variable exponent case which describe the mechanism why a sequence is weakly

but not strongly convergent.

As a first application of the concentration compactness principle, we find conditions in terms

of the optimal constants in the above mentioned immersions in order to guaranty the existence

of extremals for the immersions. Finally, we give local conditions on the exponents p(x), q(x)

and r(x) to ensure the existence of such extremals.

As a second application we study existence and multiplicity results for solutions to critical

elliptic equations when the elliptic operator is the so-called p(x)−laplacian.

Key words: Variable exponent spaces, Concentration compactness principle, critical expo-

nent, Sobolev embeddings
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para trabajar. Pero, más que nada, por haber aceptado el desafı́o de dirigir mi post-doc. Merci

beaucoup!!!

Gracias a Noemi, Sandra, Joana, Ricardo, Juan Pablo, Irene, Leandro, Ariel S., Ariel L., Pablo

de Napoli y Enrique. Por los seminarios, los cafés y los congresos compartidos.

Gracias a los jurados por sus valiosas correcciones.

Gracias a Mari, Pati, Coti, Ro, Patri y Manu. Por los matecitos con cuartitos de alfajor. Por

aguantarme en los buenos y en los malos dı́as. Por hacer de la ofi un ambiente tan agradable.

Gracias a Caro, Vicky, Jony, Vero y Mer. Por su amistad sincera, por sus consejos y por pensar

siempre en mi.

Gracias a Sigrid, Ema, Romi, Pau A., Nahu, Yani, Manu, Ana F., Juli G., Pablo T., Mazzi, Dani,

Román, Pau K., Nico C., por las conversaciones de pasillo y las salidas compartidas.

Gracias a los chicos del cini por alegrarme los findes.

Gracias a Magui por su amistad incondicional, que me ayuda a crecer y a ser más feliz. Gracias

por ser la hermana que elegı́.

Gracias a mi familia por su apoyo, paciencia y amor.





Contents

Resumen v

Abstract vii

Agradecimientos ix

Contents xiii

1 Introducción 1

1.1 Resultados preliminares . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Espacios de Lebesgue y de Sobolev con exponente variable . . . . . . . . . . . 5

1.3 Motivaciones Fı́sicas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Descripción de los resultados . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Publicaciones incluidas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Introduction 14

2.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Variable exponent setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Physical motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 Description of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.5 Included publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3 Preliminaries 27

3.1 Variable exponent Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Mountain pass theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3 A topological tool: the genus . . . . . . . . . . . . . . . . . . . . . . . . . . . 31



xii CONTENTS

3.4 The variational principle of Ekeland . . . . . . . . . . . . . . . . . . . . . . . 32

4 The concentration–compactness principle for variable exponent spaces 34

4.1 The concentration–compactness principle for the Sobolev immersion . . . . . . 34

4.1.1 Preliminary Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.1.2 Proof of the Concentration Compactness Principle . . . . . . . . . . . 39

4.2 The concentration–compactness principle for the Sobolev trace immersion . . . 41

5 Existence of extremals for Sobolev Embeddings 44

5.1 Compact case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.2 Non-compact case 1: The Sobolev immersion Theorem . . . . . . . . . . . . . 47

5.3 Global conditions for the validity of S (p(·), q(·),Ω) < S̄ . . . . . . . . . . . . . 52

5.4 Continuity of the Sobolev constant with respect to p and q . . . . . . . . . . . 53

5.5 Investigation on the validity of S̄ = infx∈A K−1(N, p(x)) . . . . . . . . . . . . . 55

5.6 Local conditions for the validity of S (p(·), q(·),Ω) < S̄ . . . . . . . . . . . . . 56

5.7 Non-compact case 2: The Sobolev trace Theorem . . . . . . . . . . . . . . . . 58

5.8 Global conditions for the validity of T (p(·), r(·),Ω) < T̄ . . . . . . . . . . . . . 63

5.9 Investigation on the validity of T̄ = infx∈AT
K̄(N, p(x))−1 . . . . . . . . . . . . 64

5.10 Local conditions for the validity of T (p(·), r(·),Ω) < T̄ . . . . . . . . . . . . . 66

6 Existence results for critical elliptic equations with compact perturbations 68

6.1 Superlinear–like compact perturbation . . . . . . . . . . . . . . . . . . . . . . 69

6.2 Sublinear–like compact perturbation . . . . . . . . . . . . . . . . . . . . . . . 75

6.3 Multiplicity result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

7 Existence results for critical elliptic equations via local conditions 90

7.1 Critical equation with Dirichlet boundary conditions . . . . . . . . . . . . . . 91

7.2 Critical equation with nonlinear boundary conditions . . . . . . . . . . . . . . 98

A Asymptotic expansions 103

A.1 Asymptotic expansions for the Sobolev immersion constant . . . . . . . . . . . 104

A.2 Asymptotic expansions for the Sobolev trace constant . . . . . . . . . . . . . . 109

Bibliography 119



CONTENTS xiii

Index 123



xiv CONTENTS



1

Introducción

1.1 Resultados preliminares

El propósito de esta Tesis es el estudio de los Teoremas de inmersión de Sobolev en espacios de

exponente variable con pérdida de compacidad.

Vamos a comenzar con un breve resúmen de resultados conocidos. Sea Ω ⊂ RN un dominio

acotado y notamos porM(Ω) el conjunto de funciones medibles enΩ con valores en la recta real

extendida [−∞,+∞]. Los espacios de Lebesgue para exponente constante son definidos como:

Lp(Ω) =
{

f ∈ M(Ω) :

∫

Ω

| f |p dx < ∞
}

, 1 ≤ p < ∞, y L∞(Ω) =
{

f ∈ M(Ω) : sup
Ω

| f | < ∞
}

.

Aquı́, y a lo largo de esta Tesis, denotamos sup como el supremo esencial con respecto a la

medida de Lebesgue.

Estos espacios estan equipados con las normas

‖ f ‖Lp(Ω) = ‖ f ‖p =
(∫

Ω

| f |p dx

)
1
p

, 1 ≤ p < ∞, y ‖ f ‖L∞(Ω) = ‖ f ‖∞ = ess sup
Ω
| f |.

Los espacios de Sobolev son definidos como

W1,p(Ω) = { f ∈ Lp(Ω) : ∂i f ∈ Lp(Ω) para todo i = 1, . . . ,N}, 1 ≤ p ≤ ∞,

donde ∂i f =
∂ f

∂xi
representa la i−ésima derivada parcial en el sentido de las distribuciones.

La norma de sobolev es definida como

‖ f ‖W1,p(Ω) = ‖ f ‖1,p = (‖ f ‖pp + ‖∇ f ‖pp)
1
p , 1 ≤ p < ∞, y ‖ f ‖W1,∞(Ω) = ‖ f ‖1,∞ = ‖ f ‖∞ + ‖∇ f ‖∞.

Sea 1 ≤ p < N fijo. El teorema de inmersión de Sobolev dice que para Ω Lipschitz, uno tiene,

para toda f ∈ W1,p(Ω), la desigualdad, cf. [21]

‖ f ‖q ≤ C(p, q,Ω)‖ f ‖1,p,
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para 1 ≤ q ≤ p∗, donde p∗ es llamado exponente crı́tico de Sobolev dado por

p∗ =
N p

N − p
. (1.1)

Equivalentemente,

0 < S̃ (p, q,Ω) , inf
v∈W1,p(Ω)

‖v‖1,p
‖v‖q

. (1.2)

Esta constante S̃ (p, q,Ω) es llamada la (mejor u óptima) constante de Sobolev y las funciones v

que realizan el ı́nfimo (si existen) son llamadas extremales.

Una cuestión básica en análisis y en ecuaciones en derivadas parciales, es el cálculo explı́cito

de las constantes óptimas de Sobolev y sus correspondientes extremales.

Vamos a remarcar que un extremal es una solución débil de la correspondiente ecuación de

Euler–Lagrange














−∆pu + |u|p−2u = λ|u|q−2u en Ω,

|∇u|p−2 ∂u
∂n
= 0 en ∂Ω,

(1.3)

donde ∆pu = div(|∇u|p−2∇u) es el operador p−laplaciano y ∂u/∂n es la derivada normal con

respecto al vector normal unitario exterior n de Ω.

La constante λ es un multiplicador de Lagrange y depende de la normalización de u. Por

ejemplo, si u es elegido tal que ‖u‖q = 1, entonces λ = S̃ (p, q,Ω)p.

Cuando q es subcrı́tico, i.e. 1 ≤ q < p∗, la immersión W1,p(Ω) ֒→ Lq(Ω) es compacta,

entonces el método directo del cálculo de variaciones permite probar de manera inmediata la

existencia de extremales para (1.2) y, por ende, la existencia de una solución para (1.3).

Por otro lado, cuando q = p∗ es fácil de ver que la compacidad se pierde y entonces la

existencia de un extremal para (1.2) o la existencia de una solución para la ecuación (1.3) es un

problema no trivial.

Es común en la literatura, debido a muchas aplicaciones, considerar el subespacio de W1,p(Ω)

que consiste en todas las funciones que se anulan en la frontera deΩ. Este subespacio es definido

como

W
1,p

0
(Ω) = C∞c (Ω),

donde C∞c (Ω) son las funciones suaves con soporte compacto y la clausura es tomada en la

norma ‖ · ‖1,p.

En este espacio, se verifica la desigualdad de Poincaré

‖ f ‖p ≤ C(p,Ω)‖∇ f ‖p, para f ∈ W
1,p

0
(Ω). (1.4)

De (1.4) se sigue que ‖∇ f ‖p define una norma en W
1,p

0
(Ω) que es equivalente a ‖ f ‖1,p. En-

tonces, cuando uno trabaja con el espacio W
1,p

0
(Ω), el teorema de inmersión de Sobolev puede

ser rescrito como

0 < S (p, q,Ω) = inf
v∈W1,p

0
(Ω)

‖∇v‖p
‖v‖q

(1.5)
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y la ecuación de Euler–Lagrange para extremales de (1.5) se convierte en















−∆pu = λ|u|q−2u in Ω,

u = 0 on ∂Ω.
(1.6)

Otra vez, para el problema de existencia de extremales, el único caso no trivial es el crı́tico,

q = p∗. Observemos que en el espacio W
1,p

0
(Ω) para que valga el teorema de inmersión no es

necesaria ninguna hipótesis de regularidad sobre el dominio Ω.

En el caso crı́tico se sabe que la constante S (p, p∗,Ω) no se alcanza para ningún abierto Ω

acotado y que la ecuación de Euler–Lagrange (1.6) no tiene solución para Ω estrellado respecto

de un punto.

Además, la constante S (p, p∗,Ω) es independiente de Ω. En efecto,

S (p, p∗,Ω) = K(N, p)−1 := inf
v∈D1,p(RN )

‖∇v‖p
‖v‖p∗

,

donde D1,p(RN) es el conjunto de funciones f en Lp∗(RN) tal que ∂i f ∈ Lp(RN), i = 1, . . . ,N.

Es también bien sabido que los extremales para K(N, p)−1 forman una familia bi-paramétrica

definida por

Uλ,x0
(x) = λ

− N−p

p U( x−x0

λ
),

con U dada por

U(x) =
(

1 + |x|
p

p−1

)− N−p

p
.

Ver [37, 53]. En particular esto permite calcular explı́citamente el valor de K(N, p)−1 (ver [53])

K(N, p) = π
1
2 N
− 1

p

(

p − 1

N − p

)1− 1
p

















Γ(1 + N
2

)Γ(N)

Γ( N
p

)Γ(1 − N − N
p

)

















1
N

,

donde Γ(x) es la función Gamma, Γ(x) =
∫ ∞

0
tx−1e−t dt.

Otra inmersión de Sobolev muy importante es el llamado teorema de trazas de Sobolev. Este

teorema permite restringir una función de Sobolev al borde del dominio (que tiene medida de

Lebesgue cero).

Para poder enunciar el teorema de trazas, necesitamos definir los espacios de Lebesgue en ∂Ω.

Suponemos que Ω es C1 entonces ∂Ω es una variedad (N − 1)−dimensional C1 inmersa en RN

(Menos regularidad en ∂Ω es suficiente para que valga el teorema de trazas, pero la regularidad

C1 alcanza para nuestro propósito). En este caso la medida del borde concuerda con la medida

(N−1)−Hausdorff restringida a ∂Ω. Denotamos esta medida por dS . Entonces, los espacios son

definidos por

Lp(∂Ω) =
{

f ∈ M(∂Ω) :

∫

∂Ω

| f |p dS < ∞
}

, 1 ≤ p < ∞

y la obvia definición para L∞(∂Ω). Las normas son definidas de manera usual y se notan como

‖ f ‖Lp(∂Ω) = ‖ f ‖p,∂Ω.
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El Teorema de trazas de Sobolev dice que, para 1 ≤ p < N y 1 ≤ r ≤ p∗ = (N − 1)p/(N − p),

existe un operador linal acotado T : W1,p(Ω)→ Lr(∂Ω) tal que : Tv = v|∂Ω si v ∈ W1,p(Ω)∩C(Ω)

y ‖Tv‖Lr(∂Ω) ≤ C‖u‖W1,p(∂Ω) o equivalentemente:

0 < T (p, r,Ω) = inf
v∈W1,p(Ω)

‖v‖1,p
‖v‖r,∂Ω

. (1.7)

La ecuación de Euler–Lagrange para (1.7) es















−∆pu + |u|p−2u = 0 in Ω

|∇u|p−2 ∂u
∂n
= λ|u|r−2u on ∂Ω.

(1.8)

Otra vez, λ es un multiplicador de Lagrange que depende de la normalización de u. Si u es

normalizada por ‖u‖r,∂Ω = 1 entonces λ = T (p, r,Ω)p.

Cuando r es subcritico, i.e. 1 ≤ r < p∗, la inmersión W1,p(Ω) ֒→ Lr(∂Ω) es compacta y, como

en el caso previo, la existencia de extremales para (1.7) junto con la existencia de una solución

no trivial para (1.8) es una consecuencia del método directo del Cálculo de Variaciones.

En el caso crı́tico, r = p∗, la inmersión no es compacta. Entonces el problema de existencia,

otra vez, es no trivial.

El problema crı́tico de trazas presenta grandes diferencias con el problema de inmersión de

Sobolev. En [26] se muestra que se tiene la desigualdad

T (p, p∗,Ω) ≤ K̄(N, p)−1
= inf

v∈D̄1,p(RN
+ )

‖∇v‖p,RN
+

‖v‖p∗,∂RN
+

,

donde D̄1,p(RN
+ ) es el conjunto de funciones medibles f tales que ∂i f ∈ Lp(RN

+ ), i = 1, . . . ,N y

f |∂RN
+
∈ Lp∗(∂RN

+ ).

Más aún, en [26], se prueba que si se tiene la desigualdad estricta

T (p, p∗,Ω) < K̄(N, p)−1, (1.9)

entonces existen extremales para (1.7) y por ende una solución no trivial para (1.8).

Una condición global para Ω que implica (1.9) es

|Ω|
1
p

HN−1(∂Ω)
1
p∗
< K̄(N, p)−1. (1.10)

Observar que la clase de conjuntos que verifican (1.10) es grande. En particular, para un dominio

Ω dado, si denotamos Ωt = t · Ω entonces Ωt verifica (1.10) para todo t > 0 suficientemente

pequeño.

Más interesante es encontrar condiciones locales en Ω que garanticen (1.9). Para p = 2 esto

fue conseguido por Adimurthi y Yadava usando el hecho de que los extremales para K̄(N, 2)−1

son conocidos explı́ctamente desde el trabajo de Escobar [19]. De hecho, en [1], los autores
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prueban que si el borde deΩ contiene un punto con curvatura media positiva, entonces se verifica

(1.9).

Recientemente Nazaret, en [43], encontró extremales para K̄(N, p)−1 usando métodos de

transporte de masa. Estos extremales son de la forma

Vλ,y0
(y, t) = λ

− N−p

p−1 V(
y−y0

λ
, t
λ
), y ∈ RN−1, t > 0

y

V(y, t) = r
− N−p

p−1 , r =

√

(1 + t)2 + |y|2.

Del conocimiento explı́cito de los extremales uno puede calcular el valor de la constante K̄(N, p)

(ver, por ejemplo, [27]). Se verifica que

K̄(N, p) = π
1−p

2

(

p − 1

N − p

)p−1


















Γ(
p(N−1)
2(p−1)

)

Γ( N−1
2(p−1)

)



















p−1
N−1

.

Usando estos extremales, Fernández Bonder y Saintier en [27] extendieron [1] y probaron que

(1.9) se verifica si ∂Ω contiene un punto de curvatura media positiva para 1 < p < (N + 1)/2.

Ver también [44] para un resultado relacionado.

1.2 Espacios de Lebesgue y de Sobolev con exponente variable

Antes de esta Tesis muy pocos resultados eran conocidos sobre los teoremas de inmersión de

Sobolev cuando uno reemplaza los espacios de Lebesgue y Sobolev usuales por sus contrapartes

de exponente variable.

Vamos a comenzar con una breve descripción de los espacios de Lebesgue y Sobolev con

exponente variable. Daremos una discusión más detallada en el Cápitulo 3.

Notamos por P(Ω) el conjunto de funciones medibles p : Ω → [1,+∞). Este es el conjunto

de exponentes finitos.

Para cualquier p ∈ P(Ω) definimos el Espacio de Lebesgue de exponente variable como

Lp(x)(Ω) =
{

f ∈ M(Ω) :

∫

Ω

| f |p(x) dx < ∞
}

.

Estos espacios poseen una norma (llamada Norma de Luxemburg) la cual es definida como

‖ f ‖Lp(x)(Ω) = ‖ f ‖p(x) = inf
{

λ > 0:

∫

Ω

∣

∣

∣

∣

f

λ

∣

∣

∣

∣

p(x)
dx ≤ 1

}

.

Con esta norma Lp(x)(Ω) resulta un espacio de Banach. Más aún, si 1 < infΩ p(x) ≤ sup
Ω

p(x) <

∞, Lp(x)(Ω) resulta ser un espacio reflexivo cuyo dual viene dado por dado por Lp′(x)(Ω), 1/p(x)+

1/p′(x) = 1.
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Se define el espacio de Sobolev de exponente variable como

W1,p(x)(Ω) = { f ∈ Lp(x)(Ω) : ∂i f ∈ Lp(x)(Ω), i = 1, . . . ,N}

y la norma en este espacio es definida como

‖ f ‖W1,p(x)(Ω) = ‖ f ‖1,p(x) := inf
{

λ > 0:

∫

Ω

| f |p(x)
+ |∇ f |p(x)

λp(x)
dx ≤ 1

}

.

Observemos que es posible definir la norma como ‖ f ‖p(x) + ‖∇ f ‖p(x). Ambas normas resultan

equivalentes, pero para nuestros propósitos es más conveniente trabajar con la primera.

Análogamente al caso de exponentes constantes, definimos el subespacio de funciones que se

anulan en el borde como

W
1,p(x)

0
(Ω) = C∞c (Ω),

la clausura siendo tomada en la norma ‖ · ‖1,p(x).

En orden de recuperar la desigualdad de Poincaré en este contexto, son necesarias algunas

hipótesis en el exponente p(x). Se sabe que la desigualdad de Poincaré es válida si, por ejemplo,

el exponente p(x) es log-Hölder continuo, cf. Capı́tulo 3.

Entonces, bajo la hipótesis de log-Hölder continuidad de p(x) la norma ‖∇ f ‖p(x) es equivalente

a la norma ‖ f ‖1,p(x) para f ∈ W
1,p(x)

0
(Ω).

Luego, si sup
Ω

p(x) < N, el Teorema de inmersión de Sobolev para exponente variable resulta

0 < S (p(·), q(·),Ω) = inf
v∈W1,p(x)

0
(Ω)

‖∇v‖p(x)

‖v‖q(x)
, (1.11)

para cualquier q ∈ P(Ω) tal que

q(x) ≤ p∗(x) =
N p(x)

N − p(x)
.

Para recuperar la compacidad de la inmersión W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω), necesitamos que el

exponente q(x) sea uniformemente subcrı́tico, i.e.

inf
Ω

(p∗(x) − q(x)) > 0. (1.12)

Como en el caso de exponente constante, bajo la hipótesis (1.12) se sigue por el método

directo del Cálculo de Variaciones la existencia de extremales para (1.11).

El principal objetivo de esta Tesis es estudiar la existencia de extremales para (1.11) cuando

(1.12) es violada.

Para la desigualdad de trazas definimos los espacios de Lebesgue en ∂Ω como

Lp(x)(∂Ω) =
{

f ∈ M(∂Ω) :

∫

∂Ω

| f |p(x) dS < ∞
}
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y su correspondiente norma (de Luxemburg) es

‖ f ‖Lp(x)(∂Ω) = ‖ f ‖p(x),∂Ω = inf
{

λ > 0:

∫

∂Ω

∣

∣

∣

∣

f

λ

∣

∣

∣

∣

p(x)
dS ≤ 1

}

.

Entonces, el teorema de trazas de Sobolev para exponentes variables dice:

0 < T (p(·), r(·),Ω) = inf
v∈W1,p(x)(Ω)

‖v‖1,p(x)

‖v‖r(x),∂Ω
, (1.13)

para cualquier r ∈ P(∂Ω) tal que

r(x) ≤ p∗(x) =
(N − 1)p(x)

N − p(x)
.

Otra vez , para recuperar la compacidad de la inmersión W1,p(x)(Ω) ֒→ Lr(x)(∂Ω), necesitamos

que el exponente r(x) sea uniformemente subcrı́tico, i.e.

inf
∂Ω

(p∗(x) − r(x)) > 0. (1.14)

Otro de los principales intereses de esta Tesis es el estudio de la existencia de extremales para

(1.13) cuando (1.14) no se verifica.

Para una revisión más completa de los espacios de Lebesgue y Sobolev con exponente vari-

able, ver el Capı́tulo 3.

1.3 Motivaciones Fı́sicas

En esta sección revisamos uno de los más importantes problemas fı́sicos que modelan los espa-

cios de exponente variable. Esta es la descripción matemática de los fluidos electroreológicos.

El modelamiento de los fluidos electroreológicos está ampliamente desarrollado en el libro de

Růžička [48].

Los fluidos electroreológicos tienen la habildad especial de cambiar sus propiedades

mecánicas dependiendo de manera dramática del campo eléctrico aplicado. Algunas aplica-

ciones de estos incluyen: amortiguadores, soportes de motor, embragues y telemedicina.

Un modelo interesante para estos fluidos fue estudiado por Růžička [48]. A saber,

div(E + P) = 0 (1.15)

curl(E) = 0 (1.16)

div S + ∇v · v + ∇φ = f + (∇E)P (1.17)

div v = 0, (1.18)

donde E es el campo eléctrico, P es la polarización, v la velocidad, S el tensor de estres extra, φ

es la presión y f es la fuerza mecánica.
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Suponemos que el tensor de estres extra S depende de manera no lineal del campo eléctrico

E y de la componente simétrica del gradiente de velocidades D, D(v) = 1
2
(∇v + (∇v)t).

Experimentalmente, se observa que S depende polinomialmente de D con el grado dependi-

endo de E. Suponemos que S tiene un crecimiento no estándar dada por

|S (D, E)| ≤ L(1 + |D|2)
p(|E|2)−1

2 .

Bajo las hipótesis de que la polarización P es constante, el sistema (1.15)–(1.18) se desacopla

y podemos resolver primero (1.15)–(1.16) para E y entonces, si denotamos p(x) = p(|E|2) el

sistema (1.17)–(1.18) se convierte en una ecuación no lineal con crecimiento no estandar.

La energı́a asociada naturalmente a este problema es
∫

Ω

|D(v)|p(x) dx.

En el caso de la velocidad escalar u, la energı́a se convierte en
∫

Ω

|∇u|p(x) dx,

o

J(u) =

∫

Ω

|∇u|p(x)

p(x)
dx. (1.19)

El operador asociado al funcional J se llama el p(x)−laplaciano y está dado por

∆p(x)u = div(|∇u|p(x)−2∇u).

Cuando p(x) ≡ p es constante, este operador es el bien conocido p−laplaciano. Además, cuando

p(x) ≡ 2 se convierte en el usual operador de Laplace.

Este hecho provee una motivación para el estudio de la siguiente ecuación elı́ptica no lineal,

− ∆p(x)u = f (x, u) en Ω, (1.20)

complementada con condiciones de borde (Dirichlet, Neumann, etc.). Por supuesto, son nece-

sarias algunas hipótesis sobre el crecimiento de f (x, t). Ver la próxima sección.

Otra aplicación interesante en donde el p(x)−laplaciano juega un rol importante, es en el

procesamiento de imágenes.

En efecto, Y. Chen, S. Levin y R. Rao en [11] propusieron el siguiente modelo para la restau-

ración de imágenes:

E(u) =

∫

Ω

|∇u(x)|p(x)

p(x)
+ f (|u(x) − I(x)|) dx→ min,

donde p(x) es una función que varia entre 1 y 2 y f es una función convexa. En su aplicación,

ellos elijieron p(x) cerca de 1 en los lugares donde presuponen que hay bordes y p(x) cerca de 2

en los lugares donde presuponen que no hay bordes. De esta manera los autores pueden remover

el ruido de la imágen preservando los bordes.
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1.4 Descripción de los resultados

Como mencionamos antes, el principal objetivo de esta Tesis es el estudio de las inmersiones de

Sobolev

W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) y W1,p(x)(Ω) ֒→ Lr(x)(∂Ω)

en el rango crı́tico, es decir en el caso donde 1 ≤ q(x) ≤ p∗(x), 1 ≤ r(x) ≤ p∗(x) con

A = {x ∈ Ω : q(x) = p∗(x)} , ∅ y AT = {x ∈ ∂Ω : r(x) = p∗(x)} , ∅.

Nuestro principal interés es el estudio de la falta de compacidad en la inmersión. Por otro lado,

buscamos condiciones en Ω, p(x), q(x) y r(x) que garanticen la existencia de extremales para las

constantes de Sobolev.

S (p(·), q(·),Ω) = inf
u∈W1,p(x)

0
(Ω)

‖∇u‖p(x)

‖u‖q(x)
y T (p(·), r(·),Ω) = inf

u∈W1,p(x)(Ω)

‖u‖1,p(x)

‖u‖r(x),∂Ω
.

En el caso de exponente constante, con Ω acotado, la falta de compacidad fue descripta por

P.L. Lions con el llamado Principio de compacidad por concentración (PCC) [37]. Ver también

los trabajos de H. Brezis y L. Nirenberg [9] y T. Aubin [5].

El PCC afirma que si una sucesión fn ∈ W
1,p

0
(Ω) converge débil a f , pero fn no converge

fuerte a f en Lp∗(Ω). Entonces, la falta de convergencia fuerte viene dada por la aparición de

masas puntuales.

El primer resultado de esta Tesis es la extensión del PCC para el caso de exponente vari-

able. Un aspecto importante de nuestra extensión es el hecho de que las masas puntuales están

localizadas en el conjunto crı́ticoA (oAT en el caso de la inmersión de trazas).

Estos resultados están contenidos en el Capı́tulo 4. Resultados similares fueron obtenidos

independientemente por Y. Fu en [32] pero nuestros resultados son más generales, dado que

en [32] sólo es considerada la inmersión de Sobolev W
1,p(x)

0
(Ω) ֒→ Lp∗(x)(Ω) y, más aún, en

nuestro resultado obtenemos las constantes precisas en las estimaciones. Esto último juega un

rol preponderante en las aplicaciones del resultado.

Respecto de la existencia de extremales, queremos recordar el resultado de compacidad de

[42]. En ese trabajo, se muestra que si el conjunto crı́tico A es pequeño y tenemos un con-

trol preciso de como el exponente q(x) alcanza al crı́tico p∗(x) en A, entonces la inmersión

W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) permanece compacta y, por ende, la existencia de extremales se sigue

por el método directo del Cálculo de Variaciones.

En esta dirección, obtenemos al comienzo del Capı́tulo 5 un resultado similar para el problema

de trazas aplicando las técnicas desarrolladas en [42].

Sin embargo, las condiciones de [42] son bastante restrictivas. Entonces, es deseable obtener

un resultado más general que garantice la existencia de extremales.

Recordemos que para el caso de exponente constante no existen extremales en ningún dominio

acotado para las constantes de Sobolev S (p, p∗,Ω) y que esa constante es independiente de Ω.
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En el caso de exponentes constantes, algunos resultados positivos fueron obtenidos usando

perturbaciones del problema original.

En efecto, en [9] y [5] los autores consideran el problema perturbado.

λ1 = inf
v∈W1,2

0
(Ω)

∫

Ω
|∇u|2 + h(x)|u|2 dx

( ∫

Ω
|u|2∗ dx

)
2

2∗
,

y encuentran condiciones locales en h que aseguran la existencia de extremales para λ1.

Observemos que si h(x) > 0, se sabe que la obstrucción de Pohoz̆aev implica que no existen

extremales para λ1 si Ω es estrellado con respecto a un punto, luego h debe ser negativa en algún

lugar. De cualquier manera, se requiere que

‖u‖2 :=

∫

Ω

|∇u|2 + h(x)|u|2 dx

defina una norma equivalente en W
1,2
0

(Ω).

Nuestro primer resultado para la inmersión de Sobolev dice que es válida la siguiente de-

sigualdad.

S (p(·), q(·),Ω) ≤ inf
x∈A

sup
ε>0

S (p(·), q(·), Bε(x)) ≤ inf
x∈A

K(N, p(x))−1

y, además si la desigualdad es estricta

S (p(·), q(·),Ω) < inf
x∈A

sup
ε>0

S (p(·), q(·), Bε(x)) (1.21)

entonces existe un extremal para S (p(·), q(·),Ω). Después, encontramos condiciones suficientes

para que valga esa desigualdad estricta.

Primero, con una estimación muy cruda, encontramos que si el conjunto subcrı́tico Ω \ A
contiene un bola suficientemente grande, entonces (1.21) vale y por ende existe un extremal

para S (p(·), q(·),Ω).

Este último resultado no es completamente satisfactorio. Uno desearı́a encontrar condiciones

locales en Ω, p(x) y q(x), en el espı́ritu de [9, 5], que impliquen la validez (1.21). En el Cápitulo

5, damos ese tipo de condiciones.

Para la desigualdad de trazas, en el caso de exponentes constantes, se sabe (ver [1] para

p = 2 y [26, 27, 44] para p , 2) que si el borde contiene a un punto de curvatura media

positiva (por ejemplo, cualquier dominio acotado) entonces existe un extremal para T (p, p∗,Ω).

Recordemos que en los trabajos antes mencionados, algunas restricciones en p son necesarias,

i.e. p < (N + 1)/2.

En el caso de exponente variable, primero obtenemos un resultado general análogo al caso de

la inmersión de Sobolev. Se verifica que

T (p(·), r(·),Ω) ≤ inf
x∈AT

sup
ε>0

T (p(·), r(·),Ωε,Γε) ≤ inf
x∈AT

K̄(N, p(x))−1,
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donde Ωε = Ω ∩ Bε(x), Γε = Ω ∩ ∂Bε(x) y T (p(·), r(·),Ω,Γ) es la mejor constante de trazas de

Sobolev para funciones que se anulan en Γ ⊂ ∂Ω.

Además, probamos que si la primera desigualdad estricta, es decir si se verifica

T (p(·), r(·),Ω) < inf
x∈AT

sup
ε>0

T (p(·), r(·),Ωε,Γε), (1.22)

entonces existe un extremal para T (p(·), r(·),Ω).

Después de eso, primero encontramos condiciones globales similares a (1.10) para que (1.22)

sea estricta.

Al final del Capı́tulo 5, encontramos condiciones locales en p(x), r(x) y en la geometrı́a de Ω

que aseguran la existencia de extremales para T (p(·), r(·),Ω).

Como una aplicación de los resultados previos, el resto de la Tesis, se dedica a estudiar la

existencia de soluciones para algunas ecuaciones con crecimiento crı́tico en el sentido de las

inclusiones de Sobolev.

Más precisamente, analizamos el problema de existencia de soluciones de la ecuación















−∆p(x)u = f (x, u) in Ω,

u = 0 on ∂Ω,
(1.23)

donde el crecimiento de f verifica

| f (x, t)| ∼ |t|q(x)−1

y q(x) es crı́tico, i.e. A = {x ∈ Ω̄ : q(x) = p∗(x)} , ∅.
En los últimos años han aparecido una gran cantidad de resultados dedicados al estudio del

problema de existencia para (1.23) con diferentes condiciones de contorno (Dirichlet, Neumann,

flujo no lineal, etc). Ver, por ejemplo [10, 16, 22, 40, 41] y sus referencias.

En estos trabajos, y en la mayorı́a de los artı́culos que se encuentran en la literatura, sólo el

caso subcrı́tico es considerado (A = ∅). Observemos que dado que los exponentes se suponen

continuos,A = ∅ es equivalente a (1.12).

Al igual que en el caso de exponentes constantes, el problema de hallar soluciones de (1.23)

resulta equivalente al de hallar puntos crı́tios del funcional asociado. Este funcional viene dado

por

F (u) =

∫

Ω

|∇u|p(x)

p(x)
dx −

∫

Ω

F(x, u) dx,

donde F(x, t) =
∫ t

0
f (x, s) ds.

Bajo condiciones muy generales para f , el funcional F verifica las hipótesis geométricas

del Teorema del Paso de la Montaña. En el caso subcrı́tico, la compacidad de la inmersión

de Sobolev implica la condición de the Palais–Smale para cualquier nivel de energı́a c ∈ R y

entonces, se obtiene la existencia de un punto crı́tico para F , y por ende, la existencia de una

solución para (1.23). Para un breve resúmen del Teorema de paso de la montaña y algunas

técnicas usuales del cálculo de variaciones, ver el Capı́tulo 3.
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Cuando la subcriticalidad es violada, i.e. A , ∅, si bien las hipótesis geométricas del Teorema

del Paso de la Montaña siguen verificándose, la falta de compacidad en la inmersión hace que

la condición de Palais–Smale ya no pueda verificarse. En consecuencia existen sólo unos pocos

resultados de existencia de soluciones para (1.23) que describiremos brevemente abajo.

En [42], como discutimos en la sección previa, los autores dan condiciones muy restrictivas

para que la inclusión de Sobolev se mantenga compacta, y las técnicas usuales pueden ser apli-

cadas para encontrar un solución no trivial de (1.23). Cuando falta compacidad en la inmersión,

en el mismo trabajo los autores prueban que si el conjunto subcrı́tico Ω \ A contiene una bola

suficientemente grande, entonces (1.23) tiene una solución no trivial no negativa.

El estudio de (1.23) planteado en todo RN es analizado en [4, 22]. En estos trabajos, los

autores estudian el problema en el caso donde p(x), q(x) y f son funciones radiales y dan condi-

ciones que garantian la existencia de una solución radial no trivial.

