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Algunos problemas de analisis sobre cispides exteriores

Resumen

En esta tesis estudiamos distintos problemas de andlisis sobre dominios con cuspides exte-
riores. Principalmente: la densidad de funciones suaves en espacios de Sdbolev, el pro-
blema de extension y la desigualdad de Korn. Se sabe que muchos de los resultados clasicos
de analisis en espacios de Sébolev estandar, necesarios para el trabajo con ecuaciones en
derivadas parciales y para la aproximacion de sus soluciones usando métodos numéricos, no
son ciertos en dominios con singularidades, como las cuspides exteriores. Por ello se hace
necesario trabajar con espacios de Sébolev con pesos, donde los pesos son tomados de modo
de compensar la singularidad del dominio.

Las distintas nociones de cuspide exterior con las que trabajamos prescinden de una
descripcion precisa del borde del dominio, aunque le impongan algunas restricciones. En
primer lugar, introducimos el concepto de cispide normal, cuya definicion estd basada en la
descomposicion de Whitney del dominio e incluye una propiedad de uniformidad por bandas
que establece cierta regularidad local sobre el borde. Esta definiciéon nos permite probar los
siguientes resultados:

e [a densidad de funciones suaves hasta el borde del dominio, en el espacio de Sébolev
Whr(Q).

e Teoremas de extension en los que se construyen operadores: E : WA (Q) — WZ;”’ (R™M),
donde o es un peso apropiado.

Luego introducimos las nociones de cadenas de rectidngulos y cadenas de cuasi-rectingu-
los. Las cadenas de cuasi-rectingulos nos permiten definir una clase muy general de dominios
que incluyen a las cuspides normales, pero admiten condiciones mds laxas sobre el borde.
Para estas cadenas probamos:

e Desigualdades de Poincaré sin pesos.
e Desigualdades de tipo Korn con pesos.

En algunos casos exhibimos contragjemplos que muestran que los pesos obtenidos son
optimos. También estudiamos estos problemas considerando que el espacio original es un
Sébolev pesado: WEP(Q).

Palabras clave: Cuspides exteriores, operadores de extension, dominios de extension,
desigualdad de Korn, desigualdad de Poincaré, espacios de Sébolev con peso.






Some problems of analysis on external cusps

Abstract

In this thesis we study several problems of analysis on domains with external cusps. Mainly:
the density of smooth functions on Sobolev spaces, the extension problem and Korn’s in-
equality. It is known that many classical analysis results on standard Sobolev spaces, which
are necessary for the study of partial differential equations and for approximating their so-
lutions using numerical methods, do not hold on singular domains, such as external cusps.
Hence, it is necessary to work with weighted Sobolev spaces, where the weights are taken in
a way that somehow compensates the singularity of the domain.

The different notions of external cusp that we handle avoid any precise description of the
domain’s boundary, even when they impose some restrictions. In the first place, we introduce
the concept of normal cusp, which definition is based on the Whitney decomposition of the
domain, and includes a sectional unifomity property that establishes some local regularity on
the boundary. This notion allows us to prove the following results:

e The density of smooth functions up to the boundary of the domain, in the Sobolev
space WrP(Q).

o Extension theorems where we build operators of the form E : W*P(Q) — W(];’p RM),
being o a proper weight.

Afterwards, we introduce the notions of chains of rectangles and chains of quasi-rectan-
gles. Chains of quasi-rectangles allow us to define a very general class of domains, that
includes normal cusps, but admits more relaxed conditions on the boundary. For these chains,
we prove:

e Unweighted Poincaré inequalities.
e Weighted Korn inequalities.

In some cases we exhibit counterexamples that show that the obtained weights are opti-
mal. We also study these problems considering that the original space is a weighted Sobolev
space WoP(Q).

Keywords: External cusps, extension operator, extension domain, Korn inequality, Poin-
caré inequality, weighted Sobolev spaces.
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1

Introduccion

1.1 Dominios con caspides exteriores

Dado Q ¢ R” un dominio acotado, coloquialmente decimos que tiene una cuspide exterior
en xp si xop € 0Q y Q se angosta al acercarse a x, de modo que ningiin cono con vértice en
X esta contenido en Q. A lo largo esta tesis asumiremos que xo = 0. En la bibliografia
se presentan distintas definiciones de cuspide exterior. Las cuspides mds simples son las
llamadas ctspides de tipo potencia:

Q={(x,x,) eR"I xRy : |¥] < xV}, (1.1.1)

siendo 7y algtiin niimero real mayor que 1.
Esta nocion se generaliza naturalmente a dominios cuyo perfil estd descripto por una
funcion ¢, cuyas caracteristicas implican un comportamiento cuspidal:

Q={(x,x) €R" XxRog: [¥] < o(x)) (1.1.2)

donde ¢ : R,y — R es una funcidn creciente y derivable tal que ¢(0) = 0y ¢’(0) = 0, 6,
mas generalmente, ¢ es Lipschitz y @ — 0 (t — 0).
Si llamamos B’ = B""'(0,1) a la bola n — 1 dimensional con centro en el origen y radio
1, y aB’ es la dilatacién de B’ por a, (i.e.. aB’" = B"'(0,a)) estd claro que (1.1.2) puede
escribirse:
Q={,x,) e R xRy : x' € (x,)B).

Maz’ya y Poborchii, en [ , ], generalizan esta idea, e introducen la
siguiente definicion de cispide experior:

Definicion A. Sea Q c R" (n > 2) un dominio con borde compacto 0. Asumimos que
0 € 0Q y que 0Q\ {0} es localmente el grdfico de una funcion Lipschitz. Decimos que Q tiene
una cuspide exterior en el origen si existe un entorno del origen U C R", tal que

UNQ={(x,x,) e R xRy : ¥ € px,)w),

1



2 1. INTRODUCCION

donde @ C R"™! es un dominio Lipschitz acotado y ¢ : Rsy — Ry es una funcién Lipschitz
creciente tal que @ - 0(t—>0")yp)=0.

La Definicion A implica una importante generalizacion en la medida en que contempla
dominios que no incluyen el eje vertical, sino que se comportan de manera tangencial a él.
Sin embargo, impone atin una restriccion importante: todo corte horizontal de Q presenta la
misma forma (@), escalada de acuerdo a la altura.

(a) Cuspide que contiene el eje z (b) Cispide tangencial al eje z

Figura 1.1: Cuaspides de Maz’ya

En esta tesis introducimos una nocién de cuspide que generaliza la Definicion A (ver las
Definiciones 3.2.1 y 3.3.1). Nuestra definicion estd basada en la existencia de una cadena de
cubos en la descomposicion de Whitney del dominio, que forma lo que llamamos la espina
del dominio, su columna vertebral. Esta cadena de cubos se ubica aproximadamente en
el centro del dominio. Por ejemplo, en el caso de una cuspide de tipo potencia, estaria
formada por cubos que tocan el eje vertical. Ademads, se angosta al aproximarse al origen,
y la velocidad de este angostamiento da el comportamiento cuspidal del dominio. Sobre el
borde, en lugar de la Lipschitzianidad local de la Definicién A, imponemos una condicién
de uniformidad por secciones. Los dominios uniformes [ , , ,

, , , , , , ] incluyen a los Lipschitz, y admiten
la construcciéon de operadores de extension [ , ]. En este sentido, la condicién
de uniformidad por secciones representa una hipétesis de regularidad bastante laxa sobre el
borde del dominio que permite definir un operador de extension localmente.

Para simplicar las demostraciones presentamos dos definiciones ligeramente distintas. En
3.2.1 introducimos las cuspides normales, cuya espina contiene al eje vertical. Estas cuspides
mantienen cierta simetria respecto del eje, como en (1.1.2). Las cuspides curvas (Definicién
3.3.1) cumplen con las mismas propiedades que las normales, pero pueden ser tangenciales
al eje, como las que satisfacen la Definicién A.

La principal virtud de las cispides normales es que, en tanto no involucran una des-
cripcion del perfil del dominio, nos permiten probar que los pesos necesarios para compensar
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la singularidad no dependen del detalle del borde, sino sélo de la velocidad a la que el dominio
se angosta al aproximarse al origen. La definicion de cuspide normal puede interpretarse
como un anédlogo de la Definicién A, en donde la funcién ¢ no representa un perfil preciso de
la ctspide sino que simplemente la interpola en algunos puntos, dando asi una descripcién
de la velocidad del angostamiento. Ademads, segun esta definicion, ¢ puede no ser mondtona.
Finalmente, el requisito de uniformidad por secciones constituye una condicién mucho mas
general que la Lipschitzianidad local de la Definicion A. A modo de ejemplo, probamos que
una cuspide cumpliendo con la Definicién A, pero donde @ es un dominio uniforme, no
necesariamente Lipschitz, es una cispide normal o curva.

1.2 Dominios de Extension

Sea Q un dominio en R". W*?(Q) es el espacio de Sébolev de funciones con derivadas débiles
de orden « para todo « tal que |a| < k, con la norma:

A1 iy = D L ID" Al

la|<k

Decimos que Q es un dominio de extension de Sébolev (E.D.S., por sus siglas en inglés) si
existe un operador lineal y acotado:

E: W (Q) — WHPRY),

tal que E flo = f para toda f € WEP(Q).

La existencia de un operador de extension es de suma utilidad, en tanto implica que
muchos resultados vélidos para W*?(R") son heredados por W*?(Q). Un ejemplo cldsico de
esta situacion esta dado por los teoremas de inmersion, que pueden demostrarse primero en
R" y luego, a través de un argumento de extension, para ciertos dominios. Pueden encontrarse
esta y otras aplicaciones de los teoremas de extension en la bibliografia clasica de espacios de
Sébolev. Por ejemplo: [ , , , , , , ,

, ) I

Es sabido que los dominios suaves son E.D.S. De hecho, al ser suave, el borde del do-
minio puede ser localmente aplanado a través de transformaciones regulares y el operador
de extension puede construirse aplicando argumentos de reflexion (ver [ ,

, , ]). Por otro lado usando la férmula de representacion de Sébolev en un

cono e integrales singulares, Calderén [ , ] prob6 que los dominios Lipschitz
son E.D.S. para 1 < p < oo. Este resultado fue extendido por Stein al rango 1 < p < oo,
usando un procedimiento de reflexion promediada [ , ].

Las técnicas de reflexion son un enfoque natural para extender funciones. Dominios mas
generales requieren técnicas de reflexion mds complejas. En este contexto, Jones, en [ ,
], estudi6 los dominios (g, §) también llamados localmente uniformes, que habian sido
introducidos en [ , ] y forman una clase mas general que los Lipschitz.
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Jones probd que todo dominio (g,6) es un E.D.S. En términos de las descomposiciones de
Whitney Wy W¢, de Qy (Q°)° respectivamente, la idea de Jones se basa en que los dominios
(&, 0) satisfacen las siguientes propiedades:

(a) Los cubos de Whitney Q € ‘W cerca de Q tienen un cubo “reflejado” Q* € W, de
tamano similar y cercano a Q.

(b) Los reflejados Q7, Q5 € ‘W de cubos vecinos Q;, Q> € W pueden unirse a través de
una cadena de cubos en “W.

Gracias a esto, una aproximacion polinomial de f en Q* puede utilizarse para definir la
extension de f en Q. En la Figura 1.2 mostramos dos cubos vecinos y sus reflejados, junto

con una possible cadena uniéndolos.

L]

Figura 1.2: Cubos reflejados y cadena

En el caso de las cuspides exteriores, en cambio, se conocen contraejemplos que muestran
que no es posible construir operadores de extension en el sentido clasico, por lo que se hace
necesario extender a espacios de Sébolev con pesos.

En este sentido, Maz’ya y Poborchii [ , ] probaron el siguiente
teorema de extension para cuspides cumpliendo con la Definicion A.

Teorema A. Sea Q C R" un dominio con una cuspide exterior en el origen, segin la
Definicion A. Entonces, existe un operador de extension

A W Q) —» W (R),
donde el peso o puede tomarse segtin las siguientes condiciones:
(a) Sikp<n—-1,6k=n—-1yp =1,y satisface:

t
@ es no decreciente. (1.2.1)

entonces,
1 xeQ

o(x) = { (tp(IXI))kp e

|x|
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(b) Sikp>n-—1,yypestal que:
3C, constante : e(21) < Cup(t) (1.2.2)

entonces,
1 xeQ

|

(c) Sikp=n—-1,1<p < oo, ¢pestal que vale (1.2.1) y ademads:
d6>0: ot + (1) = e[ 1 + O(p(t)/1)°] ast— 0 (1.2.3)

entonces,
1 x€eQ

o(x) = { (tp(IXI))kp log (M)”% x € QF°

|x| |x|

(d) Asumiendo (1.2.2), si & es un peso radial no decreciente, tal que existe un operador de
extension: A : WP (Q) — W(l;p (R™), entonces:

x) <Co(x) VxeU\Q,

donde U es un entorno del origen y o se toma seguin el caso. Para el peso del item (b)
asumimos que 0 € @.

Entre otras aplicaciones, un resultado de estas caracteristicas es crucial , por ejemplo,
para la construccion de mallas triangulares (o tetraedrales) apropiadas para la aplicacion del
método de elementos finitos para la resolucion de ecuaciones elipticas en derivadas parciales.
Cualquier triangulacién de una cudspide exterior ) produce un dominio poligonal que ex-
cede el borde de Q. Pero en tanto los resultados cldsicos de extension no son vélidos sobre
cuspides, la solucion de la ecuacidn sobre el dominio poligonal es menos regular que la
solucion exacta del problema original. Una consecuencia de este hecho es que las mallas
cuasi-uniformes no permiten obtener 6rdenes 6ptimos de convergencia, como sucede en caso
de dominios suaves. En [ , 1yl , ], se muestra
que el orden 6ptimo de convergencia puede recuperarse utilizando mallas graduadas, donde
la graduacién de la malla se realiza de acuerdo al peso o del operador de extension.

En el Apéndice A presentamos otra posible aplicacion de los teoremas de extension de-
duciendo de ellos desigualdades de Korn con pesos para cuspides normales.

En esta tesis presentamos una serie de teoremas de extension que generalizan al Teorema
A en varios sentidos. Por un lado, valen para cuispides normales y curvas, que son mas ge-
nerales que las contempladas en la Definicién A. Por otro, probamos que puede prescindirse
de las condiciones sobre los parametros &, p y n, impuestas en los incisos (a) y (b) del Teorema
A. Finalmente, tratamos el caso de espacios de Sobolev con pesos, obteniendo operadores de
extension de la forma: E : W5P(Q) — WEP(RM).
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Siguiendo los argumentos de Maz’ya, nuestro operador de extension se construye en tres
etapas. En la primera se extiende a una doble ciispide. Esta extension local tiene por objeto
independizar el resto del proceso del detalle del borde, y utiliza la uniformidad por secciones
para aplicar una adaptacién de las ideas de [ , ]. Al no resolver la singularidad
del dominio, esta etapa no requiere de ningtin peso. La segunda etapa extiende a un cono,
usando sélo la informacion de la cadena de cubos central del dominio. El peso que surge
naturalmente es el estrictamente necesario para compensar la velocidad del angostamiento de
la cadena de cubos. Finalmente, en la tercera etapa se completa la extension a un entorno del
origen, radialmente.

Para poder garantizar que la extension de la primera etapa se encuentra con la funcién
original en Q2 de manera tal que las derivadas débiles se mantienen en L”, la demostracién
se realiza primero para funciones suaves, en C*(Q \ {0}) y se generaliza luego a W*?(Q) a
través de un argumento de densidad. Para ello es necesario demostrar que las funciones de
WkP(Q) pueden aproximarse por funciones en C*. Dado que el problema de aproximacién
por funciones suaves tiene interés en si mismo, probamos el teorema de densidad separada-
mente, en el Capitulo 4.

1.3 Desigualdad de Korn

Dado un campo vectorial u € W*P(Q)", la desigualdad de Korn establece que
||Dl/l||Lp(Q)n><n S C”g(u)”Lp(Q)nxn, (13.1)
donde &(u) es la parte simétrica de la matriz diferencial de u, Du. Es decir:

Eij(l/t) = E(a_xj + 6_)61)

En el contexto de las ecuaciones de elasticidad lineal, u(x) representa el desplazamiento
del punto x € Q, al ser Q2 sometido a deformaciones, mientras que £(u) es el tensor de de-
formaciones. La desigualdad de Korn es fundamental para probar la coercividad de la forma
bilineal asociada a las ecuaciones de elasticidad, lo que permite garantizar la existencia de
soluciones, pero también la convergencia de los métodos numéricos aplicados para aproxi-
marlas.