En esta Tesis, obtenemos dos tipos de resultados de existencia para (1.23). El primero se

obtiene pertubando subcrı́ticamente la no linealidad f . En efecto, consideremos















−∆p(x)u = |u|q(x)−2u + λ(x)g(u) in Ω,

u = 0 on ∂Ω,
(1.24)

donde |g(t)| ∼ |t|s(x)−1 y el exponente s(x) es subcrı́tico.

En el caso de exponentes constantes, el problema de existencia para (1.24) fue analizado en

[33]. Nosotros seguimos las mismas ideas en nuestro caso.

Para estos problemas encontramos que si p(x) < s(x) < q(x) y λ(x) es grande en el conjunto

crı́ticoA entonces existe una solución del problema (1.24). Además, cuando s(x) < p(x) < q(x)

y λ(x) es uniformemente pequeño, entonces existen infinitas soluciones del problema (1.24) bajo

la suposición de que g es impar.

Sin suponer condiciones de paridad en g podemos obtener un resultado de multiplicidad para

(1.24). Para hacer esto, necesitamos que sup p(x) < inf s(x) ≤ sup s(x) < inf q(x) y que inf λ(x)

sea suficientemente grande y obtenemos tres soluciones no triviales , una positiva, una negativa

y otra que cambia de signo. Esto extiende un trabajo previo [12], donde fue tratado el mismo

problema para exponentes constantes. Ver también el trabajo de Struwe [52] donde el caso

subcrı́tico para exponentes constantes fue analizado.

Estos resultados están contenidos en el Capı́tulo 6. Resultados similares (algo más restrictivos

que los nuestros) fueron obtenidos independientemente por [32].

Finalmente, el último Capı́tulo de la Tesis se ocupa del problema de existencia para (1.23) sin

perturbaciones subcrı́ticas. Para este problema podemos mostrar que el funcional asociado F
verifica la condición de Palais–Smale para niveles de energı́a c por debajo de una cierto nivel de

energı́a crı́tico c∗ (que podemos calcular explı́citamente en términos de la constante de Sobolev).

Entonces, el problema de existencia se reduce a encontrar una sucesión de Palais–Smale con

nivel de energı́a por debajo de c∗. En el espı́ritu de [9, 5], etc. encontramos condiciones locales

en p(x) y q(x) que implican la existencia de esa sucesión.
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Esto se logra por medio de un análisis asintótico fino obtenido al concentrar el extremal de

K(N, p)−1 alrededor de algún punto crı́tico de p(x) y q(x).

Usando el mismo tipo de argumentos, el problema con condiciones de flujo no lineal en la

frontera














−∆p(x)u + |u|p(x)−2u = 0 in Ω,

|∇u|p(x)−2 ∂u
∂n
= |u|q(x)−2u on ∂Ω,

puede ser tratado pero en este caso el análisis asintótico es aún más delicado debido a que entra

en juego la geometrı́a de ∂Ω.

Finalmente, al final de la Tesis incluimos un apéndice donde son calculadas las expansiones

asintóticas necesarias para el Capı́tulo 7. Elegimos dejar estos cálculos para el apéndice debido

a que las mismas son excesivamente técnicas y largas.

1.5 Publicaciones incluidas

Los resultados de esta Tesis han aparecido publicados como artı́culos de investigación. Estos

resultados pueden ser leı́dos como contribuciones individuales unidos por un tema común y la

mayorı́a de los mismos ya han sido publicados. La Tesis contiene los siguientes artı́culos:

[28] J. Fernández Bonder, N. Saintier, A. Silva. On the Sobolev trace Theorem for variable

exponent spaces in the critical range. Preprint.

[29] J. Fernández Bonder, N. Saintier, A. Silva. Existence of solution to a critical equation

with variable exponent. Ann. Acad. Sci. Fenn. Math., 37 (2012), 579–594.

[30] J. Fernández Bonder, N. Saintier, A. Silva. On the Sobolev embedding theorem for vari-

able exponent spaces in the critical range. J. Differential Equations, 253 (2012), no. 5,

1604–1620.

[31] J. Fernández Bonder, A. Silva. The concentration-compactness principle for variable
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2

Introduction

2.1 Preliminary results

The purpose of this Thesis is the study of the Sobolev immersion theorems in variable exponent

spaces with lack of compactness.

Let us begin with a brief account of the known results. Let Ω ⊂ RN be a bounded domain

and denote byM(Ω) the set of measurable function on Ω with values in the extended real line

[−∞,+∞]. The Lebesgue spaces for constant exponents are defined as

Lp(Ω) =
{

f ∈ M(Ω) :

∫

Ω

| f |p dx < ∞
}

, 1 ≤ p < ∞, and L∞(Ω) =
{

f ∈ M(Ω) : sup
Ω

| f | < ∞
}

.

Here and in this Thesis, by sup we mean de essential supremum with respect to the Lebesgue

measure.

This spaces are equipped with the norms

‖ f ‖Lp(Ω) = ‖ f ‖p =
(∫

Ω

| f |p dx

)
1
p

, 1 ≤ p < ∞, and ‖ f ‖L∞(Ω) = ‖ f ‖∞ = ess sup
Ω
| f |.

The Sobolev spaces are defined as

W1,p(Ω) = { f ∈ Lp(Ω) : ∂i f ∈ Lp(Ω), i = 1, . . . ,N}, 1 ≤ p ≤ ∞,

where ∂i f =
∂ f

∂xi
stands for the distributional partial derivative.

The Sobolev norm is defined as

‖ f ‖W1,p(Ω) = ‖ f ‖1,p = (‖ f ‖pp + ‖∇ f ‖pp)
1
p , 1 ≤ p < ∞, and ‖ f ‖W1,∞(Ω) = ‖ f ‖1,∞ = ‖ f ‖∞ + ‖∇ f ‖∞.

Let 1 ≤ p < N be fixed. The Sobolev immersion Theorem, says that for Ω Lipschitz, one has,

for any f ∈ W1,p(Ω), the inequality, cf. [21]

‖ f ‖q ≤ C(p, q,Ω)‖ f ‖1,p
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for 1 ≤ q ≤ p∗, where p∗ is the so-called critical Sobolev exponent and is given by

p∗ =
N p

N − p
. (2.1)

Equivalently, there holds

0 < S̃ (p, q,Ω) = inf
v∈W1,p(Ω)

‖v‖1,p
‖v‖q

. (2.2)

This constants S̃ (p, q,Ω) are called the (best or optimal) Sobolev constants and the functions v

that realize the above infimum (if they exist) are called extremals.

One basic question in analysis and partial differential equations is the (explicit) computation

of the optimal Sobolev constants and of their corresponding extremals.

Let us recall that an extremal is a (weak) solution of the corresponding Euler–Lagrange equa-

tion














−∆pu + |u|p−2u = λ|u|q−2u in Ω,

|∇u|p−2 ∂u
∂n
= 0 on ∂Ω,

(2.3)

where ∆pu = div(|∇u|p−2∇u) is the well-known p−Laplace operator and ∂u/∂n is the normal

derivative with respect to the outer unit normal vector n to Ω.

The constant λ is a Lagrange multiplier and depends on the normalization of u. For instance

if u is chosen so that ‖u‖q = 1, then λ = S̃ (p, q,Ω)p.

When q is subcritical, i.e. 1 ≤ q < p∗, the immersion W1,p(Ω) ֒→ Lq(Ω) is compact, and so

the direct method of the Calculus of Variations immediately yields the existence of an extremal

for (2.2), and therefore the existence of a weak solution to (2.3).

On the other hand, when q = p∗ it is easy to see that the compactness fails and so the existence

of an extremal for (2.2) or the existence of a weak solution to (2.3) is a nontrivial matter.

It is customary in the literature, due to many applications, to consider the subspace of W1,p(Ω)

consisting in those functions having zero boundary values. This subspace is defined as

W
1,p

0
(Ω) = C∞c (Ω),

where C∞c (Ω) stands for the smooth functions with compact support and the closure is taken in

the ‖ · ‖1,p−norm.

In this space, the well-known Poincaré inequality holds

‖ f ‖p ≤ C(p,Ω)‖∇ f ‖p, for f ∈ W
1,p

0
(Ω). (2.4)

From (2.4) it follows that ‖∇ f ‖p defines a norm in W
1,p

0
(Ω) which is equivalent to ‖ f ‖1,p. So,

when one works within the space W
1,p

0
(Ω), the Sobolev immersion Theorem can be restated as

0 < S (p, q,Ω) = inf
v∈W1,p

0
(Ω)

‖∇v‖p
‖v‖q

(2.5)
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and the Euler-Lagrange equation for the extremals of (2.5) becomes















−∆pu = λ|u|q−2u in Ω,

u = 0 on ∂Ω.
(2.6)

Again, for the existence of extremals problem, the only nontrivial case is the critical one,

q = p∗. Let us observe that in the space W
1,p

0
(Ω) no regularity hipothesis is needed on Ω for the

Sobolev immersion Theorem to hold.

In the critical case it is known that S (p, p∗,Ω) is not attained for anyΩ bounded and the Euler–

Lagrange equation (2.6) does not have a solution for Ω bounded and starshaped with respect to

some point.

Moreover, the constant S (p, p∗,Ω) is independent of Ω. It holds

S (p, p∗,Ω) = K(N, p)−1 := inf
v∈D1,p(RN )

‖∇v‖p
‖v‖p∗

where D1,p(RN) is the set of functions f in Lp∗(RN) such that ∂i f ∈ Lp(RN), i = 1, . . . ,N.

It is known, see [37, 53], that the extremals for K(N, p)−1 form a two-parameter family given

by

Uλ,x0
(x) = λ

− N−p

p U( x−x0

λ
),

with U given by

U(x) =
(

1 + |x|
p

p−1

)− N−p

p
.

In particular, see [53], this allows one to compute explicitly the value of K(N, p)−1,

K(N, p) = π
1
2 N
− 1

p

(

p − 1

N − p

)1− 1
p

















Γ(1 + N
2

)Γ(N)

Γ( N
p

)Γ(1 − N − N
p

)

















1
N

,

where Γ(x) is the Gamma function, Γ(x) =
∫ ∞

0
tx−1e−t dt.

Another very important Sobolev immersion is the Sobolev trace Theorem. This theorem al-

lows one to restrict a Sobolev function to the boundary of the domain (that has Lebesgue measure

zero).

In order to state the trace Theorem we need to define the Lebesgue spaces on ∂Ω. We assume

that Ω is C1 so ∂Ω is a (N − 1)−dimensional C1 immersed manifold on RN (less regularity on

∂Ω is enough for the trace Theorem to hold, but the C1 regularity is enough for our purposes).

Therefore the boundary measure agrees with the (N − 1)−Hausdorff measure restricted to ∂Ω.

We denote this measure by dS . So, the spaces are defined as

Lp(∂Ω) =
{

f ∈ M(∂Ω) :

∫

∂Ω

| f |p dS < ∞
}

, 1 ≤ p < ∞

and an obvious definition for L∞(∂Ω).
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The norms are defined in the usual manner and are denoted by ‖ f ‖Lp(∂Ω) = ‖ f ‖p,∂Ω.
The Sobolev trace Theorem states that, for 1 ≤ p < N and 1 ≤ r ≤ p∗ = (N−1)p/(N−p),there

exists a bounded lineal operator T : W1,p(Ω) → Lr(∂Ω) such that : Tv = v|∂Ω si v ∈ W1,p(Ω) ∩
C(Ω) and ‖Tv‖Lr(∂Ω) ≤ C‖u‖W1,p(∂Ω) or equivalently

0 < T (p, r,Ω) = inf
v∈W1,p(Ω)

‖v‖1,p
‖v‖r,∂Ω

. (2.7)

The Euler-Lagrange equation for (2.7) is















−∆pu + |u|p−2u = 0 in Ω

|∇u|p−2 ∂u
∂n
= λ|u|r−2u on ∂Ω.

(2.8)

Again, λ is a Lagrange multiplier that depends on the normalization of u. If u is taken as

‖u‖r,∂Ω = 1 then λ = T (p, r,Ω)p.

If r is subcritical, i.e. 1 ≤ r < p∗, the immersion W1,p(Ω) ֒→ Lr(∂Ω) is compact and, as in

the previous case, the existence of extremals for (2.7) and therefore the existence of a solution

to (2.8) follows by the direct method of the Calculus of Variations.

In the critical case, r = p∗, the immersion is no longer compact. So the existence problem,

again, becomes nontrivial.

The critical trace problem presents striking differences with respect to the critical Sobolev

immersion problem.

It is known, see [26], that

T (p, p∗,Ω) ≤ K̄(N, p)−1
= inf

v∈D̄1,p(RN
+ )

‖∇v‖p
‖v‖p∗,∂RN

+

,

where D̄1,p(RN
+ ) is the set of measurable functions f such that ∂i f ∈ Lp(RN

+ ), i = 1, . . . ,N and

f |∂RN
+
∈ Lp∗(∂RN

+ ).

Moreover, in [26] it is shown that if

T (p, p∗,Ω) < K̄(N, p)−1, (2.9)

then there exists an extremal for (2.7) and so, a solution to (2.8).

One trivial global condition on Ω that implies (2.9) is

|Ω|
1
p

HN−1(∂Ω)
1
p∗
< K̄(N, p)−1. (2.10)

Observe that the family of sets that verify (2.10) is large. In particular, for any fixed set Ω if we

denote Ωt = t ·Ω then Ωt verifies (2.10) for any t > 0 small.

More interesting is to find local conditions on Ω that ensure (2.9). For p = 2 this was done by

Adimurthi and Yadava by using the fact that the extremals for K̄(N, 2)−1 were explicitly known
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since the work of Escobar [19]. In fact, in [1], the authors proved that if the boundary of Ω

contains a point with positive mean curvature, then (2.9) holds true.

Recently Nazaret, in [43], found the extremals for K̄(N, p)−1 by means of mass transportation

methods. These extremals are of the form

Vλ,y0
(y, t) = λ

− N−p

p−1 V(
y−y0

λ
, t
λ
), y ∈ RN−1, t > 0

and

V(y, t) = r
− N−p

p−1 , r =

√

(1 + t)2 + |y|2.

From the explicit knowledge of the extremals one can compute the value of the constant K̄(N, p)

(see, for example, [27]). It holds

K̄(N, p) = π
1−p

2

(

p − 1

N − p

)p−1


















Γ(
p(N−1)
2(p−1)

)

Γ( N−1
2(p−1)

)



















p−1
N−1

.

Using these extremals, Fernández Bonder and Saintier in [27] extended [1] and prove that

(2.9) holds true if ∂Ω contains a point of positive mean curvature for 1 < p < (N + 1)/2. See

also [44] for a related result.

2.2 Variable exponent setting

Prior to this Thesis very little was known on the Sobolev immersion theorems when one replaces

the usual Lebesgue and Sobolev spaces for their variable exponent counterparts.

Let us begin with a brief description of the Lebesgue and Sobolev spaces with variable expo-

nent. A more detailed discussion is given in Chapter 3.

We denote by P(Ω) the set of measurables functions p : Ω→ [1,+∞). This is the set of finite

exponents.

For any p ∈ P(Ω) we define the variable exponent Lebesgue space as

Lp(x)(Ω) =
{

f ∈ M(Ω) :

∫

Ω

| f |p(x) dx < ∞
}

.

These spaces are endowed with a norm (so-called the Luxemburg norm) which is defined as

‖ f ‖Lp(x)(Ω) = ‖ f ‖p(x) = inf
{

λ > 0:

∫

Ω

∣

∣

∣

∣

f

λ

∣

∣

∣

∣

p(x)
dx ≤ 1

}

.

With this norm, Lp(x)(Ω) becomes a Banach space and if 1 < infΩ p(x) ≤ sup
Ω

p(x) < ∞, it is a

reflexive space with dual given by Lp′(x)(Ω), 1/p(x) + 1/p′(x) = 1.

The variable exponent Sobolev space is defined as

W1,p(x)(Ω) = { f ∈ Lp(x)(Ω) : ∂i f ∈ Lp(x)(Ω), i = 1, . . . ,N}.
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The norm within this space is defined as

‖ f ‖W1,p(x)(Ω) = ‖ f ‖1,p(x) := inf
{

λ > 0:

∫

Ω

| f |p(x)
+ |∇ f |p(x)

λp(x)
dx ≤ 1

}

.

Observe that we can define the norm as ‖ f ‖p(x) + ‖∇ f ‖p(x). Both norms turn out to be equivalent,

but is more convenient for our purposes to work with the first one.

Analogously to the constant exponent case, the subspace of the functions with zero boundary

values is defined as

W
1,p(x)

0
(Ω) = C∞c (Ω),

the closure being taken in the ‖ · ‖1,p(x)−norm.

In order to recover Poincaré inequality in this context, some hypotheses on the exponent p(x)

are needed. Up to date, Poincaré inequality is known to hold if p(x) is log-Hölder continuous,

cf. Chapter 3.

So, under log-Hölder continuity of p(x) the norm ‖∇ f ‖p(x) is an equivalent norm to ‖ f ‖1,p(x)

for f ∈ W
1,p(x)

0
(Ω).

Thus, if sup
Ω

p(x) < N, the Sobolev immersion Theorem for variable exponents reads

0 < S (p(·), q(·),Ω) = inf
v∈W1,p(x)

0
(Ω)

‖∇v‖p(x)

‖v‖q(x)
, (2.11)

for any q ∈ P(Ω) such that

q(x) ≤ p∗(x) =
N p(x)

N − p(x)
.

In order to recover the compactness of the immersion W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω), we require the

exponent q(x) to be uniformly subcritical, i.e.

inf
Ω

(p∗(x) − q(x)) > 0. (2.12)

As in the constant exponent case, under hypothesis (2.12) the existence of extremals for (2.11)

follows immediately by direct minimization.

The main objective of the Thesis is to study the existence of extremals for (2.11) when (2.12)

is violated.

As for the trace inequality, the Lebesgue spaces on ∂Ω are defined as

Lp(x)(∂Ω) =
{

f ∈ M(∂Ω) :

∫

∂Ω

| f |p(x) dS < ∞
}

and the corresponding (Luxemburg) norm is

‖ f ‖Lp(x)(∂Ω) = ‖ f ‖p(x),∂Ω = inf
{

λ > 0:

∫

∂Ω

∣

∣

∣

∣

f

λ

∣

∣

∣

∣

p(x)
dS ≤ 1

}

.
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Hence, the Sobolev trace Theorem for variable exponents reads

0 < T (p(·), r(·),Ω) = inf
v∈W1,p(x)(Ω)

‖v‖1,p(x)

‖v‖r(x),∂Ω
, (2.13)

for any r ∈ P(∂Ω) such that

r(x) ≤ p∗(x) =
(N − 1)p(x)

N − p(x)
.

Again, in order to recover compactness of the immersion W1,p(x)(Ω) ֒→ Lr(x)(∂Ω), we require

the exponent r(x) to be uniformly subcritical, i.e.

inf
∂Ω

(p∗(x) − r(x)) > 0. (2.14)

Another main concern of this Thesis is the study of the existence of extremals for (2.13) when

(2.14) is violated.

For a more comprehensive review of Lebesgue and Sobolev spaces with variable exponents,

see Chapter 3.

2.3 Physical motivation

In this section we review one of the most important physical problems where variable exponent

spaces play a crucial role in modeling. This is the mathematical description of electrorheological

fluids.

The modeling of electrorheological fluids is fully developed in the book of Růžička [48].

Electrorheological fluids have the special feature that their mechanical properties depend in a

dramatic way on a applied electric field. Some applications of these include: vibration absorbers,

engine mounts, earthquake–resistant buildings, clutches, actuators and telemedicine.

An interesting model for such fluids was studied by Růžička [48]. Namely,

div(E + P) = 0 (2.15)

curl(E) = 0 (2.16)

div S + ∇v · v + ∇φ = f + (∇E)P (2.17)

div v = 0, (2.18)

where E is the electric field, P the polarization, v the velocity, S the extra stress tensor, φ the

pressure and f is the mechanical force.

The extra stress tensor S is assume to depend in a nonlinear manner of the electric field E and

of the symmetric velocity gradient D, D(v) = 1
2
(∇v + (∇v)t).

Experimentally, it is observed that S depends polinomially on D with degree depending on E.

it is assumed that S has the nonstandard growth given by

|S (D, E)| ≤ L(1 + |D|2)
p(|E|2)−1

2 .
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Under the assumption that the polarization P is constant, the system (2.15)–(2.18) decouples

and we can first solve (2.15)–(2.16) for E and so, if we denote p(x) = p(|E|2) the system (2.17)–

(2.18) becomes a nonlinear differential equation with nonstandard growth.

The natural energy associate to this problem is

∫

Ω

|D(v)|p(x) dx.

In case the velocity is a scalar u, this energy becomes

∫

Ω

|∇u|p(x) dx,

or

J(u) =

∫

Ω

|∇u|p(x)

p(x)
dx. (2.19)

The Euler-Lagrange equation associated to the functional (2.19) is the so-called p(x)−laplacian

given by

∆p(x)u = div(|∇u|p(x)−2∇u).

When p(x) ≡ p is constant, this operator is the well-known p−Laplacian. Moreover, when

p(x) ≡ 2 it becomes the usual Laplace operator.

This fact is a motivation for the study of the following nonlinear elliptic equation,

− ∆p(x)u = f (x, u) in Ω, (2.20)

complemented with boundary conditions (Dirichlet, Neumann, etc.). Of course, some hypothe-

ses on the source term f (x, t) are needed. See the next section.

There is another interesting application where the p(x)−laplacian plays an important role.

This application comes from Image Processing.

In fact, Y. Chen, S. Levin and R. Rao in [11] proposed the following model for image restora-

tion:

E(u) =

∫

Ω

|∇u(x)|p(x)

p(x)
+ f (|u(x) − I(x)|) dx→ min,

where p(x) is a function varying between 1 and 2 and f is a convex function. In their application,

they chose p(x) close to 1 where there is likely to be edges and close to 2 where it is unlikely

to be edges. In this way, the authors are allowed to remove the noise from the image preserving

the boundaries.

2.4 Description of the results

As we mentioned before, the main objective of this Thesis is the study of the Sobolev immersions

W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) and W1,p(x)(Ω) ֒→ Lr(x)(∂Ω)
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in the critical range, i.e. in the case where 1 ≤ q(x) ≤ p∗(x), 1 ≤ r(x) ≤ p∗(x) and

A = {x ∈ Ω : q(x) = p∗(x)} , ∅ and AT = {x ∈ ∂Ω : r(x) = p∗(x)} , ∅.

The main questions that we address is the study of the failure of compactness of the immersion.

On the other, we look for conditions on Ω, p(x), q(x) and r(x) that guaranty the existence of

extremals for the Sobolev constants

S (p(·), q(·),Ω) = inf
u∈W1,p(x)

0
(Ω)

‖∇u‖p(x)

‖u‖q(x)
and T (p(·), r(·),Ω) = inf

u∈W1,p(x)(Ω)

‖u‖1,p(x)

‖u‖r(x),∂Ω
.

In the constant exponent case, withΩ bounded, the failure of compactness was fully described

by the so-called Concentration–Compactness Principle (CCP) by P.L. Lions in [37]. See also

the works of H. Brezis and L. Nirenberg [9] and T. Aubin [5].

The CCP states that if a sequence fn ∈ W
1,p

0
(Ω) weakly converges to f , but fn does not

converges to f strongly in Lp∗(Ω). Then, the failure for this strong convergence comes from the

appearance of point masses.

The first result in this Thesis is the extension of the CCP to the variable exponent case. An

important feature of our extension is the fact that the point masses are located in the critical set

A (orAT in the case of the trace immersion).

These results are the content of Chapter 4. Let us mention that similar results were obtained

independently by Y. Fu in [32] but our results are more general since in [32] only the case of the

Sobolev immersion W
1,p(x)

0
(Ω) ֒→ Lp∗(x)(Ω) was considered and, moreover, in our results the

precise constants entering the estimates are obtained. The precise knowledge of these constants

play a decisive role in the applications of our result.

As for the existence of extremals, we recall the compactness result of [42]. In that work it is

shown that if the critical setA is small and we have a certain precise rate at which the exponent

q(x) reaches the critical one p∗(x) at A, then the immersion W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) remains

compact, and so the existence of extremals follows by direct minimization.

In this direction, we obtain at the beginning of Chapter 5 a similar result for the trace problem

applying the same technique developed in [42].

Nevertheless, the conditions of [42] are rather restrictive. So, a more general result in order to

obtain the existence of extremals is desirable.

Recall that in the constant exponent case extremals for the Sobolev constant S (p, p∗,Ω) do

not exist in any bounded domain and that this constant is independent of Ω.

Still in the constant exponent case, some positive results were obtained for perturbations of

the extremal problem.

In fact, in [9] and [5] the authors considered the perturbed problem

λ1 = inf
v∈W1,2

0
(Ω)

∫

Ω
|∇u|2 + h(x)|u|2 dx

( ∫

Ω
|u|2∗ dx

)
2

2∗
,
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and found local conditions on h that ensure the existence of an extremal for λ1.

Observe that if h(x) > 0 and Ω is starshaped with respect to some point, it is well known

that the Pohozaev obstruction implies that no extremal for λ1 exists, so h must be negative

somewhere. Anyway, it is required that

‖u‖2 :=

∫

Ω

|∇u|2 + h(x)|u|2 dx

define an equivalent norm in W
1,2
0

(Ω).

Our first result for the Sobolev immersion says that the following inequality holds

S (p(·), q(·),Ω) ≤ inf
x∈A

sup
ε>0

S (p(·), q(·), Bε(x)) ≤ inf
x∈A

K(N, p(x))−1

and, moreover if the strict inequality holds

S (p(·), q(·),Ω) < inf
x∈A

sup
ε>0

S (p(·), q(·), Bε(x)) (2.21)

then there exists an extremal for S (p(·), q(·),Ω). Then, we find sufficient conditions for the above

strict inequality to hold.

First, with a very crude estimate, we find that if the subcritical setΩ\A contains a sufficiently

large ball. Then, (2.21) holds and therefore an extremal for S (p(·), q(·),Ω) exists.

This latter result is not satisfactory. It would be desirable to find local conditions on p(x) and

q(x), in the spirit of [9, 5], that imply the validity of (2.21). We find such conditions in Chapter

5.

As for the trace inequality, in the constant exponent case. It is known (see [1] for p = 2

and [26, 27, 44] for p , 2) that if the boundary of the domain contains a point of positive

mean curvature (for instance, any bounded domain) then there exists an extremal for T (p, p∗,Ω).

Recall that in the above mentioned works, some restrictions on p are in order, i.e. p < (N+1)/2.

In the variable exponent case, we first obtain a general result analogous to the Sobolev im-

mersion case. There holds

T (p(·), r(·),Ω) ≤ inf
x∈AT

sup
ε>0

T (p(·), r(·),Ωε,Γε) ≤ inf
x∈AT

K̄(N, p(x))−1,

where Ωε = Ω ∩ Bε(x), Γε = Ω ∩ ∂Bε(x) and T (p(·), r(·),Ω,Γ) stands for the best trace constant

on functions that vanish on Γ ⊂ ∂Ω.

Moreover, we prove that if the strict inequality holds

T (p(·), r(·),Ω) < inf
x∈AT

sup
ε>0

T (p(·), r(·),Ωε,Γε), (2.22)

then there exists an extremal for T (p(·), r(·),Ω).

After that, we first find global conditions similar to (2.10) in order to (2.22) holds true.
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Finally, at the end of Chapter 5, we find local conditions on p(x), r(x) and on the geometry of

Ω that ensure the existence of extremals for T (p(·), r(·),Ω).

As an application of the previous results, the rest of the Thesis, is devoted to the study of the

existence of solution to some partial differential equations with critical growth in the sense of

the Sobolev embeddings.

To be precise, we analyze the existence problem for solutions of the equation















−∆p(x)u = f (x, u) in Ω,

u = 0 on ∂Ω,
(2.23)

where the source term f verifies

| f (x, t)| ∼ |t|q(x)−1

and q(x) is critical, i.e. A = {x ∈ Ω̄ : q(x) = p∗(x)} , ∅.
In recent years a vast amount of literature that dealt with the existence problem for (2.23)

with different boundary conditions (Dirichlet, Neumann, nonlinear, etc) has appeared. See, for

instance [10, 16, 22, 40, 41] and references therein.

In these works, and in most of the papers found in the literature, only the subcritical case

is considered (A = ∅). Recall that as the exponents are assumed to be continuous, A = ∅ is

equivalent to (2.12).

In the subcritical case, the compactness of the Sobolev immersion immediately gives that,

under reasonable assumptions on f , the functional associated to (2.23)

F (u) =

∫

Ω

|∇u|p(x)

p(x)
dx −

∫

Ω

F(x, u) dx,

where F(x, t) =
∫ t

0
f (x, s) ds, verifies the Palais–Smale condition for any energy level c > 0

and so, by means of the Mountain Pass Theorem the existence of a critical point for F , and

therefore of a solution to (2.23), follows as in the constant exponent case. For a brief account

on the Mountain-Pass Theorem and on some of the most common variational techniques in the

calculus of variation, see Chapter 3.

When the subcriticality is violated, i.e. A , ∅, there are only a handful of results on the

existence of solutions to (2.23) that we briefly describe below.

In [42], as we discussed in the previous section, the authors give very restrictive conditions to

ensure that the Sobolev immersion remains compact, and so the usual techniques can be applied

to find a nontrivial solution to (2.23). When the immersion fails to be compact in the same work

the authors prove that if the subcriticality set Ω \A contains a sufficiently large ball, then (2.23)

has a nonnegative nontrivial solution.

The study of (2.23) posed in the whole RN is analyzed in [4, 22]. In those works the authors

studied the problem in the case where p(x), q(x) and f are radial functions and give somewhat

restrictive conditions to ensure the existence of a nontrivial radial solution.
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In this Thesis, we obtain two type of existence results for (2.23). The first ones are obtained

by perturbing the critical source f by a subcritical one. That is, we consider















−∆p(x)u = |u|q(x)−2u + λ(x)g(u) in Ω,

u = 0 on ∂Ω,
(2.24)

where |g(t)| ∼ |t|s(x)−1 and s(x) is subcritical.

In the constant exponent case, the existence problem for (2.24) was analyzed in [33]. We

follow the same line of approach in our case.

For these problems we find that if p(x) < s(x) < q(x) and λ(x) is large in the critical set A
then there exists a solution to (2.24). Moreover, when s(x) < p(x) < q(x) and λ(x) is uniformly

small, then there exists infinitely many solutions to (2.24) under the assumption that g is odd.

Without the oddness assumption on g we can still obtain a multiplicity result for (2.24). In

order to do this, we need to assume that sup p(x) < inf s(x) ≤ sup s(x) < inf q(x) and that

inf λ(x) large enough and we obtain three nontrivial solutions, one positive, one negative and the

other one is sign changing. This extend previous work [12], where the same problem but with

constant exponents was treated. See also the paper from Struwe [52] where the subcritical case

in the constant exponent framework was analyzed.

These results are the content of Chapter 6. Let us mentioned that some related results (more

restrictive than ours, though) were obtained independently in [32].

Finally, the last Chapter of the Thesis deals with the existence problem for (2.23) without sub-

critical perturbations. For this problem we can show that the associated functional F verifies the

Palais–Smale condition for energy levels c below some critical energy c∗ (that can be computed

explicitly in terms of the Sobolev constants).

So, the existence problem is reduced to find a Palais–Smale sequence with energy level below

c∗. In the spirit of [9, 5], etc. we find local conditions on p(x) and q(x) that imply the existence

of such sequence.

This is done by a refined asymptotic analysis obtained by concentrating the extremal for

K(N, p)−1 around some critical point of p(x) and q(x).

By using the same type of arguments, the nonlinear boundary condition case















−∆p(x)u + |u|p(x)−2u = 0 in Ω,

|∇u|p(x)−2 ∂u
∂n
= |u|q(x)−2u on ∂Ω,

can be treated but in this case the asymptotic analysis is even more delicate since the geometry

of ∂Ω comes into play.

Finally, at the end of the Thesis we included an appendix where the asymptotic expansions

needed in Chapter 7 are computed. We have chosen to leave this computations in a separated

appendix since they are rather technical and long.
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Preliminaries

3.1 Variable exponent Sobolev spaces

In this chapter we review some preliminary results regarding Lebesgue and Sobolev spaces with

variable exponent, they differ from classical Lp in that the exponent p is not constant but a

function from Ω to [1,∞]. All of these results and a comprehensive study of these spaces can

be found in [14]. For the definition of the variable exponent spaces is necessary to introduce the

kind of variable exponents that we are interested in.

Definition 3.1. Let (E,
∑

, µ) be a σ-finite, complete measure space. We define P(E, µ) to be the

set of all µ measurable functions p : E → [1,∞]. The functions p ∈ P(E, µ) are called variable

exponents on Ω. We define p− := p−
E

:= infy∈E p(y) and p+ := p+
E

:= supy∈E p(y). If p+ < ∞
then we call p a bounded variable exponent.

For p ∈ P(E, µ), we define p′ ∈ P(E, µ) by 1
p(x)
+

1
p′(x)
= 1, with the usual convention 1

∞ := 0.

The function p′ ∈ P(E, µ) is called the dual variable exponent of p.

Remark 3.2. The two most important cases that we consider in this Thesis are

• (E,Σ, µ) = (Ω,Σ(Ω), dx), where Ω ⊂ RN is a bounded open set, Σ(Ω) are the Lebesgue

measurable subsets of Ω and dx is de Lebesgue measure in RN .

• (E,Σ, µ) = (∂Ω,B(∂Ω), dS ), where Ω ⊂ RN is an open set with C2 boundary, B(∂Ω)

are the Borel sets of ∂Ω and dS is the surface measure that agrees with the Hausdorff

(N − 1)−dimensional measureHN−1 restricted to ∂Ω.

Definition 3.3. Let p ∈ P(E, µ) bounded and let ρp(x) be de modular given by

ρp(x)(u) :=

∫

E

|u|p(x) dµ.

So, the variable exponent Lebesgue space L
p(x)
µ (E) is defined by

L
p(x)
µ (E) :=

{

u ∈ Mµ(E) : ρp(x)(u) < ∞
}

,
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whereMµ(E) :=
{

u : E → [−∞,+∞], µ −measurable
}

.

This space is endowed with the norm, so-called Luxemburg norm,

‖u‖
L

p(x)
µ (E)

= ‖u‖p(x),E = ‖u‖p(x),µ = ‖u‖p(x) := inf
{

λ > 0: ρp(x)

(

u

λ

)

≤ 1
}

.

The following proposition is proved in [36] and it will be most useful (see also [14], Chapter

2, Section 1).

Proposition 3.4. Set ρ(u) = ρp(x)(u). For u ∈ L
p(x)
µ (E) and {uk}k∈N ⊂ L

p(x)
µ (E), we have

u , 0⇒
(

‖u‖p(x) = λ⇔ ρ( u
λ
) = 1

)

. (3.1)

‖u‖p(x) < 1(= 1;> 1)⇔ ρ(u) < 1(= 1;> 1). (3.2)

‖u‖p(x) > 1⇒ ‖u‖p
−

p(x)
≤ ρ(u) ≤ ‖u‖p

+

p(x)
. (3.3)

‖u‖p(x) < 1⇒ ‖u‖p
+

p(x)
≤ ρ(u) ≤ ‖u‖p

−

p(x)
. (3.4)

lim
k→∞
‖uk‖p(x) = 0⇔ lim

k→∞
ρ(uk) = 0. (3.5)

lim
k→∞
‖uk‖p(x) = ∞ ⇔ lim

k→∞
ρ(uk) = ∞. (3.6)

When (E,Σ, µ) = (Ω,Σ(Ω), dx) as in Remark 3.2 we can define the variable exponent Sobolev

space W1,p(x)(Ω) by

W1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : ∂iu ∈ Lp(x)(Ω) for i = 1, . . . ,N},

where ∂iu =
∂u
∂xi

is the ith−distributional partial derivative of u.

This space has a corresponding modular given by

ρ1,p(x)(u) :=

∫

Ω

|u|p(x)
+ |∇u|p(x) dx

and so the corresponding norm for this space is

‖u‖W1,p(x)(Ω) = ‖u‖1,p(x) := inf
{

λ > 0: ρ1,p(x)

(

u

λ

)

≤ 1
}

.

Analogously, the W1,p(x)(Ω) norm can be defined as ‖u‖p(x) + ‖∇u‖p(x). Both norms turn out

to be equivalent but we use the first one for convenience.

In order to deal with the important case of zero boundary values, we define W
1,p(x)

0
(Ω) as the

closure of C∞c (Ω) with respect to the W1,p(x)(Ω) norm.

From now on, we will focus on the case (E,Σ, µ) = (Ω,Σ(Ω), dx).

The spaces L
p(x)
µ (E), W1,p(x)(Ω) and W

1,p(x)

0
(Ω) are separable and reflexive Banach spaces

when 1 < p− ≤ p+ < ∞ if E is a locally compact metric space.

In order for the variable exponent Sobolev spaces to enjoy similar properties to the usual

constant exponent counterparts, some regularity hypothesis is needed on the exponent p(x). To

this end, we state the following definition.



Preliminaries 29

Definition 3.5. Let p ∈ P(Ω). We say thet p(x) is log-Hölder continuous if there exists a

constant C > 0 such that

|p(x) − p(y)| ≤ C

| log |x − y|| , for x, y ∈ Ω, x , y.

Remark 3.6. Although this regularity assumption is not needed to define the Lebesgue or

Sobolev spaces with variable exponent p(x), it turns out to be very useful for these Sobolev

spaces to enjoy all the usual properties like Sobolev embeddings, Poincaré inequality and so on.

We will therefore assume it from now on for simplicity.

As usual, we denote the Sobolev conjugate exponent by

p∗(x) =















N p(x)
N−p(x)

if p(x) < N,

∞ if p(x) ≥ N.

The following result is proved in [36, 23] (see also [14], pp. 79, Lemma 3.2.20 (3.2.23)).

Proposition 3.7 (Hölder-type inequality). Let f ∈ Lp(x)(Ω) and g ∈ Lq(x)(Ω). Then the following

inequality holds

‖ f g‖s(x) ≤
(( s

p

)+

+

( s

q

)+)

‖ f ‖p(x)‖g‖q(x),

where
1

s(x)
=

1

p(x)
+

1

q(x)
.

The Sobolev embedding Theorem is also proved in [23], Theorem 2.3.

Theorem 3.8 (Sobolev embedding). Let q ∈ P(Ω) be such that q(x) ≤ p∗(x) < ∞ for all x ∈ Ω.

Then there is a continuous embedding

W1,p(x)(Ω) ֒→ Lq(x)(Ω).

Moreover, if infΩ(p∗ − q) > 0 then, the embedding is compact.

As in the constant exponent spaces, Poincaré inequality holds true (see [14], pp. 249, Theorem

8.2.4)

Proposition 3.9 (Poincaré inequality). Let p ∈ P(Ω) be a log-Hölder exponent. Then there

exists a constant C > 0, C = C(Ω, p(x)), such that

‖u‖p(x) ≤ C‖∇u‖p(x),

for all u ∈ W
1,p(x)

0
(Ω).

Remark 3.10. From Poincaré inequality it follows immediately that ‖∇u‖p(x) and ‖u‖1,p(x) are

equivalent norms on W
1,p(x)

0
(Ω).
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Remark 3.11. Is at this point where the log-Hölder continuity is used. Without any hypotheses

on p(x), Poincaré inequality fails. Let us mentioned the work of Harjulehto et al. [35] where

Poincaré inequality is proved under weaker assumptions on p(x), but a different definition of the

space W
1,p(x)

0
(Ω) is used.

The Sobolev trace Theorem is proved in [23]. When the exponent is critical, It requires more

regularity on the exponent p(x) (Lipschitz regularity is enough). This regularity can be relaxed

when the exponent is strictly subcritical. It holds,

Theorem 3.12. Let Ω ⊆ RN be an open bounded domain with Lipschitz boundary and let

p ∈ P(Ω) be Lipschitz such that p ∈ W1,γ(Ω) with 1 ≤ p− ≤ p+ < N < γ. Then there is a

continuous boundary trace embedding W1,p(x)(Ω) ⊂ Lp∗(x)(∂Ω), where

p∗(x) =
(N − 1)p(x)

N − p(x)
.

Theorem 3.13. Let Ω ⊂ RN be an open bounded domain with Lipschitz boundary. Suppose that

p ∈ C0(Ω̄) and 1 < p− ≤ p+ < N. If r ∈ P(∂Ω) and there exists a positive constant ε such that

r(x) + ε ≤ p∗(x) for x ∈ ∂Ω

then the boundary trace embedding W1,p(x)(Ω)→ Lr(x)(∂Ω) is compact.

Corollary 3.14. Let Ω ⊂ RN be an open bounded domain with Lipschitz boundary. Suppose

that p ∈ C0(Ω̄) and 1 < p− ≤ p+ < N. If r ∈ C0(∂Ω) satifies the condition

1 ≤ r(x) < p∗(x) x ∈ ∂Ω

then there is a compact boundary trace embedding W1,p(x)(Ω)→ Lr(x)(∂Ω)

For much more on these spaces, we refer to [14].

3.2 Mountain pass theorem

In this section we review some well known results on the existence of critical points for function-

als F : E → R where E is a (real) Banach space. The main tool here is the celebrated Mountain

pass Theorem.

We begin with some basic definitions.

Definition 3.15. We say that F : E → R is (Fréchet) differentiable at u0 ∈ E if there exists

f ∈ E′ such that

F (u) = F (u0) + 〈 f , u − u0〉 + o(‖u − u0‖), for every u ∈ E,

where E′ is the dual space to E and 〈·, ·〉 is the duality product.

We denote f = F ′(u)
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Definition 3.16. We say that F ∈ C1
= C1(E) = C1(E,R) if F is differentiable in E and

F ′ : E → E′ is continuous in the strong topologies.

Definition 3.17. We say that u ∈ E is a critical point of F , if F ′(u) = 0.

Let us introduce the sets

F c := {u ∈ E : F (u) ≤ c} and Kc := {u ∈ E : F (u) = c and F ′(u) = 0}.

Definition 3.18. We say that c ∈ R is a critical value of F if Kc , ∅

Definition 3.19. We say that {un}n∈N ⊂ E is a Palais–Smale sequence of level c if

F (un)→ c and F ′(un)→ 0 in E′.

We say that F satisfies the Palais–Smale condition of level c if every Palais–Smale sequence

of level c contains a strongly convergent subsequence.

Now, we introduce the well known Mountain pass theorem. The proof of this Theorem can

be found, for instance, in [21].

Theorem 3.20 (Mountain pass theorem). Let F ∈ C1 be such that:

• F (0) = 0.

• There exist r, a > 0 such that if u ∈ E with ‖u‖ = r then F (u) ≥ a.

• There exists v ∈ E with ‖v‖ > r such that F (v) ≤ 0.

Then, if we denote

c := inf
g∈Γ

max
0≤t≤1

F (g(t)),

where Γ = {g ∈ C([0, 1], E) : g(0) = 0, g(1) = v} and F verifies the Palais–Smale condition of

level c, then c is a critical value of F .

3.3 A topological tool: the genus

In this section we define a topological tool, called the genus that is commonly used in the litera-

ture in order to obtain the existence of multiple critical points for even functionals.

We begin with the definition and some basic properties. For an excellent reference on this

subject and much more interesting results we refer to [47].

Definition 3.21. Let E be a real Banach space. We defineK to be the class of closed symmetric

subsets of E, i.e.

K = {A ⊂ E − {0} : A is closed and A = −A}.
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For any A ∈ K we define the genus of A, denoted by γ(A), as the smallest n ∈ N such that

there exists ϕ ∈ C(A,Rn − {0}) odd.

If no such n ∈ N exists, then we define γ(A) = ∞. Finally, we define γ(∅) = 0.

Now, we give some properties of γ.

Lemma 3.22. 1. If there exists f ∈ C(A, f (A)) odd, then γ(A) ≤ γ( f (A))

2. If A ⊂ B then γ(A) ≤ γ(B)

3. γ(A ∪ B) ≤ γ(A) + γ(B)

4. If A is compact, then γ(A) < ∞ and there exist a δ > 0 such that γ(Nδ(A)) = γ(A), where

Nδ(A) =
⋃

x∈A Bδ(x).

Now, we can introduce an important result. The following Theorem will give us a multiplicity

result for even functionals. This theorem is proved in [33].

Theorem 3.23. Let F ∈ C1(E,R) be an even functional, bounded below. Assume that for ε > 0

small, there holds γ(F −ε) ≥ k. Let us denote

Kk = {A ⊂ K : γ(A) ≥ k}.

Then

ck = inf
A∈Kk

sup
u∈A
F (u)

is a negative critical value of F and, moreover, if c = ck = · · · = ck+r, then γ(Kc) ≥ r + 1.

Remark 3.24. Recall that if γ(A) > 1 then A has infinite pairs of distinct points. Therefore,

Theorem 3.23 gives the existence of an infinite number of critical points of F .

3.4 The variational principle of Ekeland

This section follows Appendix C in the Lecture Notes of Peral, [45]. The original result is due

to Ekeland and can be found in [18].

The basic idea of Ekeland’s variational principle is as follows: Suppose that F is a real func-

tion defined in a metric space (X, d) which is lower semicontinuous and bounded below.

The principle ensures the construction of a minimizing sequence {xε}ε>0 ⊂ X for F with some

kind of control, more precisely, that verifies

inf
x∈X
{F (x)} + ε > F (xε)

and

F (y) ≥ F (xε) − εd(xε, y),

that is, the graph of F stays above a cone centered at xε.
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Theorem 3.25. Let (X, d) be a metric space and we let F : X → (−∞,∞] be a lower semi-

continuous function such that F (x) ≥ β for all x ∈ X. Let ε > 0 and u ∈ X be such such

that:

F (u) ≤ inf
X
F + ε.

Then there exist v ∈ X such that:

• F (u) ≥ F (v),

• d(u, v) ≤ 1 and

• F (w) ≥ F (v) − εd(v,w) for every w ∈ X.

The following corollary is extremely useful in finding critical points for C1 functionals.

Corollary 3.26. Let E be a real Banach Space and F ∈ C1(E,R) be bounded below. Then for

every ε > 0 and for every u ∈ E such that

F (u) ≤ inf
E
F + ε,

there exists v ∈ E such that

• F (v) ≤ F (u),

• ‖u − v‖ ≤ ε 1
2 and

• ‖F ′(v)‖ ≤ ε 1
2 .

To finish this section, we state two corollaries that generalize Corollary 3.26 to the case of

differentiable manifolds in Banach spaces.

Corollary 3.27. Let M be differential manifold in a Banach space E and F ∈ C1(M,R) be

bounded below. Then for every ε > 0 and for every u ∈ M such that

F (u) ≤ inf
M
F + ε,

there exists v ∈ M such that

• F (v) ≤ F (u),

• ‖u − v‖ ≤ ε 1
2 and

• ‖F ′(v)‖Tv M ≤ ε
1
2 .

where TuM ⊂ E′ is the tangent space to M at u.

Corollary 3.28. Let M and F be as in Corollary 3.27. Then given any minimizing sequence

{uk}k∈N ⊂ M for Φ, there exists another minimizing sequence {vk}k∈N ⊂ M such that:

• F (vk) ≤ F (uk),

• ‖uk − vk‖ → 0 when k → ∞ and

• ‖F ′(vk)‖Tvk
M → 0 when k → ∞.
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The concentration–compactness principle for variable

exponent spaces

One of the main goals while working in a non compact setting is the need to understand the

reason for a sequence to be weakly, but not strongly convergent and, ultimately, to fully describe

the possible behaviors of such sequences.

In the case of Sobolev spaces with constant exponents this was achieved by P.L. Lions in

the seminal paper [37] and is now called the concentration–compactness principle. Roughly

speaking, it says that in a bounded domain, if a sequence is weakly convergent in W
1,p

0
(Ω) but

not strongly convergent in Lp∗(Ω), then this lack of compactness comes from the appearance of

point masses where the sequence concentrate.

This principle has been proved to be a fundamental tool when dealing with nonlinear elliptic

equations with critical growth (in the sense of the Sobolev embeddings). Just to cite a few, see

[2, 3, 6, 17, 25, 33] but there is an impressive list of references on this.

The objective of this chapter is to extend the concentration–compactness principle of P.L.

Lions to the variable exponent setting.

The method of the proof follows the lines of the ones in the original work of P.L. Lions and

the main novelty in our result is the fact that we do not require the exponent q(x) to be critical

everywhere. Moreover, we show that the delta masses are concentrated in the set where q(x) is

critical.

4.1 The concentration–compactness principle for the Sobolev im-

mersion

In this section we analyze the failure of compactness in the immersion W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω)

whenA = {x ∈ Ω : q(x) = p∗(x)} , ∅. More precisely, we prove,

Theorem 4.1. Let p, q ∈ P(Ω) be such that q(x) is continuous and p(x) is log-Hölder continu-
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ous. Assume that q(x) ≤ p∗(x) in Ω. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) be a weakly convergent sequence

with weak limit u, and such that:

|∇u j|p(x) ⇀ µ and |u j|q(x) ⇀ ν weakly-* in the sense of measures.

Assume, moreover that A = {x ∈ Ω : q(x) = p∗(x)} is nonempty. Then, for some finite index set

I, we have:

ν = |u|q(x)
+

∑

i∈I
νiδxi

νi > 0 (4.1)

µ ≥ |∇u|p(x)
+

∑

i∈I
µiδxi

µi > 0 (4.2)

S̄ xi
ν

1/p∗(xi)

i
≤ µ1/p(xi)

i
∀i ∈ I. (4.3)

where {xi}i∈I ⊂ A and S̄ x is the localized Sobolev constant defined by

S̄ x = sup
ε>0

S (p(·), q(·), Bε(x)) = lim
ε→0+

S (p(·), q(·), Bε(x)). (4.4)

Let {u j} j∈N be a bounded sequence in W
1,p(x)

0
(Ω) and let q ∈ C(Ω̄) be such that q ≤ p∗ with

A = {x ∈ Ω : q(x) = p∗(x)} , ∅. Then there exists a subsequence that we still denote by {u j} j∈N,

such that

• u j ⇀ u weakly in W
1,p(x)

0
(Ω),

• u j → u strongly in Ls(x)(Ω) for every s ∈ P(Ω) such that infx∈Ω(p∗(x) − s(x)) > 0,

• |u j|q(x) ⇀ ν weakly-* in the sense of measures,

• |∇u j|p(x) ⇀ µ weakly-* in the sense of measures.

Take φ ∈ C∞(Ω̄) and from Theorem 3.8, we obtain

S (p(·), q(·),Ω)‖φu j‖q(x) ≤ ‖∇(φu j)‖p(x). (4.5)

Observe that if φ ∈ C∞c (Ω) then the constant S (p(·), q(·),Ω) can be replaced by S (p(·), q(·),U)

with U ⊂ Ω any open set containing supp(φ).

On the other hand,

| ‖∇(φu j)‖p(x) − ‖φ∇u j‖p(x)| ≤ ‖u j∇φ‖p(x).

We first assume that u = 0. Then, we observe that the right side of the inequality converges to 0.

In fact, we can assume that ρp(x)(u) < 1, then

‖u j∇φ‖p(x) ≤ (‖∇φ‖∞ + 1)p+‖u j‖p(x)

≤ (‖∇φ‖∞ + 1)p+ρp(x)(u j)
1/p− → 0

Finally, if we take the limit for j→ ∞ in (4.5), we arrive at

S (p(·), q(·),Ω)‖φ‖q(x),ν ≤ ‖φ‖p(x),µ. (4.6)

The last inequality is a “Reverse Hölder inequality” for φ with measures µ and ν.
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4.1.1 Preliminary Lemmas

Now we need a lemma that plays a key role in the proof of Theorem 4.1.

Lemma 4.2. Let µ, ν be two non-negative and bounded measures on Ω̄, such that for p, q ∈ P(Ω)

bounded exponents with p+ < q−, there exists some constant C > 0 such that

‖φ‖q(x),ν ≤ C‖φ‖p(x),µ, (4.7)

for every φ ∈ C∞c (Ω). Then, there exists a finit index set I, points {xi}i∈I ⊂ Ω̄ and scalars

{νi}i∈I ⊂ (0,∞), such that

ν =
∑

i∈I
νiδxi

,

where δxi
is the Dirac’s delta measure supported on xi.

For the proof of Lemma 4.2 we need a couple of preliminary results. The next Lemma is due

to P.L. Lions in [37], but we include it here for the sake of completeness.

Lemma 4.3. Let ν be a non-negative bounded Borel measure on Ω̄. Assume that there exists

δ > 0 such that for every Borel set A we have that, ν(A) = 0 or ν(A) ≥ δ. Then, there exist a

finite index set I, points {xi}i∈I ⊂ Ω̄ and scalars {νi}i∈I ∈ (0,∞) such that

ν =
∑

i∈I
νiδxi

.

Proof. Let A such that ν(A) ≥ δ we want to prove that there exist x0 such that ν({x0}) ≥ δ. Let

{Q} be a covering of A by cubes. Then, there exists a cube Q1 ∈ {Q} such that ν(Q1) ≥ δ.
Making a dyadic decomposition of the cube Q1, we obtain a decreasing sequence of cubes

{Qk}k∈N such that ν(Qk) ≥ δ for every k ∈ N.

Let {x0} =
⋂

k∈N Qk, then ν({x0}) = limk→∞ ν(Qk) ≥ δ.
Let {xi}i∈I ⊂ Ω̄ be the set of points such that ν(xi) ≥ δ. Since ν is bounded, it is easy to see

that I is a finite set.

The preceding argument easily shows that the measure is supported on {xi}i∈I , and if we denote

by νi := ν({xi}), we obtain the desired result. �

Lemma 4.4. Let ν be a non-negative, bounded Borel measure such that for some p, q ∈ P(Ω)

bounded exponents with p+ < q− it holds that

‖φ‖q(x),ν ≤ C‖φ‖p(x),ν, (4.8)

for every φ ∈ C∞c (Ω). Then there exists δ > 0 such that for all Borel set A ⊂ Ω̄, ν(A) = 0 or

ν(A) ≥ δ.
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Proof. We can assume that ν(A) < 1, then

∫

Ω

















χA(x)

ν(A)
1

p+

















p(x)

dν ≤
∫

Ω















χA(x)

ν(A)
1

p(x)















p(x)

dν = 1,

therefore ‖χA‖p(x),ν ≤ ν(A)
1

p+ . On the other hand,

∫

Ω

















χA(x)

ν(A)
1

q−

















q(x)

dν ≥
∫

Ω

χA(x)

ν(A)
dν = 1,

so ν(A)
1

q− ≤ ‖χA‖q(x),ν. Now, from (4.8) we conclude that

ν(A)
1

q− ≤ Cν(A)
1

p+ ,

from where it follows that, since p+ < q−, ν(A) = 0 or

ν(A) ≥
(

1

C

)
p+q−

q−−p+

> 0.

This completes the proof. �

Now we are ready to prove Lemma 4.2

Proof of Lemma 4.2. By the reverse Hölder inequality (4.7), the measure ν is absolutely contin-

uous with respect to µ. As consequence there exists f ∈ L1
µ(Ω), f ≥ 0, such that ν = µ⌊ f . Also

by (4.7) we have,

min

{

ν(A)
1

q− , ν(A)
1

q+

}

≤ C max

{

µ(A)
1

p− , µ(A)
1

p+

}

for any Borel set A ⊂ Ω. In particular, f ∈ L∞µ (Ω). On the other hand the Lebesgue decomposi-

tion of µ with respect to ν gives us

µ = ν⌊g + σ, where g ∈ L1
ν(Ω), g ≥ 0

and σ is a bounded positive measure, singular with respect to ν.

Let ψ ∈ C∞c (Ω), now consider (4.7) applied to the test function

φ = g
1

q(x)−p(x)χ{g≤n}ψ.

We obtain

‖g
1

q(x)−p(x)χ{g≤n}ψ‖q(x),ν ≤ C‖g
1

q(x)−p(x)χ{g≤n}ψ‖p(x),µ

= ‖g
1

q(x)−p(x)χ{g≤n}ψ‖p(x),gdν+dσ

≤ ‖g
q(x)

p(x)(q(x)−p(x))χ{g≤n}ψ‖p(x),ν + ‖g
1

q(x)−p(x)χ{g≤n}ψ‖p(x),σ.
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Since σ ⊥ ν, we have

‖g
1

q(x)−p(x)χ{g≤n}ψ‖q(x),ν ≤ C‖g
q(x)

p(x)(q(x)−p(x))χ{g≤n}ψ‖p(x),ν,

hence if we denote dνn = g
q(x)

(q(x)−p(x))χg≤ndν the following reverse Hölder inequality holds

‖ψ‖q(x),νn
≤ ‖ψ‖p(x),νn

.

Now, by Lemma 4.3 and Lemma 4.4, there exists {xn
i
}i∈In and Kn

i
> 0 such that νn =

∑

i∈In Kn
i
δxn

i
. On the other hand, νn ր g

r(x)
r(x)−p(x) ν. Then, we have

g
r(x)

r(x)−p(x) ν =
∑

i∈I
Kiδxi

,

where Ki = g
r(xi)

r(xi)−p(xi) (xi)ν({xi}). This finishes the proof. �

The following Lemma is the extension to variable exponents of the well-known Brezis-Lieb

Lemma (see [8]). The proof is analogous to that of [8].

Lemma 4.5. Let fn → f a.e and fn ⇀ f in Lp(x)(Ω) then

lim
n→∞

(∫

Ω

| fn|p(x) dx −
∫

Ω

| f − fn|p(x) dx

)

=

∫

Ω

| f |p(x) dx.

Proof. First, it is easy to see that given ε > 0, there exists Cε = Cε(p−, p+) > 0 such that for

every a, b ∈ R,

||a + b|p(x) − |a|p(x)| ≤ ε|a|p(x)
+Cε|b|p(x).

We define

Wε,n(x) = (|| fn(x)|p(x) − | f (x) − fn(x)|p(x) − | f (x)|p(x)| − ε| fn(x)|p(x))+

and note that Wε,n(x)→ 0 as n→ ∞ a.e. On the other hand,

|| fn(x)|p(x) − | f (x) − fn(x)|p(x) − | f (x)|p(x)| ≤ | fn(x)|p(x) − | f (x) − fn(x)|p(x)| + | f (x)|p(x)

≤ ε| fn(x)|p(x)
+Cε| f (x)|p(x)

+ | f (x)|p(x)

i.e.

|| fn(x)|p(x) − | f (x) − fn(x)|p(x) − | f (x)|p(x)| − ε| fn(x)|p(x) ≤ (Cε + 1)| f (x)|p(x),

therefore

0 ≤ Wε,n(x) ≤ (Cε + 1)| f (x)|p(x)

By the dominated convergence Theorem, we conclude that

lim
n→∞

∫

Ω

Wε,n(x) dx = 0.
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On the other hand,

|| fn(x)|p(x) − | f (x) − fn(x)|p(x) − | f (x)|p(x)| ≤ Wε,n(x) + ε| fn(x)|p(x)

Then, if we denote

In =

∫

Ω

| fn(x)|p(x) − | f (x) − fn(x)|p(x) − | f (x)|p(x) dx,

we get

In ≤
∫

Ω

Wε,n(x) dx + ερp(x)( fn) ≤
∫

Ω

Wε,n(x) dx + ε sup
n∈N

ρp(x)( fn) =

∫

Ω

Wε,n(x) dx + εC,

for some constant C > 0. Hence, we can conclude that lim sup In ≤ εC, for every ε > 0. �

4.1.2 Proof of the Concentration Compactness Principle

Now we are in position to prove Theorem 4.1.

Proof of Theorem 4.1. Given any φ ∈ C∞(Ω) we write v j = u j − u and by lemma 4.5, we have

lim
j→∞

(∫

Ω

|φ|q(x)|u j|q(x) −
∫

Ω

|φ|q(x)|v j|q(x)dx

)

=

∫

Ω

|φ|q(x)|u|q(x)dx.

On the other hand, by the reverse Hölder inequality (4.6) and Lemma 4.2, taking limits we obtain

the representation

ν = |u|q(x) dx +
∑

i∈I
νiδxi

. (4.9)

Let us now show that the points x j actually belong to the critical setA.

In fact, assume by contradiction that x1 ∈ Ω \ A. Let B = B(x1, r) ⊂⊂ Ω − A. Then q(x) <

p∗(x) − δ for some δ > 0 in B̄ and, by Proposition 3.8, The embedding W1,p(x)(B) ֒→ Lq(x)(B) is

compact. Therefore, u j → u strongly in Lq(x)(B) and so |u j|q(x) → |u|q(x) strongly in L1(B). This

is a contradiction to our assumption that x1 ∈ B.

Now we proceed with the proof.

Let φ ∈ C∞c (RN) be such that 0 ≤ φ ≤ 1, φ(0) = 1 and supp(φ) ⊂ B1(0). Now, for each i ∈ I

and ε > 0, we denote φε,i(x) := φ((x − xi)/ε).

Since supp(φε,iun) ⊂ Bε(xi), by (4.6) and the subsequent remark, we obtain

S (p(·), q(·), Bε(xi))‖φε,i‖Lq(x)
ν (Bε(xi))

≤ ‖φε,i‖Lp(x)
µ (Bε(xi))

.
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By (4.9), we have

ρq(x),ν(φi0,ε) :=

∫

Bε(xi0
)

|φi0,ε|q(x) dν

=

∫

Bε(xi0
)

|φi0,ε|q(x)|u|q(x) dx +
∑

i∈I
νiφi0,ε(xi)

q(xi)

≥ νi0 .

From now on, we will denote

q+i,ε := sup
Bε(xi)

q(x), q−i,ε := inf
Bε(xi)

q(x),

p+i,ε := sup
Bε(xi)

p(x), p−i,ε := inf
Bε(xi)

p(x).

If ρν(φi0,ε) < 1 then

‖φi0,ε‖Lq(x)
ν (Bε(xi0

))
≥ ρν(φi0,ε)

1/q−
i,ε ≥ ν1/q−

i,ε

i0
.

Analogously, if ρν(φi0,ε) ≥ 1 then

‖φi0,ε‖Lq(x)
ν (Bε(xi0

))
≥ ν1/q+

i,ε

i0
.

Therefore,

min
{

ν

1
q+

i,ε

i
, ν

1
q−

i,ε

i

}

S (p(·), q(·), Bε(xi)) ≤ ‖φi,ε‖Lp(x)
µ (Bε(xi))

.

On the other hand,
∫

Bε(xi)

|φi,ε|p(x) dµ ≤ µ(Bε(xi)),

hence

‖φi,ε‖Lp(x)(Bε(xi)) ≤ max
{

ρµ(φi,ε)
1

p+
i,ε , ρµ(φi,ε)

1
p−

i,ε

}

≤ max
{

µ(Bε(xi))
1

p+
i,ε , µ(Bε(xi))

1
p−

i,ε

}

,

so we obtain,

S (p(·), q(·), Bε(xi)) min
{

ν

1
q+
i,ε

i
, ν

1
q−
i,ε

i

}

≤ max
{

µ(Bε(xi))
1

p+
i,ε , µ(Bε(xi))

1
p−

i,ε

}

.

As p and q are continuous functions and as q(xi) = p∗(xi), letting ε→ 0, we get

(

lim
ε→0

S (p(·), q(·), Bε(xi))
)

ν
1/p∗(xi)

i
≤ µ1/p(xi)

i
,

where µi := limε→0 µ(Bε(xi)).
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Finally, we show that µ ≥ |∇u|p(x)
+

∑

i∈I µiδxi
.

In fact, we have that µ ≥ µ̃ :=
∑

i∈I µiδxi
. On the other hand, since u j ⇀ u weakly in W

1,p(x)

0
(Ω)

then ∇u j ⇀ ∇u weakly in Lp(x)(U) for all U ⊂ Ω. By the weakly lower semicontinuity of norm

we obtain that dµ ≥ |∇u|p(x) dx and, as |∇u|p(x) dx is orthogonal to µ̃, we conclude the desired

result.

This finishes the proof. �

4.2 The concentration–compactness principle for the Sobolev trace

immersion

This section is devoted to the extension of the CCP to the trace immersion.

In order to state the Theorem correctly, let us first introduce some notation. For Ω ⊂ RN , let

Γ ⊂ ∂Ω be closed, Γ , ∂Ω (possibly empty) and define

W
1,p(x)

Γ
(Ω) := {φ ∈ C∞(Ω̄) : φ vanishes in a neighbourhood of Γ},

where the closure is taken in the ‖ · ‖1,p(x)−norm. This is the set of functions in W1,p(x)(Ω) that

has zero boundary values on Γ. Obviously, W
1,p(x)

∅ (Ω) = W1,p(x)(Ω). In general W
1,p(x)

Γ
(Ω) =

W1,p(x)(Ω) if and only if the p(x)−capacity of Γ is 0, see [35].

Let r ∈ P(∂Ω) be a continuous critical exponent in the sense that

AT := {x ∈ ∂Ω : r(x) = p∗(x)} , ∅.

We define the Sobolev trace constant in W
1,p(x)

Γ
(Ω) as

T (p(·), r(·),Ω,Γ) := inf
v∈W1,p(x)

Γ
(Ω)

‖v‖1,p(x)

‖v‖r(x),∂Ω
= inf

v∈W1,p(x)

Γ
(Ω)

‖v‖1,p(x)

‖v‖r(x),∂Ω\Γ

More precisely, we prove

Theorem 4.6. Let {un}n∈N ⊂ W1,p(x)(Ω) be a sequence such that un ⇀ u weakly in W1,p(x)(Ω).

Then there exists a finite set I, positive numbers {µi}i∈I and {νi}i∈I and points {xi}i∈I ⊂ AT ⊂ ∂Ω
such that

|un|r(x) dS ⇀ ν = |u|r(x) dS +
∑

i∈I
νiδxi

weakly-* in the sense of measures, (4.10)

|∇un|p(x) dx ⇀ µ ≥ |∇u|p(x) dx +
∑

i∈I
µiδxi

weakly-* in the sense of measures, (4.11)

T̄xi
ν

1
r(xi)

i
≤ µ

1
p(xi)

i
, (4.12)

where T̄xi
= supε>0 T (p(·), q(·),Ωε,i,Γε,i) is the localized Sobolev trace constant where

Ωε,i = Ω ∩ Bε(xi) and Γε,i := ∂Bε(xi) ∩Ω.
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Proof. The proof is very similar to the one for the Sobolev immersion Theorem, Theorem 4.1,

so we only make a sketch stressing the differences between the two cases.

As in Theorem 4.1 it is enough to consider the case where un ⇀ 0 weakly in W1,p(x)(Ω).

Arguing as in (4.6), we obtain

T (p(·), r(·),Ω)‖φ‖
L

r(x)
ν (∂Ω)

≤ ‖φ‖
L

p(x)
µ (Ω)

, (4.13)

for every φ ∈ C∞(Ω̄). Observe that if φ ∈ C∞c (RN) and U ⊂ RN is any open set that contains the

support of φ, the constant in (4.13) can be replaced by T (p(·), q(·),Ω ∩ U, ∂U ∩Ω).

Now, the exact same proof of Theorem 4.1 can be applied to obtain that (4.10) and (4.11)

hold. Again, exactly as in Theorem 4.1 it follows that the points {xi}i∈I belong to the critical set

AT .

It remains to see (4.12). Let φ ∈ C∞c (RN) be such that 0 ≤ φ ≤ 1, φ(0) = 1 and supp(φ) ⊂
B1(0). Now, for each i ∈ I and ε > 0, we denote φε,i(x) := φ((x − xi)/ε).

From (4.13) and the subsequent remark we obtain

T (p(·), r(·),Ωε,i,Γε,i)‖φε,i‖Lr(x)
ν (∂Ω∩Bε(xi))

≤ ‖φε,i‖Lp(x)
µ (Ω∩Bε(xi))

.

By (4.10), we have

ρν(φi0,ε) :=

∫

∂Ω∩Bε(xi0
)

|φi0,ε|r(x) dν

=

∫

∂Ω∩Bε(xi0
)

|φi0,ε|r(x)|u|r(x) dS +
∑

i∈I
νiφi0,ε(xi)

r(xi)

≥ νi0 .

From now on, we will denote

r+i,ε := sup
∂Ω∩Bε(xi)

r(x), r−i,ε := inf
∂Ω∩Bε(xi)

r(x),

p+i,ε := sup
Ω∩Bε(xi)

p(x), p−i,ε := inf
Ω∩Bε(xi)

p(x).

If ρν(φi0,ε) < 1 then

‖φi0,ε‖Lr(x)
ν (∂Ω∩Bε(xi0

))
≥ ρν(φi0,ε)

1/r−
i,ε ≥ ν1/r−

i,ε

i0
.

Analogously, if ρν(φi0,ε) > 1 then

‖φi0,ε‖Lr(x)
ν (∂Ω∩Bε(xi0

))
≥ ν1/r+

i,ε

i0
.
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Therefore,

T (p(·), r(·),Ωε,i,Γε,i) min
{

ν

1
r+
i,ε

i
, ν

1
r−
i,ε

i

}

≤ ‖φi,ε‖Lp(x)
µ (Ω∩Bε(xi))

.