Esta claro que la desigualdad (1.3.1) podria ser falsa. Basta tomar, por ejemplo, un campo
vectorial u cuya matriz diferencial fuese antisimétrica. Por lo tanto, es necesario imponer
condiciones adicionales sobre u. Korn, [ , , ] probd, en el caso particular p = 2,
la validez de (1.3.1) para funciones de traza nula, siendo € un abierto cualquiera. Este resul-
tado es conocido como el primer caso de la desigualdad. El llamado segundo caso se refiere

a campos u que satisfacen:

Du — Du'

f o, (1.32)
o 2
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y para ellos la validez de (1.3.1) depende de la naturaleza del dominio €.
El segundo caso de la desigualdad de Korn esta fuertemente relacionado con el caso
general que establece que:

||Du||Lp(Q)n><n < C{”M”Lp(g)n + ||8(u)||Lp(Q)n><n}. (133)

Esta claro que, para funciones que satisfacen (1.3.2), (1.3.1) implica (1.3.3). Para una u
cualquiera, vale la misma implicacidn, independientemente de las carecteristicas del do-
minio, a través de un sencillo argumento que puede verse en [ , 1,y
que adaptamos en el Capitulo 6. Por otro lado, (1.3.1) puede deducirse de (1.3.3) utilizando
argumentos de compacidad algo més complejos, que dependen del dominio considerado (ver,
por ejemplo [ , 1.

Se conocen diversas demostraciones de esta desigualdad para dominios no singulares.
Friederichs [ , 1,[ , ] la prueba en algunos casos particulares
en espacios de 2 y 3 dimensiones. Nitsche, en [ , ] la demuestra para dominios
Lipschitz, utilizando argumentos de extension. En [ , ] los autores
tratan dominios estrellados respecto de una bola y prueban que la constante de la desigualdad
estd acotada en términos del cociente entre el didmetro del dominio y el didmetro de la bola.
En un articulo reciente, [ , ], se prueba el segundo caso de la desigualdad para
dominios estrellados respecto de una bola para p = 2 usando la continuidad de la inversa
a derecha del operador divergencia, y se obtiene una expresion explicita para la constante.
Para n = 2, la constante se puede acotar por % por un término logaritmico, donde R y p son
los radios de Q y de la bola, respectivamente. En [ , ] se muestra
que el término logaritmico puede ser eliminado. Por otra parte, en [ , ] el autor
prueba que la constante para dominios convexos en R” es g. Este hecho resultard de utilidad
mas adelante. Debemos mencionar también [ , ], donde los autores
prueban que (1.3.3) vale para dominios uniformes usando el operador de extension constru-
idoen [ , ] para estos dominios. En el Apéndice A mostramos, siguiendo a [

, ], cémo las técnicas de extension que desarrollamos en el Capitulo 5
pueden adaptarse para probar desigualdades de Korn sobre cuispides normales. Finalmente,
en [ , ] se prueba la desigualdad de Korn para dominios de John, como un
corolario de la existencia de una inversa a derecha para el operador divergencia. Se cono-
cen también demostraciones que utilizan la teoria de integrales singulares, debidas a Govert,
Fichera y Ting. Sus argumentos se siguen en [ , ]. Otras referencias
clasicas son | , 1,1 , ].

A pesar de estos resultados, se sabe que la desigualdad de Korn no vale en cuipisdes
exteriores [ , ]. Esto puede ser resuelto, como en el caso del problema de
extension, utilizando pesos apropiados para obtener una desigualdad de la forma:

1Dl < Cllulliray + @)z - (1.3.4)

Los principales antecedentes que seguimos en lo concerniente a la desigualdad de Korn
sobre cuspides exteriores son: [ , 1, [ , ly

[ , 1.
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En [ , ] se tratan cuspides de tipo potencia y se prueba la
existencia de una inversa a derecha para el operador divergencia. Como corolario, se deduce
la siguiente desigualdad de Korn con pesos (ver [ , , Theorem
6.2]):

Teorema B. Dado Q un dominio de la forma (1.1.1), 1 < p < oo, B C Q una bola abierta
y B > 0; existe una constante C, dependiendo sélo de Q, B, p y B, tal que para toda u €
1, n.
de/f(Q) ;
”DMHLZPB(Q)"X” < C{”M”LP(B)" + ||8(u)||L§p(ﬂ+l—y)(Q)nX”}’

donde d = d(x) es la distancia al origen, y 'y es la potencia de la cuspide.

Para el caso sin pesos W!?(Q)", tomamos 8 = 0, y €l peso a la derecha debido al compor-
tamiento cuspidal de Q es d”!=?).

La optimalidad de este resultado se prueba en [ , ], donde los autores
trabajan con cuispides de perfil ¢ y prueban el siguiente teorema:

Teorema C. Sea Q una ciispide de perfil ¢, segiin (1.1.2), 51,8, € R, 1 < p < 00y B una
bola compactamente contenida en Q. Si hay una constante C tal que:

||DV||L17 (Q)nxn S C{”V“LP(B)H + ||8(V)||LI’ (Q)nxn},
)P @)rP2

para toda v € Wéf)pﬁl (Q)", entonces By > 5, + 1.
Es importante observar que para cuspides de tipo potencia, ¢’'(f) = y#*~!, y por lo tanto,

la desigualdad de Korn del Teorema B se corresponde con el caso en que 8; = 8, + 1 en el

Teorema C y el peso del miembro derecho resulta, en este sentido, el mejor posible.

Quisiéramos también mencionar | , ], donde se prueban desigualdades de
Korn con pesos anisotrépicos para cuspides en R® que satisfacen la Definicién A, tomando
¢(z) = 77, aunque el autor menciona que pueden tratarse casos mas generales utilizando las
mismas ideas. Finalmente en [ , ] se demuestran desigualdades de Korn
con pesos para dominios Holden-a, que incluyen a las ctspides de tipo potencia. En este
caso, como un dominio Holder-a puede tener muchas singularidades, los pesos que surgen
naturalmente dependen de la distancia al borde.

Si bien muchas de las demostraciones de Korn se realizan a través de argumentos de
extension ([ , LI , 1), se sabe que la desigualdad vale
incluso para dominios que no admiten extension. Por ejemplo, en [ , ] los
autores construyen una solucion para el problema de la divergencia sobre dominios de John.
El segundo caso de la desigualdad de Korn puede deducirse facilmente de este resultado, y
como ya sefialamos, el segundo caso implica el caso general, por lo cual ambos valen en do-
minios de John. Es interesante observar que el problema de extension puede no tener sentido
para un dominio de John. Esto nos hizo sospechar que puede haber cuspides exteriores mas
generales que las normales para las cuales una desigualdad de Korn con pesos es cierta.
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En efecto, teniendo esto en mente, en el Capitulo 6 presentamos un abordaje del pro-
blema de Korn que excede el caso de las cuspides normales. Alli probamos desigualdades
de Poincaré y de Korn con pesos para cadenas de rectingulos. Una cadena de rectdngulos es
una unidn de rectangulos que satisfacen ciertas propiedades. Esencialmente: cada rectangulo
tiene solo dos vecinos (el anterior y el siguiente), y cualesquiera dos rectangulos vecinos son
comparables entre si. Nuestra demostracion estd basada fundamentalmente en una version
discreta de una desigualdad de Hardy.

Una cadena de rectangulos puede formar una cuspide exterior, si los rectdngulos se an-
gostan apropiadamente al aproximarse a un punto. Sin embargo, la nocién de cadena de
réctangulos abarca también muchos otros dominios, no necesariamente singulares. Lo in-
teresante de nuestra técnica es que puede aplicarse con facilidad a cadenas de subdominios
cuya forma sea s6lo aproximadamente rectangular. Para ello introducimos la nocién de ca-
dena de cuasi-rectangulos y deducimos desigualdades de Poincaré y de Korn para dominios
de este tipo. A modo de ejemplo, mostramos que pueden construirse cuspides exteriores
cuyo borde sea, por secciones, el de un dominio de John. Asi, definimos la nocién de cispide
localmente John, que generaliza la de cispide normal (o curva), en tanto todo dominio uni-
forme es un dominio de John. La validez de una desigualdad de Korn con pesos para cispides
localmente John se deduce inmediatamente de los resultados obtenidos para cadenas de cuasi
rectangulos.

Nuestros resultados se generalizan facilmente a la situacion en que el campo u estd en
un espacio de Sébolev con peso WSP(Q). Para el caso de las cuspide localmente John, anal-
izamos especificaemente pesos w dependiendo de la distancia a la ctspide y de la distancia
al borde del dominio. Es interesante observar que para pesos de la forma w = (¢’)”* general-
1izamos el Teorema B probando la desigualdad de Korn incluso para algunos valores negativos

de 8.

1.4 Resumen

Comenzamos el Capitulo 2 definiendo los espacios de Sébolev con peso. Luego introducimos
la notacidon que usaremos para referirnos a cubos y rectdngulos y damos una demostracién
clasica del teorema de descomposicion de Whitney. A continuacidn, presentamos los domi-
nios localmente uniformes y los dominios de John, probando algunas de sus propiedades mas
importantes. Finalmente, demostramos una serie de resultados referidos a aproximaciones
polinomiales sobre cubos y rectdngulos, que son de uso extensivo a lo largo de la tesis.

En el Capitulo 3 introducimos la nocién de cadena de rectingulos que nos permite luego
definir cispides normales y cuispides curvas. Concluimos el capitulo con un ejemplo que
muestra que toda cispide que satisfaga la Definicidon A es necesariamente una cispide normal
(o curva).

En el Capitulo 4 probamos que C*(Q \ {0}) es denso en W*P(Q), siendo Q una cuspide
normal o curva. Tratamos también el caso pesado WEP(Q), y probamos que la densidad sigue
valiendo cuando el peso w puede ser aproximado por constantes en bandas horizontales. Este
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resultado se generaliza en la Seccién 5.3, donde se concluye que C *(Q) es denso en W5P(Q).

El Capitulo 5 esta dedicado a la construccion del operador de extension. Desarrollamos
primero el caso de las cuispides normales, porque es mds simple y permite evitar algunos
tecnicismos que oscurecen las demostraciones sin aportar ninguna idea de fondo. Para las
cuspides curvas desarrollamos una etapa cero que, de manera andloga a la etapa uno de la
extension para cuspides normales, permite extender funciones desde una cuspide curva a una
normal.

En el Capitulo 6 probamos desigualdades de Poincaré y desigualdades de Korn con pesos
para cadenas de rectdngulos y cadenas de cuasi-rectingulos. También definimos cuispides
localmente John, como un caso particular de cadenas de cuasi-rectdngulos y mostramos que
nuestros resultados generalizan el Teorema B.

Finalmente, mostramos como puede obtenerse la desigualdad de Korn para cuspides nor-
males a través de argumentos de extension. Dado que este resultado es menos general, y su
demostracién més intrincada, que los dados en el Capitulo 6, lo incluimos en el Apéndice A.

Es importante sefialar que el contenido de la presente tesis ha dado lugar a dos articulos.
El primero de ellos contiene fundamentalmente las definiciones de cispides normales y cur-
vas, y los teoremas de extension desarrollados en el Capitulo 5 y ha sido publicado en [

, ]. El segundo, [ , ], que introduce las nociones de cade-
nas de rectangulos y de cuasi-rectdngulos y establece las desigualdades de Korn que aqui
presentamos en el Capitulo 6, ha sido recientemente remitido para su publicacion.
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Introduction

1.1 Domains with external cusps

Given QQ ¢ R” a bounded domain, roughly speaking we say that Q has an exterior cusp at x
if xo € 0Q and Q narrows as it approaches x, in a way that prevents any cone with vertex at x
to be contained in Q. Throughout this thesis we assume xy = 0. Many different definitions of
external cusps are considered in the bibliography. The simplest cusps are power type cusps:

Q={(,x) eR""xR: [¥| <}, (1.1.1)

being y some real number y > 1.
This notion is naturally generalized to domains with a profile depicted by a function ¢
with cuspidal behaviour.

Q={,x) e R xR : |¥| < @x,)}, (1.1.2)

where ¢ : R,y — R, is a derivable function such that ¢(0) = 0 and ¢’(0) = 0, or, more
generally, ¢ is Lipschitz and @ — 0 (t — 0").

If we denote B’ = B"'(0, 1) the n — 1 dimensional ball with center at the origin an radius
1, and aB’ is the dilatation of B’ by a, (i.e.: aB’ = B"'(0,a)) it is clear that (1.1.2) can be
written:

Q={,x)eR""xR: x" €px,)B).

Maz’ya and Poborchii, in [ , ], generalize this idea, and intro-
duce the following definition of external cusp:

Definition A. Let Q C R" (n > 2) be a domain with compact boundary 0Q. Assume that
0 € 0Q and that 0Q \ {0} is locally the graph of a Lipschitz function. We say that Q has an
exterior cusp at the origin if there is a neighbourhood of the origin U C R", such that

UNQ={(x,x,) e R xR : x € o(x,)m),

where w C R is a bounded Lipschitz domain ¢ : Rsg — Ry is a Lipschitz nondecreasing
function such that@ — 0 (t - 0%) and ¢(0) = 0.

11
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Definition A implies an important generalization, as long as it admits domains that do not
include the vertical axis, but are tangential to it. However, it imposes an important restriction,
yet: every horizontal slice of  presents the same shape (@), scaled according to the height.

(a) Cusp containing the verical axis (b) Cusp tangential to the vertical axis

Figure 1.1: Maz’ya’s cusps.

In this thesis, we introduce a notion of cusp that generalizes Definition A (see Definitions
3.2.1 and 3.3.1). Our definition is based on the existence of a chain of cubes in the Whitney
decomposition of the domain that forms what we call its spine. This chain of cubes is placed
approximately at the center of the domain. For example, in the case of power type cusp, it
would be formed by cubes touching the vertical axis. Furthermore, it narrows towards the
origin, and the speed of this narrowing gives the cuspidal behaviour of the domain. On the
boundary, instead of the local Lipschitzianity asked in Definition A, we impose a condition
of uniformity by stripes. Uniform domains [ , , , , ,

, , , , ] include the Lipschitz ones, and admit the construc-

tion of extension operators [ , ]. In this sense, our sectional uniformity condition
constitutes a rather weak regularity hypothesis, that allows us to define extension operators
locally.

In order to simplify calculations, we present two slightly different definitions. In 3.2.1
we introduce normal cusps, which spine contains the vertical axis. These cusps are somehow
symmetric with respect to the axis, as (1.1.2). Curved cusps (Definition 3.3.1), on the other
hand, satisfy the same properties than normal cusps, but are allowed to be tangential to the
axis, like those satisfying Definition A.

The main virtue of normal cusps is that, since their definition does not involve any descrip-
tion of the domain’s profile, they allow us to prove that the weights necessary to compensate
the singularity do not depend on the detail of the boundary, but only on the speed of the
narrowing toward the origin. Our definition of normal cusp can be interpreted as an analo-
gous of Definition A, where the function ¢ does not represent the precise profile of the cusp,
but simply interpolates it in some points, giving a description of the speed of the narrowing.
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Furthermore, according to this definition, ¢ does not need to be monotonous. Finally, the re-
quierement of sectional uniformity constitutes a much more general condition that the local
Lipschitzianity of Definition A. As an example, we prove that a cusp satisfying Definition A,
but taking @ a uniform domain, not necessarily Lipschitz, is a normal or curved cusp.

1.2 Extension Domains

Let Q be a domain in R”. W*P(Q) is the Sobolev space of functions having weak derivatives
of order « for every « such that || < k, with the norm:

— p
A iy = D ID A1y

lal<k

We say that Q is an extension domain of Sobolev (E.D.S.) if there exists a linear bounded
operator:
E: W (Q) — WHP(RY),

such that E f|q = f for every f € WEP(Q).

The existence of an extension operator is very useful, since it implies that many results
valid for W*P(R") are inherited by W*P(Q). A classical example of this situation is given
by embedding theorems, that can be proved in R” in the first place, and then, through an
extension argument, for certain domains. This and other applications of extension theorems
can be found in the classic literature regarding Sobolev spaces. For example: [

It is well known that smooth domains are E.D.S. In fact, since the boundary of a smooth
domain can be locally flattened by means of a regular transformation, the extension operator
can be constructed applying a simple reflection method (see [ , ,

, ]). On the other hand, by using the so called Sobolev representation formula in
a cone and singular integrals Calder6n [ , ] showed that Lipschitz domains are
also E.D.S. for 1 < p < co. This result was extended to the range 1 < p < oo by Stein [
, , , ] by using an appropriate averaged reflection procedure.