On the other hand,
∫

Ω∩Bε(xi)

|φi,ε|p(x) dµ ≤ µ(Ω ∩ Bε(xi))

hence

‖φi,ε‖Lp(x)(Ω∩Bε(xi)) ≤ max
{

ρµ(φi,ε)
1

p+
i,ε , ρµ(φi,ε)

1
p−

i,ε

}

≤ max
{

µ(Ω ∩ Bε(xi))
1

p+
i,ε , µ(Ω ∩ Bε(xi))

1
p−

i,ε

}

,

so we obtain,

T (p(·), r(·),Ωε,i,Γε,i) min
{

ν

1
r+
i,ε

i
, ν

1
r−
i,ε

i

}

≤ max
{

µ(Ω ∩ Bε(xi))
1

p+
i,ε , µ(Ω ∩ Bε(xi))

1
p−

i,ε

}

.

As p and r are continuous functions and as r(xi) = p∗(xi), letting ε→ 0, we get

T̄xi
ν

1/p∗(xi)

i
≤ µ1/p(xi)

i
,

where µi := limε→0 µ(Ω ∩ Bε(xi)).

The proof is now complete. �



5

Existence of extremals for Sobolev Embeddings

In this chapter we study the existence problem for extremals of the Sobolev immersion Theorem

for variable exponents W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) and for the Sobolev trace Theorem W1,p(x)(Ω) ֒→

Lr(x)(∂Ω). As we discuss in the introduction, the only nontrivial case is when the exponents q

and r are critical, i.e.

A = {x ∈ Ω : q(x) = p∗(x)} , ∅ and AT = {x ∈ ∂Ω : r(x) = p∗(x)} , ∅.

Recall that by extremals we mean functions where the Sobolev constant are attained, i.e. the

existence of u ∈ W
1,p(x)

0
(Ω) and v ∈ W1,p(x)(Ω) such that

S (p(·), q(·),Ω) =
‖∇u‖p(x)

‖u‖q(x)
and T (p(·), q(·),Ω) =

‖v‖1,p(x)

‖v‖r(x),∂Ω
. (5.1)

Also recall that the critical exponents are defined as

p∗(x) =
N p(x)

N − p(x)
and p∗(x) =

(N − 1)p(x)

N − p(x)
.

5.1 Compact case

We begin this chapter by finding conditions that implies that though the exponents q and r are

critical, the immersions W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) and W1,p(x)(Ω) ֒→ Lr(x)(∂Ω) remains compact.

Therefore, in these cases, the existence of extremals for (5.1) follows directly by minimization.

Roughly speaking, these conditions require that the critical set is small and that one has a

strict control on how the exponent q and r reaches the critical one when one is approaching the

critical set. For the Sobolev immersion W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω), this result was obtained in [42].

Following the same ideas we can prove a similar result for the trace immersion.

First we need to introduce some notations. For any compact set K ⊂ RN , we denote by δK(x)

the distance of x to K and we define K(r) := {x ∈ RN : δK(x) ≤ r} for r > 0.
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For a compact set K in RN and s ∈ [0,N], we say that (N − s)- dimensional upper Minkowski

content of K is finite if there exists a constant C > 0 such that

|K(r)| ≤ Crs, for every r > 0.

More precisely, the result obtained in [42] is the following:

Theorem 5.1 ([42], Theorem 3.4). ] Let ϕ : [r−1
0
,∞) → (0,∞) be a continuous function such

that: ϕ(r)/ ln r is nonincreasing in [r−1
0
,∞) for some r0 ∈ (0, e−1) and ϕ(r) → ∞ as r → ∞. Let

K be a compact set in RN whose (N − s)-dimensional upper Minkowski content is finite for some

s with 0 < s ≤ N.

Let p, q ∈ P(Ω) be such that p+ < N and q(x) ≤ p∗(x). Assume that q(x) is subcritical outside

a neighborhood of K, i.e. infΩ\K(r0)(p∗(x)−q(x)) > 0. Moreover, assume that q(x) reaches p∗(x)

in K at the following rate

q(x) ≤ p∗(x) −
ϕ( 1

δK (x)
)

ln( 1
δK (x)

)
for almost every x ∈ K(r0) ∩Ω.

Then the embedding W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω) is compact.

When the critical set consists of a single point, we immediately obtain the following corollary.

We will use the notation lnn(t) = ln(lnn−1(t)).

Corollary 5.2 ([42], Corollary 3.5). Let p, q ∈ P(Ω) be such that p+ < N and q(x) ≤ p∗(x).

Suppose that there exist x0 ∈ Ω, C > 0, n ∈ N, r0 > 0 such that infΩ\Br0
(x0)(p∗(x) − q(x)) > 0

and q(x) ≤ p∗(x) − c
lnn( 1

|x−x0 |
)

ln( 1
|x−x0 |

)
for almost every x ∈ Br0

(x0). Then the embedding W
1,p(x)

0
(Ω) ֒→

Lq(x)(Ω) is compact.

Following the same ideas of [42] we can obtain an analogous result for the trace immersion.

First, we define the upper Minkowsky content for sets contained in ∂Ω. We say that a compact

set K ⊂ ∂Ω has finite (N − 1 − s)−boundary dimensional upper Minkkowsky content if there

exists a constant C > 0 such that

HN−1(K(r) ∩ ∂Ω) ≤ Crs, for all r > 0.

Theorem 5.3. Let ϕ : [r−1
0
,∞) → (0,∞) be a continuous function such that: ϕ(r)/ ln r is non-

increasing in [r−1
0
,∞) for some r0 ∈ (0, e−1) and ϕ(r) → ∞ as r → ∞. Let ∂Ω lipschitz and

K ⊂ ∂Ω be a compact set whose (N − 1− s)−boundary dimensional upper Minkowski content is

finite for some s with 0 < s ≤ N − 1.

Let p ∈ P(Ω) and q ∈ P(∂Ω) be such that p+ < N and r(x) ≤ p∗(x). Assume that r(x) is

subcritical outside a neighborhood of K, i.e. inf∂Ω\K(r0)(p∗(x) − r(x)) > 0. Moreover, assume

that r(x) reaches p∗(x) in K at the following rate

r(x) ≤ p∗(x) −
ϕ( 1

δK (x)
)

ln( 1
δK (x)

)
for Hausdorff (n-1)-almost every x ∈ K(r0) ∩ ∂Ω.
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Then the embedding W
1,p(x)

0
(Ω) ֒→ Lr(x)(∂Ω) is compact.

Proof. Let us prove that

lim
ε→0+

sup
{

∫

K(ε)∩∂Ω
|v(x)|r(x) dS : v ∈ W1,p(x)(Ω) and ‖v‖W1,p(x)(Ω) ≤ 1

}

= 0. (5.2)

First, we take β such that 0 < β < s/p+∗ and ε > 0 such that ε−1 > r−1
0

and ϕ( 1
ε
) ≥ 1. For each

n ∈ N we consider ηn = ε
−βn. We choose x ∈ (K(εn) \ K(εn+1)) ∩ ∂Ω, then , we have

η
r(x)−p∗(x)
n ≤ η

−
ϕ( 1
δK (x)

)

ln( 1
δK (x)

)

n ≤ η
−
ϕ( 1

εn+1
)

ln( 1

εn+1
)

n = ε
− βn

n+1ϕ( 1

εn+1 )
= An

On the other hand, we know thatH(K(r) ∩ ∂Ω) ≤ Crs and we can estimate the following term

∫

(K(εn)\K(εn+1))∩∂Ω
η

r(x)
n dS ≤ ηp+∗

n

∫

K(εn)∩∂Ω
dS ≤ Cεn(s−βp+∗ )

Now, we have

∫

(K(εn)\K(εn+1))∩∂Ω
|v(x)|r(x) dS

≤
∫

(K(εn)\K(εn+1))∩∂Ω
|v(x)|r(x)

(

|v(x)|
ηn

)p∗(x)−r(x)

dS +

∫

(K(εn)\K(εn+1))∩∂Ω
η

r(x)
n dS

≤ An

∫

(K(εn)\K(εn+1))∩∂Ω
|v(x)|p∗(x) dS +Cεn(s−βp+∗ )

for each n0 ∈ N, we obtain

∫

K(εn0 )∩∂Ω
|v(x)|r(x) dS =

∞
∑

n=n0

∫

(K(εn)\K(εn+1))∩∂Ω
|v(x)|r(x) dS

≤ (sup
n≥n0

An)

∫

K(εn0 )∩∂Ω
|v(x)|p∗(x) dS +C

∞
∑

n=n0

εn(s−βp+∗ )

Using that ‖v‖p∗,∂Ω ≤ C‖v‖1,p and that (s − βp+∗ ) > 0, we can conclude (5.2).

Finally, let {vn}n∈N ⊂ W1,p(x)(Ω) and v ∈ W1,p(x)(Ω) be such that

vn ⇀ v weakly in W1,p(x)(Ω).

Then,

vn ⇀ v weakly in Lr(x)(∂Ω),

vn → v strongly in Ls(x)(∂Ω) for every s such that inf
∂Ω

(p∗(x) − s(x)) > 0,
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therefore vn → v in Lr(x)(∂Ω \ K(ε)) for each ε > 0 small. Hence,

lim sup
n→∞

∫

∂Ω

|vn(x) − v(x)|r(x) dS = lim sup
n→∞

(

∫

K(ε)∩∂Ω
|vn(x) − v(x)|r(x) dS

+

∫

∂Ω\K(ε)

|vn(x) − v(x)|r(x) dS
)

≤ sup
n∈N

∫

K(ε)∩∂Ω
|vn(x) − v(x)|r(x) dS

So, by (5.2), we conclude the desired result. �

Now it is straightforward to derive, analogous to Corollary 5.2,

Corollary 5.4. Let p ∈ P(Ω) be such that p+ < N and let r ∈ P(∂Ω). Suppose that there exist

x0 ∈ Ω, C > 0, n ∈ N, r0 > 0 such that inf∂Ω\Br0
(x0)(p∗(x)−r(x)) > 0 and r(x) ≤ p∗(x)−c

lnn( 1
|x−x0 |

)

ln( 1
|x−x0 |

)

for Hausdorff (n-1)-almost every x ∈ ∂Ω∩Br0
(x0). Then the embedding W1,p(x)(Ω) ֒→ Lr(x)(∂Ω)

is compact.

5.2 Non-compact case 1: The Sobolev immersion Theorem

In the general case A , ∅, up to our knowledge, there are no results regarding the existence or

not of extremals for the Sobolev immersion Theorem. In this chapter we first prove a general

result that implies the existence of extremals in the noncompact case.

This general result says that if the Sobolev constant is smaller than the smallest localized

Sobolev constant on the critical setA, then the existence of extremals follows.

Consequently, in the next sections of this chapter, we give conditions that ensure that this

strict inequality holds. We give both global and local conditions.

Global conditions are easily obtained by making some rough estimates on the Sobolev con-

stant. In our case, this global condition says that if the subcritical set, Ω \ A, contains a suffi-

ciently large ball, then the strict inequality holds, and so the existence of extremals follows.

Local conditions are much harder and requires of a fine asymptotic analysis of the Sobolev

constant when the Rayleigh quotient is evaluated in a precise function concentrating around

some critical point.

In order to state our main results, let us introduce some notation.

• The Rayleigh quotient will be denoted by

Qp,q,Ω(v) :=
‖∇v‖p(x)

‖v‖q(x)
. (5.3)
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• The localized Sobolev constant by

S̄ x = sup
ε>0

S (p(·), q(·), Bε(x)) = lim
ε→0+

S (p(·), q(·), Bε(x)), x ∈ A.

• The critical constant by

S̄ = inf
x∈A

S̄ x. (5.4)

With these notations, our main results can be stated as

Theorem 5.5. Assume that p, q ∈ P(Ω) are continuous functions with modulus of continuity ρ(t)

such that

ρ(t) log(1/t)→ 0 as t → 0 + .

Assume, moreover, that the criticality setA is nonempty and p+ < q−.

Then, for every domain Ω it holds

S (p(·), q(·),Ω) ≤ S̄ ≤ inf
x∈A

K−1(N, p(x)),

Theorem 5.6. Under the same assumptions of the previous Theorem, if the strict inequality

holds

S (p(·), q(·),Ω) < S̄ ,

then there exists an extremal for the immersion W
1,p(x)

0
(Ω) ֒→ Lq(x)(Ω).

The proof of Theorem 5.6 heavily relies on the Concentration–Compactness Theorem for

variable exponents that we prove in Chapter 4.

The other key ingredient in the proof is the adaptation of a convexity argument due to P.L.

Lions, F. Pacella and M. Tricarico [38] in order to show that a minimizing sequence either

concentrates at a single point or is strongly convergent.

First we prove a uniform upper bound for S (p(·), q(·),Ω) depending only on p(x) with x ∈ A.

Lemma 5.7. With the assumptions of Theorem 5.5, it holds that

S (p(·), q(·),Ω) ≤ inf
x∈A

K−1(N, p(x)).

Proof. First, we observe that our regularity assumptions on p and q implies that

q(x0 + λx) = q(x0) + ρ1(λ, x) = p∗(x0) + ρ1(λ, x),

p(x0 + λx) = p(x0) + ρ2(λ, x),

where ρ1 and ρ2 ara modulus of continuity such that limλ→0+ λ
ρk(λ,x)

= 1 uniformly in Ω (k =

1, 2).
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Now, let φ ∈ C∞c (Ω), and define φλ to be the rescaled function around x0 ∈ A as φλ =

λ
−n

p∗(x0)φ( x−x0

λ
). Then we have

1 =

∫

Ω

( φλ(x)

‖φλ‖q(x)

)q(x)
dx =

∫

Ωλ

λ
−N(p∗(x0)+ρ1(λ,x0+λy))

p∗(x0)
+N

( φ(y)

‖φλ‖q(x)

)q(x0)+ρ1(λ,x0+λy)
dy.

where Ωλ := {y : λy + x0 ∈ Ω}. Since

λ
−Nρ1(λ,x0+λy)

p∗(x0)

( φ(y)

‖φλ‖q(x)

)ρ1(λ,x0+λy)
→ 1 when λ→ 0 + in {|φ| > 0} ⊂ Ω,

By dominated convergence,we get

1 =

∫

RN |φ(y)|q(x0) dy

limλ→0 ‖φλ‖q(x0)

q(x)

.

Analogously,

1 =

∫

Ω

( |∇φλ(x)|
‖∇φλ‖p(x)

)p(x)
dx

=

∫

Ωλ

λ
−N(p(x0)+ρ2(λx0+λy))

p∗(x0)
+N

(

1
λ
|∇φ(y)|

‖∇φλ(y)‖p(x)

)p(x0)+ρ2(λx0+λy)
dx

=

∫

Ωλ

λ
−N(p(x0)+ρ2(λx0+λy))

p∗(x0)
+N−p(x0)−ρ2(λx0+λy)

( |∇φ(y)|
‖∇φλ(y)‖p(x)

)p(x0)+ρ2(λx0+λy)
dx.

Again,

λ
−Nρ2(λx0+λy)

p∗(x0)
−ρ2(λx0+λy)

( |∇φ(y)|
‖∇φλ(y)‖p(x)

)ρ2(λx0+λy)
→ 1 when λ→ 0 + in {|∇φ| > 0} ⊂ Ω,

so we arrive at

1 =

∫

RN |∇φ(y)|p(x0) dy

limλ→0+ ‖∇φλ‖p(x0)

p(x)

.

Now, by definition of S (p(·), q(·),Ω),

S (p(·), q(·),Ω) ≤
‖∇φλ‖p(x)

‖φλ‖q(x)

and taking limit λ→ 0+, we obtain

S (p(·), q(·),Ω) ≤
‖∇φ‖p(x0),RN

‖φ‖q(x0),RN

for every φ ∈ C∞c (Ω). Then,

S (p(·), q(·),Ω) ≤ K−1(N, p(x0)),

so,

S (p(·), q(·),Ω) ≤ inf
x∈A

K−1(N, p(x))

as we wanted to show. �
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Now, the proof of Theorem 5.5 follows easily as a simple corollary of Lemma 5.7.

Proof of Theorem 5.5. Applying Lemma 5.7 to the case Ω = Bε(x0) for x0 ∈ A we get that

S (p(·), q(·), Bε(x0)) ≤ K−1(N, p(x0))

for every ε > 0. So

S̄ x0
≤ K−1(N, p(x0)).

Now, for the first inequality, we just observe that the Sobolev constant is nondecreasing with

respect to inclusion, so

S (p(·), q(·),Ω) ≤ S (p(·), q(·), Bε(x0))

for every ball Bε(x0) ⊂ Ω.

So the result follows. �

Now we focus on our second theorem. We begin by adapting a convexity argument used in

[38] to the variable exponent case.

Theorem 5.8. Assume that p+ < q−, with the assumptions of theorem 5.5 . Let {un}n∈N be a

minimizing sequence for S (p(·), q(·),Ω). Then the following alternative holds

• {un}n∈N has a strongly convergence subsequence in Lq(x)(Ω) or

• {un}n∈N has a subsequence such that |un|q(x) ⇀ δx0
weakly in the sense of measures and

|∇un|p(x) ⇀ S̄
p(x0)
x0

δx0
weakly in the sense of measures, for some x0 ∈ A.

Proof. Let {un}n∈N be a normalized minimizing sequence, that is,

S (p(·), q(·),Ω) = lim
n→∞
‖∇un‖p(x)

and

‖un‖q(x) = 1.

Since {un}n∈N is bounded in W
1,p(x)

0
(Ω), by the Concentration–Compactness Theorem (Theorem

4.6), we have that, for a subsequence that we still denote by {un}n∈N,

|un|q(x) ⇀ ν = |u|q(x)
+

∑

i∈I
νiδxi

, weakly-* in the sense of measures,

|∇un|p(x) ⇀ µ ≥ |∇u|p(x)
+

∑

i∈I
µiδxi

, weakly-* in the sense of measures,

where u ∈ W
1,p(x)

0
(Ω), I is a finite set, xi ∈ A and S̄ −1

xi
µ

1/p(xi)

i
≥ ν1/p∗(xi)

i
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Hence, using Theorem 5.5,

1 = lim
n→∞

∫

Ω

|∇un|p(x)

‖∇un‖p(x)

p(x)

dx

≥
∫

Ω

|S (p(·), q(·),Ω)−1∇u|p(x) dx +
∑

i∈I
S (p(·), q(·),Ω)−p(xi)µi

≥
∫

Ω

|S (p(·), q(·),Ω)−1∇u|p(x) dx +
∑

i∈I
S̄
−p(xi)
xi

µi

≥ min{(S (p(·), q(·),Ω)−1‖∇u‖p(x))
p+ , (S (p(·), q(·),Ω)−1‖∇u‖p(x))

p−} +
∑

i∈I
ν

p(xi)

p∗(xi)

i

≥ min{‖u‖p
+

q(x)
, ‖u‖p

−

q(x)
} +

∑

i∈I
ν

p(xi)

p∗(xi)

i

where in the last inequality we have used the definition of S (p(·), q(·),Ω).

Now, as ‖un‖q(x) = 1 and un ⇀ u weakly in Lq(x)(Ω), it follows that ‖u‖q(x) ≤ 1, hence

min{‖u‖p
+

q(x)
, ‖u‖p

−

q(x)
} = ‖u‖p

+

q(x)
≥ ρq(x)(u)

p+

q− .

So we find that

ρq(x)(u)
p+

q− +

∑

i∈I
ν

p(xi)

p∗(xi)

i
≤ 1. (5.5)

On the other hand, as un is normalized, we get that

1 = ρq(x)(u) +
∑

i∈I
νi. (5.6)

Since p+ < q−, by (5.5) and (5.6), we can conclude that either ρq(x)(u) = 1 and the set I is empty,

or u = 0 and the set I contains a single point.

If the first case occurs, then 1 = ‖un‖q(x) = ρq(x)(un) = ρq(x)(u) = ‖u‖q(x) and, as Lq(x)(Ω) is a

strictly convex Banach space, it follows that un → u strongly in Lq(x)(Ω).

If the second case occurs it easily follows that ν0 = 1 and µ0 = S̄
p(x0)
x0

. �

With the aid of this result, we are now ready to prove Theorem 5.6.

Proof of Theorem 5.6. Let {un}n∈N be a minimizing sequence for S (p(·), q(·),Ω).

If {un}n∈N has a strongly convergence subsequence in Lq(x)(Ω), then the result holds.

Assume that this is not the case. Then, by the previous Theorem, there exists x0 ∈ A such

that |un|q(x) ⇀ δx0
weakly in the sense of measures and |∇un|p(x) ⇀ S̄

p(x0)
x0

δx0
weakly in the sense

of measures
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So, for ε > 0, we have

∫

Ω

( |∇un|
S̄ x0
− ε

)p(x)
dx→

S̄
p(x0)
x0

(

S̄ x0
− ε

)p(x0)
> 1.

Then, there exists n0 such that for all n ≥ n0, we know that:

‖∇un‖p(x) > S̄ x0
− ε.

Taking limit, we obtain

S (p(·), q(·),Ω) ≥ S̄ x0
− ε.

As ε > 0 is arbitrary, the result follows. �

5.3 Global conditions for the validity of S (p(·), q(·),Ω) < S̄

In this section we provide with an example of a domainΩ and exponents p, q where the condition

S (p(·), q(·),Ω) < S̄ is satisfied.

The condition is the existence of a large ball where the exponent q is subcritical. Up to our

knowledge it is not known if S (p(·), q(·),Ω) < S̄ can hold when q ≡ p∗ on Ω.

This example somewhat relates to the one analyzed in [42]. More precisely, we can show

Theorem 5.9. Assume that BR ⊂ Ω \ A where BR is a ball of radius R. Moreover, assume that

q+
BR
< (p∗)−

BR
.

Then, if R is large enough, we have that S (p(·), q(·),Ω) < S̄ .

Proof. Assume that Ω contains a subcritical ball BR. Take u ∈ C∞c (B1) such that |u|, |∇u| ≤ 1,

and consider uR(x) = u(x/R). We take R big enough to have

RN−p+
∫

B1

|∇u|p+ dx > 1, RN

∫

B1

|u|q+ > 1

and
‖∇u‖p−

BR

‖u‖q+
BR

R
N(1/(p−

BR
)∗−1/q+

BR
)
< S .

Then we claim that
‖∇uR‖p(x),BR

‖uR‖q(x),BR

< S .

We first note that
∫

BR

|∇uR|p(x) dx =

∫

B1

RN−p(Rx)|∇u|p(Rx)(x) dx ≥ RN−p+
∫

B1

|∇u|p+ dx > 1
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so that, by Proposition 3.4,

‖∇uR‖p(x),BR
≤

(∫

BR

|∇uR|p(x) dx

)1/p−
BR

≤ R

N−p−
BR

p−
BR

(∫

B1

|∇u|p
−
BR dx

)1/p−
BR

.

In the same way
∫

BR

|uR|q(x) dx = RN

∫

B1

|u|q(Rx) dx ≥ RN

∫

B1

|u|q+ > 1

so that

‖uR‖q(x),BR
≥

(∫

BR

|uR|q(x) dx

)1/q+
BR

≥ R
N/q+

BR ‖u‖q+
R
,

from which we deduce our claim. This finishes the proof. �

5.4 Continuity of the Sobolev constant with respect to p and q

In this section, we prove the continuity of the Sobolev constant S (p(·), q(·),Ω) with respect to p

and q in the L∞(Ω) topology for monotone sequences.

This result will be usefull in order to provide local conditions that imply S (p(·), q(·),Ω) < S̄ ,

but we have chosen to put it in a separate section since we believe that is of independent interest.

We first prove an easy Lemma on the continuity of the Rayleigh quotient.

Lemma 5.10. Let p, pn, q, qn ∈ P(Ω) be such that pn → p and qn → q in L∞(Ω). Then, for

every v ∈ C∞c (Ω), Qpn,qn,Ω(v)→ Qp,q,Ω(v).

Proof. We only need to prove that

‖∇v‖pn(x) → ‖∇v‖p(x) and ‖v‖qn(x) → ‖v‖q(x).

For that, we have
∫

Ω

( |v|
‖v‖q(x) + δ

)qn(x)
dx→

∫

Ω

( |v|
‖v‖q(x) + δ

)q(x)
dx < 1,

so, there exist n0 such that for every n ≥ n0,
∫

Ω

( |v|
‖v‖q(x) + δ

)qn(x)
dx < 1.

Therefore ‖v‖qn(x) ≤ ‖v‖q(x) + δ. Analogously, we obtain ‖v‖q(x) − δ ≤ ‖v‖qn(x). In conclusion, for

every δ > 0 we get

‖v‖q(x) − δ ≤ lim inf ‖v‖qn(x) ≤ lim sup ‖v‖qn(x) ≤ ‖v‖q(x) + δ.

In a complete analogous fashion, we get

‖∇v‖p(x) − δ ≤ lim inf ‖∇v‖pn(x) ≤ lim sup ‖∇v‖pn(x) ≤ ‖∇v‖p(x) + δ.

This finishes the proof. �
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Now we prove the main result of the section.

Theorem 5.11. Let p, pn, q, qn ∈ P(Ω) be such that pn → p and qn → q in L∞(Ω). Assume,

moreover, that pn ≥ p and that qn ≤ q. Then S (pn(·), qn(·),Ω)→ S (p(·), q(·),Ω).

Proof. Given δ > 0 we pick u ∈ C∞c (Ω) such that Qp,q,Ω(u) ≤ S (p(·), q(·),Ω) + δ. Since, by

Lemma 5.10, limn→∞ Qpn,qn,Ω(u) = Qp,q,Ω(u), we obtain, using u as a test-function to estimate

S (pn(·), qn(·),Ω), that

lim sup
n→∞

S (pn(·), qn(·),Ω) ≤ lim sup
n→∞

Qpn,qn,Ω(u)

= Qp,q,Ω(u)

≤ S (p(·), q(·),Ω) + δ,

for any δ > 0. It follows that

lim sup
n→∞

S (pn(·), qn(·),Ω) ≤ S (p(·), q(·),Ω).

We now claim that there holds

lim inf
n→∞

S (pn(·), qn(·),Ω) ≥ S (p(·), q(·),Ω).

The claim will follow if we prove that for any u ∈ C∞c (Ω),

‖∇u‖Lpn(x)(Ω) ≥ (1 + o(1))‖∇u‖Lp(x)(Ω), (5.7)

and

‖u‖Lqn(x)(Ω) ≤ (1 + o(1))‖u‖Lq(x)(Ω), (5.8)

where o(1) is uniform in u. Since pn ≥ p we can use Hölder inequality (Theorem 3.7), with
1
p
=

1
pn
+

1
sn

to obtain

‖∇u‖p(x) ≤
(

(p/pn)+ + (p/sn)+
)

‖∇u‖pn(x)‖1‖sn(x)

≤ (1 + o(1))‖∇u‖pn(x) max{|Ω|(1/sn)+ , |Ω|(1/sn)−}
= (1 + o(1))‖∇u‖pn(x),

where the o(1) are uniform in u. Equation (5.7) follows. We prove (5.8) in the same way

considering 1
q
=

1
qn
+

1
tn

and writing that

‖v‖qn(x) ≤
(

(qn/q)+ + (qn/tn)+
)

‖v‖q(x)‖1‖tn(x)

= (1 + o(1))‖v‖q(x).

The proof is now complete. �
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5.5 Investigation on the validity of S̄ = infx∈A K−1(N, p(x))

Another key result that is needed in order to provide local conditions that assure S (p(·), q(·),Ω) <

S̄ is the validity of S̄ = infx∈A K−1(N, p(x)) since for K−1(N, p(x)) we have the knowledge of

the extremals.

So in this section we investigate whether the equality

S̄ = inf
x∈A

K−1(N, p(x)) (5.9)

holds or not.

We show that, under certain assumptions on p(x0) and q(x0), x0 ∈ A the equality

S̄ x0
= K−1(N, p(x0)) (5.10)

is valid.

As far as we know, it is an open problem to determine wether the equality holds true or not in

general.

The aim of this section is to prove the following Theorem.

Theorem 5.12. Let p, q ∈ P(Ω) be continuous and assume that p(·) has a local minimum and

q(·) has a local maximum at x0 ∈ A. Then

S̄ x0
= lim

ε→0
S (p(·), q(·), Bε(x0)) = K−1(N, p(x0)).

This Theorem is a direct consequence of Theorem 5.11 and the following result:

Proposition 5.13. Assume 0 ∈ A and denote by p = p(0), Bε = Bε(0).

For any u ∈ C∞c (Bε), there holds

‖u‖q(x),Bε = ε
N/p∗(1 + o(1))‖uε‖qε(x),B1

and

‖∇u‖p(x),Bε = ε
N/p∗(1 + o(1))‖∇uε‖pε(x),B1

,

where o(1) is uniform in u, pε(x) := p(εx), qε(x) := q(εx) and uε(x) := u(εx).

Assuming Proposition 5.13 we can prove Theorem 5.12.

Proof of Theorem 5.12. We have

Q(p(·), q(·), Bε)(u) = (1 + o(1))Q(pε(·), qε(·), B1)(uε),

where the o(1) is uniform in u, so that, noticing that the map u ∈ C∞c (Bε) 7→ uε ∈ C∞c (B1) is

bijective, using Theorem 5.11,

S (p(·), q(·), Bε) = (1 + o(1))S (pε(·), qε(·), B1) = (1 + o(1))S (p(0), q(0), B1)

= (1 + o(1))S (p(0), p(0)∗, B1)

which proves Theorem 5.12. �
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It remains to prove Proposition 5.13.

Proof of Proposition 5.13. Given u ∈ C∞c (Bε) we have

‖u‖q(x),Bε = inf{λ > 0: Iλ,εq (u) ≤ 1},

where

Iλ,εq (u) :=

∫

Bε

∣

∣

∣

∣

u(x)

λ

∣

∣

∣

∣

q(x)
dx =

∫

B1

∣

∣

∣

∣

uε(x)

λε
− N

qε(x)

∣

∣

∣

∣

qε(x)
dx.

Writing that

ε
− N

qε(x) = exp{−N ln ε(q(0) + O(ε))−1} = ε−N/p∗(1 + o(1)),

where the O(ε) and the o(1) are uniform in x and u, we obtain

‖u‖q(x),Bε = inf {λ > 0: Iλ,εq (u) ≤ 1}
= εN/p∗(1 + o(1)) inf {λ̃ > 0: Iλ̃,1qε

(uε) ≤ 1},
(5.11)

from which we deduce the result. The proof of the result for the gradient term is similar: we

have

‖∇u‖p(x),Bε = inf{λ > 0: Iλ,εp (∇u) ≤ 1},

and

Iλ,εp (∇u) =

∫

Bε

∣

∣

∣

∣

∇u(x)

λ

∣

∣

∣

∣

p(x)
dx =

∫

B1

∣

∣

∣

∣

∇uε(x)

λε
1− N

pε(x)

∣

∣

∣

∣

pε(x)
dx,

and we can end the proof as before. �

5.6 Local conditions for the validity of S (p(·), q(·),Ω) < S̄

In this section, applying the results of the preceding ones, we find local conditions that ensures

the validity of S (p(·), q(·),Ω) < S̄ . The main assumptions are the existence of a point x0 ∈ A
such that S̄ = S̄ x0

and that x0 is a local minimum of p and a local maximum of q. Under these

assumptions, it holds that S̄ = K−1(N, p(x0)).

Therefore, a natural candidate to evaluate the Rayleigh quotient Qp,q,Ω is a rescaled extremal

for K−1(N, p(x0)). Then, a detailed asymptotic analysis with respect to the scaling parameter

ε allows us to show that if the rescaled function uε is concentrated enough then Qp,q,Ω(uε) <

K−1(N, p(x0)) and we obtain the desired result.

So, in this section we assume that 0 ∈ A, we write p = p(0) and observe that q = q(0) = p∗

and we also assume that 0 is a local maximum of q and a local minimum of p and so

S̄ = lim
ε→0

S (p(·), q(·), Bε(0)) = K−1(N, p).

In order to estimate S (p(·), q(·),Ω) we compute the Rayleigh quotient Qp,q,Ω given in (5.3) in

the test function uε constructed in Proposition A.1 in the Appendix.
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Hence, by Proposition A.1 and Remark A.2, we obtain

∫

Ω

(

uε

λ

)q(x)

dx =
A0

λp∗
+

A1

λp∗
ε2| ln ε| + o(ε2 ln ε), (5.12)

with

A0 =

∫

RN

U p∗ dx, A1 = −
1

2p∗
∆q(0)

∫

RN

|x|2U p∗ dx

and
∫

Ω

(

|∇uε|
λ

)p(x)

dx =
B0

λp
+

B1

λp
ε2| ln ε| + o(ε2 ln ε), (5.13)

with

B0 =

∫

RN

|∇U |p dx, B1 = −
1

2p
∆p(0)

∫

RN

|x|2|∇U |p dx.

From (5.12) and (5.13) we obtain

‖uε‖q(x) = ‖U‖p∗,RN +C1o(1)

and

‖∇uε‖p(x) = ‖∇U‖p,RN −C2o(1),

with C1,C2 > 0 and o(1) > 0. So

S (p(·), q(·),Ω) ≤ Qp,q,Ω(uε)

=
‖∇U‖p,RN −C2o(1)

‖U‖p∗,RN +C1o(1)

= K−1(N, p) −Co(1) < K−1(N, p)

if either ∆p(0) > 0 or ∆q(0) < 0.

So we have proved the following theorem

Theorem 5.14. Let p, q ∈ P(Ω) be C2 and that p+ < q−. Assume that there exists x0 ∈ A
such that S̄ = supx∈A S̄ x and that x0 is a local minimum of p(x) and a local maximum of q(x).

Moreover, assume that either ∆p(0) > 0 or ∆q(0) < 0.

Finally, assume that p(x0) <
√

N if N ≥ 5, p(x0) < 2 if N = 4 and p(x0) < 3/2 if N = 3. Then

the strict inequality holds

S (p(·), q(·),Ω) < S̄

and therefore, there exists an extremal for S (p(·), q(·),Ω).
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5.7 Non-compact case 2: The Sobolev trace Theorem

In this section we parallel the results for the Sobolev immersion Theorem, Section 5.2, to the

Sobolev trace Theorem.

In that spirit, the result that we obtain says that if the Sobolev trace constant is strictly smaller

that the smallest localized Sobolev trace constant in the critical set AT , then there exists an

extremal for the trace inequality.

Then, the objective will be to find conditions on p(x), q(x) and Ω in order to ensure that strict

inequality. Again, we find global and local conditions.

As in the previous case, global conditions are easily obtained and they say that if the surface

measure of the boundary is larger than the volume of the domain, then the strict inequality holds

and therefore an extremal for the trace inequality exists.

Once again, local conditions are more difficult to find. In this case, the geometry of the domain

comes into play.

Let us begin by recalling some notation introduced in Section 4.2.

Let Ω ⊂ RN be smooth (C2 is enough) and let Γ ⊂ ∂Ω be a (possibly empty) closed set.

We consider

W
1,p(x)

Γ
(Ω) := {φ ∈ C∞(Ω̄) : φ vanishes in a neighborhood of Γ},

the closure being taken in ‖ · ‖1,p(x)−norm.

The critical Sobolev trace constant is defined as

T (p(·), r(·),Ω,Γ) := inf
v∈W1,p(x)

Γ
(Ω)

‖v‖1,p(x)

‖v‖r(x),∂Ω
, (5.14)

with r ∈ P(∂Ω) critical, i.e. AT = {x ∈ ∂Ω \ Γ : r(x) = p∗(x)} , ∅.
The localized Sobolev trace constant is defined, for x ∈ AT , as

T̄x = sup
ε>0

T (p(·), r(·),Ωε,Γε) = lim
ε→0

T (p(·), r(·),Ωε,Γε), (5.15)

where Ωε = Ω∩ Bε(x) and Γε = ∂Bε(x)∩ Ω̄ and the smallest localized Sobolev trace constant is

denoted by

T̄ := inf
x∈AT

T̄x. (5.16)

Finally, the optimal Sobolev trace constant for constant exponents in RN
+ = R

N−1 × (0,∞) is

denoted by

K̄(N, p)−1
= inf

f∈D̄1,p(RN
+ )

‖∇ f ‖p,RN
+

‖ f ‖p∗,∂RN
+

,

where D̄1,p(RN
+ ) is the set of functions f such that ∂i f ∈ Lp(RN

+ ) and f |∂RN
+
∈ Lp∗(∂RN

+ ).

We begin with a lemma that gives a bound for the constant T (p(·), r(·),Ω,Γ). This is the

analogous to Lemma 5.7.
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Lemma 5.15. Assume that the exponents p ∈ P(Ω) and r ∈ P(∂Ω) are continuous functions

with modulus of continuity ρ such that

ln(λ)ρ(λ)→ 0 as λ→ 0 + .

Then, it holds that

T (p(·), r(·),Ω,Γ) ≤ inf
x∈AT

K̄(N, p(x))−1.

Proof. The proof uses the same rescaling argument as in Lemma 5.7 but we have to be more

careful with the boundary term.

Let x0 ∈ AT . Without loss of generality, we can assume that x0 = 0 and that there exists r > 0

such that

Ωr := Br ∩Ω = {x ∈ Br : xN > ψ(x′)}, Br ∩ ∂Ω = {x ∈ Br : xN = ψ(x′)},

where x = (x′, xN), x′ ∈ RN−1, xN ∈ R, Br is the ball centered at the origin of radius r and

ψ : RN−1 → R is of class C2 with ψ(0) = 0 and ∇ψ(0) = 0.

First, we observe that our regularity assumptions on p and r impliy that

r(λx) = r(0) + ρ1(λ, x) = p∗(0) + ρ1(λ, x),

p(λx) = p(0) + ρ2(λ, x),

with ρ1 and ρ2 modulus of continuity such that limλ→0+ λ
ρk(λ,x)

= 1 uniformly in Ω̄r. From now

on, for simplicity, we write p = p(0) and p∗ = p∗(0).

Now, let φ ∈ C∞c (RN), and define φλ to be the rescaled function around 0 ∈ AT as φλ =

λ
−(N−1)

p∗ φ( x
λ
) and observe that, since Γ is closed and 0 < Γ, φλ ∈ W

1,p(x)

Γ
(Ω) for λ small. Then we

have
∫

∂Ω

φλ(x)r(x) dS =

∫

∂Ωλ

λ
−(N−1)ρ1(λ,y)

p∗ φ(y)p∗+ρ1(λ,y) dS

=

∫

RN−1

λ
−(N−1)ρ1(λ,y)

p∗ φ(y′, ψλ(y′))p∗+ρ1(λ,y′)
√

1 + |∇ψλ(y′)|2 dy′,

where Ωλ =
1
λ
·Ω and ψλ(y′) = 1

λ
ψ(λy′).

Since ψ(0) = 0 and ∇ψ(0) = 0 we have that ψλ(y′) = O(λ) and |∇ψλ(y′)| = O(λ) uniformly in

y′ for y′ ∈ supp(φ) which is compact. Moreover, our assumption on ρ1 imply that

λ
−(N−1)ρ1(λ,y)

p∗ φ(y)ρ1(λ,y) → 1 when λ→ 0+

uniformly in y.

Therefore, we get

ρr(x),∂Ω(φλ) =

∫

∂Ω

φλ(x)r(x) dS →
∫

RN−1

|φ(y′, 0)|p∗ dy′, as λ→ 0 + . (5.17)
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In particular, (5.17) imply that ‖φλ‖r(x),∂Ω is bounded away from 0 and∞. Moreover, arguing

as before, we find

1 =

∫

∂Ω

(

φλ(x)

‖φλ‖r(x),∂Ω

)r(x)

dS

=

∫

RN−1

λ
−(N−1)ρ1(λ,y)

p∗

(

φ(y′, ψλ(y′))

‖φλ‖r(x),∂Ω

)p∗+ρ1(λ,y′) √

1 + |∇ψλ(y′)|2 dy′,

so

lim
λ→0+

‖φλ‖r(x),∂Ω = ‖φ‖p∗,∂RN
+
.

For the gradient term, we have

∫

Ω

|∇φλ|p(x) dx =

∫

Ω

λ
− N

p
p(x)|∇φ( x

λ
)|p(x) dx

=

∫

Ωλ

λ
− N

p
ρ2(λ,y)|∇φ(y)|p+ρ2(λ,y) dy.

Now, observing that Ωλ → RN
+ and from our hypothesis on ρ2, we arrive at

ρp(x),Ω(φλ) =

∫

Ω

|∇φλ(x)|p(x) dx→
∫

R
N
+

|∇φ(y)|p dy as λ→ 0 + .

Similar computations show that

ρp(x),Ω(φλ) =

∫

Ω

|φλ(x)|p(x) dx = O(λp),

so

ρ1,p(x),Ω(φλ) =

∫

Ω

|∇φλ(x)|p(x)
+ |φλ(x)|p(x) dx→

∫

R
N
+

|∇φ(y)|p dy as λ→ 0 + .

Arguing as in the boundary term, we conclude that

lim
λ→0+

‖φλ‖1,p(x),Ω = ‖∇φ‖p,RN
+
.

Now, by the definition of T (p(·), r(·),Ω,Γ), it follows that

T (p(·), r(·),Ω,Γ) ≤
‖φλ‖1,p(x)

‖φλ‖r(x),∂Ω

and taking the limit λ→ 0+, we obtain

T (p(·), q(·),Ω,Γ) ≤
‖∇φ‖p,RN

+

‖φ‖p∗,∂RN
+

for every φ ∈ C∞c (RN). Then,

T (p(·), q(·),Ω,Γ) ≤ K̄(N, p)−1
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and so, since x0 = 0 is arbitrary,

T (p(·), q(·),Ω,Γ) ≤ inf
x∈AT

K̄(N, p(x))−1,

as we wanted to show. �

Now we prove a Lemma that gives us some monotonicity of the constants T (p(·), q(·),Ω,Γ)
with respect to Ω and Γ ⊂ ∂Ω.

Lemma 5.16. Let Ω1,Ω2 ⊂ RN be two C2 domains, and let Γi ⊂ ∂Ωi, i = 1, 2 be closed.

If Ω2 ⊂ Ω1, (∂Ω2 ∩Ω1) ⊂ Γ2 and (Γ1 ∩ ∂Ω2) ⊂ Γ2, then

T (p(·), q(·),Ω1,Γ1) ≤ T (p(·), q(·),Ω2,Γ2).

Proof. The proof is a simple consequence that if v ∈ W
1,p(x)

Γ2
(Ω2), then extending v by 0 to

Ω1 \Ω2 gives that v ∈ W
1,p(x)

Γ1
(Ω1). �

Remark 5.17. Lemma 5.16 will be used in the following situation: For Ω ⊂ RN and Γ ⊂ ∂Ω

closed, we take x0 ∈ ∂Ω \ Γ and r > 0 such that (Br(x0) ∩ ∂Ω) ∩ Γ = ∅.
Then, if we call Ωr := Ω ∩ Br(x0), Γr = ∂Br(x0) ∩ Ω̄, we obtain

T (p(·), q(·),Ω,Γ) ≤ T (p(·), q(·),Ωr,Γr).

As a consequence of Lemma 5.15 and Lemma 5.16 we easily obtain the following Theorem

that is the trace analog of Theorem 5.5.

Theorem 5.18. Let Ω ⊂ RN be a bounded C2 domain and Γ ⊂ ∂Ω be closed. Let p ∈ P(Ω) and

r ∈ P(∂Ω) be continuous functions with modulus of continuity ρ such that

ln(λ)ρ(λ)→ 0 as λ→ 0 + .

Then, it holds that

T (p(·), r(·),Ω,Γ) ≤ T̄ ≤ inf
x∈AT

K̄(N, p(x))−1.

Now, in the spirit of Theorem 5.8, we use the convexity method of [38] to prove that a mini-

mizing sequence either is strongly convergent or concentrates around a single point.

Theorem 5.19. Under the same assumption of Theorem 5.18. Let {un}n∈N ⊂ W
1,p(x)

Γ
(Ω) be a

minimizing sequence for T (p(·), r(·),Ω,Γ). Then the following alternative holds:

• {un}n∈N has a strongly convergence subsequence in Lr(x)(∂Ω) or

• {un}n∈N has a subsequence such that |un|r(x) dS ⇀ δx0
weakly in the sense of measures and

|∇un|p(x) dx ⇀ T̄
p(x0)
x0

δx0
weakly in the sense of measures, for some x0 ∈ AT and un → 0

strongly in Lp(x)(Ω).
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Proof. Let {un}n∈N ⊂ W
1,p(x)

Γ
(Ω) be a normalized minimizing sequence for T (p(·), r(·),Ω,Γ), i.e.

T (p(·), r(·),Ω,Γ) = lim
n→∞
‖un‖1,p(x)

and

‖un‖r(x),∂Ω = 1.

For simplicity, we denote by T = T (p(·), r(·),Ω,Γ). The concentration compactness principle

for the trace immersion, Theorem 4.6, together with the estimate given in Theorem 5.18 gives

1 = lim
n→∞

∫

Ω

|∇un|p(x)
+ |un|p(x)

‖un‖p(x)

1,p(x)

dx

≥
∫

Ω

|∇u|p(x)
+ |u|p(x)

T p(x)
dx +

∑

i∈I
T−p(xi)µi

≥ min{(T−1‖u‖1,p(x))
p+ , (T−1‖u‖1,p(x))

p−} +
∑

i∈I
T̄
−p(xi)
xi

µi

≥ min{‖u‖p
+

r(x),∂Ω
, ‖u‖p

−

r(x),∂Ω
} +

∑

i∈I
ν

p(xi)

p∗(xi)

i

≥ ‖u‖p
+

r(x),∂Ω
+

∑

i∈I
ν

p(xi)

p∗(xi)

i

≥ ρr(x),∂Ω(u)
p+

r− +

∑

i∈I
ν

p(xi)

p∗(xi)

i
.

On the other hand, since {un}n∈N is normalized in Lr(x)(∂Ω), we get

1 =

∫

∂Ω

|u|r(x) dS +
∑

i∈I
νi

So, since p+ < r−, we can conclude that either u is a minimizer of the corresponding problem

and the set I is empty, or v = 0 and the set I constains a single point.

If the second case occur, it is easily seen that the second alternative holds. �

With the aid of Thorem 5.19 we can now prove the main result of the section.

Theorem 5.20. Let Ω be a bounded domain in RN with ∂Ω ∈ C1. Let Γ ⊂ ∂Ω be closed.Let

p ∈ P(Ω) and r ∈ P(∂Ω) be exponents that satisfy the regularity assumptions of Theorem 5.18.

Assume, moreover, that p+ < r−.

Then, if the following strict inequality holds

T (p(·), r(·),Ω,Γ) < T̄ (5.18)

Then the infimum (5.14) is attained.



Existence of extremals for Sobolev Embeddings 63

Proof. Let {un}n∈N ⊂ W
1,p(x)

Γ
(Ω) be a minimizing sequence for (5.14) normalized in Lr(x)(∂Ω).

If {un}n∈N has a strongly convergence subsequence in Lr(x)(∂Ω), then the result holds.

Assume that this is not the case. Then, by Theorem 5.19, there exists x0 ∈ AT such that

|un|r(x) dS ⇀ δx0
and |∇un|p(x) dx ⇀ T̄

p(x0)
x0

δx0
weakly in the sense of measures.

So for ε > 0, we have,
∫

Ω

|∇un|p(x)
+ |un|p(x)

(T̄x0
− ε)p(x)

dx→
T̄

p(x0)
x0

(T̄x0
− ε)p(x0)

> 1.

Then, there exists n0 such that for all n ≥ n0, we know that

‖un‖1,p(x) > T̄x0
− ε.

Taking limit, we obtain

T (p(·), r(·),Ω,Γ) ≥ T̄x0
− ε.

As ε > 0 is arbitrary, the result follows. �

5.8 Global conditions for the validity of T (p(·), r(·),Ω) < T̄

Now we want to show an example of when the condition (5.18) is guaranteed. We assume that

Γ = ∅ and using v = 1 as a test function we can estimate

T (p(·), r(·),Ω) ≤
‖1‖1,p(x)

‖1‖r(x),∂Ω
.

It is easy to see that

‖1‖1,p(x) = ‖1‖p(x) ≤ max

{

|Ω|
1

p+ , |Ω|
1

p−
}

and

‖1‖r(x),∂Ω ≥ min{|∂Ω| 1
r+ , |∂Ω| 1

r− }.
So, if Ω satisfies

max

{

|Ω|
1

p+ , |Ω|
1

p−
}

min{|∂Ω| 1
r+ , |∂Ω| 1

r− }
< T̄ , (5.19)

then by Theorem 5.20 there exists an extremal for T (p(·), r(·),Ω).

Observe that the family of sets that verify (5.19) is large. In fact, for any open set Ω with C1

boundary, if we denote Ωt = t ·Ω we have

max

{

|Ωt|
1

p+ , |Ωt|
1

p−
}

min{|∂Ωt|
1

r+ , |∂Ωt|
1

r− }
=

t
N
p+ |Ω|

1
p+

t
N−1
r− |∂Ω| 1

r−

Now, the hypothesis
p+

r− < 1 imply that N
p+
− N−1

r− ≥
1
p+
> 0, so we can conclude that:

T (p(·), r(·),Ωt) < T̄ ,

if t > 0 is small enough.
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5.9 Investigation on the validity of T̄ = infx∈AT
K̄(N, p(x))−1

In this section we find conditions on the exponents p(x) and r(x) that ensure the validity of

T̄ = infx∈AT
K̄(N, p(x))−1. This fact, as in the Sobolev immersion case, plays a crucial role in

order to find local condition for the existence of extremals for T (p(·), r(·),Ω,Γ).
We begin with a Lemma that is a refinement of the asymptotic expansions found in the proof

of Lemma 5.15 since we obtain uniform convergence for bounded sets of W1,p(x)(Ω). Though

this lemma can be proved for variable exponents, we choose to prove it in the constant exponent

case since this will be enough for our purposes and simplifies the arguments.

In order to prove the Lemma, we use the so-called Fermi coordinates in a neighborhood of

some point x0 ∈ ∂Ω. Roughly speaking the Fermi coordinates around x0 ∈ ∂Ω is to describe

x ∈ Ω by (y, t) with y ∈ RN−1, t > 0 and y are the coordinates in a local chart of ∂Ω and t is the

distance to the boundary along the inward unit normal vector. See Definition A.6 and Lemma

A.7 in the Appendix for a description of the Fermi coordinates for C2 open sets in RN .

Lemma 5.21. Let 1 < p < N be a constant exponent and let u be a smooth function on Ω̄. Then,

there holds

‖u‖p∗,Bε(x0)∩∂Ω = ε
N−1
p∗ (1 + o(1))‖ũε‖p∗,V∩∂RN

+
,

‖u‖p,Bε(x0)∩Ω = ε
N
p (1 + o(1))‖ũε‖p,V∩RN

+
,

‖∇u‖p,Bε(x0)∩Ω = ε
N−p

p (1 + o(1))‖∇ũε‖p,V∩RN
+
,

where V is the unit ball transformed under the Fermi coordinates, o(1) is uniform in u for u

bounded in W1,p(Ω), ũε(y) = ũ(εy) and ũ is u read in Fermi coordinates.

Proof. If we denote by Φ(y, t) the change of variables from Fermi coordinates to Euclidian

coordinates, then, from Lemma A.7 we have

JΦ = 1 + O(ε) in Bε(x0) ∩Ω,

where JΦ is the Jacobian of Φ,

J∂ΩΦ = 1 + O(ε) in Bε(x0) ∩ ∂Ω,

where J∂ΩΦ is the tangential Jacobian of Φ and

|∇ũε| = (1 + O(ε))|∇u|

with O(ε) uniform in u.

For a more comprehensive study of the Fermi coordinates see [19] and the book [34].

Now, we simply compute
∫

Bε(x0)∩∂Ω
|u|p∗ dS =

∫

(ε·V)∩∂RN
+

|ũ(y, 0)|p∗(1 + O(ε)) dy

= εN−1(1 + O(ε))

∫

V∩∂RN
+

|ũε(y, 0)|p∗ dy.
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In the same way,

∫

Bε(x0)∩∂Ω
|∇u|p dx =

∫

(ε·V)∩∂RN
+

|∇ũ(y)|p(1 + O(ε)) dy

= εN−p(1 + O(ε))

∫

V∩∂RN
+

|∇ũε(y))|p dy

and
∫

Bε(x0)∩∂Ω
|u|p dx =

∫

(ε·V)∩∂RN
+

|ũ(y)|p(1 + O(ε)) dy

= εN(1 + O(ε))

∫

V∩∂RN
+

|ũε(y))|p dy.

This completes the proof. �

Now we can prove the main result of the section

Theorem 5.22. Let p ∈ P(Ω) and r ∈ P(∂Ω) be as in Theorem 5.18. Assume that x0 ∈ AT is a

local minimum of p(x) and a local maximum of r(x). Then

T̄x0
= K̄(N, p(x0))−1.

Proof. From the proof of Theorem 5.18, it follows that T̄x0
≤ K̄(N, p(x0))−1.

Let us see that if x0 is a local minimum of p(x) and a local maximum of r(x) then the reverse

inequality holds. Let us call p = p(x0) and then p∗ = r(x0).

Since p(x) ≥ p, by Young’s inequality with 1
p
=

1
p(x)
+

1
s(x)

we obtain

∫

Ωε

|u|p + |∇u|p dx ≤ p

p−ε

∫

Ωε

|u|p(x)
+ |∇u|p(x) dx + 2

p

s−ε
|Bε|

where p−ε = sup
Ωε

p(x).

It then follows that

‖λ−1u‖p
1,p,Ωε

≤ (1 + o(1))ρ1,p(x),Ωε(λ
−1u) + O(εn).

So, for any δ > 0, taking λ = ‖u‖1,p(x),Ωε + δ we obtain

‖u‖1,p,Ωε ≤ ‖u‖1,p(x),Ωε + δ, (5.20)

if ε is small, depending only on δ.

Arguing in much the same way, we obtain

‖u‖r(x),∂Ωε ≤ ‖u‖p∗,∂Ωε + δ, (5.21)

for ε is small, depending only on δ.
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Now, by (5.20) and (5.21) it follows that

Q̄(p(·), r(·),Ωε)(u) =
‖u‖1,p(x),Ωε

‖u‖r(x),∂Ωε

≥
‖u‖1,p,Ωε
‖u‖p∗,∂Ωε

+ O(δ).

Finally, by Lemma 5.21, we get

Q̄(p(·), r(·),Ωε)(u) ≥
‖∇ũε‖p,V∩RN

+

‖ũε‖p∗,V∩∂RN
+

+ o(1) + O(δ) ≥ K̄(N, p)−1
+ o(1) + O(δ).

So, taking infimum in u ∈ W
1,p(x)

Γε
(Ωε), ε→ 0 and δ→ 0 we obtain the desired result. �

5.10 Local conditions for the validity of T (p(·), r(·),Ω) < T̄

In this section we find local conditions to ensure the validity of T (p(·), r(·),Ω,Γ) < T̄ , and so the

existence of an extremal for T (p(·), r(·),Ω,Γ).
We assume, to begin with, that there exists a point x0 ∈ AT such that T̄ = T̄x0

. Moreover, this

critical point x0 is assume to be a local minimum of p(x) and a local maximum of q(x), so by

Theorem 5.22, we obtain that T̄ = T̄x0
= K̄(N, p(x0))−1.

The idea, then, is similar to the one used in Section 5.6. We estimate T (p(·), r(·),Ω,Γ) evalu-

ating the corresponding Rayleigh quotient Q̄(p(·), q(·),Ω) in a properly rescaled function of the

extremal for K̄(N, p(x0))−1.

A fine asymptotic analysis of the Rayleigh quotient with respect to the scaling parameter will

yield the desired result.

Hence the main result of the section reads

Theorem 5.23. Let p ∈ P(Ω) and r ∈ P(∂Ω) be C2 and that p+ < r−. Assume that there exists

x0 ∈ AT such that T̄ = T̄x0
and that x0 is a local minimum of p(x) and a local maximum of r(x).

Moreover, assume that either ∂t p(x0) > 0 or H(x0) > 0.

Then the strict inequality holds

T (p(·), q(·),Ω,Γ) < T̄

and therefore, there exists an extremal for T (p(·), q(·),Ω,Γ).

Proof. The proof is an immediate consequence of Propositions A.8, A.9 and A.10 of the Ap-

pendix. In fact, without loss of generality we can assume that x0 = 0, denote p(0) = p and
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assume first that ∂t p(0) > 0. Then

T (p(·), q(·),Ω,Γ) ≤ Q̄(p(·), q(·),Ω)(uε) =

D̄
1
p

0

(

1 + D̄1

pD̄0
ε ln ε + o(ε ln ε)

)

Ā
1
p∗
0

(

1 + Ā1

p∗Ā0
ε2 ln ε + o(ε2 ln ε)

)

= K̄(N, p)−1
1 + D̄1

pD̄0
ε ln ε + o(ε ln ε)

1 + Ā1

p∗Ā0
ε2 ln ε + o(ε2 ln ε)

.

The proof will be finished if we show that

1 + D̄1

pD̄0
ε ln ε + o(ε ln ε)

1 + Ā1

p∗Ā0
ε2 ln ε + o(ε2 ln ε)

< 1,

or, equivalently,
D̄1

pD̄0

+ o(1) <
Ā1

p∗Ā0

ε + o(ε).

But this former inequality holds, since D̄1 < 0 and D̄0 > 0.

The case where ∂t p(0) = 0 and H > 0 is analogous. �



6

Existence results for critical elliptic equations with

compact perturbations

In this chapter we begin our analysis of critical elliptic equations when the (nonlinear) elliptic

operator is the p(x)−Laplacian. That is, we will study the existence problem for the elliptic

equation

− ∆p(x)u = f (x, u), in Ω, (6.1)

complemented with some boundary conditions (in this chapter will be Dirichlet, but see next

chapter).

By critical we mean that the source term f (x, t) has critical growth in the sense of the Sobolev

embedding, i.e.

c ≤ lim inf
t→∞

f (x, t)

tp∗(x)−1
≤ lim sup

t→∞

f (x, t)

tp∗(x)−1
≤ C, (6.2)

for some constants 0 < c ≤ C < ∞.

Observe that this problem is variational in the sense that weak solutions to (6.1) are critical

points of the associated funcional

F (u) =

∫

Ω

|∇u|p(x)

p(x)
dx −

∫

Ω

F(x, u) dx,

where F(x, t) =
∫ t

0
f (x, s) ds and that, from (6.2), F is a well defined functional in the Sobolev

space W1,p(x)(Ω).

The main tool that we employ in order to find critical points for F is the Mountain Pass

Theorem that was described in Chapter 3, Theorem 3.20. The Mountain pass theorem has two

types of hypotheses, geometrical and topological. Under fairly general conditions on f (x, t) it

can be checked that the geometrical hypotheses are satisfied. The topological hypotheses, i.e.

the Palais–Smale condition, Definition 3.19, requires the mapping

u 7→
∫

Ω

F(x, u) dx
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to be compact. When F(x, t) is subcritical, the compactness of the Sobolev embedding yields

the desired result, but when one is working in the critical range this point becomes a delicate

matter.

It is well known since the work of Pohožaev [46] that in the constant exponent case p(x) = p

and for the pure power critical source f (x, t) = |t|p∗−2t solutions to (6.1) with Dirichlet boundary

conditions do not exist, if the domain Ω is starshaped with respect to some point.

In order to obtain existence of solutions to the critical equation in the constant exponent case,

one need to perform some sort of perturbations. In this direction, we point out the seminal

works of [5, 9] where the authors perturbed the equation studied by Pohožaev and obtain local

conditions that ensure the existence of solutions.

Later on, we like to mention the work of Garcı́a-Azorero and Peral [33] where the authors

considered problem (6.2) with constant exponent p(x) = p and a source of the form f (x, t) =

|t|p∗−2t+λ|t|q−2t with q subcritical. Then by choosing λ large, or small (depending on the q being

smaller or larger that p), the authors obtained the existence of nontrivial solutions.

In all the above mentioned works, the general approach to the problem is similar. It is proved

that the functional F satisfies the Palais–Smale condition below a certain energy level c∗ (that

can be computed explicitly in terms of the Sobolev constants) and then prove that if the pertur-

bation is chosen properly, then there exists a Palais–Smale sequence with energy below c∗.

Let us also point out that related existence results for problems like (6.1) with critical growth

were obtained independently by Fu in [32]. In that paper the author considered a source of the

form f (x, u) = a(x)|u|p∗(x)−2u + λg(x, u) where g(x, t) ∼ |t|r(x)−2r with r(x) subcritical. Under

these assumptions the author obtains existence of a nontrivial weak solution for positive and

small enough a(x) and for every λ > 0. No multiplicity results were obtained.

In this chapter, we follow the approach of [33] and extend those results to the variable expo-

nent case.

6.1 Superlinear–like compact perturbation

In this section, we study the existence problem for the following elliptic equation















−∆p(x)u = |u|q(x)−2u + λ(x)|u|r(x)−2u in Ω,

u = 0 in ∂Ω,
(6.3)

where r(x) < p∗(x) − ε, q(x) ≤ p∗(x) andA = {x ∈ Ω : q(x) = p∗(x)} , ∅.
We define Aδ :=

⋃

x∈A(Bδ(x) ∩ Ω) = {x ∈ Ω : dist(x,A) < δ} the δ−tubular neighborhood of

A.

In this case, the associated functional reads

F (u) =

∫

Ω

|∇u|p(x)

p(x)
− |u|

q(x)

q(x)
− λ(x)

|u|r(x)

r(x)
dx.
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We assume in this section that the compact perturbation term λ(x)|u|r(x)−2u is superlinear–like,

i.e. p+ ≤ r−.

For this problem we can prove

Theorem 6.1. Assume that p, q, r ∈ P(Ω) are continuous and that p(x) and q(x) verify the

hypotheses of Theorem 4.1. Assume moreover that p+ < r− ≤ r(x) < q(x) ≤ p∗(x) with

A := {x ∈ Ω : q(x) = p∗(x)} , ∅.
Then, there exists λ0 > 0 depending only on p, q, r,N and Ω, such that if

inf
x∈Aδ

λ(x) > λ0 for some δ > 0,

problem (6.3) has at least one nontrivial solution in W
1,p(x)

0
(Ω).

We begin by proving the Palais-Smale condition for the functional F , below certain level of

energy.

Lemma 6.2. Assume that r ≤ q. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) a Palais-Smale sequence then {u j} j∈N

is bounded in W
1,p(x)

0
(Ω).

Proof. By definition

F (u j)→ c and F ′(u j)→ 0.

Now, we have

c + 1 ≥ F (u j) = F (u j) −
1

r−〈F
′(u j), u j〉 +

1

r−〈F
′(u j), u j〉,

where

〈F ′(u j), u j〉 =
∫

Ω

|∇u j|p(x) − |u j|q(x) − |u j|r(x) dx.

Then, if r(x) ≤ q(x) we conclude

c + 1 ≥
(

1

p+
− 1

r−

) ∫

Ω

|∇u j|p(x) dx − 1

r−|〈F
′(u j), u j〉|.

We can assume that ‖∇u j‖p(x),Ω ≥ 1, if not the sequence is bounded. As ‖F ′(u j)‖W−1,p′ (Ω) is

bounded we have that

c + 1 ≥
(

1

p+
− 1

r−

)

‖∇u j‖p
−

p(x),Ω
− C

r−‖∇u j‖p(x),Ω.

We deduce that u j is bounded.

This finishes the proof. �
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From the fact that {u j} j∈N is a Palais-Smale sequence it follows, by Lemma 6.2, that {u j} j∈N is

bounded in W
1,p(x)

0
(Ω). Hence, by Theorem 4.1, we have

|u j|q(x) ⇀ ν = |u|q(x)
+

∑

i∈I
νiδxi

νi > 0, (6.4)

|∇u j|p(x) ⇀ µ ≥ |∇u|p(x)
+

∑

i∈I
µiδxi

µi > 0, (6.5)

S̄ ν
1/p∗(xi)

i
≤ µ1/p(xi)

i
. (6.6)

Note that if I = ∅, we have that ‖u j‖q(x),Ω → ‖u j‖q(x),Ω and we know that Lq(x)(Ω) is uniformly

convex then u j → u strongly in Lq(x)(Ω). We know that {xi}i∈I ⊂ A.

Let us show that if c <

(

1
p+
− 1

q−A

)

S̄ N and {u j} j∈N is a Palais-Smale sequence, with energy

level c, then I = ∅.
In fact, suppose that I , ∅. Then let φ ∈ C∞

0
(RN) with support in the unit ball of RN . Consider

the rescaled functions φi,ε(x) = φ( x−xi

ε
).

As F ′(u j)→ 0 in (W
1,p(x)

0
(Ω))′, we obtain that

lim
j→∞
〈F ′(u j), φi,εu j〉 = 0.

On the other hand,

〈F ′(u j), φi,εu j〉 =
∫

Ω

|∇u j|p(x)−2∇u j∇(φi,εu j) − λ(x)|u j|r(x)φi,ε − |u j|q(x)φi,ε dx

Then, passing to the limit as j→ ∞, we get

0 = lim
j→∞

(∫

Ω

|∇u j|p(x)−2∇u j∇(φi,ε)u j dx

)

+

∫

Ω

φi,ε dµ −
∫

Ω

φi,ε dν −
∫

Ω

λ(x)|u|r(x)φi,ε dx.

By Hölder inequality, it is easy to check that

lim
j→∞

∫

Ω

|∇u j|p(x)−2∇u j∇(φi,ε)u j dx = 0.

On the other hand,

lim
ε→0

∫

Ω

φi,ε dµ = µiφ(0), lim
ε→0

∫

Ω

φi,ε dν = νiφ(0).

and

lim
ε→0

∫

Ω

λ(x)|u|r(x)φi,ε dx = 0.



72 Existence results for critical elliptic equations with compact perturbations

So, we conclude that (µi − νi)φ(0) = 0, i.e, µi = νi. Then,

S̄ Nν
1/p∗(xi)

i
≤ ν1/p(xi)

i
,

so it is clear that νi = 0 or S̄ N ≤ νi.

On the other hand, as r− > p+,

c = lim
j→∞
F (u j) = lim

j→∞
F (u j) −

1

p+
〈F ′(u j), u j〉

= lim
j→∞

∫

Ω

(

1

p(x)
− 1

p+

)

|∇u j|p(x) dx +

∫

Ω

(

1

p+
− 1

q(x)

)

|u j|q(x) dx

+ λ

∫

Ω

(

1

p+
− 1

r(x)

)

|u j|r(x) dx

≥ lim
j→∞

∫

Ω

(

1

p+
− 1

q(x)

)

|u j|q(x) dx

≥ lim
j→∞

∫

Aδ

(

1

p+
− 1

q(x)

)

|u j|q(x) dx

≥ lim
j→∞

∫

Aδ















1

p+
− 1

q−Aδ















|u j|q(x) dx

But

lim
j→∞

∫

Aδ















1

p+
− 1

q−Aδ















|u j|q(x) dx =















1

p+
− 1

q−Aδ

































∫

Aδ

|u|q(x) dx +
∑

j∈I
ν j



















≥














1

p+
− 1

q−Aδ















νi

≥














1

p+
− 1

q−Aδ















S̄ N .

As δ > 0 is arbitrary, and q is continuous, we get

c ≥
(

1

p+
− 1

q−A

)

S̄ N .

Therefore, if

c <

(

1

p+
− 1

q−A

)

S̄ N ,

the index set I is empty.

Now we are ready to prove the Palais-Smale condition below level c.

Theorem 6.3. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) be a Palais-Smale sequence, with energy level c. If

c <

(

1
p+
− 1

q−A

)

S̄ N , then there exist u ∈ W
1,p(x)

0
(Ω) and {u jk }k∈N ⊂ {u j} j∈N a subsequence such

that u jk → u strongly in W
1,p(x)

0
(Ω).
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Proof. We have that {u j} j∈N is bounded. Then, for a subsequence that we still denote {u j} j∈N,

u j → u strongly in Lq(x)(Ω). We define F ′(u j) := φ j. By the Palais-Smale condition, with

energy level c, we have φ j → 0 in (W
1,p(x)

0
(Ω))′.

By definition 〈F ′(u j), z〉 = 〈φ j, z〉 for all z ∈ W
1,p(x)

0
(Ω), i.e,

∫

Ω

|∇u j|p(x)−2∇u j∇z dx −
∫

Ω

|u j|q(x)−2u jz dx −
∫

Ω

λ(x)|u j|r(x)−2u jz dx = 〈φ j, z〉.

Then, u j is a weak solution of the following equation.















−∆p(x)u j = |u j|q(x)−2u j + λ(x)|u j|r(x)−2u j + φ j =: f j in Ω,

u j = 0 on ∂Ω.
(6.7)

We define T : (W
1,p(x)

0
(Ω))′ → W

1,p(x)

0
(Ω), T ( f ) := u where u is the weak solution of the follow-

ing equation.














−∆p(x)u = f in Ω,

u = 0 on ∂Ω.
(6.8)

Then it is easily seen, analogous to the constant case, that T is a continuous invertible operator.

To finish the proof, it is sufficient to show that f j converges in (W
1,p(x)

0
(Ω))′. We only need to

prove that |u j|q(x)−2u j → |u|q(x)−2u strongly in (W
1,p(x)

0
(Ω))′.

In fact,

〈|u j|q(x)−2u j − |u|q(x)−2u, ψ〉 =
∫

Ω

(|u j|q(x)−2u j − |u|q(x)−2u)ψ dx

≤ ‖ψ‖q(x),Ω‖(|u j|q(x)−2u j − |u|q(x)−2u)‖q′(x),Ω.