Reflection type techniques are a natural approach for dealing with extension of functions.
More complex ways of reflection are needed in order to handle more general domains. In this
context Jones, in [ , ], studied (&, 6) domains, also called locally uniform domains,
that had been introduced in [ , ], and form a broader class than Lips-
chitz domains. Jones proved that every (&, ) domain is an E.D.S. In terms of the Whitney
decompositions W and W<, of Q and ()’ respectively, Jones’s idea hinges on the fact that
(&,0) domains enjoy the following properties:

(a) Whitney cubes Q € W near Q) have a “reflected” cube Q* € ‘W, of similar size and
near Q.

(b) reflected cubes Q7, Q5 € W of neighboring cubes Q;, Q> € W¢ can be joined by a
bounded chain of touching cubes in W.
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Thanks to this, an appropriate polynomial approximation of f in Q* can be used to define
the extension of f in Q. In Figure 1.2 we show two touching cubes and their reflected cubes,

along with a possible chain of cubes joining them.

o

L]

L]

Figure 1.2: Reflected cubes and chain.

In the case of external cusps, on the contrary, there are counterexamples that show that it
is not possible to build an extension operator in the classical sense. Hence, it is necessary to

perform an extension to a weighted Sobolev space.
In this sense, Maz’ya and Poborchii [ ,
extension theorem for external cusps satisfying Definition A.

] proved the following

Theorem A. Let QO C R" a domain with an external cusp at the origin, according to Definition

A. Then, there exists an extension operator:
A W (Q) — W(R),
where o can be taken according to the following conditions:
(a) Ifkp <n—1,ork=n—1and p =1, and ¢ satisfies

(1) . .
T IA) nondecreasmg.

then,
1 xeQ

ox) = { (L) yeqr

By
(b) If kp > n— 1, and ¢ is such that:
3C, constant : p(21) < Cyuep(t)

then,
1 xeQ

o(x) = { (tp(IXI))"_l R

|x|

(1.2.1)

(1.2.2)
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(c) Ifkp=n—-1,1< p < oo, ¢is such that (1.2.1) and:
d6>0: ot + (1) = e[ 1 + O(p(t)/1)°] ast— 0 (1.2.3)

then,
1 x€Q

o(x) = { (M)k” 10g(M)# xeQ

|x| |x|

(d) Assuming (1.2.2), if & is a radial nondecreasing weight such that there is an extension
operator: A : Wk (Q) — W(];p (R™), then:

Fx) <Co(x) VYxeU\Q,

where U is a neighbourhood of the origin and o is taken according to the case. For the
weight in item (b) we assume 0 € @.

Among several applications, such a result is crucial, for example in the construction of
triangular (or tetraedral) meshes for the application of the finite element method for the re-
solution of elliptic partial differential equations. Any triangulation of an external cusp Q
produces a polygonal domain that exceeds the boundary of Q. But since the classical ex-
tension results do not hold for cuspidal domains, the solution on the polygonal domain is
less regular than the exact solution of the original problem. A consequence of this fact is
that quasi-uniform meshes do not lead to optimal orders of convergence, as it happens in the
case of smooth domains. In [ , ] and [ , ], it is
shown that the optimal order of convergence can be recovered using graded meshes, where
the graduation is performed according to the weight o of the extension operator.

In Appendix A we present another possible application of extension theorems, obtaining
a weighted Korn inequality for normal cusps.

In this thesis we present a series of extension theorems that generalizes Theorem A. Our
results are valid for normal and curved cusps, that are more general than the ones satisfying
Definition A. On the other hand, we prove that the conditions on the parameters &, p and n
on items (a) and (b) of Theorem A are not necessary. Finally, we treat the case of weighted
Sobolev spaces, obtaining extension operators of the form: E : Wff;” Q) — Wf,’ﬁ(R").

Following [ , ], our extension operator is built in three stages.
The first one extends to a double cusp. This local extension is meant to make the rest of
the process independent of the detail of the boundary. Here, we use the sectional uniformity
property of normal and curved cusps in order to apply an adaptation of the ideas of [ ,

]. Since the singularity of the domain is not solved, this stage does not requiere a weight.
Second stage extends to a cone, using only the information of the chain of central cubes of
the domain. The weight that appears is the strictly necessary to compensate the speed of the
narrowing of the chain of cubes. Finally, the third stage extends to a neighborhood of the
origin, radially.

In order to guarraty that the extension of the first stage meets the original function on 0Q
in a way such that the weak derivatives remain in L”, the proof is performed first for smooth
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functions, in C*(Q \ {0}) and is generalized later to W*P(Q) through a density argument. For
doing this, it is necessary to prove that functions in W*?(Q) can be approximated by functions
in C*. Since the problem of the approximation by smooth functions is interesting in itself,
we prove a density theorem separately, in Chapter 4.

1.3 Korn’s inequality

Given a vector field u € W5P(Q)", Korn’s inequality establishes that
IDul|r @y < Clle@)|] Loy, (1.3.1)
where &(u) is the symmetric part of the differential matrix of u, Du. In other words:

l(aul (9111)
— + —)

gij(u) - E (9xj (9x,-

In the context of linear elasticity equations, u(x) represents the displacement of the point
x € Q, when the body Q is under deformation, whereas (u) is the strain tensor. Korn’s
inequality is a funtamental tool for proving the coercivity of the bilinear form associated with
elasticity equations, which allows to prove the existence of solutions, but also the convergence
of the numerical methods applied to approximate them.

It is clear that inequality (1.3.1) could be false. It is enough to take, for example, a vector
field u such that Du is skew-symmetric. Hence, it is necessary to impose additional conditions
on u. Korn, [ , , ] proved, in the case p = 2, the validity of (1.3.1) for functions
with null trace, being Q2 any open set. This result is known as the first case of the inequality.
The so called second case consider fields u that satisfy:

Du - Dit
f% -0, (1.3.2)
Q

and for them, the validity of (1.3.1) depends on the nature of the domain Q.
The second case of Korn’s inequality is closely related with the general case, that esta-
blishes:
||Du||LP(Q)n><n < C{”u”LP(Q)n + ||8(u)||LP(Q)n><n} Yu € Wl’p(Q). (133)

For functions that satisfy (1.3.2), (1.3.1) implies (1.3.3) trivially. For any u € W'"(Q),
the same implication holds, regardless the shape of the domain €. The proof requieres a
simple argument that can be seen in [ , ], or in Chapter 6. On the other
hand, (1.3.1) can be deduced from (1.3.3) using a more complex compactness argument that
depends on the domain (see, for example [ , D.

Many proofs of Korn’s inequality are known for non singular domains. Friederichs proves
it in [ , LI , ] for some particular cases in spaces of 2 and 3
dimensions. Nitsche, in [ , ] proves it for Lipschitz domains, using extension



1. INTRODUCTION 17

arguments. In [ , ] the authors treat domains starshaped with
respect to a ball and prove that the constant in the inequality is bounded in terms of the
quotient between the diameter of the domain and the diameter of the ball. In a recent paper,
[ , ], the second case is proved for domains star shaped with respect to a ball, for
p = 2, using the continuity of the right inverse of the divergence operator, and an explicit
expression for the constant is found. For n = 2, the constant behaves as f times a logarithmic
term, where R and p are the radii of Q and the ball respectively. In [ ,
] it is shown that the logarithmic term can be removed. On the other hand, in [ ,
] the author proves that the constant for convex domains in R” is R a fact that will be
useful later. We should also mention [ , ], where the authors prove
that (1.3.3) holds on uniform domains, using the extension operator built in [ , ]
for such domains. In the Appendix A we show how the extension procedure developed in
Chapter 5 can be applied to prove weighted Korn inequalities for normal cusps. Finally, in
[ , ], Korn’s inequality is proved for John domains, as a corollary of the
existence of a right inverse for the divergence operator. The inequality has also been proved
using Calderén-Zygmund inequalities for singular integrals, by Govert, Fichera and Ting.
Their arguments are followed in [ , ]. Other classical references are
[ ; LI ; I
Despite these results, it is well known that Korn’s inequality does not hold on external
cusps [ , ]. This can be solved, as in the extension problem, using appropriate
weights in order to obtain an inequality of the form:

lllrr < Clllulliray + @Iz - (1.3.4)

The main precedents that we follow regarding Korn’s inequality on external cusps are:

[ , LI , ]and [ , 1.

In [ , ] power type cusps are treated, and the existence of
a right inverse for the divergence operator is proved. As a corollary, the following weighted
Korn inequality is obtained (see [ , , Theorem 6.2]):

Theorem B. Given Q a domain of the form (1.1.1), 1 < p < oo, B C Q an open ball and
B = 0; there exists a constant C, depending only on Q, B, p and B, such that for every
L, n.
ueWw dp’,f(Q) ;
1Dullr @y < Clllullrsy + lle@)ll

apB+1-y) @y }’

where d = d(x) is the distance to the origin and vy is the exponent of the cusp.

For the unweighted case, Whr(Q)", we take B = 0, and the weight on the right hand side,
due to the cuspidal behaviour of Q is d?!™.

The optimality of this result is proved in [ , ], where the authors work
with cusps with profile ¢ and prove the following theorem:

Theorem C. Let Q be a cusp with profile ¢, according to (1.1.2), 81,8, € R, 1 < p < oo and
B a ball compactly contained in Q. If there is a constant C such that:

D nxn < P 7 + JIX1
I v”%wﬂﬁl(m S C{||V||L1 (B) ”‘S(V)HL‘(';,)MZ(Q) x },
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foreveryv e W(lj)pﬂl (Q)", then By > >+ 1

It is important to observe that for a power type cusp ¢’(f) = y#*~!, and therefore, Korn’s
inequality in Theorem B corresponds with the case 8, = 8, + 1 in Theorem C, and the weight
on the right hand side is, in this sense, the best possible.

We would also like to mention [ , ], where weighted anisotropic Korn in-
equalities are proved for exterior peaks in R?, satisfying Definition A, taking ¢(z) = z7,
although the author mentions that more general cases could be treated in the same way. Fi-
nally, in [ , ], the authors prove weighted Korn inequalities for Holder-a
domains, that include power type cusps. In this case, since a Holder-& domain may have
many singularities, the weight that naturally arises for them depends on the distance to the
boundary.

In spite of the fact that many proofs of Korn’s inequality are carried out using extension
arguments, ([ , LI , ]), it is known that the inequality
holds even for domains that do not admit an extension operator. For example, in [

, ] the authors provide a solution for the divergence problem on John domains.
The second case of Korn’s inequality can be obtained from this result and, as we commented
above, the general case can be easily deduced from the second. It is interesting to observe
that the extension problem can be senseless in a John domain. This induced us to suspect that
there could be external cusps of a more general kind than normal or curved cusps, for which
a weighted Korn inequality holds.

Indeed, bearing this in mind, in Chapter 6 we present an approach for the problem of
Korn’s inequality that exceeds the case of normal or curved cusps. There, we prove Poincaré
and weighted Korn inequalities for chains of rectangles. A chain of rectangles is a union of
rectangles satisfying certain properties. Essentially: each rectangle has two neighbours (a
preceding and a subsequent one), and any two neighbouring rectangles are comparables. Our
proof is based mainly on a discrete version of a Hardy type inequality.

A chain of rectangles may form an external cusp, if the rectangles narrow properly as
they approach a point. However, the notion of chain of rectangles also includes many other
domains, not necessarily singular. An important aspect of our technique is that it can be easily
applied to chains of subdomains which shape is only approximately rectangular. For that, we
introduce the notion of chain of quasi-rectangles, and we deduce Poincaré and weighted
Korn inequalities for these domains. As an example, we show that with chains of quasi-
rectangles it is possible to build external cusps which boundary is, by stripes, the one of a
John domain. In this way we define the notion of locally John cusps, that generalizes normal
and curved cusps, since every uniform domain is a John domain. The validity of a weighted
Korn inequality for locally John cusps is an inmediate consequence of the results obtained
for chains of quasi-rectangles.

Our results can be easily generalized to the situation where the field u belongs to the
weighted Sobolev space WSP(Q). For the case of locally John cusps, we analyze specifically
weights w depending on the distance to the cusp and on the distance to the boundary of the
domain. It is interesting to notice that for weights of the form w = (¢’)”® we generalize
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Theorem B, proving Korn’s inequality even for some negative values of .

1.4 Summary

We begin Chapter 2 defining weighted Sobolev spaces. Afterwards we introduce the notation
that we use for cubes and rectangles, and we provide a classical proof of Whitney’s decompo-
sition theorem. Later, we present locally uniform domains and John domains, proving some
of their most important properties. Finally, we prove several results regarding polynomial
approximations on cubes an rectangles that are extensively used along the thesis.

In Chapter 3 we introduce the notion of chain of rectangles, that allows us to define normal
and curved cusps. We finish this chapter with an example that shows that every external cusp
satisfying Definition A is necessarily a normal or curved cusp:

In Chapter 4 we prove that C*(Q \ {0}) is dense in W*?(Q), being Q a normal or curved
cusp. We also treat the weighted case WEP(Q), and we prove that the density holds when the
weight w can be approximated by constants over horizontal stripes. This result is generalized
in Section 5.3, where we conclude that C*(Q) is dense in W*?(Q).

Chapter 5 is devoted to the construction of the extension operator. We first develop the
case of normal cusps, because it is simpler and because in this way we avoid some technical
details that blur the proof not providing any important idea. For curved cusps we develop
a stage zero that works like the first stage of the process for normal cusps, and allows us to
extend from a curved cusp to a normal one.

In Chapter 6 we prove Poincaré and weighted Korn inequalities for chains of rectangles
and quasi-rectangles. We also define locally John cusps, as a particular case of chain of
quasi-rectangles, and show that our results are a generalization of Theorem B.

Finally, we show how Korn’s inequality for normal cusps can be obtained using extension
arguments. Since this result is less general, and its proof more cumbersome, than the ones in
Chapter 6, we include it in the Appendix A.

It is important to notice that the content of the present thesis has been included in two
articles. The first one contains mainly the definitions of normal and curved cusps, and the
extension theorems developed in Chapter 5, and has been published in [ ,

]. The second one, [ , ], which introduces the notions of chains of
rectangles and quasi-rectangles and establishes the Korn’s inequalities that are presented here
in Chapter 6, has been recently summited for its publication.
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Preliminaries

This chapter is meant to present the basic definitions and the notation that is used throughout
this work. We divide it in four sections. The first three are introductory and deal with the
definitions of weighted Sobolev spaces, the notation that we use for cubes and rectangles,
which leads to the Whitney decomposition theorem, and the notions of uniform and John
domains, respectively. In the last one we define two different polynomial approximations for
Sobolev functions and we prove their main properties.

2.1 Weighted Sobolev Spaces

Let Q be an open connected set in R”, and f : Q — R a locally integrable function. We say
that h, € L! (Q) is a weak derivative of f of order @, with @ = (a1, - @,) € N{ a multi-index

- loc
[sro=coe [ ns voecs.
Q Q

where |a| = a; + - - - + a,,. We denote h, = D%u.
Sometimes we write
vifi= Y D
a:lal=m
Let w : R" — R, be a locally integrable nonnegative function. Fork € Nand 1 < p < oo,
the weighted Sobolev space WEP(Q) is the space of functions f defined in Q having weak
derivatives of order a, for |a| < k, D*f € L (), and satisfying (for p < o0):

loc

Iy g 3= D 10D AUy = D f WD (P dx <o (2.11)
w | Q

| <k la|<k

The natural extension is taken for p = oo
In the first chapters we deal with scalar fields, proving the density of smooth functions in
Sobolev spaces, and the extendability of Sobolev functions, both on domains with external

21
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cusps. These results can be easily extended to vector fields, handling each coordinate se-
parately. However, in the last chapter we work specifically with vector fields, in the context
of the equations of linear elasticity. Hence let us denote, for a constant matrix A € R™":

n n
AP =" > 1A
i=1 j=1

Furthermore, let us define Wf,’p (Q2)", the space of vector fields u : Q — R”", with weak
derivatives of order a for all 0 < |o| < k, equipped with the norm:

n
1
Wl g = > D 07 Dl
¢ i=1 |al<k
We also take the L” norm of a matrix field A : Q — R™" as:
n n .
WA s = D, D" Al
=1 j=1

In the unweighted case (w = 1) we write [|ully1rq), [lUllwrr@p and [|All @y, respectively.
p’ stands for the conjugate exponent of p: - + —; = 1.