Therefore,

‖(|u j|q(x)−2u j − |u|q(x)−2u)‖
(W

1,p(x)

0
(Ω))′ = sup

ψ∈W1,p(x)
0

(Ω)

‖ψ‖
W

1,p(x)
0

(Ω)
=1

∫

Ω

(|u j|q(x)−2u j − |u|q(x)−2u)ψ dx

≤ ‖(|u j|q(x)−2u j − |u|q(x)−2u)‖q′(x),Ω

and now, by 4.5 we kwow that
∫

Ω

|(|u j|q(x)−2u j − |u|q(x)−2u)|q′(x) dx =

∫

Ω

||u j|q(x)−2u j|q
′(x) dx −

∫

Ω

||u|q(x)−2u|q′(x) dx + o(1)

=

∫

Ω

|u j|q(x) dx −
∫

Ω

|u|q(x) dx + o(1)

=

∫

Ω

|u j − u|q(x) dx + o(1)

this last term goes to zero as j→ ∞ because u j → u strongly in Lq(x)(Ω).

The proof is finished. �
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We are now in position to prove Theorem 6.1.

Proof of Theorem 6.1. In view of the previous result, we seek for critical values below level

c. For that purpose, we want to use the Mountain Pass Theorem. Hence we have to check the

following condition:

1. There exist constants R, r > 0 such that when ‖u‖1,p(x),Ω = R, then F (u) > r.

2. There exist v0 ∈ W1,p(x)(Ω) such that F (v0) < r.

Let us first check (1). We suppose that ‖|∇u|‖p(x),Ω ≤ 1 and ‖u‖p(x),Ω ≤ 1. The other cases can be

treated similarly.

By Poincaré inequality (Proposition 4.5) we have,

∫

Ω

|∇u|p(x)

p(x)
−|u|

q(x)

q(x)
− λ(x)

|u|r(x)

r(x)
dx

≥ 1

p+

∫

Ω

|∇u|p(x) dx − 1

q−

∫

Ω

|u|q(x) dx − ‖λ‖∞
r−

∫

Ω

|u|r(x) dx

≥ 1

p+
‖∇u‖p+

p(x),Ω
− 1

q−‖u‖
q−
q(x),Ω

− ‖λ‖∞
r− ‖u‖

r−
r(x),Ω

≥ 1

p+
‖∇u‖p+

p(x),Ω
− 1

q−‖∇u‖q−
p(x),Ω

− ‖λ‖∞
r− ‖∇u‖r−p(x),Ω.

Let g(t) = 1
p+

tp+ − 1
q− tq− − ‖λ‖∞

r− tr−, then it is easy to check that g(R) > r for some R, r > 0. This

proves (1).

Now (2) is immediate as for a fixed w ∈ W
1,p(x)

0
(Ω) we have

lim
t→∞
F (tw) = −∞.

Now the candidate for critical value according to the Mountain Pass Theorem is

c = inf
g∈C

sup
t∈[0,1]

F (g(t)),

where C = {g : [0, 1]→ W
1,p(x)

0
(Ω) : g continuous and g(0) = 0, g(1) = v0}.

We will show that, if infx∈Aδ
λ(x) is big enough for some δ > 0 then c <

(

1
p+
− 1

q−A

)

S̄ n and so

the local Palais-Smale condition (Theorem 6.3) can be applied.
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We fix w ∈ W
1,p(x)

0
(Ω). Then, if t < 1 we have

F (tw) ≤
∫

Ω

tp(x) |∇w|p(x)

p− − tq(x) |w|q(x)

q+
− λ(x)tr(x) |w|r(x)

r+
dx

≤ tp−

p−

∫

Ω

|∇w|p(x) dx − tr+

r+

∫

Ω

λ(x)|w|r(x) dx

≤ tp−

p−

∫

Ω

|∇w|p(x) dx − tr+

r+

∫

Aδ

λ(x)|w|r(x) dx

≤ tp−

p−

∫

Ω

|∇w|p(x) dx − tr+

r+

∫

Aδ

( inf
x∈Aδ

λ(x))|w|r(x) dx

We define g(t) := tp−

p−a1 − (infx∈Aδ
λ(x)) tr+

r+
a3, where a1 and a2 are given by a1 = ‖|∇w|p(x)‖1,Ω

and a3 = ‖|w|r(x)‖1,Aδ
.

The maximum of g is attained at tλ =

(

a1

(infx∈Aδ λ(x))a3

)
1

r+−p−
. So, we conclude that there exists

λ0 > 0 such that if (infx∈Aδ
λ(x)) ≥ λ0 then

F (tw) <

(

1

p+
− 1

q−A

)

S̄ N

This finishes the proof. �

Remark 6.4. Observe that if λ(x) is continuous it suffices to assume that λ(x) is large in the

criticality setA.

6.2 Sublinear–like compact perturbation

In this section we study the existence problem for (6.3) but now the compact perturbation is

assumed to be sublinear–like, i.e. r+ < p−.

With this hypothesis we prove

Theorem 6.5. Let p, q, r ∈ P(Ω) be continuous such that p(x) and q(x) verify the hypotheses of

Theorem 4.1. Moreover, assume that r+ ≤ p− ≤ p+ ≤ q− ≤ p∗(x) with A := {x ∈ Ω : q(x) =

p∗(x)} , ∅.
Then, there exists a constant λ1 > 0 depending only on p, q, r,N and Ω such that if λ(x)

verifies 0 < infx∈Ω λ(x) ≤ ‖λ‖∞,Ω < λ1, then there exists infinitely many solutions to (6.3) in

W
1,p(x)

0
(Ω).

In order to prove Theorem 6.5, we begin by checking the Palais–Smale condition for this case.

Lemma 6.6. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) be a Palais-Smale sequence forF then {u j} j∈N is bounded.
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Proof. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) be a Palais-Smale sequence, that is

F (u j)→ c and F ′(u j)→ 0.

Therefore there exists a sequence ε j → 0 such that

|F ′(u j)w| ≤ ε j‖∇w‖p(x),Ω for all w ∈ W
1,p(x)

0
(Ω).

Now we have,

c + 1 ≥ F (u j) −
1

q−
F ′(u j)u j +

1

q−
F ′(u j)u j

≥
(

1

p+
− 1

q−

) ∫

Ω

|∇u j|p(x) dx +

∫

Ω

(

λ(x)

q−
− λ(x)

r−

)

|u j|r(x) dx +
1

q−
F ′(u j)u j

We can assume that ‖∇u j‖p(x),Ω > 1. Then we have, by Proposition 3.4 and by Poincaré inequal-

ity,

c + 1 ≥
(

1

p+
− 1

q−

)

‖∇u j‖p
−

p(x),Ω
+ ‖λ‖∞

(

1

q−
− 1

r−

)

‖u j‖r
+

r(x),Ω −
1

q−
‖∇u j‖p(x),Ωε j

≥
(

1

p+
− 1

q−

)

‖∇u j‖p
−

p(x),Ω
+ ‖λ‖∞

(

1

q−
− 1

r−

)

C‖∇u j‖r
+

p(x),Ω −
1

q−
‖∇u j‖p(x),Ω

from where it follows that ‖∇u j‖p(x),Ω is bounded (recall that p+ ≤ q− and r+ < p−). �

Let {u j} j∈N be a Palais-Smale sequence for F . Therefore, by the previous Lemma, it follows

that {u j} j∈N is bounded in W
1,p(x)

0
(Ω).

Then, by Theorem 4.1 we can assume that there exist two measures µ, ν and a function u ∈
W

1,p(x)

0
(Ω) such that

u j ⇀ u weakly in W
1,p(x)

0
(Ω),

|∇u j|p(x) ⇀ µ ≥ |∇u|p(x)
+

∑

i∈I
µiδxi

weakly in the sense of measures,

|u j|q(x) ⇀ ν = |u|q(x)
+

∑

i∈I
νiδxi

weakly in the sense of measures,

S̄ ν
1/p∗(xi)

i
≤ µ1/p(xi)

i
.

As before, assume that I , ∅. Now the proof follows exactly as in the previous case, until we

get to

c ≥
(

1

p+
− 1

q−

) ∫

Ω

|u|q(x) dx +

(

1

p+
− 1

q−

)

S̄ N
+ ‖λ‖∞,Ω

(

1

p+
− 1

r−

) ∫

Ω

|u|r(x) dx.
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Applying now Hölder inequality, we find

c ≥
(

1

p+
− 1

q−

) ∫

Ω

|u|q(x) dx +

(

1

p+
− 1

q−

)

S̄ N

+ ‖λ‖∞,Ω
(

1

p+
− 1

r−

)

‖ur(x)‖q(x)/r(x),Ω|Ω|
q+

q−−p+ .

If ‖ur(x)‖q(x)/r(x),Ω ≥ 1, we have

c ≥ c1‖ur(x)‖(q/r)−

q(x)/r(x),Ω
+ c3 − ‖λ‖∞,Ωc2‖ur(x)‖q(x)/r(x),Ω,

so, if f1(x) := c1x(q/r)− − ‖λ‖∞,Ωc2x, this function reaches its absolute minimum at x0 =
( ‖λ‖∞,Ωc2

c1(q/r)−

)
1

(q/r)−−1 .

On the other hand, if ‖ur(x)‖q(x)/r(x),Ω < 1, then

c ≥ c1‖ur(x)‖(q/r)+

q(x)/r(x),Ω
+ c3 − ‖λ‖∞,Ωc2‖u‖q(x)/r(x),Ω,

so, if f2(x) = c1x(q/r)+ − ‖λ‖∞,Ωc2x, this function reaches its absolute minimum at x0 =
( ‖λ‖∞,Ωc2

c1(q/r)+

)
1

(q/r)+−1 .

Then, we obtain

c ≥
(

1

p+
− 1

q−

)

S̄ N
+ K min















‖λ‖
(q/r)−

(q/r)−−1

∞,Ω , ‖λ‖
(q/r)+

(q/r)+−1

∞,Ω















,

which contradicts our hypothesis.

Therefore I = ∅ and so u j → u strongly in Lq(x)(Ω).

With these preliminaries the Palais-Smale condition can now be easily checked.

Lemma 6.7. Let (u j) ⊂ W
1,p(x)

0
(Ω) be a Palais-Smale sequence for F , with energy level c.

There exists a constant K depending only on p, q, r and Ω such that, if c <
(

1
p+
− 1

q−

)

S̄ N
+

K min















‖λ‖
(q/r)−

(q/r)−−1

∞,Ω , ‖λ‖
(q/r)+

(q/r)+−1

∞,Ω















, then there exists a subsequence {u jk }k∈N ⊂ {u j} j∈N that converges

strongly in W
1,p(x)

0
(Ω).

Proof. At this point, the proof follows by the continuity of the solution operator as in Theorem

6.3. �

Assume now that ‖∇u‖p(x),Ω ≤ 1. Then, applying Poincaré inequality, we have

F (u) ≥ 1

p+
‖∇u‖p

+

p(x),Ω
− 1

q−
‖u‖q

−

q(x),Ω
− ‖λ‖∞,Ω

r−
‖u‖r−r(x),Ω

≥ 1

p+
‖∇u‖p

+

p(x),Ω
− C

q−
‖∇u‖q

−

p(x),Ω
− ‖λ‖∞,ΩC

r−
‖∇u‖r−p(x),Ω =: J1(‖∇u‖p(x),Ω),
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where J1(x) = 1
p+

xp+ − C
q− xq− − ‖λ‖∞,ΩC

r− xr− . We recall that p+ ≤ q− and r− < r+ < p− < p+.

As J1 attains a local, but not a global, minimum (J1 is not bounded below), we have to perform

some sort of truncation. To this end let x0, x1 be such that m < x0 < M < x1 where m is the

local minimum and M is the local maximum of J1 and J1(x1) > J1(m). For these values x0 and

x1 we can choose a smooth function τ1(x) such that τ1(x) = 1 if x ≤ x0, τ1(x) = 0 if x ≥ x1 and

0 ≤ τ1(x) ≤ 1.

If ‖∇u‖p(x),Ω > 1, we argue similarly and obtain

F (u) ≥ 1

p+
‖∇u‖p

−

p(x),Ω
− C

q−
‖∇u‖q

+

p(x),Ω
− ‖λ‖∞,ΩC

r−
‖∇u‖r+p(x),Ω =: J2(‖∇u‖p(x),Ω)

where J2(x) = 1
p+

xp− − C
q− xq+ − ‖λ‖∞,ΩC

r− xr+ . As in the previous case, J2 attains a local but not a

global minimum. So let x0, x1 be such that m < x0 < M < x1 where m is the local minimum

of j and M is the local maximum of J2 and J2(x1) > J2(m). For these values x0 and x1 we can

choose a smooth function τ2(x) with the same properties as τ1. Finally, we define

τ(x) =















τ1(x) if x ≤ 1

τ2(x) if x > 1.

Next, let ϕ(u) = τ(‖∇u‖p(x),Ω) and define the truncated functional as follows

F̃ (u) =

∫

Ω

|∇u|p(x)

p(x)
dx −

∫

Ω

|u|q(x)

q(x)
ϕ(u) dx −

∫

Ω

λ(x)

r(x)
|u|r(x) dx

Now we state a Lemma that contains the main properties of F̃ .

Lemma 6.8. F̃ is C1, if F̃ (u) ≤ 0 then ‖∇u‖p(x),Ω < x0 and F (v) = F̃ (v) for every v close

enough to u. Moreover there exists λ1 > 0 such that if 0 < ‖λ‖∞,Ω < λ1 then F̃ satisfies a local

Palais-Smale condition for c ≤ 0.

Proof. We only have to check the local Palais-Smale condition. Observe that every Palais-Smale

sequence for F̃ with energy level c ≤ 0 must be bounded, therefore by Lemma 6.7 if λ verifies

0 <
(

1
p+
− 1

q−

)

S̄ N
+K min















‖λ‖
(q/r)−

(q/r)−−1

∞,Ω , ‖λ‖
(q/r)+

(q/r)+−1

∞,Ω















, then there exists a convergent subsequence �

The following Lemma gives the final ingredients needed in the proof.

Lemma 6.9. For every n ∈ N there exists ε > 0 such that

γ(F̃ −ε) ≥ n

where F̃ −ε = {u ∈ W
1,p(x)

0
(Ω) : F̃ (u) ≤ −ε} and γ is the Krasnoselskii genus.
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Proof. Let En ⊂ W
1,p(x)

0
(Ω) be a n-dimensional subspace. Hence we have, for u ∈ En such that

‖∇u‖p(x),Ω = 1,

F̃ (tu) =

∫

Ω

|∇(tu)|p(x)

p(x)
dx −

∫

Ω

|tu|q(x)

q(x)
ϕ(tu) dx −

∫

Ω

λ(x)

r(x)
|tu|r(x) dx

≤
∫

Ω

|∇(tu)|p(x)

p−
dx −

∫

Ω

|tu|q(x)

q+
ϕ(tu) dx −

∫

Ω

λ(x)

r+
|tu|r(x) dx.

If t < 1, then

F̃ (tu) ≤
∫

Ω

tp− |∇u|p(x)

p−
dx −

∫

Ω

tq+ |u|q(x)

q+
dx −

∫

Ω

infx∈Ω λ(x)

r+
tr+ |u|r(x) dx

≤ tp−

p−
− tq+

q+
an − inf

x∈Ω
λ(x)

tr+

r+
bn,

where

an = inf
{

∫

Ω

|u|q(x) dx : u ∈ En, ‖∇u‖p(x),Ω = 1
}

and

bn = inf
{

∫

Ω

|u|r(x) dx : u ∈ En, ‖∇u‖p(x),Ω = 1
}

.

Now,we have

F̃ (tu) ≤ tp−

p−
− tq+

q+
an − inf

x∈Ω
λ(x)

tr+

r+
bn ≤

tp−

p−
− inf

x∈Ω
λ(x)

tr+

r+
bn

Observe that an > 0 and bn > 0 because En is finite dimensional. As r+ < p− and t < 1 we

obtain that there exists positive constants ρ and ε such that

F̃ (ρu) < −ε for u ∈ En, ‖∇u‖p(x),Ω = 1.

Therefore, if we set S ρ,n = {u ∈ En : ‖u‖ = ρ}, we have that S p,n ⊂ F̃ −ε. Hence by monotonicity

of the genus

γ(F̃ −ε) ≥ γ(S ρ,n) = n

as we wanted to show. �

The proof of Theorem 6.5 now follows exactly as in that of [33] using Lemma 6.9 and Theo-

rem 3.23.

Proof of Theorem 6.5. We denote J−ε = {u ∈ W
1,p(x)

0
(Ω) : J(u) ≤ −ε}. By Lemma 6.9, for every

k ∈ N, there exists ε > 0 such that γ(J−ε) ≥ k.

Since J is continuous and even, J−ε ∈ Σk; then Ck ≤ −ε < 0, for every k ∈ N. But J is

bounded from bellow; hence, ck > −∞∀k.

Let us assume that c = ck = · · · = ck+r. So, applying Theorem 3.23 we obtain γ(Kc) ≥ r and

by Remark 3.24, the proof is finished. �
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6.3 Multiplicity result

In the preceding section we obtained a multiplicity result for (6.3) (with a sublinear–like pertur-

bation). That multiplicity result relied heavily on the oddness of the source f (x, t). The oddness

of f implies that the associated functionalF is even and therefore there exists a whole machinery

for even functionals that can be applied in order to obtain de existence of multiple solutions.

Without the oddness assumption, multiplicity result are in general harder to obtain and this is

the goal of this section.

So, here, we consider (6.1) complemented with Dirichlet boundary conditions, with a source

term given by

f (x, t) = |t|q(x)−2t + λg(x, t),

where g is subcritical, but g is not assumed to be odd. i.e., we consider














−∆p(x)u = |u|q(x)−2u + λg(x, u) in Ω

u = 0 on ∂Ω,
(6.9)

where Ω is a bounded smooth domain in RN , q(x) is critical in the sense that A = {q(x) =

p∗(x)} , ∅, λ is a positive parameter and the perturbation g is subcritical with some precise

assumptions that we state below.

This problem with constant exponents was analized in [12]. In that paper, the authors proves

the existence of at least three nontrivial solutions for (6.9) , one positive, one negative and one

that changes sign, under adequate assumptions on the source term g and the parameter λ.

The method in the proof used in [12] consists of restricting the functional associated to (6.9) to

three different Banach manifolds, one consisting of positive functions, one consisting of negative

functions and the third one consisting of sign-changing functions, all of them under a normal-

ization condition. Then, by means of a suitable version of the Mountain Pass Theorem due to

Schwartz [50] and the concentration-compactness principle of P.L. Lions [37] the authors can

prove the existence of a critical point of each restricted functional and, finally, the authors were

able to prove that critical points of each restricted functional are critical points of the unrestricted

one.

This method was introduced by M. Struwe [52] where the subcritical case (in the sense of

the Sobolev embeddigs) for the p−Laplacian was treated. A related result for the p−Laplacian

under nonlinear boundary condition can be found in [24]. Also, a similar problem in the case of

the p(x)−Laplacian, but with subcritical nonlinearities was analyzed in [39].

In all the above mentioned works, the main feature on the perturbation g is that no oddness

condition is imposed.

The precise assumptions on the perturbation g are as follows:

(G1) g : Ω×R→ R, is a measurable function with respect to the first argument and continuously

differentiable with respect to the second argument for almost every x ∈ Ω. Moreover,

g(x, 0) = 0 for every x ∈ Ω.
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(G2) There exist constants c1 > 1/(q− − 1), c2 ∈ (p+, q−), 0 < c3 < c4, such that for any

u ∈ Lq(x)(Ω) and p− ≤ p+ < r− ≤ r+ < q− ≤ q+.

c3ρr(x)(u) ≤ c2

∫

Ω
G(x, u) dx ≤

∫

Ω
g(x, u)u dx

≤ c1

∫

Ω
gu(x, u)u2 dx ≤ c4ρr(x)(u)

Remark 6.10. Observe that this set of hypotheses on the nonlinear term g are similar than the

ones considered by [12].

Remark 6.11. We exhibit now one example of nonlinearities that fulfills all of our hypotheses.

g(x, u) = |u|r(x)−2u + (u+)s(x)−1, if s(x) < r(x) , q− − 1 > s− > p+. Hypotheses (G1)–(G2) are

clearly satisfied.

More precisely, the main result said that:

Theorem 6.12. Let p, q, r ∈ P(Ω) be such that p and q verify the hypotheses of Theorem 4.1.

Under assumptions (G1)–(G2), there exists λ∗ > 0 depending only on N, p, q and the constant

c3 in (G2), such that for every λ > λ∗, there exist three different, nontrivial, solutions to problem

(6.9). Moreover these solutions are, one positive, one negative and the other one has non-

constant sign.

The proof uses the same approach as in [52]. That is, we will construct three disjoint sets

Ki , ∅ not containing 0 such that F has a critical point in Ki. These sets will be subsets of

C1−manifolds Mi ⊂ W1,p(x)(Ω) that will be constructed by imposing a sign restriction and a

normalizing condition.

In fact, let

J(v) =

∫

Ω

|∇v|p(x) − |v|q(x) dx,

M1 =

{

u ∈ W
1,p(x)

0
(Ω) :

∫

Ω

u+ dx > 0 and J(u+) =

∫

Ω

λg(x, u)u+ dx

}

,

M2 =

{

u ∈ W
1,p(x)

0
(Ω) :

∫

Ω

u− dx > 0 and J(u−) = −
∫

Ω

λg(x, u)u− dx

}

,

M3 = M1 ∩ M2.

where u+ = max{u, 0}, u− = max{−u, 0} are the positive and negative parts of u. We define

K1 = {u ∈ M1 | u ≥ 0},
K2 = {u ∈ M2 | u ≤ 0},

K3 = M3.

First, we need a Lemma to show that these sets are nonempty and, moreover, give some

properties that will be useful in the proof of the result.
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Lemma 6.13. For every w0 ∈ W
1,p(x)

0
(Ω), w0 > 0 (w0 < 0), there exists tλ > 0 such that

tλw0 ∈ M1(∈ M2). Moreover, limλ→∞ tλ = 0. As a consequence, given w0,w1 ∈ W
1,p(x)

0
(Ω),

w0 > 0, w1 < 0, with disjoint supports, there exists t̄λ, tλ > 0 such that t̄λw0 + tλw1 ∈ M3.

Moreover t̄λ, tλ → 0 as λ→ ∞.

Proof. We prove the lemma for M1, the other cases being similar. For w ∈ W
1,p(x)

0
(Ω), w ≥ 0,

we consider the functional

ϕ1(w) =

∫

Ω

|∇w|p(x) − |w|q(x) − λg(x,w)w dx.

Given w0 > 0, in order to prove the lemma, we must show that ϕ1(tλw0) = 0 for some tλ > 0.

Using hypothesis (G2), if t < 1, we have that:

ϕ1(tw0) ≥ Atp+ − Btq− − λc4Ctr−

and

ϕ1(tw0) ≤ Atp− − Btq+ − λc3Ctr+ ,

where the coefficients A, B and C are given by:

A =

∫

Ω

|∇w0|p(x) dx, B =

∫

Ω

|w0|q(x) dx, C =

∫

Ω

|w0|r(x) dx.

Since p− ≤ p+ < r− ≤ r+ < q− ≤ q+ it follows that ϕ1(tw0) is positive for t small enough,

and negative for t big enough. Hence, by Bolzano’s theorem, there exists some t = tλ such that

ϕ1(tλu) = 0. (This tλ need not to be unique, but this does not matter for our purposes).

In order to give an upper bound for tλ, it is enough to find some t1, such that ϕ1(t1w0) < 0.

We observe that:

ϕ1(tw0) ≤ max{Atp− − λc3Ctr+ ; Atp+ − λc3Ctr−}

so it is enough to choose t1 such that max{At
p−

1
− λc3Ctr+

1
; At

p+

1
− λc3Ctr−

1
} = 0, i.e.,

t1 =

(

A

c3λC

)1/(r+−p−)

or t1 =

(

A

c3λC

)1/(r−−p+)

.

Hence, again by Bolzano’s theorem, we can choose tλ ∈ [0, t1], which implies that tλ → 0 as

λ→ +∞. �

Lemma 6.14. There exists C1,C2 > 0 depending on p(x) and on c2 such that, for every u ∈ Ki,

i = 1, 2, 3, we have

∫

Ω

|∇u|p(x) dx =

(

λ

∫

Ω

g(x, u)u dx +

∫

Ω

|u|q(x) dx

)

≤ C1F (u) ≤ C2

(∫

Ω

|∇u|p(x) dx

)

.
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Proof. The equality is clear since u ∈ Ki. Now, by (G2), G(x, u) ≥ 0; so

F (u) =
∫

Ω

1
p(x)
|∇u|p(x) − 1

q(x)
|u|q(x) − λG(x, u) dx

≤ 1
p−

∫

Ω
|∇u|p(x) dx.

To prove the final inequality, we proceed as follows. Using the norming condition of Ki and

hypothesis (G2):

F (u) =

∫

Ω

1

p(x)
|∇u|p(x) − 1

q(x)
|u|q(x) − λG(x, u) dx

≥
(

1

p+
− 1

q−

) ∫

Ω

|u|q(x) dx + λ

∫

Ω

(

1

p+
g(x, u)u −G(x, u)

)

dx

≥
(

1

p+
− 1

q−

) ∫

Ω

|u|q(x) dx +

(

1

p+
− 1

c2

)

λ

∫

Ω

g(x, u)udx.

(Recall that q− > p+). This finishes the proof. �

Lemma 6.15. There exists c > 0 such that

‖∇u+‖p(x),Ω ≥ c ∀ u ∈ K1, (6.10)

‖∇u−‖p(x),Ω ≥ c ∀ u ∈ K2, (6.11)

‖∇u+‖p(x),Ω , ‖∇u−‖p(x),Ω ≥ c ∀ u ∈ K3. (6.12)

Proof. Suppose that ‖∇u±‖p(x),Ω < 1. By the definition of Ki,by (G2) and the Poincaré inequality

we have that

‖∇u±‖p
+

p(x),Ω
≤ ρp(x)(∇u±) =

∫

Ω

λg(x, u)u± + |u±|q(x) dx

≤ Cρr(x)(u±) + ρq(x)(u±) ≤ C‖u±‖r
−

r(x),Ω + ‖u±‖
q−

q(x),Ω

≤ c1‖∇u±‖r
−

p(x),Ω + c2‖∇u±‖q
−

p(x),Ω
.

As p+ < r− < q−, this finishes the proof. �

The following lemma describes the properties of the manifolds Mi.

Lemma 6.16. Mi is a C1 sub-manifold of W
1,p(x)

0
(Ω) of co-dimension 1 (i = 1, 2), 2 (i = 3)

respectively. The sets Ki are complete. Moreover, for every u ∈ Mi we have the direct decompo-

sition

W
1,p(x)

0
(Ω) = TuMi ⊕ span{u+, u−},

where TuM is the tangent space at u of the Banach manifold M. Finally, the projection onto the

first component in this decomposition is uniformly continuous on bounded sets of Mi.
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Proof. Let us denote

M̄1 =

{

u ∈ W
1,p(x)

0
(Ω) :

∫

Ω
u+ dx > 0

}

,

M̄2 =

{

u ∈ W
1,p(x)

0
(Ω) :

∫

Ω
u− dx > 0

}

,

M̄3 = M̄1 ∩ M̄2.

Observe that Mi ⊂ M̄i. The set M̄i is open in W
1,p(x)

0
(Ω). Therefore it is enough to prove that Mi

is a C1 sub-manifold of M̄i. In order to do this, we will construct a C1 function ϕi : M̄i → Rd

with d = 1 (i = 1, 2), d = 2 (i = 3) respectively and Mi will be the inverse image of a regular

value of ϕi.

In fact, we define: For u ∈ M̄1,

ϕ1(u) =

∫

Ω

|∇u+|p(x) − |u+|q(x) − λg(x, u)u+ dx.

For u ∈ M̄2,

ϕ2(u) =

∫

Ω

|∇u−|p(x) − |u−|q(x) − λg(x, u)u− dx.

For u ∈ M̄3,

ϕ3(u) = (ϕ1(u), ϕ2(u)).

Obviously, we have Mi = ϕ
−1
i

(0). From standard arguments (see [15], or the appendix of [47]),

ϕi is of class C1. Therefore, we only need to show that 0 is a regular value for ϕi. To this end we

compute, for u ∈ M1,

〈∇ϕ1(u), u+〉 ≤ p+ρp(∇u+) − q−ρq(u+) − λ
∫

Ω

g(x, u)u+ − gu(x, u)u2
+ dx

≤ q−
(

ρp(∇u+) − ρq(u+)
)

− λ
∫

Ω

g(x, u)u+ − gu(x, u)u2
+ dx

≤ (q−λ − λ)

∫

Ω

g(x, u)u+ dx −
∫

Ω

gu(x, u)u2
+ dx.

By (G2) the last term is bounded by

(q−λ − λ − λ

c1
)

∫

Ω

g(x, u)u+ dx =

(

q− − 1 − 1

c1

)

(

ρp(x)(∇u+) − ρq(x)(u+)
)

≤
(

q− − 1 − 1

c1

)

ρp(x)(∇u+).

Recall that c1 < 1/(q− − 1). Now, the last term is strictly negative by Lemma 6.15. Therefore,

M1 is a C1 sub-manifold of W
1,p(x)

0
(Ω). The exact same argument applies to M2. Since trivially

〈∇ϕ1(u), u−〉 = 〈∇ϕ2(u), u+〉 = 0

for u ∈ M3, the same conclusion holds for M3.
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To see that Ki is complete, let uk be a Cauchy sequence in Ki, then uk → u in W
1,p(x)

0
(Ω).

Moreover, (uk)± → u± in W
1,p(x)

0
(Ω). Now it is easy to see, by Lemma 6.15 and by continuity

that u ∈ Ki.

Finally, by the first part of the proof we have the decomposition

TuW1,p(x)(Ω) = TuMi ⊕ span{u+}

where M1 = {u : ϕ1(u) = 0} and TuM1 = {v : 〈∇ϕ1(u), v〉 = 0}. Now let v ∈ TuW
1,p(x)

0
(Ω) be a

unit tangential vector, then v = v1 + v2 where v2 = αu+ and v1 = v − v2. Let us take α as

α =
〈∇ϕ1(u), v〉
〈∇ϕ1(u), u+〉

.

With this choice, we have that v1 ∈ TuM1. Now

〈ϕ1(u), v1〉 = 0.

The very same argument to show that TuW1,p(x)(Ω) = TuM2 ⊕ 〈u−〉 and TuW1,p(x)(Ω) = TuM3 ⊕
〈u+, u−〉. From these formulas and from the estimates given in the first part of the proof, the

uniform continuity of the projections onto TuMi follows. �

Now, we need to check the Palais-Smale condition for the functional F restricted to the man-

ifold Mi. We begin by proving the Palais-Smale condition for the functional F unrestricted,

below certain level of energy.

Lemma 6.17. Assume that r ≤ q. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) be a Palais-Smale sequence. Then

{u j} j∈N is bounded in W
1,p(x)

0
(Ω).

Proof. By definition

F (u j)→ c and F ′(u j)→ 0.

Now, we have

c + 1 ≥ F (u j) = F (u j) −
1

c2
〈F ′(u j), u j〉 +

1

c2
〈F ′(u j), u j〉,

where

〈F ′(u j), u j〉 =
∫

Ω

|∇u j|p(x) − |u j|q(x) − λ f (x, u j)u j dx.

Then, if c2 < q− we conclude

c + 1 ≥
(

1

p+
− 1

c2

) ∫

Ω

|∇u j|p(x) dx − 1

c2
|〈F ′(u j), u j〉|.

We can assume that ‖∇u j‖p(x),Ω ≥ 1. As ‖F ′(u j)‖ is bounded we have that

c + 1 ≥
(

1

p+
− 1

c2

)

‖∇u j‖p
−

p(x),Ω
− C

c2
‖∇u j‖p(x),Ω.

We deduce that u j is bounded. This finishes the proof. �
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From the fact that {u j} j∈N is a Palais-Smale sequence it follows, by Lemma 6.17, that {u j} j∈N
is bounded in W

1,p(x)

0
(Ω). Hence, by Theorem 4.1, we have

|u j|q(x) ⇀ ν = |u|q(x)
+

∑

i∈I νiδxi
νi > 0,

|∇u j|p(x) ⇀ µ ≥ |∇u|p(x)
+

∑

i∈I µiδxi
µi > 0,

S̄ xi
ν

1/p∗(xi)

i
≤ µ1/p(xi)

i

where {xi}i∈I ⊂ A.

Note that if I = ∅ then u j → u strongly in Lq(x)(Ω). We define q−A := infA q(x).

Let us show that if c <

(

1
p+
− 1

q−A

)

S̄ N and {u j} j∈N is a Palais-Smale sequence, with energy

level c, then I = ∅. In fact, suppose that I , ∅. Then let φ ∈ C∞
0

(RN) with support in the unit

ball of RN . Consider the rescaled functions φi,ε(x) = φ( x−xi

ε
), xi ∈ A.

As F ′(u j)→ 0 in (W
1,p(x)

0
(Ω))′, we obtain that

lim
j→∞
〈F ′(u j), φi,εu j〉 = 0.

On the other hand,

〈F ′(u j), φi,εu j〉 =
∫

Ω

|∇u j|p(x)−2∇u j∇(φi,εu j) − λ f (x, u j)u jφi,ε − |u j|q(x)φi,ε dx.

Then, passing to the limit as j→ ∞, we get

0 = lim
j→∞

(∫

Ω

|∇u j|p(x)−2∇u j∇(φi,ε)u j dx

)

+

∫

Ω

φi,ε dµ −
∫

Ω

φi,ε dν −
∫

Ω

λ f (x, u)uφi,ε dx.

By Hölder inequality, it is easy to check that

lim
j→∞

∫

Ω

|∇u j|p(x)−2∇u j∇(φi,ε)u j dx = 0.

On the other hand,

lim
ε→0

∫

Ω

φi,ε dµ = µiφ(0), lim
ε→0

∫

Ω

φi,ε dν = νiφ(0)

and

lim
ε→0

∫

Ω

λ f (x, u)uφi,ε dx = 0.

So, we conclude that (µi − νi)φ(0) = 0, i.e, µi = νi. Then,

S̄ ν
1/p∗(xi)

i
≤ ν1/p(xi)

i
,

so it is clear that νi = 0 or S̄ N ≤ νi. On the other hand, we consider the δ−tubular neighborhood

ofA, namely

Aδ :=
⋃

x∈A
(Bδ(x) ∩Ω).
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So, as c2 > p+,

c = lim
j→∞
F (u j) = lim

j→∞
F (u j) −

1

p+
〈F ′(u j), u j〉

= lim
j→∞

∫

Ω

(

1

p(x)
− 1

p+

)

|∇u j|p(x) dx +

∫

Ω

(

1

p+
− 1

q(x)

)

|u j|q(x) dx

− λ
∫

Ω

F(x, u j) dx +
λ

p+

∫

Ω

f (x, u j)u j dx

≥ lim
j→∞

∫

Ω

(

1

p+
− 1

q(x)

)

|u j|q(x) dx

≥ lim
j→∞

∫

Aδ

(

1

p+
− 1

q(x)

)

|u j|q(x) dx

≥ lim
j→∞

∫

Aδ















1

p+
− 1

q−Aδ















|u j|q(x) dx.