Sometimes we write )g f to denote the mean value of f on S':

fr=m ks

Troughout this thesis, we denote with C a generic constant that may change from line to
line. Most of the times, this constant depends on the general parameters (n and p), and on
the measure or the parameters of the domain being considered. Sometimes we specify this
dependance for the sake of clarity.

2.2 Cubes and rectangles

We say that two positive numbers are C comparable, and we denote it a > b, if

1
—a <b<Ca.
ol a

Sometimes we write simply a ~ b, omitting the constant C.
For a collection of sets C, we denote UC, the union of all the sets in C, i.e.:

uc=|Js.

Given two sets A and B, we denote A = B if they differ in measure zero.
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Given a rectangle R C R”" with edges parallels to the coordinate axis, the size vector of
R is denoted with Z(R) = ((1(R), &r(R), ..., €,(R)), where {;(R) is the length of R’s i-th edge.
For a cube Q we use €(Q) to denote the length of any of its edges, and for a rectangle R,
we define £y(R) := max;<,{{;(R)} and {,,(R) := min <, {;(R). Sometimes we deal with
rectangles with n — 1 short edges, that we denote ¢(R), and a long one, that we denote L(R).
Our rectangles are sometimes closed, sometimes open, and sometimes semi-open sets. We
hope this will be clear from the context, in each case.

A pair of rectangles R;, R, are called C-comparable, and we write R; > R,, if there is a

constant C, such that £;(R)) > {i(Ry) forl1 <i<n.

We say that Ry and R, are fouching rectangles if R "Ry = 0 and Ry N R, = F with F a
face of R, or R,.

For a rectangle R, we denote its center with cg. Our external cusps are defined in terms of
rectangles that are placed vertically, one below the other, so we introduce a special notation
for the upper and lower faces of a cube or rectangle, and for the respective x, coordinate: If
cg = (c1,- -, cy) the upper face Fj of R is given by

_ 1
F}Ié’ = {()C],"‘ ’xn) €ER: Xn = Cn+§€”(R)}’

and analogously is defined the lower face FL,.

For a rectangle R, centered in cx = (cy,---,c,) we denote zzg = ¢, — %fn(R) (the last
coordinate of points belonging to F%). Anagolously, we denote Zx the last coordinate of the
points belonging to F,.

We denote by aR (a > 1), the expanded rectangle centered at cg with edges £;(aR) = al;(R).
Sometimes we consider the special case of horizontal expansions, so we denote:

axR= {(x’,x,,) eR": X €aR',zzpg < x, < ZR},

being R’ the projection of R into the space R"~! corresponding to the first n — 1 coordinates.
Finally, throughout this work %, stands for the x, axis.
Now, we can establish the following well known decomposition Theorem, due to Whit-
ney:

Theorem 2.2.1 (Whitney). Let Q C R", Q # R", be an open set. Then, there is a collection
W = W) :={Q;} of (countably) infinite dyadic closed cubes such that Q = UW, and:

(@) @2NQL=0 YQ, 0 W),
(b) nt(Q)) < d(Q;,0Q) < 4~nl(Q)) V0,
(c) if Qj N Ok # O then: £(Q;) < 4L(Qy).

Proof. Let ‘W, be the set of all the cubes in R” of unit length whose vertices have integer
coordinates. From W, we can obtain a two tails chain of sets, given by: W, = 27*W,,
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k € Z. ‘W), can be constructed dividing every cube Q € W, into 2" equal cubes. Naturally,
the edges of the cubes in ‘W, have length 27*.
We also consider

Q={xeQ: 2% <d(x,0Q) < 271},

where c is a constant that we specify later. Observe that the size of the cubes in W, is 27*
and the distance of every point in € to dQ is proportional to 27*. Consequently, in order to
obtain (b), it is natural to consider the cubes in ‘W, that intersects €. Hence, we define:

(W:U{Qe(wk: 0NQ #0).
k

Now we can select the value of ¢: given Q € w , we have that Q € ‘W,, for some k and
there is a point x € Q N Q. Then:

d(Q,0Q) < d(x,0Q) < 27" = 2c£(Q),
so, we can take ¢ = 2 +/n, and we have: d(Q, Q) < 4 y/nf(Q). On the other hand:
d(Q,09) > d(x,0Q) — Vnl(Q) > 27" — Vnl(Q) = Vnt(Q).

In order to complete the proof we need to exclude from W the redundant cubes. First,
suppose Q1 € Wy, Qo € W,, 01N Qs #0and O, 0; € W. Then, one of them is contained
in the other. In particular, if k; > ky, Oy C Q.

Now, for every Q € % , we take the maximal cube in W that contains 0. Given 0y, O,
such that Q C Oy, @,, we have that Q; N Q, # 0, and then, thanks to the previous observation,
Q1 C O, or vice versa. Since d(Q, 0Q) < oo, the maximal cube referred above is unique. We
define ‘W, the set of all these maximal cubes in W. .

Every cube Q € W satisfies (a), since every cube in W does. Morever, it is clear that ‘W
also satisfies (b) and (c). O

Remark 2.2.2. One can easily observe, from the proof, that for any pair of open sets A and
B, with A C B, every cube Q € ‘W(A) is contained in some cube Q € W(B).

2.3 Domains

2.3.1 Smooth domains and the cone condition

It is well known that some important properties of the Sobolev space W*?(Q) depend strongly
on the nature of the domain Q'.The classical theory of Sobolev spaces treats smooth domains,
providing several notions of smoothness. Here we state only three important classical defini-
tions before passing to more general domains that are the basis of our external cusps.

"We use the word domain to denote “open connected set in R"”
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Figure 2.1: Whitney decomposition of an ellipse

Definition 2.3.1. A domain D C R”" is called a Lipschitz domain if its boundary is locally
the graph of a Lipschitz function. More precisely, if there are numbers €, M and N, a finite
collection of open sets {U;} and one of functions { f;}, such that:

(i) If x € D and d(x,dD) < & then x € U; for some i.
(ii) A point x cannot belong to more than N sets U,.

(iii) D N U; can be represented by the inequality x, < fi(xi,...,X,_1) in some Cartesian
coordinate system, for (xi, ..., X,—1) in some domain in R"".

(iv) All the funcitons f; satisfy the Lipschitz condition with constant M :
/(&) = fipl < M|¢ —nl.

Sometimes domains satisfying Definition 2.3.1 are called strong Lipschitz (for example,
[ , 1) or C*!'-domains ([ , ]). Since we are
stating this definition just for the sake of completeness, we prefer to use the simpler name of
Lipschitz domains.

Definition 2.3.2. A domain D belongs to the class C (or has a C boundary) if 0D is locally
the graph of a continuos function. More precisely, if it satisfies Definition 2.3.1, but taking f;
just continuous, and not necessarily Lipschitz.

A more geometric notion that have proved to be a very useful tool is the so called cone
condition:
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Definition 2.3.3. Given a parameter &, let us consider the cone
K= {x eR": (xi+--+x_ )< fxn}.

We say that a domain D C R" satisfies the cone condition if for every x € D there is a cone
K, which is the result of a rigid movement of K, such that K, C D.

This definition remains the same if we state the existence of the cones K, for every x in
0D or in D, instead of x € D.

It is well known that every Lipschitz domain satisfies the cone condition. Moreover a
domain is Lipschitz if and only if it satisfies the uniform cone condition*. However, there are
domains that satisfy the cone condition but are not Lipchitz. Consider, for example, an inner
cusp in R? (see Figure 2.2):

Q, = B0, 1)\ {(x,y) eR*: |y| < x%} a>1. (2.3.1)
And the limit case €., which corresponds with a ball without a segment:
Q. =B0O,DH\{(x,y) eR*: 0<x<1,y=0}. (2.3.2)
(@) Q, (b) Qo

Figure 2.2: Inner cusp and limit case.

These examples show that the cone property can be satisfied by singular domains. More-
over, it is clear that both Q, and (Q)° satisfy the cone condition. But it is also clear that
0Q), cannot be represented by a Lipschitz function in any neighborhood of the point (1, 0).

On the other hand, external cusps of power type and profile cusps, are in the class C, but
do not fulfill the cone condition. Furthermor, take a bent cusp, such as:

Q={(x,y)eR*: 0<y<1, y* <x<2y)

This domain, whose singularity is esentially of the same kind that the one in a power type
cusp, is not in the class C, and does not satisfy the cone condition.

2We say that D satisfies the uniform cone condition if it satisfies the cone condition in the following way:
there is a collection of open sets C = {U;} that covers D and a corresponding collection of cones K; that are
rotations of a fixed cone K with vertex at the origin, and such that x + K; ¢ D for every x € U;. The proof
of the equivalence between the uniform cone condition and the Lipschitzianity of the boundary can be seen in
[ , , Theorem 1.2.2.2].
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2.3.2 John domains

John domains were first introduced by Fritz John in [ , ], and named after him by
Martio and Sarvas in [ , ]. These domains can be understood as a
generalization of the notion of domains star shaped with respect to a ball. Essentially, in a
John domain there is a distinguished point x,, and every point x can be joined with x, through
a twisted cone:

Definition 2.3.4. Let 0 < @ < 8 < o0. A domain D C R" is called a John domain with
parameters a and B if there is a point xy € D (the John-center of D) such that for every
x € D there is a rectifiable curve with parametrization by arc length vy : [0, €] — D such that
v(0) = x and y(€) = xo, and:

t<p, (2.3.3)

d(y(t),dD) > %t vt € [0, €]. (2.3.4)

Given x € D, and its correspondant curve vy, the set U;B(y(), $1) is a twisted cone with its
axis depicted by the curve .

The inner cusps €2, defined in (2.3.1) and the limit case ., in (2.3.2), are good examples
of John-domains, and are shown along with examples of twisted cones, in Figure 2.3. Another
interesting example is the fractal known as the Koch snowflake. In Figure 2.4(a), we show the
snowflake and a possible twisted cone. It is important to observe that every domain satisfying
the cone condition is a John domain. On the other hand, Koch snowflake does not satisfy the
cone condition, which proves that the converse is not true.

oo

(a) The inner cusp Q, (b) The limit case Q.

Figure 2.3: Examples of John domains.

Q. is also a good example for showing that some of the problems that we tackle in this
thesis can be unsolvable, if the domain is particularly evil: it is clear that no set of smooth
functions up to the boundary of Q. could be dense in W*P(Q,,). Moreover, the extension
problem is also meaningless in 2, and consequently in a general John domain.
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2.3.3 Uniform domains

The concept of (g, §)-uniform domain was introduced in [ , ]. There
are several equivalent definitions for this kind of domains (see, for example, [ , 1,
[ , 1 [ , ]). Here, we state the definition used in [ , ]
(which is presented in [ , 1), because it fits better with the extension procedure
developed in Chapter 5.

Definition 2.3.5. (Locally Uniform Domains) D is a (g,0) domain if for all x,y € D with
|x — y| < O there is a rectifiable curve vy joining x and y such that:

{y) < @ (2.3.5)

glx —zllz =yl

d(z,0D) >
lx =yl

Yz ey. (2.3.6)
where {(y) denotes the length of y.
If 6 > diam(D), we say that D is a uniform domain.

Roughly speaking, a uniform domain D admits, for every pair of points x,y € D, a cigar
that joins them and remains inside D. This cigar is the neighborhood of the curve y defined
by (2.3.6), which is fat in the center of y and thin at its endpoints. A unique parameter &
controls the fatness of every cigar. In Figure 2.4(b), we show an example of cigar.

Uniform domains include Lipschitz domains, but they form a much larger class. In fact,
if D is uniform, dD could be very rough. The Koch fractal snowflake mentioned earlier is
uniform (see Figure 2.4(b)).

X

(a) Is John domain - Twisted cone (b) Is uniform domain - Cigar

Figure 2.4: Koch snowflake.
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On the other hand some simpler domains with an isolated singular point are not uniform.
In inner cusps like €, in (2.3.1), property (2.3.5) fails: for every election of &€ we can pick a
pair of points x,y as near of each other as needed, in order to force the curve y to be larger
than requested in (2.3.5). This shows that a John domain need not to be uniform, even when
every uniform domain is a John domain.

Complementarily, the kind of domain that we are interested in, external cusps, are not
uniform either: for every fixed value of € we can take a point x and another point y as near of
the tip of the cusp as needed in order to force the cigar to touch the boundary of the domain,
so property (2.3.6) fails. In Figure 2.3.3 we show an external cusp of power type, with a cigar
that exceeds the boundary of the domain.

Figure 2.5: External cusps are not uniform.

The Koch snowflake example shows that the boundary of a uniform domain can be very
intricated. However, the measure of this boundary have to be null. In order to prove this, let
us recall the following well known result:

Lemma 2.3.6. Let E C R" be a measurable set, then almost every point of E is a density
point of E. In other words:

. QN E|
im

=1 for almost every x € E.
o |0

Proof. Itis asimple corollary of Lebesgue’s differentiation theorem for the indefinite integral
(see, for example, [ , ]). This theorem states that if f is locally
integrable in R”, then, for almost every x,

1 B
{121{26@ Qf(y)dy—f(X).

The results follows by taking f = yg, and x € E. m|

Lemma 2.3.7. If D is a (&, 6) domain, then |0D| = 0.
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Proof. Letxy € 0D,y € D, and consider a cube Q centered at x, and such that £(Q) < %Iy—xol.

Take x € D such that |x — xp| < %{’(Q), and y the curve joining x and y. There is a z € y such
that |z — x| = %K(Q). Then:

lx — zllz =yl - 1 “o).

d(z,0D) > >
(0D) 2 e 100

Then |D N Q| > C&"|Q|. Consequently, Properties (2.3.5) and (2.3.6) allow us to estimate the
measure of D N Q. Now, let us observe that:

N D|+|Q N D¢ N D¢
_la_1lenpi+ienpl ., 100D
10l 10l 10l
And then: A D
© | <1-Cé&" < 1.
10l
And this happens for every Q > xy, and for every xy € dD. Hence, dD is a subset of points of
D¢ that are not density points of D°. Consequently, [0D| = 0. |

2.4 Polynomial approximations

Throughout this work we deal extensively with polynomial approximations of Sobolev func-
tions on cubes and on rectangles. We begin this section stating some general results on
polynomials, and afterwards we present two different kinds of polynomial approximations,
and prove some of their most important properties.

For a polynomial P, degP stands for the degree of P.

Lemma 2.4.1. Let R be a rectangle, P a polynomial with deg(P) < k, then:

C
1Pl z=r) < —FIPllLrw)s 1 <p<oo,

R|»
with C depending only on k.

Proof. Let Q = [-1,1]". Let F : O — R be the linear application: F : £ — x, that maps Q

onto R: F(X) = f(R) - ' + cg. Observe that |DF| = |R|. We consider the polynomial P defined
on Q as P(®) = P(F(®)). Notice that deg(p) = deg(P). Changing variables, we obtain:

IPllzry = ||P||Loo@ < (f’||ﬁ||Lp(Q)
1 1
N . T 1\
- C( f |P(fc)|f’dfc)’ < c( f |P(x)|ﬂ—dx)”,
0 R IR|

where the first inequality follows from the equivalence of norms in the finite dimensional
space of polynomials of degree < k defined on Q. O
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Lemma 2.4.2. Let R and Q be rectangles such that R C Q, and P a polynomial with degP < k.
Then, there exists a constant C, depending only on k, such that:

|Q| P o Ve A
I1Phor < C(T) D ID" Pl f0r.
la|<k

Proof. We may assume 0 € R. Let g € Q such that ||Pl|;~) = |P(q)|, then:

. L e ]
1Pl < IPl-@IQIF = IP@IQF <107 > 10" POy
lal<k @
<CIOP 3 ID" Pl Q)" < C(@)’l’ S IO Pl Q)"
R

ler|<k la|<k

O
The following corollary is derived from Lemma 2.4.2 using a simple inverse inequality:

Corollary 2.4.3. Let R C Q rectangles such that Q ~ R, and P a polynomial with deg(P) < k.
Then, there exists a constant C, depending only on k such that:

I1Pllzrco) < ClIPllerw)-

Remark 2.4.4. A version of Corollary 2.4.3 is proved in [ , , Lemma 2.1]. In our
case we need to compare polynomials in rectangles that are not of similar size (a fact that
eventually leads to the weights involved in the extension) and we need the less comfortable
variant given in Lemma 2.4.2.

Definition 2.4.5. Let f € WFP(Q), and S C Q a set of positive measure, we denote with

Pi_1(S) (or just P(S) if the degree is clear from the context) the unique polynomial of degree
k — 1 such that:

fD“(f— Pi_1(8)) =0 forall a, withla| < k- 1.
s

Naturally, P(S ) depends on the function f, so we should write P(S)(f), but we prefer the
simpler notation P(S), since the function f will be clear from the context.
Let us recall the well known Poincaré inequality:

Theorem 2.4.6 (Poincaré inequality). Let Q C R" be a bounded domain, and f € W'*(Q)
such that ﬁ fQ f =0, then, there is a constant Cp depending on n, p and Q, such that:

Iflzr) < CrIIDflr @)

The validity of Poincaré inequality depends on the domain 2. Here we are mainly in-
terested on the following version, regarding convex domains, where the constant Cp can be
expressed in terms of the diameter of Q:
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Lemma 2.4.7. Let Q C R" be a convex domain and f € W"P(Q) such that ﬁ fg f =0, then
there is a constant C depending on n and p such that:

fllzr < Cdiam(Q)|V fllzrc).-

Proof. We proceed by a density argument, asuming f € C'(Q). Being Q convex we have:

1
FO) = fO) = fo Y (x+ (1 = D)= ).

Now integrating with respect to y and multiplying by |§1\:

=g [ s0v= i [ [ St (- -

Hence, since f u=0

diam(Q)? ! p
oor < SB[ [ 19w+ - oy

diam(Q)? ! %
mﬁ—fp)f f |V f(ex + (1 = 0yy)|"dedyll”

Mff IV £(tx + (1 - t)y)|"drdy.

Now let us extend Vf by 0 outside €2, and call F such extension. Then:

: 1
(Kl swfff |F(tx + (1 - 0yy)|"dtdydx =

dzam(Q)p{ f ff |F(tx +(1- t)y)|pdtdydx+ f ff |F(fx +(1- t)y)|”dtdde}

Now:

I:ff f|F(tx+(1—t)y)| dydtdx ff f|F(tx+(1—t)y)| dydtdx
f f f [Pt~ dydidx = f f FEI" G : —pydedid
Rﬂ

< CIQNIFI e, = CIQUIVAI

D=

Lr(Q)*

11 can be estimated in the same way, and the result follows. m]
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The constant obtained in Lemma 2.4.7 is not optimal, but it is enough for our needs.
Optimal estimates for convex domains can be seen, for example, in [ ,
], for p = 2, and in [ , ], for p = 1. For other values of p the
optimal constant is unknown but some sharp bounds are provided in [ ,

]

In particular, for a rectangle R, we can apply Poincaré inequality to D*(P(R) — f), obtain-

ing:
ID*(P(R) = Nlrwy < COR) NV fllo)- (24.1)
So, P(R) has good approximation properties if R is a rectangle (regardless the eccentricity
of R). In the spirit of [ , , Lemma 2.2] we also need such a result for the union of

two touching rectangles of similar size.

Lemma 2.4.8. Let R, R, rectangles such that Ry ~ R,. Assume that either R\ and R, are
touching or R, C R, (renumbering if necessary). Then, for any f € W*P(R; U R»):

Lf = PRy U R)llocg,omsy < CEu(R)E D ID° Fllrew omey
lal=k

Proof. Clearly it is enough to prove the result in the case k = 1. If Ry C R, (or vice versa)
then the result follows by Lemma 2.4.7. Let us then treat the case of touching rectangles.

Define fR|UR2 = m R\ UR, f, then P(R] U Rz) = fRIURz- Write
”f - P(Rl U RZ)”Z’(R]URZ) = ”f - P(Rl U RZ)”Z’(Rl) + ||f - P(Rl U RZ)”IZP(Rz)‘

We now show how to deal with the first term (the other follows analogously). We have

IR IR,|

- P(RiUR < —||f = P(R + ——||f - P(R .
Ilf = P(Ry U Rl < |R1|+|R2|”f Rllzrr) |R1|+|Rz|”f (R)llrwy)

The first term is fine. For the other term we write

IlLf = PRI erryy S Nf = PR zrryy + IP(R1) — PR 2o,

and again the first term is all right. In order to treat ||P(R;) — P(R>)||.r&,) Observe that, since
R, and R, are touching, there exist rectangles R; and R, such that R3; C Ry U R, C Ry,
Ry ~R NR; ~R, NR3; ~ R, ~ Ry ~ Ry, then (using, for instance, Corollary 2.4.3)

IP(R)) — P(R)lrr,) £ CIIP(R)) — P(R)||r Ry nrs) + IP(R3) — P(R)N|1o(ry)>

and
IP(R1) = P(R3)|rrynrs) < IIP(R1) = fllerwr)y + IIf = P(R)| o (r5)»
while (using again Corollary 2.4.3)
IP(R3) — P(Ro)llerry) < ClIIP(R3) — P(R)||2r(Ronry) < CIlf = P(R)||r(ry) + [IP(R3) = fllorwy)-

The lemma follows. |
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The polynomial P(R) is a very simple and useful approximation of f over R, and it is the
one used for the construction of the extension operators in Chapter 5. However, in order to
prove the density of smooth functions, we need to introduce a more sofisticated approxima-
tion, that enjoys some specific properties.

Let us state the well known Sobolev Representation Formula for star shaped domains,
that can be seen, for example in [ , , Section 1.5, Theorem 1], or in
[ , , Section 1.1, Theorem 1]:

Theorem 2.4.9. Let Q be a star shaped domain with respect to the ball B(z,9), k a positive
integer and take f € W*P(Q). Then:

=5 (5 [ alB)oro s Y SR o,

1BI<k B(0.9) lal=k

, n—1
wherer =y — x|, 0 = 27, g, € C*, |g4| < c(@) , and.:

(n+k—-1)! (—1)A
= I)B+7h
e |)’|S;—|ﬁ| (n+ly+pDIk—1~-1ly+p)! Bly! y ),

heCy(BO,1))and [h=1.
This Theorem induce the definition of another projection onto $_;:

Definition 2.4.10. Given a cube Q, consider the ball B = B(cp,{(Q)) C Q, and a function
f € WEP(Q), we define:

wonw = (55 [ ( . )f(y co)dy.
2.\ ©

where @g is the one in Theorem 2.4.9.

When it is clear from the context, we denote n(Q) instead of 7(Q)(f). m(Q) is a poly-
nomial approximation of f over Q, that enjoys a very important propery that P(Q) does not
satisfy:

Theorem 2.4.11. Let Q be a cube contained in a domain Q, f € WEP(Q), 1 < p < 0o and vy:
ly| <k, then:

ID"7(D)llro) < CID flle(g)-

Proof. Itis clear that, since

(,Dﬁ = Z Cﬁ,ynyB +7]’l,

[yl<k=1-8]
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and h € C3°(B(0, 1)), then g = Dﬁwﬁ, with Y3 € C7°(B(0, 1)). Consequently:

‘f;s%(% f(y+CQ)‘:‘fDBl//ﬁ %Q))ﬂy*w‘Q)

RCal ( 6 )Dyf(y + co)| < CUOMIDY fllungs,
On the other hand:
_ B~y
D'r(Q)(x) = £(Q)”! o i f £,
%;Ik ( «0) ) (f(@)

and then, taking into account that |B| ~ |Q|:

ID"(Q)(0)| < CUO) DY fllnas < CUO)™

(B)-
Which lead us to:

I1D" ()l

@) < CIIDY fllir o).

The projection (Q) also satisfies an approximation property analogous to (2.4.1):
Theorem 2.4.12. Let Q be a cube in Q, 1 < p < 0o,y : ly| <k, then:
ID"(7(Q) = Nllrig) < CEQY NV fllrg)-

Proof. We alternate P(Q), in order to deduce the Theorem from (2.4.1).

ID"(7(Q)(f) = Pl < ID"@(Q)(f) = P(O)lro) + 1D (P(Q) = Nllro) -

I 11

11 can be bounded immediatly by applying (2.4.1). For I, observe that 7(Q)(P(Q)) = P(Q),
so, applying Theorem 2.4.11 and (2.4.1):

I = D" (m(Q)(f = P@)llrio) < CIDY(f = P(Q))llrg) < CEUQ NIV fllrio)-
O

Remark 2.4.13. In [ , |, the author proves that these Theorems hold in the weighted
case Wf,’p , when w is in the class of Muckenhoupt (see Section 4.2), and he uses these results
for proving the density of smooth functions on WhP(D), for D a uniform domain. Our argu-
ments are essentially Chua’s, but we state only the unweighted case for the sake of simplicity.
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Normal and curved cusps

In this work, we provide several definitions for external cusps. The central ideal of all of
them is to describe the cuspidal behaviour of the domain through a chain of rectangles that
narrows toward the origin faster than any cone. This chain is somehow the core of the cusp,
and contains all the essential information about its cuspidal singularity. Stepped cusps, that
are presented in the Appendix A, are nothing more but such a chain. The other definitions cor-
respond to domains that grow around this chain, satisfying certain properties. In this Chapter
we introduce the notions of normal and curved cusps. Both of them satisfy a sectional unifor-
mity property. Roughly speaking: a horizontal stripe of a normal or curved cusp is a uniform
domain. The only difference between a normal and a curved cusp is that the first is straight,
and contains an axis, whereas the latter can be tangential to an axis.

In the first section we present the definitions and main properties concerning chains of
rectangles. The second and third ones are devoted to the definitions of normal and curved
cusps, respectively. Finally, in the forth section of this Chapter we present a few examples.
Particularly, we show that every external cusp satisfying Definition A is a normal (or curved)
cusp.

3.1 Chains of rectangles

In this section we introduce some basic definitions on chains of rectangles that are extensively
used in the sequel.

Definition 3.1.1. A (finite or countable) collection of rectangles R = {R;} for which } |R;| <
oo, is called a chain of rectangles if:

a) Riﬂﬁj:(l)forli—jl > 1.
b) For any i, R; and R;,, are touching.

c) There is a constant C such that R; ~ Ri.1 for every i.

37
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Remark 3.1.2. Given a chain of rectangles R = {R;}, we have the following important facts:

e since the rectangles R; and R;, are tguching and C-comparable, there exists a rectan-
gle R;;v1 C R; U R,y and a constant C depending only on C such that:

Riiv1 ~ (Riisi NR) ~ R ~ (Rijs1 N Ris1) ~ Riyy.
C c ¢ C

e Naturally, this implies that the same relation stands for the measure of the rectangles:

IR is1] ~ IRiix1 N Ri|l ~ |Ri| ~ |R;ix1 N Ria| ~ [Rixil.
C C C C

Definition 3.1.3. Any collection of intermediate rectangles R;;., enjoying properties like
those in Remark 3.1.2 is denoted R; = {R; ;+1}.

The existence of a chain R; is crucial for proving most of the results included in this thesis.
There are many properties that are well known to hold for cubes or rectangles, and we are
able to prove them for chains passing from the rectangle R; to R;,; through the intermediate
one R, .

However, for describing cusps that are tangencial to an axis it is useful to define:

Definition 3.1.4. A collection of rectangles R = {R;} is called a quasi-chain of rectangles if
it satisfies:

a) RiﬂRjZQ)forli—j|>l.

b) RiNRi #0, R".NR%, = 0.

i+1

c) There is a constant C such that R; ~ Ri.1 for every i.

The only difference between a chain and a quasi-chain is that in a chain two consecutive
rectangles touch each other in a face, whereas in a quasi-chain this contact can be performed
in an edge or a corner. Naturally, in a quasi-chain cannot be guaranteed the existence of an
intermediate chain.

3.2 Normal cusps

Normal cusps are defined in terms of a particular chain of cubes belonging to the Whitney
decomposition of the domain Q. This chain S = {S;}; has cubes placed one under the other
along the x, axis, i.e: §;NS;;; = FY . In this context, we write z; instead of zg, to denote the
x,, coordinate of the floor of §;. Furthermore, for z > 0, we write S (z) the cube in S at height
z. In other words:

S(Z):SiESZ i <7<z +L(S).

Observe that there is only one cube S (z) for each z. On the other hand, i, stands for the
index of the cube S(z) in § , i.e.: S(z) = S;.. Finally, let us denote ‘W and W* the Whitney
decompositions of Q2 and (Q2°)° respectively.
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Definition 3.2.1 (Normal Cusp). Let Q C R" be an open set such that 0 € 0€). Let € > 0 and
K > 1 be given parameters. We say that Q has a (¢, K)—normal external cusp (or outer peak)
at the origin if it satisfies:

(i) There exists a chain of cubes S = {S;}22, C ‘W increasingly numbered towards the
origin (i.e.: d(S11,0) < d(S;,0)), such that

SinSi =Fg,, (3.2.1)
and
dS;,0 >0 (i —> o). (3.2.2)
(ii) We have that N
(xeQ: xn<z}CUQi forany z; >z >0, (3.2.3)

1=z

with Q;, = KS; N Q.

(iii) For every pair of points x,y € Q; U Q;,4, there is a rectifiable curve, y C €, joining x
and y, and satisfying:

1
t(y) < glx =, (3.2.4)
d(z,00) > XAy o, (3.2.5)
lx =yl
(iv) We have
(S,
1) — 0 (i > o). (3.2.6)

<i
The set S is named the spine of Q).

Condition (3.2.1) implies that the chain is decreasing, i.e.: £(S;;1) < €(S;). This last fact
is not really necessary, but is assumed for the sake of simplicity: the sizes of the cubes in S
could oscillate, as long as its oscillation is controlled by some universal parameter, depending
only on Q.

On the other hand, conditions (3.2.1) and (3.2.2) imply that every cube S; of S touches
X,, while (3.2.3) guarantees that Q’s behavior (its narrowing toward the origin) is faithfully
represented by the behavior of the chain S: a fixed expansion of the tails of S reaches the
whole boundary of Q below certain height z, and consequently dQ narrows toward the origin
as fast as £(S(z)). In other words, the function (S (z)) plays the role of ¢(z) in Definition A.

Finally, conditions (3.2.4) and (3.2.5) constitute what we call the sectional uniformity
property of Q. They provide some regularity to the boundary of Q and exclude the existence
of non connected components.

Condition (3.2.6) is stated in order to exclude cones and other non-singular domains from
our definition of cusp. However, it is important to notice that our extension theorems (see
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N

Figure 3.1: Cusp of power type vs. Normal cusp with its spine

Theorems 5.1.1 and 5.2.1) stand even for domains where (3.2.6) is not fulfilled. In that cases
the weight turns to be a constant, and a classical (unweighted) extension is obtained.

Now, we state some important results on normal cusps.

Since external cusps are not uniform domains, it is clear that the sectional uniformity
properties (3.2.4) and (3.2.5) do not hold for every x,y in Q2. However, they can be extended
to larger bands:

Proposition 3.2.2. Let us define Q. = K'S; N Q, for some K’ > K, such that Q! contains a
finite number of Q;’s. Then, Properties (3.2.4) and (3.2.5) stand for every x,y € QN Q. |,
with some &' > 0.

Proof. It is sufficient to prove that (3.2.4) and (3.2.5) stand for every x,y € Q; U Q1 U Q5.
Naturally, the only interesting case is x € ; \ Q;;1, and y € Q;,,.

Observe that d(x,S ;1) < €(S;) + VnK{(S;) < Cl(S ;1) with C depending only on n
and K. Consequently, |x — v| < C{(S ;) for every v € §;;;. The same results hold for y.
Furthermore, since x € ; \ Q;,1, |x — y| = C4(S 11).

Now, let w be the center of S;;;. Then, since S;;; C Q;;;, we have curves vy, and vy, given
by Definition 3.2.1, joining x and w, and y and w respectively. We take y = y; U y,. Then

y) = (y1) + €(y2) < e(lx —wl+ [y —w]) < Clx -y
It only remains to prove (3.2.5). First, let z € y N S, then, we have that:

—Zllz - 0(S i41)?
odke = 0w s, < Cdtz o),
lx =yl {(Si+1)
where in the last step we used that S, is a Whitney cube of Q.
Finally, let us take z € y \ S,;;;. We can assume z € y;. We have:

lx — zllz — wl S Clx—zlf(Sm) S |x — zllz = yl

d(z,0Q) > ¢ > >
( ) lx — wl (S iv1) lx =yl
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The result follows, takin &” the worst of the constants C involved in the previous inequal-
ities. O

The following Lemma is a fundamental property of uniform domains. Since we apply it
to normal cusps, we state it in terms of the sets €;:

Lemma 3.2.3. Let Q be a normal cusp, and ‘W its Whitney decomposition. Let Q,, Q, € ‘W,
be such that, for some i: Q; N (Q; U Q) # 0, j = 1,2, and d(Q:, Q») < Cl(Q,). Then there
is a constant C = 6(8, n, K) and a chain of cubes 1, = {V, := 01, Va,...,V, = Oy c W
such that r < C and t(V;) ~ €(Q), for every j.