But

lim
j→∞

∫

Aδ















1

p+
− 1

q−Aδ















|u j|q(x) dx =















1

p+
− 1

q−Aδ





























∫

Aδ

|u|q(x) dx +
∑

i∈I
νi















≥














1

p+
− 1

q−Aδ















νi

≥














1

p+
− 1

q−Aδ















S̄ N .

As δ > 0 is arbitrary, and q is continuous, we get

c ≥
(

1

p+
− 1

q−A

)

S̄ N .

Therefore, if

c <

(

1

p+
− 1

q−A

)

S̄ N ,

the index set I is empty.

Now we are ready to prove the Palais-Smale condition below level c.

Lemma 6.18. Let {u j} j∈N ⊂ W
1,p(x)

0
(Ω) be a Palais-Smale sequence, with energy level c. If

c <

(

1
p+
− 1

q−A

)

S̄ N , then there exist u ∈ W
1,p(x)

0
(Ω) and {u jk }k∈N ⊂ {u j} j∈N a subsequence such

that u jk → u strongly in W
1,p(x)

0
(Ω).

Proof. We have that {u j} j∈N is bounded. Then, for a subsequence that we still denote {u j} j∈N,

u j → u strongly in Lq(x)(Ω). We define F ′(u j) := φ j. By the Palais-Smale condition, with

energy level c, we have φ j → 0 in (W
1,p(x)

0
(Ω))′.
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By definition 〈F ′(u j), z〉 = 〈φ j, z〉 for all z ∈ W
1,p(x)

0
(Ω), i.e,

∫

Ω

|∇u j|p(x)−2∇u j∇z dx −
∫

Ω

|u j|q(x)−2u jz dx −
∫

Ω

λg(x, u j)z dx = 〈φ j, z〉.

Then, u j is a weak solution of the following equation.















−∆p(x)u j = |u j|q(x)−2u j + λg(x, u j) + φ j =: f j in Ω,

u j = 0 on ∂Ω.
(6.13)

We define T : (W
1,p(x)

0
(Ω))′ → W

1,p(x)

0
(Ω), T ( f ) := u where u is the weak solution of the follow-

ing equation.














−∆p(x)u = f in Ω,

u = 0 on ∂Ω.
(6.14)

Then T is a continuous invertible operator.

It is sufficient to show that f j converges in (W
1,p(x)

0
(Ω))′. We only need to prove that

|u j|q(x)−2u j → |u|q(x)−2u strongly in (W
1,p(x)

0
(Ω))′. In fact,

〈|u j|q(x)−2u j − |u|q(x)−2u, ψ〉 =
∫

Ω

(|u j|q(x)−2u j − |u|q(x)−2u)ψ dx

≤ ‖ψ‖q(x),Ω‖(|u j|q(x)−2u j − |u|q(x)−2u)‖q′(x),Ω.

Therefore,

‖(|u j|q(x)−2u j − |u|q(x)−2u)‖
(W

1,p(x)

0
(Ω))′ = sup

ψ∈W1,p(x)

0
(Ω), ‖∇ψ‖p(x),Ω=1

∫

Ω

(|u j|q(x)−2u j − |u|q(x)−2u)ψ dx

≤ ‖(|u j|q(x)−2u j − |u|q(x)−2u)‖q′(x),Ω

and now, by the Dominated Convergence Theorem this last term goes to zero as j→ ∞. �

Now, we can prove the Palais-Smale condition for the restricted functional.

Lemma 6.19. The functional F |Ki
satisfies the Palais-Smale condition for energy level c for

every c <

(

1
p+
− 1

q−A

)

S̄ N .

Proof. Let {uk} ⊂ Ki be a Palais-Smale sequence, that is F (uk) is uniformly bounded and

F ′|Ki
(uk) → 0 strongly. We need to show that there exists a subsequence uk j

that converges

strongly in Ki.

Let v j ∈ W
1,p(x)

0
(Ω) be a unit vector such that

〈F ′(u j), v j〉 = ‖F ′(u j)‖(W1,p(x)

0
(Ω))′ .



Existence results for critical elliptic equations with compact perturbations 89

Now, by Lemma 6.16, v j = w j + z j with w j ∈ Tu j
Mi and z j ∈ span{(u j)+, (u j)−}.

Since F (u j) is uniformly bounded, by Lemma 6.14, u j is uniformly bounded in W
1,p(x)

0
(Ω)

and hence, by Lemma 6.16, w j is uniformly bounded in W
1,p(x)

0
(Ω). Moreover, by the definition

of the sets Ki it follows that 〈F ′(u j), (u j)
±〉 = 0. Therefore

‖F ′(u j)‖(W1,p(x)

0
(Ω))′ = 〈F

′(u j), v j〉 = 〈F ′|Ki
(u j),w j〉 = o(1),

Since w j is uniformly bounded and F ′|Ki
(uk)→ 0 strongly. Now the result follows from Lemma

6.18. �

The following lemma now follows easily.

Lemma 6.20. Let u ∈ Ki be a critical point of the restricted functional F |Ki
. Then u is also a

critical point of the unrestricted functional F and hence a weak solution to (6.9).

Proof. To prove the Theorem, we need to check that the functional F |Ki
verifies the hypotheses

of Ekeland’s Variational Principle, Corollary 3.28. But this follows directly by the construction

of the manifolds Ki.

Then, by Corollary 3.28, there exist vk ∈ Ki such that

F (vk)→ ci := inf
Ki

F and (F |Ki
)′(vk)→ 0.

We have to check that if we choose λ large, we have that ci <

(

1
p+
− 1

q−A

)

S̄ N ,. This follows easily

from Lemma 6.13. For instance, for c1, we have that choose w0 ≥ 0, if tλ < 1

c1 ≤ F (tλw0) ≤ 1

p−
t
p+

λ

∫

Ω

|∇w0|p(x) dx

Hence c1 → 0 as λ → ∞. Moreover, it follows from the estimate of tλ in Lemma 6.13, that

ci <

(

1
p+
− 1

q−A

)

S̄ N for λ > λ∗(p, q, n, c3). The other cases are similar.

From Lemma 6.19, it follows that vk has a convergent subsequence, that we still call vk.

Therefore F has a critical point in Ki, i = 1, 2, 3 and, by construction, one of them is positive,

other is negative and the last one changes sign. �



7

Existence results for critical elliptic equations via local

conditions

In this final chapter, we continue with our study of existence of solutions for critical equations,

in the sense of the Sobolev embeddings, when the elliptic operator is the p(x)−laplacian.

As we discuss in the former chapter, it is not difficult to prove that the associated functional

verifies the geometrical assumptions of the Mountain Pass Theorem and also that the Palais–

Smale condition is verified below some critical energy level c∗. Therefore, the main difficulty is

to exhibit some Palais–Smale sequence with energy below the critical level c∗.

In Chapter 6 this was done by perturbing the equation with a compact term and then showing

that if the perturbation is chosen appropriately then the desired result holds.

In this Chapter, we follow a different line of approach, more closely to the one in the works of

[5, 9]. That is, we treat the unperturbed problem and try to find local conditions on the exponents

and on the coefficients of the equation in order to obtain the result.

To be precise, we consider two types of problems, with Dirichlet boundary conditions and

with a nonlinear boundary conditions. i.e. we consider the equation















−∆p(x)u + h(x)|u|p(x)−2u = |u|q(x)−2u in Ω,

u = 0 on ∂Ω,
(7.1)

and














−∆p(x)u + h(x)|u|p(x)−2u = 0 in Ω,

|∇u|p(x)−2 ∂u
∂n
= |u|r(x)−2u on ∂Ω,

(7.2)

where Ω ⊂ RN is a bounded domain, p, q ∈ P(Ω), r ∈ P(∂Ω), 1 < p− ≤ p+ < N and q and r are

critical in the sense thatA , ∅,AT , ∅ where, as usualA andAT are the critical sets of q and

r respectively.

So, the rest of the chapter is divided into two sectios. The first one is devoted to the study of

problem (7.1) and the second one to (7.2).
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7.1 Critical equation with Dirichlet boundary conditions

As we mentioned in the introduction of this chapter, in order to study (7.1) by means of varia-

tional methods, we analyze the functional F : W
1,p(x)

0
(Ω)→ R which is defined as

F (u) :=

∫

Ω

1

p(x)

(

|∇u|p(x)
+ h(x)|u|p(x)

)

dx −
∫

Ω

1

q(x)
|u|q(x) dx. (7.3)

This functional is naturally associated to (7.1) in the sense that weak solutions of (7.1) are critical

points of F .

We need to assume that the smooth function h is such that the functional

J(u) :=

∫

Ω

1

p(x)

(

|∇u|p(x)
+ h(x)|u|p(x)

)

dx (7.4)

is coercive in the sense that the norm

‖u‖ := inf

{

λ > 0

∫

Ω

∣

∣

∣

∣

∣

∇u + h(x)u(x)

λ

∣

∣

∣

∣

∣

p(x)

dx ≤ 1

}

,

is equivalent to the usual norm of W
1,p(x)

0
(Ω).

Under the asumption that p+ < q−, it is easy to show, similar to the previous chapter, that

F satisfies the geometric assumptions of the Mountain–Pass Theorem. Hence if we assume

moreover that the exponent q(x) is subcritical then F satisfies the Palais–Smale condition, and

the existence of a nontrivial solution to (7.1) follows easily.

When q(x) is critical, again as in Chapter 6, we can prove that the functional F verifies the

Palais–Smale condition below some critical value.

Theorem 7.1. Assume that p+ < q−. Then the functional F satisfies the Palais-Smale condition

at level c ∈ (0, 1
N

S̄ N) where S̄ is given in (5.4).

Proof. The scheme of the proof is classical (see e.g. [49]) and relies on the concentration–

compactness principle proved in Chapter 4, Theorem 4.1.

Let {uk}k∈N ⊂ W1,p(x)(Ω) be a Palais–Smale sequence for F . Recalling that the functional J
defined by (7.4) is assumed to be coercive, it then follows that {uk}k∈N is bounded in W1,p(x)(Ω).

In fact, for k large, we have that

c + 1 + o(1)‖∇uk‖p(x) ≥ J(uk) − 1

q−
〈F ′(uk), uk〉

≥ ( 1

p+
− 1

q−
)

∫

Ω

|∇uk|p(x)
+ h(x)|uk|p(x) dx −

∫

Ω

( 1

q(x)
− 1

q−
)|uk|q(x) dx

≥ ( 1

p+
− 1

q−
)

∫

Ω

|∇uk|p(x)
+ h(x)|uk|p(x) dx.
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from where the claim follows recalling that p+ < q−. We may thus assume that uk ⇀ u weakly

in W
1,p(x)

0
(Ω). We claim that u turns out to be a weak solution to (7.1). The proof of this fact

follows closely the one in [49] and this argument is taken from [13, 20], where the constant

exponent case is treated.

In fact, since {uk}k∈N is a Palais–Smale sequence, we have that

〈F ′(uk), v〉 =
∫

Ω

|∇uk|p(x)−2∇uk∇v dx +

∫

Ω

h|uk|p(x)−2ukv dx −
∫

Ω

|uk|q(x)−2ukv dx = o(1),

for any v ∈ C∞c (Ω). Without loss of generality, we can assume that uk → u a.e. in Ω and

in Lp(x)(Ω) because {uk} is a Palais Smale sequence, so it is bounded. It is easy to see, from

standard integration theory, that
∫

Ω

h|uk|p(x)−2ukv dx→
∫

Ω

h|u|p(x)−2uv dx and

∫

Ω

|uk|q(x)−2ukv dx→
∫

Ω

|u|q(x)−2uv dx,

so the claim will follows if we show that
∫

Ω

|∇uk|p(x)−2∇uk∇v dx→
∫

Ω

|∇u|p(x)−2∇u∇v dx.

This is a consequence of the monotonicity of the p(x)-Laplacian. We can assume that there exist

ξ ∈ (Lp′(x)(Ω))N such that

|∇uk|p(x)−2∇uk ⇀ ξ weakly in Lp′(x)(Ω).

The idea is to show that ∇uk → ∇u a.e. in Ω, then this will imply that ξ = |∇u|p(x)−2∇u and thus,

the claim.

Let δ > 0 then, by Egoroff’s Theorem, there exists Eδ ⊂ Ω such that |Ω \ Eδ| < δ and uk → u

uniformly in Eδ. As a consequence, given ε > 0, there exists k0 ∈ N such that |uk(x)−u(x)| < ε/2
for x ∈ Eδ and for any k ≥ k0.

Define the truncation βε as

βε(t) =



























−ε if t ≤ −ε
t if − ε < t < ε

ε if t ≥ ε.

Now we make use of the following well known monotonicity inequality

(|x|p−2x − |y|p−2y)(x − y) ≥ 0 (7.5)

which is valid for any x, y ∈ RN and p ≥ 1 and we obtain

(|∇uk|p(x)−2∇uk − |∇u|p(x)−2∇u)∇βε(uk − u) ≥ 0,

since ∇βε(uk − u) = ∇uk − ∇u in Eδ and ∇βε(uk − u) = 0 in Ω \ Eδ. Therefore, we obtain
∫

Eδ

(|∇uk|p(x)−2∇uk−|∇u|p(x)−2∇u)(∇uk−∇u) dx ≤
∫

Ω

(|∇uk|p(x)−2∇uk−|∇u|p(x)−2∇u)∇βε(uk−u) dx.
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Now, observe that βε(uk − u) ⇀ 0 weakly in W
1,p(x)

0
(Ω) and so

∫

Ω

|∇u|p(x)−2∇u∇βε(uk − u) dx→ 0.

Now, for k sufficiently large, we obtain that

∫

Ω

|∇uk|p(x)−2∇uk∇βε(uk − u) dx ≤ Cε

for some constant C > 0. In fact, since βε(uk − u) is bounded in W
1,p(x)

0
(Ω),

〈F ′(uk), βε(uk − u)〉 = o(1),

so that
∫

Ω

|∇uk|p(x)−2∇uk∇βε(uk − u) dx = o(1) + I1 + I2,

where

|I1| =
∣

∣

∣

∣

∫

Ω

|uk|q(x)−2ukβε(uk − u) dx
∣

∣

∣

∣

≤ ε
∫

Ω

|uk|q(x)−1 dx ≤ Cε

and

|I2| =
∣

∣

∣

∣

∫

Ω

h|uk|p(x)−2ukβε(uk − u) dx
∣

∣

∣

∣

≤ ε‖h‖∞
∫

Ω

|uk|p(x)−1 dx ≤ Cε.

As a consequence, we get that

0 ≤ lim sup
k→∞

∫

Eδ

(|∇uk|p(x)−2∇uk − |∇u|p(x)−2∇u)(∇uk − ∇u) dx ≤ Cε.

Since ε > 0 is arbitrary, it follows that (|∇uk|p(x)−2∇uk − |∇u|p(x)−2∇u)(∇uk − ∇u) → 0 strongly

in L1(Eδ) and thus, up to a subsequence, also a.e. in Eδ. By a standard diagonal argument, we

can assume that (|∇uk|p(x)−2∇uk − |∇u|p(x)−2∇u)(∇uk −∇u)→ 0 a.e. in Eδ for every δ > 0 and so

the convergence holds a.e. in Ω.

Finally, it is easy to see that (|xk|p−2xk − |x|p−2x)(xk − x) → 0 for xk, x ∈ RN and p > 1 imply

that xk → x, so we get that ∇uk → ∇u a.e. in Ω. This concludes the proof of the claim.

By Theorem 4.1 it holds that

|uk|q(x) ⇀ ν = |u|q(x)
+

∑

i∈I
νiδxi

weakly in the sense of measures,

|∇uk|p(x) ⇀ µ ≥ |∇u|p(x)
+

∑

i∈I
µiδxi

weakly in the sense of measures,

S̄ xi
ν

1/p∗(xi)

i
≤ µ1/p(xi)

i
,

where I is a countable set, {νi}i∈I and {µi}i∈I are positive numbers and the points {xi}i∈I belong to

the critical setA.
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It is not difficult to check that vk := uk − u is Palais–Smale sequence for F̃ (v) := F (v) −
∫

Ω

1
p(x)

h|v|p(x). Now, by Lemma 4.5 we get

F (uk) − F (u) =

∫

Ω

1

p(x)

[

|∇vk|p(x)
+ h|vk|p(x)

]

dx −
∫

Ω

1

q(x)
|vk|q(x) dx + o(1)

= F̃ (vk) +

∫

Ω

1

p(x)
h|vk|p(x) dx + o(1)

= F̃ (vk) + o(1).

Since u is a weak solution of (7.1), and since p+ < q−,

F (u) ≥ 1

p+

∫

Ω

(

|∇u|p(x)
+ h(x)|u|p(x)

)

dx − 1

q−

∫

Ω

|u|q(x) dx

=

(

1

p+
− 1

q−

) ∫

Ω

|u|q(x) dx

≥ 0.

Therefore,

F (uk) ≥ F̃ (vk) + o(1).

Let φ ∈ C∞c (Ω). As F̃ ′(vk)→ 0, we have

o(1) = 〈F̃ ′(vk), vkφ〉

=

∫

Ω

|∇vk|p(x)φ dx −
∫

Ω

|vk|q(x)φ dx +

∫

Ω

|∇vk|p(x)−2∇vk∇φvk dx

= A − B +C.

Since vk ⇀ 0 weakly in W
1,p(x)

0
(Ω) it is easy to see that C → 0 as k → ∞. By means of Lemma

4.5 it follows that

A→
∫

Ω

φ dµ̃ and B→
∫

Ω

φ dν̃,

where µ̃ = µ − |∇u|p(x) and ν̃ = ν − |u|q(x). So we conclude that µ̃ = ν̃. In particular νi ≥ µi (i ∈ I)

from where we obtain that νi ≥ S̄ N . Hence

c = lim
k→∞
F (uk) ≥ lim

k→∞
F̃ (vk) =

∫

1

p(x)
dµ̃ −

∫

1

q(x)
dν̃

=

∫

( 1

p(x)
− 1

q(x)

)

dν̃ =
∑

i∈I

(

1

p(xi)
− 1

p∗(xi)

)

νi

≥ #(I)
1

N
S̄ N .

We deduce that if c < 1
N

S̄ N then I must be empty. This implies that uk → u strongly in

W1,p(x)(Ω). �
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As a corollary, we can apply the Mountain–Pass Theorem to obtain the following necessary

existence condition:

Theorem 7.2. If there exists v ∈ W
1,p(x)

0
(Ω) such that

sup
t>0

F (tv) <
1

N
S̄ N , (7.6)

then (7.1) has a non-trivial nonnegative solution.

Proof. The proof is an immediate consequence of the Mountain–Pass Theorem, Theorem 7.1

and assumption (7.6).

In fact, it suffices to verify that F has the Mountain–Pass geometry and that F (tu) < 0 for

some t > 0. Concerning the latter condition notice that for t > 1,

F (tu) =

∫

Ω

tp(x)

p(x)

(

|∇u|p(x)
+ h(x)|u|p(x)

)

dx −
∫

Ω

tq(x)

q(x)
|∇u|q(x) dx

≤ tp+J(u) − tq−
∫

Ω

1

q(x)
|∇u|q(x) dx,

which tends to −∞ as t → +∞ since q− > p+.

It remains to see that F has the Mountain–Pass geometry. But F (0) = 0 and, if ‖∇v‖p(x),Ω = r

small enough, then
∫

Ω

|∇v|p(x)
+ h|v|p(x) dx ≥ c1‖∇v‖p

+

p(x),Ω

and

‖v‖q(x),Ω ≤ C‖∇v‖p(x),Ω = Cr < 1,

so
∫

Ω

|v|q(x) dx ≤ c2‖∇v‖q
−

p(x),Ω
.

Therefore

F (v) ≥ c1

p+
rp+ − c2

q−
rq− > 0,

since p+ < q−. This completes the proof. �

Eventually the following result provide a sufficient local condition for (7.6) to hold:

Theorem 7.3. Assume that there exists a point x0 ∈ A such that S̄ x0
= S̄ and that x0 is a local

minimum of p and a local maximum of q. In particular

− ∆p(x0) ≤ 0 ≤ −∆q(x0). (7.7)

Assume moreover that p, q are C2 in a neighborhood of x0, and that h(x0) < 0 if 1 < p(x0) < 2

(N ≥ 4), or if 2 ≤ p(x0) <
√

N (N ≥ 5), that at least one of the two inequalities in (7.7) is strict,

but h(x0) is arbitrary. Under these assumptions (7.6) holds. In particular (7.1) has a non-trivial

nonnegative solution.
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Remark 7.4. In the constant exponent case, the well known Pohozaev obstruction [46] affirms

that if h ≥ 0 and Ω is starshaped then there are no (positive) solutions to (7.1). Our result shows

that for variable p and q and p(x) ≥ 2 this does not need to be the case, showing a stricking

difference between the constant exponent case and the variable exponent one.

Proof. Let x0 ∈ A be such that

S̄ := inf
x∈A

lim
ε→0

S (p(·), q(·), Bε(x)) = lim
ε→0

S (p(·), q(·), Bε(x0)) = S̄ x0
.

For ease of notation we assume that x0 = 0, write p = p(0) and observe that q = q(0) = p∗.
From Theorem 5.12, we have that if 0 is a local maximum of q and a local minimum of p, then

S̄ = S̄ 0 = K(N, p)−1.

Let U be an extremal for the constant K(N, p). It follows that U verifies

−∆pU =
K(N, p)−p

‖U‖p∗−p

p∗,RN

U p∗−1
= CU p∗−1.

Then W = C
1

p∗−p U =
K(N,p)

− N−p
p

‖U‖p∗ U solves −∆pW = W p∗−1 and satisfy

‖∇W‖p,RN = K(N, p)−N/p.

Consider the test function

wε(x) = ε
− N−p

p W( x
ε
)η(x) = C

1
p∗−p uε(x).

From Proposition A.1, we obtain the following asymptotic expansions

∫

RN

tq(x)

q(x)
w

q(x)
ε dx =

tp∗

p∗
K(N, p)−N

+
tp∗

p∗
Aε2 ln ε + o(ε2 ln ε),

∫

RN

tp(x)

p(x)
|∇wε|p(x) dx =

tp

p
K(N, p)−N

+
tp

p
Bε2 ln ε + o(ε2 ln ε),

∫

RN

h(x)
tp(x)

p(x)
|wε|p(x) dx = h(0)

tp

p
Cεp
+ o(εp),

(7.8)

with

A = −∆q(0)

2p∗
K(N, p)−N‖U‖−p∗

p∗

∫

RN

|x|2U p∗ dx,

B = −∆p(0)

2p
K(N, p)p−N‖U‖−p

p∗

∫

RN

|x|2|∇U |p dx,

C = K(N, p)p−N‖U‖−p

p∗ ‖U‖
p
p.
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Using wε as a test-function in (7.6) we can see that there exists t0 > 1 such that F (twε) < 0

for t > t0. Now if p < 2, we can write

fε(t) := F (twε) = f0(t) + εp f1(t) + o(εp)

C1-uniformly in t ∈ [0, t0], with

f0(t) = K(N, p)−N

(

tp

p
− tp∗

p∗

)

, and f1(t) =
1

p
tph(0)C.

Notice that f0 reaches its maximum in [0, t0] at t = 1. Moreover it is a nondegenerate maximum

since f ′′
0

(1) = (p−p∗)K(N, p)−N
, 0. It follows that fε reaches a maximum at tε = 1+aεp

+o(εp)

for a = − f ′
1
(1)

f ′′
0

(1)
. Hence

sup
t>0

F (twε) = F (tεwε) =
1

N
K(N, p)−N

+ f1(1)εp
+ o(εp)

Then if h(0) < 0 we get supt>0 F (twε) <
1
N

K(N, p)−N .

We now assume that p ≥ 2. Then

fε(t) = F (twε) = f0(t) + f2(t)ε2 ln ε + o(ε2 ln ε),

C1-uniformly in t ∈ [0, t0], with

f2(t) =
tp∗

p∗
A − tp

p
B.

As before fε reaches its maximum at tε = 1 + aε2 ln ε + o(ε2 ln ε) with a = − f ′
2
(1)

f ′′
0

(1)
. Hence

sup
t>0

F (twε) = F (tεwε) = f0(1) + f2(1)ε2 ln ε + o(ε2 ln ε)

=
1

N
K(N, p)−N

+ f2(1)ε2 ln ε + o(ε2 ln ε).

We thus need f2(1) < 0 i.e.

− ∆p(0) < −∆q(0)(p/p∗)2D(N, p), where D(N, p) :=

∫

RN

|∇U |p dx

∫

RN

|x|2U p∗ dx

∫

RN

U p∗ dx

∫

RN

|x|2|∇U |p dx

. (7.9)

Since 0 is a local maximum of q and a local minimum of p we already know that (7.7) holds.

Then if one of the two inequalities in (7.7) is strict we see that (7.9) holds.

This ends the proof of Theorem 7.3. �

Remark 7.5. As a final remark, we notice that we can compute D(N, p) exactly. To do this let

I
q
p :=

∫ ∞

0

tq−1(1 + t)−p dt = B(q, p − q) =
Γ(q)Γ(p − q)

Γ(p)
, (7.10)
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where B(x, y) :=
∫ ∞

0
tx−1(1 + t)−x−y dt is the Beta function. This formula can be found, for

instance, in [7]. Passing to spherical coordinates and then performing the change of variable

t = r
p

p−1 , dr =
p−1

p
t
− 1

p dt, we obtain

∫

RN

U p∗ dx = ωN−1
p − 1

p
I

N
p−1

p

N
,

∫

RN

|x|2U p∗ dx = ωN−1
p − 1

p
I

N
p−1

p
− 2

p
+2

N
,

∫

RN

|∇U |p dx = ωN−1
p − 1

p

(

N − p

p − 1

)p

I
N

p−1
p
+1

N
,

∫

RN

|x|2|∇U |p dx = ωN−1
p − 1

p

(

N − p

p − 1

)p

I
N

p−1
p
− 2

p
+3

N
.

Then

D(N, p) =
I

N(p−1)
p
+1

N
I

N(p−1)
p
− 2

p
+2

N

I
N(p−1)

p

N
I

N(p−1)
p
− 2

p
+3

N

=
N

N − p

(N − p) − 2(p − 1)

N + 2
,

where we used that

I
q+1
p =

q

p − q − 1
I

q
p

which follows from (7.10) and the formula Γ(z + 1) = zΓ(z).

7.2 Critical equation with nonlinear boundary conditions

In order to study (7.2) by means of variational methods, we need to consider the functional

F : W1,p(x)(Ω)→ R defined by

F (u) :=

∫

Ω

1

p(x)

(

|∇u|p(x)
+ h(x)|u|p(x)

)

dx −
∫

∂Ω

1

r(x)
|u|r(x) dS . (7.11)

Again, u ∈ W1,p(x)(Ω) is a weak solution of (7.2) if and only if u is a critical point of F .

We need to assume that the smooth function h is such that the functional J given in (7.4) is

coercive in W1,p(x)(Ω).

Our first result provides a condition for the functional F defined by (7.11) to satisfy the

Palais–Smale condition.

Theorem 7.6. The functional F satisfies the Palais–Smale condition at level

0 < c < inf
x∈AT

(

1

p(x)
− 1

p∗(x)

)

T̄
p(x)p∗(x)

p∗(x)−p(x)

x .
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Proof. Let {uk}k∈N ⊂ W1,p(x)(Ω) be a Palais–Smale sequence for F .

Recalling that the functional J defined by (7.4) is assumed to be coercive, it then follows,

arguing as in the proof of Theorem 7.1 that {uk}k∈N is bounded in W1,p(x)(Ω).

We may thus assume that uk ⇀ u weakly in W1,p(x)(Ω). Again, arguing as in the proof of

Theorem 7.1 it follows that u is a weak solution to (7.2).

By the Concentration Compactness Principle for variable exponents, Theorem 4.6, it holds

that

|uk|r(x) dS ⇀ ν = |u|r(x) dS +
∑

i∈I
νiδxi

weakly in the sense of measures,

|∇uk|p(x) dx ⇀ µ ≥ |∇u|p(x) dx +
∑

i∈I
µiδxi

weakly in the sense of measures,

T̄xi
ν

1/p∗(xi)

i
≤ µ1/p(xi)

i
,

where I is a countable set, {νi}i∈I and {µi}i∈I are positive numbers and the points {xi}i∈I belong to

the critical setAT ⊂ ∂Ω.

The same argument used in the proof of Theorem 7.1 leads us to conclude that νi ≥ µi (i ∈ I)

from where we obtain that νi ≥ T̄

p(xi)p∗(xi)

p∗(xi)−p(xi)

xi
. Hence

c = lim
k→∞
F (uk) ≥

∫

1

p(x)
dµ −

∫

1

r(x)
dν ≥

∑

i∈I

(

1

p(xi)
− 1

p∗(xi)

)

νi

≥ #(I) inf
x∈AT

(

1

p(x)
− 1

p∗(x)

)

T̄
p(x)p∗(x)

p∗(x)−p(x)

x .

We deduce that if c < infx∈AT

(

1
p(x)
− 1

p∗(x)

)

T̄
p(x)p∗(x)

p∗(x)−p(x)

x then I must be empty implying that uk → u

strongly in W1,p(·)(Ω). �

As a corollary, we can apply the Mountain–Pass Theorem to obtain the following necessary

existence condition:

Theorem 7.7. If there exists v ∈ W1,p(x)(Ω) such that

sup
t>0

F (tv) < inf
x∈AT

(

1

p(x)
− 1

p∗(x)

)

T̄
p(x)p∗(x)

p∗(x)−p(x)

x (7.12)

then (7.2) has a non-trivial nonnegative solution.

Proof. The proof is an immediate consequence of the Mountain–Pass Theorem, Theorem 7.6

and assumption (7.12).

In fact, it suffices to verify that F has the Mountain–Pass geometry and that F (tu) < 0 for

some t > 0. But these facts follows in exactly the same manner as in Theorem 7.2 using the fact

that p+ < r−. �
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In order to find local conditions that imply (7.12) we need to recall the Fermi coordinates that

are described in the Appendix in Definition A.6 and Lemma A.7.

Briefly speaking, the Fermi coordinates describe a neighborhood of a point x0 ∈ ∂Ω with

variables (y, t) where y ∈ RN−1 are the coordinates in a local chart of ∂Ω such that y = 0

corresponds to x0 and t > 0 is the distance along the unit inward normal vector.

Eventually the following result provides a sufficient local condition for (7.12) to hold:

Theorem 7.8. Assume that there exists a point x0 ∈ AT such that T̄ = T̄x0
and such that x0 is

a local minimum of p(x) and a local maximum of r(x) and p(x0) < min{
√

N, N2

3N−2
}. Moreover

assume that one of the following conditions hold

1.
∂p

∂t
(x0) > 0,

2.
∂p

∂t
(x0) = 0 and H(x0) > 0 or

3.
∂p

∂t
(x0) = 0, H(x0) = 0, 1 < p(x0) < 2 and h(x0) < 0 or

4.
∂p

∂t
(x0) = 0, H(x0) = 0, p(x0) ≥ 2 and ∆p(x0) > 0 or ∆yr(x0) < 0.

Then there exists a nontrivial solution to (7.2). Here, by ∂
∂t

and ∆y we refer to derivatives with

respect to the Fermi coordinates.

Proof. We assume, without loss of generality that x0 = 0 and denote p = p(0). Observe that

r(0) = p∗.

The idea, similar to Theorem 7.2, is to evaluate (7.12) with v = Cvε where vε is the function

described in Section A.2 that is constructed by rescaling and truncating properly the extremal

for K̄(N, p)−1 in Fermi coordinates.

In fact, we consider zε = Cvε with C = K̄(N, p)
− p

p∗−p ‖V‖−1

p∗,∂RN
+

. This constant C is chosen so

that if Z(y, t) = CV(y, t) where V is the extremal for K̄(N, p)−1, then

∫

R
N
+

|∇Z|p dydt =

∫

∂RN
+

|Z|p∗ dy = K̄(N, p)
− pp∗

p∗−p .

We first consider the case where ∂t p(0) > 0. In fact, from Propositions A.8, A.9 and A.10, we

have

fε(s) = F (szε) = D̄0 + D̄1ε ln ε − Ā0 + o(ε ln ε)

= f0(s) + ε ln ε f1(s) + O(ε)

C1− uniformily in s ∈ [0, s0], with

f0(s) = K̄(N, p)
− p∗ p

p∗−p

(

sp

p
− sp∗

p∗

)
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and

f1(s) = −N

p

sp

p
∂t p(0)

∫

R
n
+

t|∇Z|p dydt

Notice that f0 reaches its maximum in [0, s0] at s = 1. Moreover, it is a nodegenerate maximum

since f ′′
0

(1) = (p − p∗)K̄(N, p)
− p∗ p

p∗−p , 0. It follows that fε reaches a maximum at sε = 1 +

aε ln ε + O(ε) for a = − f ′
1
(1)

f ′′
0

(1)
. Hence

sup
s>0

F (szε) = F (sεzε) =

(

1

p
− 1

p∗

)

K̄(N, p)
− p∗ p

p∗−p + f1(1)ε ln ε + O(ε)

If ∂t p(0) > 0 then f1(1) < 0 and the result follows.

Assume now that ∂t p(0) = 0 and H(0) > 0. Then we have

F (szε) = D̄0 + D̄2ε + o(ε) − Ā0

= f0(s) + f2(s)ε + o(ε)

C1− uniformily in [0, s0], with

f2(s) = −H(0)
sp

p

∫

R
N
+

t|∇Z|p dydt +
H(0)

N − 1
sp

∫

R
N
+

t|y|2
r2
|∇Z|p dydt

As before fε reaches its maximum at sε = 1 + aε + o(ε) with a =
f ′
2
(1)

f ′′
0

(1)
. So,

sup
s>0

F (szε) = F (sεzε) =

(

1

p
− 1

p∗

)

K̄(N, p)
− p∗ p

p∗−p + f2(1)ε + o(ε)

So, we need that f2(1) < 0, i.e.

−H(0)
1

p

∫

R
N
+

t|∇Z|p dydt +
H(0)

N − 1

∫

R
N
+

t|y|2
r2
|∇Z|p dydt < 0.

But,

−1

p

∫

R
N
+

t|∇Z|p dydt +
1

N − 1

∫

R
N
+

t|y|2
r2
|∇Z|p dydt ≤

(

−1

p
+

1

N − 1

) ∫

R
N
+

t|∇Z|p dydt < 0

if p < N − 1. So, since H(0) > 0, the result follows.

Now suppose that ∂t p(0) = 0 and H(0) = 0. Then

F (szε) = D̄0 + D̄4ε
2 ln ε + o(ε2 ln ε) + C̄0ε

p
+ o(εp) − Ā0 − Ā1ε

2 ln ε.