C

Proof. There is a curve vy joining Qy and Q, with £(y) < Cd(Q;, Q») < C{(Q)). Observe that
here C denotes different constants, but all of them independent of the cubes considered. Let
us consider, then, the chain

Fro={Vi=01,Vo,...,V, = O} W,

of cubes touching y. We need a lower bound for the size of V;: {(V,) > }LE (Q1). Analogously,
t(V,21) 2 CUQy). If 1 < j<r,letustake z € y N V. Then:

ez -yl C{’(Ql)2 > CUO.

d(z,0Q) > > >
(080 2 e 00y

It follows that no more than C cubes can be placed along y, and then r < C. Once again Cis
the worst of the constants C. O

Remark 3.2.4. It is important to observe that Lemma 3.2.3 is a consequence of the sectional
uniformity properties (3.2.4) and (3.2.5). Hence, regarding Proposition 3.2.2, it holds for
every pair of cubes Q| and Q, such that d(Q;, Q,) < C(Q)) as long as they are contained in
some band K'S; N Q.

3.3 Curved cusps

Normal cusps are, somehow, “symmetric” with respect to X,,. More precisely, normal cusps
are those that grow around an axis, which is placed approximately at its center; see Figure
3.1. The following definition includes cusps that are tangential to a certain axis, which is not
necessarily interior to the domain:

Definition 3.3.1 (Curved Cusp). Let Q C R" be an open set such that 0 € Q. Let € > 0 and
K > 1 be given parameters. We say that Q has a (&, K)—curved external cusp (or outer peak)
at the origin if there exists a quasi-chain of cubes S = {S;};, S; € ‘W, increasingly numbered
towards the origin, such that z;,, < z;, and satisfying:

d(S;, x,) < Cql(S)) for some Cq, (3.3.1)
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U(S 1) < (S, (3.3.2)
and if Q satisfies conditions (ii), (iii) and (iv) of Definition 3.2.1.

Condition (3.3.1), along with the fact that S is a quasi-chain (and not a chain), constitutes
a relaxation of condition (3.2.1). Since the spine is now a quasi-chain, it is not forced to be
straight and parallel to %,, but is allowed to approximate it asymptotically. As we remarked
earlier, condition (3.3.2) is not necessary, but comfortable. Since we abandoned property
(3.2.1), (3.3.2) is not implicit any more, and so we include it in the definition of curved
cusps. Finally, we ask {S;} to satisfy: z;;; < z; because this implies that for every height z
there is a unique cube S (z), which is necessary for the correct statement of condition (ii).

Remark 3.3.2. Since S is a quasi-chain, we cannot conclude the existence of intermediate
cubes joining S; and S ;1. However, S is formed by Whitney cubes, and hence it is easy to
see that there is a chain S = {S;} with S; € ‘W, such that S C S.

3.4 Examples

Below we show that the class of normal and curved cusps is broader than the class of cusps
satisfying Definition A.

Generally speaking our results can be understood in the following way: the role of the
“profile” function ¢ in Definition A can be relaxed in the sense that it can just describe
the speed of the narrowing of Q towards the origin (i.e. if the spine of Q decreases as ¢:
(S (2)) ~ ¢(2)) provided that 9Q \ {0} remains smooth enough.

For example, consider the domain:

Q={(x,eR?: Z<x<.

This domain does not satisfy Definition A: its narrowing cannot be described by a profile
function ¢, since the two curves that form the boundary of € approach the origin at different
speeds. However, it is easy to see that it is an external curved cusp. In fact, the chain § is
formed by all the cubes in ‘W that intersect the central curve: y(z) = #, and the spine S
can be obtained by substracting from S redundant cubes, if any.

The second example is general, and it constitutes the proof of the fact that every domain

satisfying Definition A is a normal or curved cusp, so we devote a few lines to it:

that 0 € 0Q. We say that Q has a restricted external cusp at the origin if there exists a
neighborhood of 0, U C R" such that

Definition 3.4.1. Let Q Cc R" (n > 2) be a domain with compact boundary 0Q. Assume

UNQ={(x2z2 R xRy : x € pizx)@),

where w C R"! is a bounded uniform domain and ¢ : R* — R is a Lipschitz increasing
function such that ¢(0) = 0 and @ - 0(t— 0).
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Definition 3.4.1 is exactly like Definition A, but the domain @ C R"! is asked to be
uniform instead of Lipschitz. Therefore, it is clear that every outer peak satisfying Definition
A is a restricted external cusp.

Claim 3.4.2. Every restricted cusp satisfies Definition 3.3.1 (or 3.2.1).

We sketch the proof of this claim through a series of observations:

Given Q a restricted cusp, let us define Q, the set of points of Q at height z and the
boundary of this set dQ, := {(x,z) e R" ! xR : x € p(z)0w)}.

Observe that the distance from a point (x, z) € Q to 9Q is equivalent to its distance to 9€2,.
Indeed, it is clear that d((x, z), 0Q) < d((x, z), 0Q,). On the other hand, let us denote x = ¢(z)Z,
for some ( € @. Let (xo, 20) = (¢(20)4o, 20) € 0Q be such that d((x, z), 0Q) = d((x, z), (X9, 20))-
Naturally, xXo = (¢(2){o, z) is in 0Q,. Then

d((x,2),00;) < |x = Xol = l@(2) — (24l < 10(2)¢ = ¢(z0)dol + 1¢(z0) — @)1 o]
< p(2)d = e(z0)dol + CyColzo — 2| < Clp(2)d — ¢(z0)lol + |20 — 2l)
< Cd((x,2), (x0,20)) = Cd((x, z), 0Q),

where C, is the Lipschitz constant of ¢ and C, = sup{||£]| : ¢ € w}.
Let r be the inner radius of w:

ro = sup inf d(x,y),
xew YEOT
and ¢, € @ a point such that B(cy, 1) C @.
Let us consider the curve I' : R, — R", I'(¢) = (¢(f)c, 1) that describes the “center” of €.
Let S be the set of all cubes § € W = W(Q) such that S NI'(r) # 0. Let S = {S;}°, be a

subset of S such that S ;NS #0and zg
spine of Q.
Since ¢ is Lipschitz, we have:

< zg, (this is possible because @ — 0). Sis the

i+1

(2 + Cp(2)) — ¢(2) < Cyp(z + Co(z) — 2) = Cop(2).

Then:
w(z+ Cp(z)) < Co(2). 3.4.1)

On the other hand d(I'(¢), 0Q,) = r»¢(t), and consequently d(I'(z), 0Q2) ~ (). Taking this
into account, (3.4.1) implies that £(S;) ~ ¢(z;).

Properties (3.3.1) and (3.3.2) (as well as (3.2.1) and (3.2.2) when ¢, can be taken equal
to 0) follow easily from the definition of 8. The covering property (3.2.3) is a consequence
of (3.4.1). Since w is a fixed bounded domain, there is a radius R such that w C B(cg, Ry).
This radius scaled to the section €, is ¢(z)R, but ¢(z) is essentially the length £(S (z)). Taking
(3.4.1) into consideration, this implies that there is a constant K (depending on r,, R, and
n), such that KS; covers the slice of €2 between heights z; and z; + €(S;), Vi. Thence, (3.2.3)
follows.
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The last thing to prove, then, is that uniformity properties (3.2.4) and (3.2.5) stand for
every restricted cusp. We use the following result stated by Smith, Stanoyevitch and Stegenga

in [ , ]:

Lemma 3.4.3. Let QO and Q, be uniform domains with finite diameters. Then Q, X £, is a
uniform domain.

Remark 3.4.4. The definition of uniform domain used in [ , | (for the proof
of this lemma) is slightly different than that stated here. For the equivalence between both
see [ , Jand [ , I

In Definition 3.2.1, Properties (3.2.4) and (3.2.5) are requiered for points in ; U€;.;. We
prove that they stand in every slice between heights z — Cy¢(z) and z + Cy(z), for every fixed
constant C. Our proof is based on the following idea: since ¢ is Lipschitz, the set:

QN{(x,2) €eR": z€ (20— Ce(20), 20 + C(20))},
is almost the cylinder:
Qo 1= 9(z0)@ X (20 — Co(20), 20 + C(20)), (3.4.2)

which is uniform thanks to Lemma 3.4.3. In that lemma, the £ parameter of QQ; X ), depends
on the respective values of the parameters of Q; and €, and on the quotient d’“’"ﬁgli Since
in (3.4.2) diam(£y) ~ diam(£2,), we may assume that the same & stands for the cylinder for
every zo.

Let zo > 0 be a fixed number and Cj a constant such that Cy < ( - Observe that since
ﬁ — oo as t — 0, the constant Cy, chosen for a certain z, remains useful for every z < z.
Let us denote:

Qo =Qn{(x,2) € Q: 70— Cop(z0) < z < 20+ Cop(z0)}.

We want to prove that € is uniform. We associate points in Qo with points in € at the
same heights, so we denote (X, z) the points in QO and (x, z) those in Q. Let F : QO — Q) be

the function:
F(x,2) = (%Y z).

Suppose ¢ € @ is such that ¢(z9) = x. Then x = ""(Z) X =¢(z),and F(x, z) = (x,2) € Q.
F is obviously bijective, with

SD(ZO)X Z)
¢(@)
Now we prove that both F and F~! are Lipschitz with constants independent of z, (this, in

turn, shows that Q is uniform). We show only the case F~! since the proof for F is similar.
Let us consider (x, z), (y,w) € Qq, x = ¢(2){, y = p(w)& for some £, € € @.

Fl(x,z2) = (
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IF~'(x,2) = F' 0, w)l = [(@(20)¢ — ¢(20)é, 2 = W)l < le(20)¢ — p(z0)é] + vl
1 11

And

o), ew) e(w)x — p(2)y
I LASYY IS ANE" [ AT~ )
< gt ¢ = vl = @[50

Since z, w € (2o — C¢(z0), 20 + C(20), Equation (3.4.1) implies that ¢(zo) ~ ¢(z) so:

I < C'w(W)x —¢p(2)y
- (W) '

On the other hand:

lp(w)x — p(2)y| < lp(w)x — W)yl + lp(w)y — e(2)y] < p(w)lx — y| + [p(w) — e(2)|lyl
< eW)lx =yl + Cylw = zllpW)é| < C,Cre(W|x — y| + [w — zl}.

Hence: I < C{|x — y| + |w — z|}, and consequently
IF7'(x,2) = F~'(y,w)| < C{lx =yl + lw — 2} < Cl(x,2) = (v, w)l.

So, F~! is Lipschitz with a Lipschitz constant depending only on the constants Cy, C, and
Cp.

Remark 3.4.5. We do not really need € to be uniform as a separate domain (with its floor
and its roof as parts of the boundary): we just need to prove that the curve joining two points
in Q satisfy property (3.2.5), which is given in terms of the distance to the boundary of Q.
But d((x,z),0Q) > d((x, z), 0Qy), Y(x,z) € Q, so (3.2.5) stands.

This complete the proof of Claim 3.4.2. Since the class of domains given by Definition
3.4.1 is broader than that of Definition A, we can state the following:

Corollary 3.4.6. Every domain satisfying Definition A is an external cusp in terms of Defini-
tion 3.3.1 (or Definition 3.2.1).
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Approximation by smooth functions

The density of smooth functions on a certain Sobolev space is a very useful tool for many
pourposes, since it allows to prove different properties arguing first for smooth functions, that
are easier to treat, and then, by a simple density argument, for functions in the correspondant
Sobolev space.

Given a bounded open set D, it is well known that every function f € W*?(D) can be ap-
proximated by a sequence of functions f,, € C*(D) (see, for example, [ , , Section
5.3.2.]). Observe that, in this case, no conditions on the boundary of D are imposed. We are
interested in a stronger version of this result, which is the approximation by smooth functions
up to the boundary of D, i.e. we want f,, to be in C>(D) or, in other words, we want f;, to be
the restriction to D of functions f,, in C*(R"), or in Cy°(R"). The possibility of approximating
Sobolev functions by smooth ones up to dD depends on the nature of the domain considered.
The classical literature concerning Sobolev spaces includes results of this kind for domains

with Lipschitz or C! boundary (e.g.: [ , , Section 5.3.3], [ , , Section
1.1.6], [ , , Chapter 2]), and, more generally for domains satisfying the seg-
ment property, or equivanlently, with C boundary (e.g. [ , , Theorem
3.221.0 , , Chapter 7]).

In this Chapter, we prove that given a normal (or curved) cusp Q, and f € W*P(Q), there
is a function g € C*(R"}), with R} = {x € R" : x, > 0}, as close to f as needed. Observe that
such a result does not involve the whole boundary of Q, but excludes precisely the singular
point at the tip of the cusp. The density of C*(Q) is proved in Section 5.3 as a corollary of
the first stage of the extension process given in Theorems 5.1.1 and 5.2.1.

Our approximation theorem is a simple corollary of the density of smooth functions on
uniform domains, that is proved in [ , ]. We reproduce Jones’s proof just for the
sake of completeness. For normal and curved cusps, we prove first an unweighted density
theorem and afterwards, an easy weighted generalization, for weights that can be considered
constants by bands.
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4.1 The unweighted case

4.1.1 Uniform domains

In[ , , Proposition 4.4], the author proves that every function in W*?(D), with D a
uniform domain, can be approximated by functions in C*(D). In other words, he proves that
given f € WkP(D), and 1 > 0, there is a funcion gy € CT(R") such that ||f — g,llwerpy < 7.
The main tool for obtaining this result is the existence of a chain of cubes similar to the one
in Lemma 3.2.3. An inmediate consequence of this fact is that if 2 is a normal (or curved)
cusp we can approximate f € W*P(Q) by C* functions on the bands Q; = KS; N Q. Pasting
this local approximations, we construct a smooth approximation of f over all Q.

Some technical aspects of the proof of Jones’s density theorem, only sketched in [ ,

], are developed in detail in [ , ], although the author ommits a few details

(particularly, those fully explained in [ 1.

For the sake of completeness, we include here a complete proof of this result. We follow
mostly [ , ], although we introduce some little modifications. We prove:

Proposition 4.1.1. Let D be a s-uniform domain, and let f € W*P(Q). Then, for every n > 0
there is a function g € C*(R") such that ||f — gllwrrp) < 1.

We avoid the weighted version of this result (which is proved, for weights in the A, class
of Muckenhoupt, in [ , ]), since the weights that we are interested in can be treated
in a very simple way (see Section 4.2).

Let p = 27" a number that will be fixed later. Let Q = {Q,} be the collection of all diadic
cubes with £(Q;) = p and Q; C D. We define:

Q = {Qj €Q: Q;c V,forsome Vi e W, {(V,) > 15 \/ﬁp}
e

A _ 60ln =~ — 1202n . L
For Q; € Q, we denote Q; = = 0j, and Q; = == 0;. For simplicity, we assume & < 1.

Lemma 4.1.2. p can be taken small enough so that D C Ug < @;

Proof. Given z € D, let

m, = inf{d(z, V) : Ve WD), (V) > 15 Vip I

£
If m, < 6O§”p, then there is some Q; € @ and w € Q; such that |z — w| < 60£2np' And then:
|Z—C(Qj)|S|Z—W|+\/Ep§ 2 0+ \/EPS pEan

And then, z € 420, = 0.
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Now, we want to prove that m, < 60§"p
m, > 60;"” . Then, let x € D be such that |x — z| = %min{r, m_}, where r is the radius of D.
Take y the curve joining x and z, and xy € y such that |[x) — z| = %Ix — z|. Observe that if V,,

is the cube in “W(D) that contain x, then:

for every z € D. Suppose that for some z,

4Nnl(Vy,) > d(Vy,, (D)) > dy(xg) — Vnl(Vy,).
Hence:

SVRE(Vy) > dyry > sl o d g ),
-2l 4 3

Now, if we take p such that %r > 757",0, then: £(V,,) > lsgﬁp. Which is a contradiction, since
d(z, Vy,) < % m

Lemma 4.1.3. If O, O, € Q are such that 01N Q, # 0, then there is a chain of cubes in Q
connecting Q1 and Q,, F ={U, = Q1,U,,...,U, = Oy}, withr < C, for some C independent
of Q1 and Q.

Proof. The arguments are similar to those used to prove Lemma 3.2.3. Let us consider y
the curve joining Q; and Q,, and let z € y. We can assume that d(z, Q1) < d(z,Q,). If
d(z, 1) < “2p, then

&

1 1
SRV 2 dyz) 2 do(Q1) - d(z, Q1) 2 Sfp - Ofp >3 Zﬁp.
Hence,
vy =

Ul e}

Anfif d(z, Q1) > “YLp, then:

SVRE(V.) > do(2) > sd(z’ 01)d(z, Q») S Sd(Z, 01) > 5Vnp.

d(Qi,02) 2
Consequently, in any case, £(V) > p, for all z € y. Therefore, the collection of cubes U; € Q
such that U; Ny # 0 contain a chain as the one desired. |

For each Q; € @, let n; = n(Q;)(f), the polynomial approximation of f given by Defini-
tion 2.4.10. Let us also construct functions ¢; € C7° (@;), satisfying:
0<¢;<1, 0% Z ¢; <1, and Z pi(x)=1, Vx e U @;
0jeQ e 0;eQ
With: c
D%l < )
,

al
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We define

8o = Z Tipj.

QJEQ’

go will approximate f near dQ2, so we will define the approximation g as a smooth combi-
nation of gy and another function that approximates f in the interior of D. However, before
proving Proposition 4.1.1, let us state two lemmas concerning the local approximation pro-
perties of the polynomials 7;:

Lemma4.14. If Q; € Q, 0 < |a| <k, then:

ID*7jll, = < CID" fllgy + CO NIV fllirco,.

U’(Q)

Proof. Applying Corollary 2.4.3 and Theorem 2.4.12:
|D" 7l < CIID°7jllerco) < CID® fllwroy + CIID* (7 = Fllzeco;

< CID" fllrioy + CONIVE flliro)-

U’(Q )

O

Lemma 4.1.5. If Oy € Q, 0 < |a| < k. We denote F the collection of cubes formed by all
the chains Fy ; between Qo and Q; for some Q; € Q such that Q N Qy # 0. Then:

Z 1D (w0 = 7 )@ lerioyy < CO TNV fllo s
QjEQ/Z 5;05)¢0
Proof. Fix Q; and take o ; = {U; = Qo, ..., U, = Q;} the chain joining Q) and Q;. We have:

r—1 r—1

1D (o = 7w pllircon < D ID((U) = w(Us gy < € ) 1D (U = 1(UseDlrwoni

i=1 i=1

—

r—

I/\

{ID@(Uy) = 7(U; U U)oy + 1D (U3 U Upet) = 2(Uise Mlrw,n)

<
—_ =

M

) D7) = Pl + 1D7(f = 7 (Uss Dl + WD (f = 7(Us U UseMlr v

\ ~.
1l
—_ =

'M

Il
._.._.

{f(U YNV fllrwy + EUL) IV Fllw,, + LU U Vi) IV Al v,

‘

1
P M’ 4 k- k
<C |7|||V Al <P vl § (”V fllLP(U,UU1+1)) r’ < Cp |7|||V f“LP(Uﬁ,j).

i=1

Observe that in the last step it is crucial the fact that the number r of cubes in the chain 7 ;
is bounded by a constant independent of Q) and Q.



4. APPROXIMATION BY SMOOTH FUNCTIONS 51

Now:
D D - melven < D, D ID o = 1D gl
0,6Q: 0;n00#0 0,eQ: 0;n00#0 7=®
- k— k k— k
<Cc Y AV Albon,) < GOV Al
0,cQ: 000020 V<"

In the last step we use that a cube U participates at most in a finite number of chains % ;
bounded by a constant that depends only on D, but not on Q. This fact is a consequence of
the finiteness of the chains (Lemma 4.1.3). O

Now we can prove the Proposition:

Proof of Proposition4.1.1. Let Dy = {x € D : d(x,0D) > s}, for some s € (0,1). We
take s such that || f|lwxro\p,,) < 1. Let ¢ € C3(Dy2), such that y(x) = 1, Vx € D, and
ID*y| < C(lal)s™. Now, let & € C5(B(0, 1)) such that fR”f = 1, and take & = r"&(%). We
can choose 7 in order to obtain:

k
”f - f * ft“Wl"’(Ds/z) =7ns.

Finally, put g; = go(1—-¢) and g, = (f*&)¢. Then, g = g,+g is the desired approximation
of f. In fact, it is clear that g € C*(R"), and |g| < M for some constant M. Furthermore:

ID“(f = ey < ID(f = Dllerpy + IDY(f = Ollerpvpy) -
1 11

1 =ID(f = (g1 + gDy = ID*(f = g)llrvy = ID*(f = f * Ello,) < ms™.
For 11, observe that:

D'(f = (g1 +8)) = ), Cap(D" PYNDP(f = f 5 £0)+ ) Cap(D" P = y))(DP(f = g0)).
B B<a

g 11

And: 1
WL llsp,) < C—gsn = Cn.

The only thing left is to estimate /I”. We solve separately the cases f = @ and 8 < «:
Case 3 < a: The advantage of this case is that D*#(1 —¢) = 0 on D \ Dy>. We can take p
small enough so Dy; \ Dy C Ugeq Q (for this we need at least p < s5/2):

“(Da_ﬂ(l - l/’))(l)ﬂ(f - gO))”Z’(D\DS) < Cs—|<l—ﬂ|17||l)3(f - gO)”ip(DSQ\DS)

<Cs N P = 2ol
QoN(Ds/2\Dy)#0
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And:
DP(f = gl ) < CIDP(F = 7o)y, + C||DP — )|
” (f gO)”L”(Qo) = ” (f 7TO)||L1’(Q0) + L (ﬂj 7T0)(;0j LP(0y)
j:@ﬂ@#@
k— k k— k k— k
< C PPINE LI 00 + COSPIV AL iy < COTPPIVEAI, g
Now we need to estimate the summation of ||V¥ fllip(ug:0 , over all the sets ¥q, for all

Qo € @ such that Qy N (Dy2 \ Dy) # 0. For this matter, we can take p small enough so
that if Qy N (Dy), \ D;) # 0 and Q; such that Qg N Q; # 0, then UFy; C D \ Ds,. In this way:

(D1 = p)DP(f = goDllriny < Cs P PNVE flloiown,,) < Cn.

Which conclude the analysis of this first case.

Case 8 = a: In this case we cannot restrict the domain, because 1 — ¢ does not necessarily
vanish in any subset of D\ D;. On the other hand, no derivative is applied on 1 —, and hence
the factor s7*#! in the previous case does not appear here.

||D3(f — 8ol o\, < ”DBf”LP(D\DS) + ”DBgOHLI’(D\DS) <n+ ”DﬂgOHLP(D\DS)-

g Z]: (” jcp,-)

”DBgO”LP(D\DS) < Z

QocD\Dy

LP(Qo)

But, since ), ¢; = 1 on Qy,
DBZ (ﬂjgoj) < DPmo + DBZ(FJ' — T0)¢j,
J J

SO:

p
IDgullny <€ Y (10Tl + | D 2 m - mre)| )
- LP(Qo)
J

QOCD\DS

<C Y (1D flloy + P fllriomy) < Cllfllwssionos, < Cn

QOCD\DS

4.1.2 External cusps

As we commented earlier, the density of smooth functions on Sobolev spaces for uniform
domains can be used as a local approximation result for normal cusps.
Given Q a normal (or curved) cusp, with spine § = {S;}, we define:

fS,‘ fS[_)
- (2+1)an<z,-_1+ (21}’

v

Q; :Qﬂ{x: (X', x,) :
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y oS; os;
Q;:Qm{x=(x',xn): zi—(TH)an<z,-+%}.

The proof of Proposition 4.1.1 relies on the existence of the chain given by Lemma 4.1.3.
Furthermore, thanks to Proposition 3.2.2 we can affirm that this kind of chain also exists in
Q);. Consequently, we obtain the following:

Corollary 4.1.6. Given Q a normal (or curved) cusp, with ; the sets defined above, and
f € WkP(Q). For every n > 0, there is a function g; € C®(R") such that

IIf = giHWk,P(Qi) <n.
Now we can prove the main result of this Chapter:

Theorem 4.1.7. Let Q be a normal or curved cusp, and f € W*P(Q). Givenn > 0, there is a
function g € C*(R?) such that ||f — gllwer) < Cn

Proof. Let us consider g; € C* such that ||/ — gillyer e, < %{’(Si)k.
Let {¢;}; be a partition of the unity in the segment (0, z;], such that

(S iv1) €(Si-1)
- 5 5 Zi-1 + > ]),

Vi € CSO([Zi

L) =1Vt e (0,z1], and [D"y] <

_C
oSy
Let us define

200 = > &iwilx).
i=2

Observe that, in Q: Wi + i = 1. And then:

”Da(f - g)lle(Q;) < ”Da(f - (l//igi + 'ﬁi+lgi+1))||Lp(Q;)
S ID Wil = giMllryy + D" Wina (f = it oy

But,
A F — o . @B, — o
1D Wil = 8Dl < |1ﬂZD ZCATRED
C
< Z WHDB(]C = 8l
Bz« !
C  n,cw_ 0
< —{ Sl' <C—.
_;K(Si)la—lﬁl 2i ( ) i
Consequently:

o) 00 7717
I = &y = D1 = 8llnyg < D Ca < €
i=1 ' i=1
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4.2 The weighted case

In [ , ], the author introduces the class of A, weights, also known as the
Muckenhoupt class. We say that a nonnegative function w is in the class A, if:

2 gl [l o) s

Chua ([ , ]) proves Proposition 4.1.1 for the weighted Sobolev space A9
where w is an A, weight. In fact, the proof is exactly the one that we provide in Section 4.1.1,
since the approximation properties of the polinomials 7(Q) (Theorems 2.4.11 and 2.4.12),
hold for the weighted case, with A, weights. We avoid this approach for the sake of simplicity,
and because our interest on the weighted case is mostly devoted to weights depending on the
distance to the tip of the cusp, which can be treated in a very easy way. However, let us state
that Theorem 4.1.7 holds in ij” (), for w an A, weight. This fact is recalled in Chapter 5
for stating a weighted extension theorem. This said, let us now prove a very simple weighted
density theorem for weights depending on the distance to the tip of the cusp.

Definition 4.2.1. Let Q be a normal or curved cusp, and w : Q — Ry a nonnegative
integrable function. We say that w is an admissible weight for Q. if there is a constant C such
that:

w(x) ~w; ~ w1 Yxe, Vi
c 'c
where w; and w;,| are constants that approximates w on £); and €;,| respectively.

Example 4.2.1. Let us consider w : R.g — Ry, a nonnegative, monotonous, integrable
function, such that w(2t) > w(t) for some constant C independent of t. Take w : Q — Ry,

w(x) = w(|x|). Then, w is an admissible weight for Q.

The following is the weighted version of Theorem 4.1.7, and it is proved merely pulling
out of the integrals the constants approximating the weight on each €);:

Theorem 4.2.2. Let Q) be a normal or curved cusp, f € WEP(Q), with w an admissible weight
for Q. Givenn > 0, there is a function g € C*(RY) such that || f — gllytrq) < 1.

Proof. Let y; be the partition of the unity constructed in Theorem 4.1.7, and g; functions in
C*(R"™) such that,

n k
If = gillwers,) < Ef(si) .
We define
g(0) = > Yilx)gi(x).
P
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Then:
D (f = I, o) = ID°(f = Qwr I}y = > ID(f = !
EMlir@) = 80Ny = 2 8wl e,
< CZ a)i”Da(f — g)”ip(f)’{) < CZ(U,HD@(]C _ g)”l;p@;).

And now, following like in Theorem 4.1.7:

c n k
I Syaviny S <o

i pB<La







S

Extension Theorems

Given a domain Q, a linear bounded operator E is called an extension operator on W*?(Q), if
E : W(Q) — WHP(RY),

and Ef|q = f for every F € W*P(Q). The existence of an extension operator implies that
many properties that hold in W*?(R") are inherited by W*P(Q). As we commented earlier, a
classical example of this situation is given by embedding results (see, for example [ ,

, Sections 4.2 and 4.7], [ , , Section 5.7]). In the sequel we
provide another results that can be obtained from extension theorems. For example, we prove
the density of smooth functions up to the tip of a normal cusp. Also in Appendix A we prove
weighted Korn inequalities for external cusps, using the extension operator constructed in

this Chapter.
If Q is such that W*?(Q) admits an extension operator, we say that Q is an extension
domain for Sobolev spaces (E.D.S.). Simple examples ([ , 1) show that external

cusps are not E.D.S. Therefore, we can only expect to obtain weighted extension operators of

the form:
A WHP(Q) — WP RY),

where o is a weight that somehow compensates the singularity of the domain.

Remark 5.0.3. The narrowing of a cuspidal domain Q allows functions in W*P(Q) to go to
infinity very rapidly at the tip of the cusp. This forces the weight that naturally arises in the
extension process to vanish at the origin. Moreover, for this reason we are not able to guar-
ranty that the extension of a function f, Af has weak derivatives at the origin. Particularly,
we cannot prove that Af is in Llloc of a neighborhood of the origin. We can prove, however,
that our extension and its derivatives are in L}OC(G \ {0}), being G a neighborhood of the ori-
gin. This induce us to define a special weighted Sobolev space where the extension belongs.
Following Maz’ya and Poborchii, we state the following definition: given G a domain con-
taining the origin 0, and w a weight that vanishes at 0 and is bounded away from that point,
we say that a function g is in WEP(G) if g has weak derivatives of order a for |a| < k, defined
in G setminus{0}, and ), IIw?LD"gIILp(G) < 00,

57
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This Chapter is organized as follows: in the first Section we construct two weighted
extension operators for normal cusps assuming two different extra conditions on the domain.
In this way, we prove Theorem 5.1.1, which is a generalization of Theorem A, stated in the

Introduction and due to Maz’ya and Poborchii, (see [ , , Chapter
5]). Our extension operators are constructed in three stages, the first of which is a simple
adaptation of the techniques used by Jones [ , ] for proving the extendability of

functions on uniform domains. In Section 5.2, we introduce a zero stage, that allows us to
extend functions from a curved cusp to a normal one. In this way we prove Theorem 5.2.1,
that extends Theorem 5.1.1 to the case of curved cusps. In Section 5.3 we use the first stage
of the extension process to prove the density of smooth functions up to the tip of the cusp,
extending the result obtained in Chapter 4. Finally, in Section 5.4, we prove a weighted
version of our extension results, obtaining an operator of the form:

A WEP(Q) — WEP(Q).

We focus our analysis on weights depending on the distance to the tip of the cusp, but we
also consider weights depending on the distance to the boundary.

5.1 Extension for normal cusps in the unweighted case

The aim of this section is to build an extension operator for normal cusps in the unweighted
case WXP. For doing this, we need to introduce two extra conditions, which are generaliza-
tions of the ones requiered by Maz’ya and Poborchii in Theorem A.
The first condition is:
usy) _ US)

—=<C
Zi Zj

Vi> j C constant, (5.1.1)

which is a generalization of (1.2.1). We use it to prove item (a) in Theorems 5.1.1 and 5.2.1.
The second condition is:

1
{(S;) < K{(S;) Vi> jsuchthatd(S; 0) > Ed(Sj,O), (5.1.2)

which is a generalization of (1.2.2), and it is necessary for the proof of item (b) in both
theorems.
Now, we can state the main result of this Section:

Theorem 5.1.1. Let Q C R”" be a domain with an external normal cusp at the origin.
(a) If kp # 1 or kp = 1 and the spine S satisfies (5.1.1), there is an extension operator
A WEP(Q) — WEP(R™),

where
1 xeQ

T(x) = { (L0D)? y e o

|x|
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(b) If the spine S satisfies (5.1.2), there is an extension operator
At WRP(Q) — WEP(RM),

where
1 xeQ

o(x) = { (f(slilfl)))n_l P
(c) Assuming (5.1.2) stands, if & is such that there is A : W*P(Q) — W(I;’p (R™), an extension
operator, then
0(x) < Co(x) VxeU\Q,

where U a neighborhood of the origin, and o is taken as in item (a) when kp < n — 1
and as in item (b) when kp > n — 1.

Remark 5.1.2. Observe that Theorem A imposes conditions on the relationship between the
parameters k, n and p. For example, if an external cusp satisfies property (1.2.1) (but not
(1.2.2)) then, it admits the application of Theorem A only if kp < n — 1. This is not the case
of Theorem 5.1.1, where the extension operators are built regardless of the values of k, n
and p (except for the particular case kp = 1). Moreover, observe that item (b) in Theorem
5.1.1, when kp #+ 1, provides an extension operator that does not requiere any additional
hyphothesis on the domain.