If 1 < p < 2

F (szε) = (D̄0 − Ā0) + C̄0ε
p
+ o(εp) = f0(s) + f3(s)εp

+ o(εp)
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with

f3(s) = h(0)
sp

p

∫

R
N
+

|∇Z|p dydt.

As before fε reaches its maximum at sε = 1 + aεp
+ o(εp) with a =

f ′
3
(1)

f ′′
0

(1)
. Then,

sup
s>0

F (szε) = F (sεzε) =

(

1

p
− 1

p∗

)

K̄(N, p)
− p∗ p

p∗−p + f3(1)εp
+ o(εp)

So, we need that f3(1) < 0. But, this is equivalent to h(0) < 0.

If p ≥ 2, we have

F (szε) = (D̄0 − Ā0) + (D̄4 − Ā1)ε2 ln ε + o(ε2 ln ε) = f0(s) + f4(s)ε2 ln ε + o(ε2 ln ε),

with

f4(s) = − sp

p

N

2p

(

∂tt p(0)

∫

R
N
+

t2|∇Z|p dydt + ∆y p(0)

∫

R
N
+

|y|2|∇Z|p dydz

)

+
sp∗

p∗

1

2p∗
∆yr(0)

∫

∂RN
+

|y|2Zp∗ dy.

As before, we need that f4(1) < 0. Since 0 is a local minimum of p(x) and a local maximum

of r(x) and ∂t p(0) = 0 it easily follows that f4(1) ≤ 0. And if one of the following inequalities

∆yr(0) ≤ 0 ≤ ∆p(0)

is strict, then f4(1) < 0 and the result follows. �



A

Asymptotic expansions

The goal of this Appendix is to gather all of the asymptotic expansions needed in the course of

the proofs of this Thesis, mainly in Chapter 7 (although in Chapter 5 some of the results in the

Appendix are already used).

The computations of the asymptotic expansions are based on Taylor expansions of the test

functions with respect to a (small) concentration parameter ε > 0. Though elementary, the

computations are lengthly and delicate.

The Appendix is divided into two sections. The first one is devoted to asymptotic expansions

of concentrations of extremals for K(N, p)−1 and the second one to asymptotic expansions of

extremals for K̄(N, p)−1.

First, recall some basic definitions.

K(N, p)−1
= inf

f∈D(N,p)

‖∇ f ‖p,RN

‖ f ‖p∗,RN

,

where D(N, p) = { f ∈ Lp∗(RN) : ∂i f ∈ Lp(RN)}.

K̄(N, p)−1
= inf

f∈D̄(N,p)

‖∇ f ‖p,RN
+

‖ f ‖p∗,∂RN
+

,

where D̄(N, p) = { f ∈ M(RN
+ ) : ∂i f ∈ Lp(RN

+ ) and f |∂RN
+
∈ Lp∗(∂RN

+ )}.
Both constants are attained at some extremals. These extremals are completely characterized.

In fact an extremal for K(N, p)−1 is given by

U(x) =

(

1 + |x|
p

p−1

)− N
p∗

and any other extremal for K(N, p)−1 is obtained by a dilation and translation of U, namely

Uλ,x0
(x) = λ

− N
p∗ U( x−x0

λ
).
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As for K̄(N, p)−1 an extremal is given by

V(x′, t) = (|x′|2 + (1 + t)2)
− N−p

2(p−1) x′ ∈ RN−1, t > 0

and any other extremal for K̄(N, p)−1 is given by a dilation and translation of V , namely

Vλ,x′
0
(x′, t) = λ−

N−p

p−1 V(
x′−x′

0

λ
, t
λ
).

A.1 Asymptotic expansions for the Sobolev immersion constant

In this section we perform the asymptotic expansions on appropriate test functions constructed

by concentrating the extremals U given in the introduction of the Appendix an truncated by a

cut-off function.

Assume that 0 ∈ Ω and given δ > 0 small we take a cut-off function η ∈ C∞c (B2δ, [0, 1]) such

that η ≡ 1 in Bδ. We then consider the test-function

uε(x) = Uε,0(x)η(x).

For this test function we have:

Proposition A.1. Let p, q ∈ P(RN) be C2 and assume that 0 is a critical point of p and q. We

have

• If p ≤ N
2

,
∫

RN

f (x)u
q(x)
ε dx = A0 + A1ε

2 ln ε + o(ε2 ln ε) (A.1)

with

A0 = f (0)

∫

RN

U p∗ dx, A1 = −
N − p

p

f (0)

2

∫

RN

U p∗(D2q(0)x, x) dx

• If p < min{
√

N, N+2
3
},
∫

RN

f (x)|∇uε|p(x) dx = B0 + B1ε
2 ln ε + o(ε2 ln ε) (A.2)

with

B0 = f (0)

∫

RN

|∇U |p dx, B1 = −
N

p

f (0)

2

∫

RN

|∇U |p(D2 p(0)x, x) dx

• If p <
√

N,

∫

RN

f (x)|uε|p(x) dx = C0ε
p
+ o(εp) with C0 = f (0)

∫

RN

U p dx. (A.3)
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Remark A.2. Observe that if g(x) is a radial function then
∫

RN

g(x)(Ax, x) dx = tr(A)

∫

RN

g(x)x2
1 dx =

tr(A)

N

∫

RN

g(x)|x|2 dx,

for any A ∈ RN×N (with adequate decaying assumptions at infinity on g). In fact this is a

consequence of the fact that, for i , j,
∫

RN

g(x)xix j dx = 0.

With this observation, we easily conclude that

A1 = −
f (0)

p∗
∆q(0)

∫

RN

U p∗ |x|2 dx

and

B1 = −
f (0)

2p
∆p(0)

∫

RN

|∇U |p|x|2 dx.

The proof of Proposition A.1 is divided into three steps. Each step provides the proof of one

of the asymptotic expansions.

As 0 is a local minimum of p(·) we can assume that p−
2δ

:= minx∈B2δ
p(x) = p.

Lemma A.3. Under the assumptions of Proposition A.1, (A.1) holds true

Proof. We first write
∫

RN

f (x)uε(x)q(x) dx =

∫

B2δ\Bε1/p

f (x)u
q(x)
ε dx +

∫

B
ε1/p

f (x)uε(x)q(x) dx = I1(ε) + I2(ε).

Since uε(x) ≤ 1 if |x| ≥ ε1/p, we have, letting q−
2δ

:= minB2δ
q that

I1(ε) ≤ ‖ f ‖∞,B2δ

∫

B2δ\Bε1/p

uε(x)q−
2δ dx

≤ ‖ f ‖∞,B2δ
ε

N− N−p

p
q−

2δ

∫

RN\B
ε−(p−1)/p

U(x)q−
2δ dx,

where the integral in the right hand side can be bounded by

C

∫

+∞

ε−(p−1)/p

(1 + r
p

p−1 )
− N−p

p
q−

2δ rN−1 dr ≤ C

∫

+∞

ε−(p−1)/p

r
−1+N− N−p

p−1 q−
2δ dr ≤ Cε

−N
p−1

p
+

N−p

p
q−

2δ .

Hence I1(ε) ≤ CεN/p so that
∫

RN

f (x)uε(x)q(x) dx =

∫

B
ε1/p

f (x)uε(x)q(x) dx + O(εN/p)

=

∫

B
ε−(p−1)/p

f (εx)ε
N−q(εx)

N−p

p U(x)q(εx) dx + O(εN/p).
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As ∇q(0) = 0 we get

q(εx) = q(0) +
1

2
ε2(D2q(0)x, x) + o(ε2|x|2),

with q(0) = p(0)∗ = p∗, so

∫

RN

f (x)uε(x)q(x) dx =A0(ε) + A1(ε)ε2 ln ε +

∫

B
ε−(p−1)/p

o(ε2 ln ε)|x|2U(x)p∗ dx

+ ε

∫

B
ε−(p−1)/p

U(x)p∗∇ f (0) · x dx + O(εN/p)

=A0(ε) + A1(ε)ε2 ln ε + o(ε2 ln ε) + O(εN/p),

where A0(ε) and A1(ε) are the same as A0 and A1 except that we integrate over Bε−(p−1)/p instead

of RN and we have used the fact that

∫

B
ε−(p−1)/p

U(x)p∗∇ f (0) · x dx = 0,

since U is radially symmetric. We have

|A0(ε) − A0| ≤ C

∫

RN\B
ε−(p−1)/p

U(x)p∗ dx

≤ C

∫

+∞

ε−(p−1)/p

(1 + r
p

p−1 )−NrN−1 dr

≤ C

∫

+∞

ε−(p−1)/p

r
−N p

p−1 +N−1
dr

≤ Cε
N
p .

If p < (N + 2)/2, we can estimate

|A1(ε) − A1| ≤ C

∫

RN\B
ε−(p−1)/p

|x|2U(x)p∗ dx

≤ C

∫

+∞

ε−(p−1)/p

(1 + r
p

p−1 )−NrN+1 dr

≤ Cε
N+2−2p

p .

We thus have

∫

RN

f (x)uε(x)q(x) dx − A0 − A1ε
2 ln ε = O(εN/p) + o(ε2 ln ε),

which reduces to (A.1) if we assume that p ≤ N/2. �

Lemma A.4. Under the assumptions of Proposition A.1, (A.3) holds true
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Proof. As before,

∫

RN

f (x)u
p(x)
ε dx =

∫

B
ε1/p

f (x)u
p(x)
ε dx +

∫

B2δ\Bε1/p

f (x)u
p(x)
ε dx

where, noticing that p = p−
2δ

, the 2nd integral in the right hand side can be bounded by

∫

B2δ\Bε1/p

u
p
ε dx ≤ Cεp

∫ ∞

ε1/p−1

(1 + r
p

p−1 )p−NrN−1 dr

≤ Cεpε
N−p2

p

= Cε
N
p ,

if p2 < N. Then

∫

RN

f (x)u
p(x)
ε dx =

∫

B
ε1/p

f (x)u
p(x)
ε dx + O(ε

N
p )

=

∫

B
ε1/p−1

f (εx)ε
N− N−p

p
p(εx)

U(x)p(εx) dx + O(ε
N
p )

= εp f (0)

∫

RN

U(x)p dx + o(εp).

�

Lemma A.5. Under the assumptions of Proposition A.1, (A.2) holds true

Proof. We first write

∫

RN

f (x)|∇uε|p(x) dx =

∫

RN

f (x)|η∇Uε + Uε∇η|p(x) dx =

∫

RN

f (x)|η∇Uε|p(x) dx + Rε,

where, using the inequality

||a + b|q − |a|q| ≤ C(|b|q + |b||a|q−1),

(the constant C being uniform in q for q in a bounded interval of [0,+∞)) we can estimate

|Rε| ≤ C
[

∫

B2δ\Bδ
|∇η|p(x)U

p(x)
ε dx +

∫

B2δ\Bδ
|∇η|Uε(x)|∇Uε|p(x)−1 dx

]

= C[I1(ε) + I2(ε)].

Since Uε ≤ 1 in RN\Bδ for ε small, we can bound I1(ε) as before by

I1(ε) ≤ C

∫

B2δ\Bδ
U

p
ε dx ≤ Cεp

∫

RN\Bδ/ε
U p dx ≤ Cεpε

N−p2

p−1 = Cε
N−p

p−1 ,
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if p2 < N. Since |∇Uε| ≤ 1 in RN\Bδ for ε small, we also have

I2(ε) ≤ C

∫

RN\Bδ
Uε(x)|∇Uε|p−1 dx

≤ C‖Uε‖p,RN\Bδ‖∇Uε‖p−1

p,RN\Bδ

≤ Cε
N−p

p(p−1) ‖∇Uε‖p−1

p,RN\Bδ
,

with, since |U′(r)| ∼ r
− N−1

p−1 as r ∼ +∞,

∫

RN\Bδ
|∇Uε|p dx ≤ C

∫

+∞

δ/ε

|U′(r)|prN−1 dr ≤ Cε
N−p

p−1 .

It follows that I2(ε) = O(ε
N−p

p−1 ) and then Rε = O(ε
N−p

p−1 ). Independently, since

|∇Uε(x)| =N − p

p − 1
ε−N/p

(

|x|
ε

)
1

p−1

















1 +

(

|x|
ε

)
p

p−1

















−N/p

we have

|∇Uε(x)| < 1 for |x| > Cpε
N−p

p(N−1) , Cp =

(

N − p

p − 1

)
p−1
N−1

. (A.4)

Taking some constant C > Cp, we thus write

∫

RN

f (x)|∇uε|p(x) dx =

∫

B

Cε

N−p
p(N−1)

f (x)|∇Uε|p(x) dx

+

∫

RN\B
Cε

N−p
p(N−1)

f (x)|∇Uε|p(x) dx + O(ε
N−p

p−1 ).

Since |∇Uε(x)| < 1 in RN\B
Cε

N−p
p(N−1)

, we can bound the second integral on the right hand side by

C

∫

RN\B
Cε

N−p
p(N−1)

|∇Uε|p dx ≤ C

∫

+∞

ε
− N(p−1)

p(N−1)

r
p

p−1

(

1 + r
p

p−1

)−N

rN−1 dr ≤ Cε
N(N−p)
p(N−1) = o(ε

N−p

p−1 ).

Hence
∫

RN

f (x)|∇uε|p(x) dx =

∫

B

Cε

N−p
p(N−1)

f (x)|∇Uε|p(x) dx + O(ε
N−p

p−1 )

=B0(ε) + B1(ε)ε2 ln ε + o(ε2 ln ε) + O(ε
N−p

p−1 )

where B0(ε) and B1(ε) are the same as B0, B1 but integrating over B
ε
− N(p−1)

p(N−1)
instead of RN . Again,

as in the computation of (A.1), the term involving ∇ f (0) vanishes for symmetry reasons.
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Since |U′(r)|p ∼ r
p(1−N)

p−1 as r ∼ +∞, we have

|B0 − B0(ε)| ≤ C

∫

RN\B
Cε
− N(p−1)

p(N−1)

|∇U |p dx ≤ C

∫

+∞

ε
− N(p−1)

p(N−1)

r
p−N

p−1 −1
dr ≤ Cε

N(N−p)
p(N−1) = o(ε

N−p

p−1 ),

|B1 − B1(ε)| ≤ C

∫

RN\B
Cε
− N(p−1)

p(N−1)

|x|2|∇U |p dx ≤ Cε
N(N−3p+2)

p(N−1) if p <
N + 2

3
.

Hence if p < N+2
3

we have

∫

RN

f (x)|∇uε|p(x) dx − B0 − B1ε
2 ln ε = o(ε2 ln ε).

�

Trivially, these lemmas imply Proposition A.1.

A.2 Asymptotic expansions for the Sobolev trace constant

In this section we provide the asymptotic expansions needed in order to deal with the Sobolev

trace constant.

In order to construct the test functions in this case, we need to introduce the so-called Fermi

coordinates around some point of ∂Ω.

Definition A.6 (Fermi Coordinates). We consider the following change of variables around a

point x0 ∈ ∂Ω.

We assume that x0 = 0 and that ∂Ω has the following representation in a neighborhood of 0:

∂Ω∩V = {x ∈ V : xn = ψ(x′), x′ ∈ U ⊂ RN−1}, Ω∩V = {x ∈ V : xn > ψ(x′), x′ ∈ U ⊂ RN−1}.

The function ψ : U ⊂ RN−1 → R is assume to be at least of class C2 and that ψ(0) = 0, ∇ψ(0) = 0.

The change of variables is then defined as Φ : U × (0, δ)→ Ω ∩ V

Φ(y, t) = (y, ψ(y)) + tν(y),

where ν(y) is the unit inward normal vector, i.e.

ν(y) =
(−∇ψ(y), 1)
√

1 + |∇ψ(y)|2
.

It is well known that Φ defines a smooth diffeomorphism. In differential geometry, this is

called the Fermi coordinates (see [19]).

Moreover, in [19] it is proved the following asymptotic expansions
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Lemma A.7. With the notation introduced in Definition A.6, the following asymptotic expan-

sions hold

JΦ(y, t) = 1 − Ht + O(t2
+ |y|2),

where H is the mean curvature of ∂Ω.

Also, if we denote v(y, t) = u(Φ(y, t)),

|∇u(x)|2 = (∂tv)2
+

N
∑

i, j=1

(

δi j
+ 2hi jt + O(t2

+ |y|2)
)

∂yi
v∂y j

v,

where hi j is the second fundamental form of ∂Ω.

For a general construction of the Fermi coordinates in differential manifolds, we refer to the

book [34].

Now, we are in position to construct the test functions needed in order to estimate the Sobolev

trace constant. Assume that 0 ∈ ∂Ω. Then, the test-function in these coordinate is (x = Φ(y, t))

vε(x) = η(y, t)Vε,0(y, t),

where V is the extremal for K̄(N, p(0))−1 given in the introduction of the Appendix and η ∈
C∞c (B2δ × [0, 2δ), [0, 1]) is a smooth cut-off function.

From now on, we assume that p(x) ∈ P(Ω), r(x) ∈ P(∂Ω) are of class C2, 0 ∈ ∂Ω and we

deonte p = p(0) and r = r(0).

The goal of this section is to prove the following propositions.

Proposition A.8. There holds

∫

Ω

f (x)|vε|p(x) dx = C̄0ε
p
+ o(εp) with C̄0 = f (0)

∫

R
N
+

V p dx. (A.5)

Proposition A.9. If p < N−1
2

,

∫

∂Ω

f (x)|vε|r(x) dS x = Ā0 + Ā1ε
2 ln ε + o(ε2 ln ε) (A.6)

with

Ā0 = f (0)

∫

RN−1

V(y, 0)p∗ dy,

and

Ā1 = −
N − p

2p
f (0)

∫

RN−1

(D2r(0)y, y)V(y, 0)p∗ dy

= − 1

2p∗
f (0)∆r(0)

∫

RN−1

|y|2V(y, 0)p∗ dy.
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Proposition A.10. Assume that p < N2/(3N − 2). Then

∫

Ω

f (x)|∇vε(x)|p(x) dx = D̄0 + D̄1ε ln ε + D̄2ε + D̄3(ε ln ε)2
+ D̄4ε

2 ln ε + O(ε2),

with

D̄0 = f (0)

∫

R
N
+

|∇V |p dydt, D̄1 = −
N

p
f (0)∂t p(0)

∫

R
N
+

t|∇V |p dydt,

and, assuming that ∂t p(0) = 0,

D̄2 = (∂t f (0) − H f (0))

∫

R
N
+

t|∇V |p dydt + ph̄ f (0)

∫

R
N
+

t|y|2
r2
|∇V |p dydt,

D̄3 = 0

D̄4 = −
N

2p
f (0)∂tt p(0)

∫

R
N
+

t2|∇V |p dydt − N

2(N − 1)p
f (0)∆y p(0)

∫

R
N
+

|y|2|∇V |p dydt

Proof of Proposition A.8. We write

∫

Ω

f (x)|vε|p(x) dx =

∫

R
N
+

f (y, t)|vε(y, t)|p(y,t)(1 + O(|y|2 + |t|)) dydt.

Now the result follows as in Lemma A.4. �

Proof of Proposition A.9. We have

∫

∂Ω

f v
r(x)
ε dS =

∫

RN−1

f (y, ψ(y))vε(y, ψ(y))r(y,ψ(y))(1 + O(|y|2)) dy.

Now the proof follows from Lemma A.3. �

To treat the gradient term, we need the following result:

Lemma A.11. Assume p < N2/(3N − 2) and that p = p(y, t) has a local minimum at (y, t) =

(0, 0). Given a bounded g ∈ C2(Ω) and real numbers ai j, 1 ≤ i, j ≤ N − 1, we have

N−1
∑

i, j=1

ai j

∫

R
N
+

g(y, t)η(y, t)|∇Vε|p(y,t)−2∂iVε(y, t)∂ jVε(y, t) dydt

= B̄0 + B̄1ε ln ε + B̄2ε + B̄3(ε ln ε)2
+ B̄4ε

2 ln ε + O(ε2)

(A.7)
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where ∂i =
∂
∂yi

, and

B̄0 =āg(0)

∫

R
N
+

|∇V(y, t)|p |y|
2

r2
dydt, B̄1 = −

N

p
g(0)∂t p(0)ā

∫

R
N
+

|∇V(y, t)|p |y|
2t

r2
dydt

B̄2 =ā

∫

R
N
+

|∇V(y, t)|p t|y|2
r2
{g(0)∂t p(0) ln |∇V(y, t)| + ∂tg(0)} dydt

B̄3 =
N2

2p2
g(0)∂t p(0)2ā

∫

R
N
+

|∇V(y, t)|p |y|
2t2

r2
dydt

B̄4 = −
N

p
ā

∫

R
N
+

|∇V(y, t)|p |y|
2t2

r2

(

−g(0)

2
∂tt p(0) + ∂t p(0)∂tg(0) + ∂t p(0)2g(0) ln |∇V(y, t)|

)

dydt

+

N−1
∑

i=1

Ng(0)

2p
aii∂ii p(0)

∫

R
N
+

|∇V(y, t)|pr−2
(

y4
1 − 3y2

1y2
2

)

dydt

+

N−1
∑

i,k=1

Ng(0)

2p

(

aii∂kk p(0) + 2aik∂ik p(0)
)

∫

R
N
+

|∇V(y, t)|pr−2y2
1y2

2 dydt

where ā = 1
N−1

∑N−1
i=1 aii and r = r(y, t) =

√

(1 + t)2 + |y|2.

Proof. Notice that

|∇Vε(y, t)| =
N − p

p − 1
ε

N−p

p(p−1) ((ε + t)2
+ |y|2)

− N−1
2(p−1) .

So, |∇Vε(y, t)| < 1 if |(y, t)| > Cε
N−p

p(N−1) where C =
(

N−p

p−1

)
p−1
N−1 , and ∇ = (∇y, ∂t). Moreover, since

p−
2δ
= p := p(0, 0),

∫

B+
2δ
\B

Cε

N−p
p(N−1)

|∇Vε|p(y,t)−2|∇yVε|2 dydt ≤
∫

B+
2δ
\B

Cε

N−p
p(N−1)

|∇Vε|p(y,t) dydt

≤
∫

B+
2δ
\B

Cε

N−p
p(N−1)

|∇Vε|p dydt ≤ Cε
N−p

p−1

∫

R
N
+ \B

Cε

N−p
p(N−1)

{

(ε + t)2
+ |y|2

}− p(N−1)
2(p−1)

dydt

≤ Cε
N−p

p−1

∫

RN\B
Cε

N−p
p(N−1)

|(y, t)|−
p(N−1)

p−1 dydt ≤ Cε
N−p

p−1

∫

+∞

Cε
N−p

p(N−1)

ρ
N−1− p(N−1)

p−1 dρ

Then, we obtain
∫

B+
2δ
\B

Cε

N−p
p(N−1)

|∇Vε|p(y,t)−2|∇yVε|2 dydt ≤ Cε
N
p∗ .

Since p ≤ N2

3N−2
, we get that N

p∗
≥ 2, hence

∫

B+
2δ
\B

Cε

N−p
p(N−1)

|∇Vε|p(x,t)−2|∇yVε|2 dydt = O(ε2).
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Hence

ai j

∫

R
N
+

g(y, t)η(y, t)|∇Vε|p(y,t)−2∂iVε(y, t)∂ jVε(y, t) dydt

= ai j

∫

B+

Cε

N−p
p(N−1)

g(y, t)|∇Vε|p(y,t)−2∂iVε(y, t)∂ jVε(y, t) dydt + O(ε2)

= ai j

∫

B+

Cε
− N(p−1)

p(N−1)

g(εy, εt)ε
N(1− p(εy,εt)

p
)|∇V |p(εy,εt)−2∂iV∂ jV dydt + O(ε2).

Letting

φi j = |∇V |p−2∂iV∂ jV = |∇V(y, t)|p
yiy j

r2
, ∇ = (∇y, ∂t),

we obtain

N−1
∑

i, j=1

ai j

∫

R
n
+

g(y, t)η(y, t)|∇Vε|p(y,t)−2∂iVε∂ jVε dydt

= B̄0(ε) + B̄1(ε)ε ln ε + B̄2(ε)ε + B̄3(ε)(ε ln ε)2
+ B̄4(ε)ε2 ln ε + ε2R(ε)

with coefficients B̄i(ε), i = 0, . . . , 4, defined as

B̄0 =

N−1
∑

i, j=1

ai jg(0)

∫

R
N
+

φi j(y, t) dydt

B̄1 = −
N

p
g(0)∂t p(0)

N−1
∑

i, j=1

ai j

∫

R
N
+

tφi j(y, t) dydt

B̄2 =

N−2
∑

i, j=1

ai j

∫

R
N
+

φi j(y, t)
(

g(0)t∂t p(0) ln |∇V | + ∇g(0)(y, t)
)

dydt

B̄3 =
N2

2p2
g(0)∂t p(0)2

N−1
∑

i, j=1

ai j

∫

R
N
+

t2φi j(y, t) dydt

B̄4 = −
N

p

N−1
∑

i, j=1

ai j

∫

R
N
+

φi j(x, t)
(g(0)

2
(D2 p(0)(y, t), (y, t)) + ∂t p(0)t(∇g(0), (y, t))

+ ∂t p(0)2g(0)t2 ln |∇V |) dydt,

but with integral over B+

Cε
N−p

p(N−1)
−1

instead of RN
+ , and the error term R(ε) satisfies

|R(ε)| ≤ C

∫

B+

Cε
− N(p−1)

p(N−1)

r2|∇V |p ln |∇V |(1 + rε ln ε) dydt

≤ C

∫

B+

Cε
− N(p−1)

p(N−1)

r2|∇V |p ln |∇V | dydt.
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Clearly, this last integral is bounded by

C

∫

+∞

1

ρ
1− N−p

p−1 ln ρ dρ

which is finite since p < N+2
3

. Moreover

|B̄0 − B̄0(ε)| ≤ C

∫

R
N
+ \B+

ε
− N(p−1)

p(N−1)

|∇V |p dydt ≤ C

∫ ∞

ε
− N(p−1)

p(N−1)

r
−1− N−p

p−1 dr ≤ Cε
N(N−p)
p(N−1) ≤ Cε2

since p ≤ N2

3N−2
. Also for i = 1, 2,

|B̄i − B̄i(ε)| ≤ C

∫

R
N
+ \B+

ε
− N(p−1)

p(N−1)

|(y, t)|(1 + ln |∇V |)|∇V |p dydt

≤ C

∫ ∞

ε
N(1−p)
p(N−1)

r
1− N−p

p−1 ln r dr

≤ C

∫ ∞

ε
N(1−p)
p(N−1)

r
1− N−p

p−1 +α dr for any α > 0

≤ Cε
N(N−2p+1)

p(N−1) −β for any β > 0 and if p <
N2
+ N

3N − 1
,

= o(ε).

Eventually, for any i = 3, 4,

|B̄i − B̄i(ε)| ≤ C

∫

R
N
+ \B+

ε
− N(p−1)

p(N−1)

|(y, t)|2(1 + ln |∇V |)|∇V |p dydt

≤ C

∫ ∞

ε
− N(p−1)

p(N−1)

r
1− N−p

p−1 ln r dr

≤ C

∫ ∞

ε
− N(p−1)

p(N−1)

r
1− N−p

p−1 +α dr for any α > 0

= o(1),

since p < n+2
3

.

Hence if p < N2/(3N − 2),

N−1
∑

i, j=1

ai j

∫

R
N
+

g(y, t)η(y, t)|∇Vε|p(y,t)−2∂iVε(y, t)∂ jUε(y, t) dydt

= B̄0 + B̄1ε ln ε + B̄2ε + B̄3((ε ln ε)2
+ B̄4ε

2 ln ε + O(ε2).

Finally, using the radial symmetry in the y variable, we can simplify the expressions for the

B̄i’s.
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For B̄4, notice that

N−1
∑

i, j=1

ai j∂kl p(0)

∫

R
N
+

|∇V |pr−2yiy jy
kyl dydt

=

N−1
∑

i=1

aii∂ii p(0)

∫

R
N
+

|∇V |pr−2y4
1 dydt +

















∑

i,k

aii∂kk p(0) + 2aik∂ik p(0)

















∫

R
N
+

|∇V |pr−2y2
1y2

2 dydt

=

N−1
∑

i=1

aii∂ii p(0)

∫

R
N
+

|∇V |pr−2
(

y4
1 − 3y2

1y2
2

)

dydt

+

N−1
∑

i,k=1

(

aii∂kk p(0) + 2aik∂ik p(0)
)

∫

R
N
+

|∇V |pr−2y2
1y2

2 dydt

The other simplifications follow in the same manner. �

Lemma A.12. Assume p < N2/(3N − 2). There holds that

∫

R
N
+

f (y, t)η(y, t)|∇Vε|p(y,t) dydt = C̄0 + C̄1ε ln ε + C̄2ε + C̄3(ε ln ε)2
+ C̄4ε

2 ln ε + O(ε2)

with

C̄0 = f (0)

∫

R
N
+

|∇V |p dydt, C̄1 = −
N

p
f (0)∂t p(0)

∫

R
N
+

t|∇V |p dydt

C̄2 =

∫

R
N
+

t|∇V |p ( f (0)∂t p(0) ln |∇V | + ∂t f (0)) dydt

C̄3 =
N2

2p2
f (0)∂t p(0)2

∫

R
N
+

t2|∇V |p dydt

C̄4 = −
N

p

∫

R
N
+

t2|∇V |p
(

f (0)

2
∂tt p(0) + ∂t p(0)∂t f (0) + ∂t p(0)2 f (0) ln |∇V |

)

dydt

− N

2(N − 1)p
f (0)∆y p(0)

∫

R
N
+

|y|2|∇V |p dydt, ∆y =

n−1
∑

i=1

∂ii

Proof. As before
∫

R
N
+ \B

Cε

N−p
p(N−1)

|∇Vε|p(y,t) dydt ≤ Cε
N
p∗ = O(ε2).

so that
∫

R
N
+

f (y, t)η(y, t)|∇Vε|p(y,t) dydt =

∫

B+

Cε

N−p
p(N−1)

f (y, t)|∇Vε|p(y,t) dydt + O(ε2)

= C̄0(ε) + C̄1(ε)ε ln ε + C̄2(ε)ε + C̄3(ε)(ε ln ε)2
+ C̄4(ε)ε2 ln ε + O(ε2)
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where the constants C̄i(ε) are the same as

C̄0 = f (0)

∫

R
N
+

|∇V |p dydt

C̄1 = −
N

p
f (0)∂t p(0)

∫

R
N
+

t|∇V |p dydt

C̄2 =

∫

R
N
+

t|∇V |p ( f (0)∂t p(0) ln |∇V | + ∂t f (0)) dydt

C̄3 =
N2

2p2
f (0)∂t p(0)2

∫

R
N
+

t2|∇V |p dydt

C̄4 = −
N

p

∫

R
N
+

|∇V |p
(

f (0)

2
(D2 p(0)(y, t), (y, t)) + ∂t p(0)∂t f (0)t2

+ ∂t p(0)2 f (0)t2 ln |∇V |
)

dydt

but with integral over B+

Cε
− N(p−1)

p(N−1)

instead of RN
+ . We can estimate |C̄i(ε) − C̄i| as we estimated

|B̄i(ε) − B̄i| in the previous lemma.

Again, using the radial symmetry of V we can simplify the constants C̄i as in the previous

lemma. �

With the aid of the previous Lemmas, we can now prove Proposition A.10.

Proof of Proposition A.10. First, by Lemma A.7,
∫

Ω

f (x)|∇vε|p(x) dx =

∫

R
N
+

f (y, t)|∇vε|p(y,t)(1 − Ht + O(t2
+ |y|2)) dydt,

where we denote f (y, t) = f (Φ(y, t)) and p(y, t) = p(Φ(y, t)).

Recall that, by Lemma A.7,

|∇vε|2 = (∂tvε)
2
+

N−1
∑

i, j=1

(

δi j
+ 2hi jt + O(t2

+ |y|2)
)

∂ivε∂ jvε, ∂i =
∂

∂yi

.

Then
∫

R
N
+

f (y, t)|∇vε|p(y,t)(1 − Ht + O(t2
+ |y|2)) dydt

=

∫

R
N
+

f (y, t)|∇(ηVε)|p(y,t)(1 − Ht + O(t2
+ |y|2)) dydt

=

∫

R
N
+

f (y, t)η(y, t)p(y,t)|∇Vε|p(y,t)(1 − Ht + O(t2
+ |y|2)) dydt + R(ε),

where

|R(ε)| ≤ C

∫

R
N
+ \Bδ
|Vε|p(y,t) dydt ≤ Cεp

∫ ∞

δ/ε

r
− p(N−p)

p−1 +N−1
dr = O(ε2),
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if p ≤ (n + 2)/3. Hence

∫

Ω

f (x)|∇vε|p(x) dx =

∫

R
N
+

f (y, t)η(y, t)p(y,t)
[

(∂tUε)
2

+

N−1
∑

i, j=1

(δi j
+ 2hi jt + O(t2

+ |y|2))∂iVε∂ jVε
]

p(y,t)
2

(1 − Ht + O(t2
+ |y|2)) dydt + O(ε2)

with



















(∂tVε)
2
+

N−1
∑

i, j=1

(

δi j
+ 2hi jt + O(t2

+ |y|2)
)

∂iVε∂ jVε



















p(y,t)
2

= |∇Vε|p(y,t)



















1 +

N−1
∑

i, j=1

p(y, t)thi j|∇Vε|−2∂iVε∂ jVε + O(t2
+ |y|2)



















= |∇Vε|p(y,t)
+ p(y, t)thi j|∇Vε|p(y,t)−2∂iVε∂ jVε + |∇Vε|p(y,t)O(t2

+ |y|2)

Then
∫

Ω

f (x)|∇vε|p(x) dx =

∫

R
N
+

f (y, t)η(y, t)p(y,t)|∇Vε|p(y,t) dydt

+

N−1
∑

i, j=1

hi j

∫

R
N
+

t f (y, t)p(y, t)η(y, t)p(y,t)|∇Vε|p(y,t)−2∂iVε∂ jVε dydt

− H

∫

R
N
+

t f (y, t)η(y, t)p(y,t)|∇Vε|p(y,t) dydt

+ O(ε2)

since
∫

R
N
+

|∇Vε|p(y,t)O(t2
+ |y|2) dydt ≤ C

∫

R
N
+

|(y, t)|2|∇Vε|p(y,t) dydt

≤ Cε2

∫

R
N
+

|(y, t)|2|∇V |p+O(ε) dydt

= Cε2

∫

R
N
+

|(y, t)|2|∇V |p(1 + O(ε) ln |∇V |) dydt.

As before this last integral is finite provided that p < (N + 2)/3.

The proof now follows applying Lemmas A.11 and A.12. �
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[8] Haı̈m Brézis and Elliott Lieb. A relation between pointwise convergence of functions and

convergence of functionals. Proc. Amer. Math. Soc., 88(3):486–490, 1983.
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