Below we provide a detailed proof for items (a) and (b) of Theorem 5.1.1. Item (c) is
proved later by a simple adaptation of the counterexample given in [ ,
] for proving the optimality of the weight in Theorem A. Observe that we do not prove
the optimality of the weight in the critical case kp = n — 1. In fact, we believe that the weight
is not sharp for kp = n — 1, and that an equivalence for the weight obtained in Theorem A
in this case should stand for normal cusps, although we were not able to prove it, so far. The
case of curved cusps requires a little modification of our arguments (similar to that needed in
[ , ]) and it is presented later in Theorem 5.2.1, in the next section.
Let us notice that thanks to item (iii), in Definition 3.2.1, and the results on extension for
locally uniform domains proved in [ , ], it is clear that it is enough to construct an
extension operator A for functions f such that supp(f) C D, = {x = (x1,--- ,x,) ¢ |x,| < 1/2},
where r << 3}, €(S;). Our operator A is defined in a set of cubes belonging to “W*. Let us
call W, C WF* to the set of cubes belonging to ‘W and contained in D,. We divide W, in
three parts related to three different stages of the extension process.

e K-1
Wi ={0cWs: >0 and £(Q) < (ﬁT)t’(S(ZQ))}, (5.13)
Wy={Qe W)\ W5: zo>0 and €(Q) < z0/(8 Vn)}, (5.1.4)

Ws ={0 € W) \ (W3 U Wyl (5.1.5)
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TITIITTTL]

Figure 5.1: ‘W3, ‘W, and ‘W5 for a normal cusps.

In Figure 5.1 we show schematically the area covered by each set “W,.

Furthermore, let us denote Q; the cubes in ‘W3, so: ‘W3 = {Q,};, and similarly, {T';}; the
cubes in Wy, and {U}}; those in “Ws. Finally, let {£;};, {¢;}; and {i;}; be a partition of the
unity on UW,, such that &;,¢;,¢; € Cy’; sop(&)) C % i» sop(¢;) C %Tj, sop(y;) C %Uj,

and:
e+ Y g+ Y U =1  Vxeuw,.
J J j

As usual, we may also assume that:

a c @ * ¢
ID°&;(x)| < ROREE ID",;(x)| < 1D (0] < qu

C
h

Observe that Q U (UW3) is an expanded cusp, broader than Q, but with the same kind of
singularity. On the other hand Q U (UW3) U (UW,) contains a cone with vertex at the origin,
and therefore it is not a singular domain. Finally, the addition of the cubes in ‘W5 completes
a neighbourhood of the origin.

In each stage of the extension process we define the extension operator in one of these sets
of cubes (in the first stage, in W5, etc.). Since the first stage does not solve the singularity of
Q, the weight only appears in the second stage.

Our construction is based on the ideas used in [ , ] for proving an extension
theorem for uniform domains. Jones shows that for a uniform domain D, every cube Q in
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W(R" \ D) near D has a reflected cube Q* € W(D) such that (a) £(Q*) > £(Q) and (b)

d(Q,0*) < Ct(0Q), for some universal constant C. These facts allows him to define the
extension A f on Q through a polynomial that approximates f on Q*.

The difficulty for applying this technique to a normal cusp 2 is that it is only possible to
define reflected cubes Q" with the previous properties for cubes Q in a close neighbourhood
of the domain. Specifically, we are able to do this just for the cubes in “W;. On the contrary
the cubes in W, are bigger than any cube in ‘W near them. Consequently, for each cube
Q € W,, we are forced to choose between two options: defining a reflected ser S (Q), that
is not necessarily a cube, or finding a cube Q* comparable to Q, but far from it. These two
options lead to the two different versions of the extension operator, and to the two different
weights, in items (a) and (b) of Theorem 5.1.1. Finally, the extension to the cubes in “Wj is
permorfed radially, and preserves the weight obtained for “W..

5.1.1 First stage

This stage follows closely the reflection method given in [ , ]. It is based on Lemma
5.1.5, where the existence of a reflected cube for every Q € W3 is proved. We need to state
a previous lemma:

Lemma 5.1.3. Given Q an external normal cusp, with parameters &, K, there is a constant
K (that could be taken K = @ ) such that, if x € Q, and
K-1

K+1
Zi — Tf(Si) <x,<z+ > 0(S)),

then, x € fS,-.

Proof. Letustake j = i, . We suppose j < i (the complementary case is analogous). Property
(3.2.3) implies that KS ; > x. On the other hand z; < z; + KTHK(S,). But, since £(S ;) > ((S)),
we have (S ;) = 2N¢(S ;) for some N € Ny. The largest size for S jis obtained when the cubes
in § grow exponentially between §S; and S ;. In that case:

p= K+1
Zj— %= mz;) 2"U(S ) < —5—(S).
and 2V < KT“, which leads us to conclude that
(s, < K2+ Lasy.
But then x € K%Si, since x € K ;. m]

Remark 5.1.4. Proposition 3.2.2 implies that properties (3.2.4) and (3.2.5) hold for finite
unions of sets C; (and not only for Q; U Q). Therefore we may apply both properties for
Q; U Q;,y, where £; = ESi N Q. On the other hand (3.2.4) implies that the curve given by
item (iii) in Definition 3.2.1 is contained in a finite union of sets €; (or in a universal dilation

OfS,').
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Lemma 5.1.5. For each Q € ‘Wj there is a cube Q* € ‘W such that:

1
11O <UQ) < UQ), (5.1.6)

d(Q", Q) < CLQ). (5.1.7)

Proof. Let i be such that zy € [z;,zi-1), and x € Q such that d(Q, x) < 5+/nf(Q). We may

assume that \/‘3 < 1. In this case, observe that
nK 2

eK-1)
5vnK

The right hand term of the equation is exactly the floor of the expanded cube KS;. On the
other hand:

K-1
Xy 220 -50(Q)>27z—-5 0S)H >z — TK(S[).

eK-1)
n < Zie +5¢ < zie +5 fS,
X Zi-1 (Q) Zi-1 5\/ﬁK ( )
K-1 K+1
<L U8+ 58D =7+ 2+£(Si>,

and the right term is the roof of the expanded cube KS ;. Consequently, x € Q.. Let y € Q, be
such that |x — y| = %E{’(Q). Note that this is possible because:

SV gy < K21

— (S < diam(Q)).

lx —yl =

Let, then, y be the curve given by properties (3.2.4) and (3.2.5). If & € vy is such that
e — &1, 1€ =yl = 52, we have: dyo(€) > Ex -yl = 226(Q). If S € W, S 3 ¢, then:

4nt(S) > d(S,00Q) > d(£,0Q) — Vnt(S) > ¥€(Q) — Vnt(S).

Therefore 1
0(S) > Zf(Q).

Let us consider all the cubes T € ‘W satisfying £(T) > i{’(Q) and take QO* to be the one that
minimizes the distance to Q. Then £(Q*) < €(Q). On the other hand

1 5
d(Q',Q) < d(S.Q) S —|x—yl+d(x. Q) < (?‘/ﬁ +5Vn)U(Q).

This completes the proof of the lemma. O

Corollary 5.1.6. If 01, Q; € W3, Q1 N Q2 # 0, then d(Q;, 03) < CL(Q\).
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The following lemma is a simple corollary of Lemma 3.2.3:

Lemma 5.1.7. Given Q, 0, € W5, Q1 N Q, # 0, there is a constant C = C(g,n,K) and a
chain of cubes F1, = {V) := 07, Va,...,V, := O3} C W such that r < C and {(V;) ~ £(Q)),
Yi.

Lemmas 5.1.5 and 5.1.7 are the essential tools for proving Jones’s extension theorem for
uniform domains. Therefore, they are the key of the first stage of our extension process.
For each Q; € ‘W let us define Py, = P(Q;). The first term of the extension operator is:

AL = xa(OF) + Y Po,(0éi(x).

Q;,eWs

Thanks to Lemmas 5.1.5 and 5.1.7, and Corollary 5.1.6, this operator can be bounded
using the same arguments that are employeed in [ , , , ] for the case of
uniform domains.

Remark 5.1.8. In this first stage, and in particular during the proof of the next lemma, we
could invoke Corollary 2.4.3. However, in order to be consistent with the rest of the stages
we show how to use Lemma 2.4.2 instead.

Lemma 5.1.9. If Q € ‘W; far from W, (i.e. Q € Wj is surrounded by cubes in ‘W5), then:

ID* A1 fllzrco) < C{Z(Q)k_lal”ka”LP(U‘F(Q)) + “f”Wkl’(Q*)}a

where ¥ (Q) is the set of all the cubes that participate in a chain F;(Q), connecting Q" with
Q3 forQ;N QO #0.

Proof. We have

<|
Lr(Q)

ID°Aifllo = [P D" Pog

0;NO#0

b Z (Po, = PQ)SCj“U(Q) +[D"Poll, 0,
Q,NQ#0 bii

1

The second term is easily bounded by means of Lemma 2.4.2, taking into account that Q
and Q" can be included inside an auxiliary cube O, Q ~ Q ~ Q*. Alternating the derivatives
of f we get

H<C Y €MD" Pollue

ly+al<k

<C Y 4@{ID"** (P - Pllroy + 1D fllion) <

ly+al<k

< C”ka”Ll’(Q*)f(Q)k_la‘ + 1 f llwercosy < Cll fllwrrge)-
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On the other hand:
r=c Z Z ”Da_ﬁ‘ffDB(PQ,f — Po)llero)
0;NO+0 f<a
sC Z Z 5(Q)|a—ﬁ|”DB(PQ/ Po)llLrg)-
0;N0#0 B<a

For each j, let us alternate the polynomials associated to the cubes of the chain between Q-
and Q*, given by Lemma 5.1.7. We set ¥; = {T, = Q*, T»,...,T, = Qj.} and obtain:

r—1

||DB(PQ,- = Po)llzro) Z IDP(P(Tis1) — P(T))lzr (o)
i=1

r—1
||DB(P(T1'+1) — P(T; U Ty + IIDP((P(T; U Tiyy) — P(Ti))”Ll’(Q)}
i=1

™M

<c {||D5<P<T,+1> P(T; U Tio)liwrcrny + IDP((P(T; U Tiay) = P(T)lloiry
i=1
r—1
< C Y {IDP(P(T1a) = Pl + IDPCf = PCT; U T Musiror,. + IDPCF = P Nlvery )
i=1
r—1
<C ) U IV fllaur < €O PNV fllrwr)-
i=1
And then:
I < CUQ ™IV fllwr -
O
Finally, let us observe that from Lemmas 5.1.5 and 5.1.7 it follows that:
| > xon| sc<eo  forangews, (5.1.8)
01eWs *
0iNQ;#0
” Z )(ny(Qj)Hoo <C<oo (519)
Q;eW;
This means that each cube o is used at most a fixed number of times, then
1D A fWapg = D, 1D A1 W) < Al
QeW;
Therefore
DAy fllrwwy < Cllfllwen. (5.1.10)

hence, the operator (A,) is bounded far from W ,.
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5.1.2 Second stage

This stage, where the extension operator is defined over Wy, is the heart of the extension pro-
cess. The first stage was essentially a translation of Jones’ theorem, which extends functions
to an expanded cusp, where no weight is needed. Second stage, on the other hand, extends
functions to a cone: the cuspidal behaviour of Q is compensated here by a weight. Stage
three, in turn, completes the extension to a neighborhood of the origin, but does not contain
any interesting idea.

Let us begin stating some properties of ‘W itself. Let T be a cube in Wy, and S; = S (z7).
Observe that from the definition of ‘W5 we know that £(T) > C¢(S;), with the constant
C = Sf/ﬁ’(,;l. In order to simplify notation in subsequent calculations we set C = 1 and
assume that £(T') > £(S ;).

Let W4 denote the Whitney decomposition of R" \ %,. Observe that the structure of W4
is very simple: cubes grow exponentially as we move away from the axis. Since the positive
semiaxis of %, is contained in €, Remark 2.2.2 implies that for every cube T € “W,, there
isacube T € W4, such that T c T. The following lemma proves that in fact £(T") ~ f(T)
YT € (W4.

Lemma 5.1.10. There is a constant C such that d(T, X,) < C{(T), forall T € ‘W,

Proof. Let x* € 0Q be such that d(T,0Q2) = d(T, x*). Let y be the segment joining 7 and x*,
and Q € W;, the nearest cube to 7 such that Q Ny # 0. It is clear that

VRl(Q) < d(Q,89Q) < d(T,dQ) < 4Vnt(T).
Let us denote x4 € AQ the point such that d(Q, Q) = d(Q, x?). Then:
d(T, %,) < d(T, Q) + Vnt(Q) + d(Q, 2,) < 4Nnl(T) + 4nl(T) + d(Q, x*) + d(x%, £,)
< CUT) + d(x%, &,) < CUT) + KE(S (zg)).

Consequently, if £(S (zp)) < C{(T), the result is proved.
Let us denote I = i ,. Furthermore, let Ty € Wy be suchthat Ty N Q # @and Ty Ny # 0.
Then, 1£(Q) < £(T)) < 46(Q). Suppose that £(Q) < %K(SI). Then

1
zr, 229 — UT1) 2 21 —4(Q) > z1 — 15(51) > 71 =S 111) = 7141

But, since T, € W4,

1 1
Q) = Zf(Tl) > Zl’(S(zn)) > f(Sm) > 165(51)
which is a contradiction. Consequently, £(T) > C{(Q) > C{(S ), and the result follows. O

Remark 5.1.11. A much simpler proof for this lemma can be provided assuming property
(5.1.2). However, item (a) in Theorem 5.1.1 can be proved without (5.1.2), and so we prefer
to detail the general proof.
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As we stated above, Lemma 5.1.10 shows that £(T) ~ t’(f), VT € ‘W,. This fact implies
that the number of cubes of a certain size in ‘W, is comparable with the number of cubes of
the same size in ‘W,. In some passages of this stage, we estimate the number of cubes in W,

by the number of cubes in ‘W, which is easier to count.

In this second stage a weight is needed in order to bound the norm of the extension
operator: we provide two different versions for the extension to the cubes in Wy, the first one
is horizontal (each cube will be associated with a set at the same height), leading to the weight

n—-1
o(x) = (M) corresponding to item (b) in Theorem 5.1.1. Property (5.1.2) is needed in

I
£ (1xD) )"P as

this case. The second version is vertical giving another possible weight: o(x) = ( F

in item (a) in Theorem 5.1.1. Property (5.1.2) is not needed for this version.

First version: dimensional-horizontal weight

For each cube T; € ‘W, let us define

Sy = J{Sit2r, <<z + €T}

\ —

S(T)

Figure 5.2: Reflected tower: second stage’s first version.

Remark 5.1.12. S(T)) is the reflected set of T; as well as Q}T is the reflected cube for Q;
in the first stage. Observe that S(T ;) is not a cube, nor a rectangle. However, normality
property (3.2.1) implies that it is a tower of cubes, eventually of different sizes. Since cubes
in Wy are far from Q, T; will be larger than the S;’s in S(T;). Nevertheless, the dyadic
nature of cubes in Whitney decompositions implies that its height is exactly €(T;). Finally, if
(S,
S(Ty) =1{S1,,S1;41--->S1;0n,), property (5.1.2) guarantees that % < C < oo. Therefore,
J*Nj
for each T there is a pair of rectangles R} and R? such that:

1 2
R; cS(T)) C Ry,
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URY) = (€S 1an))s - - CS 1en)). 6T ),
URY) = (€S 1)), ... LS 1), U(T))),

satisfying: flER <CforallTjandi=1,...,n;ie.: R}. ~ R?.

Let us define, for each 7; € Wi, Pr, = P(R;.). Our extension operator is
Aaf(x)= ) Pr,(0g;(x). (5.1.11)
TjEW4

The following lemma is equivalent to Lemma 5.1.9. However, since ‘W, is far from Q, a
weight is needed:

Lemma 5.1.13. If T € ‘W, (far from W5 and ‘Ws), then:

Da/A » <C(
1D Ao fllscry < i

) fllweror .

where F(T) is the family of all the towers S(T;) with T; N T # 0, and R" is the rectangle in
S (T) provided by Remark 5.1.12.

Proof. As we procceded in Lemma 5.1.9, we alternate the polynomial corresponding to 7',
PTZ

(04 — @ —
1D Mo flay = D7 3 Prgs|, < |pm D) e —poa| +lID7Prl,uer,-
T;NT#0 @ T;,NT#0 o H”—’

1

Since d(T,S(T)) < C{(T), the second term can be bounded by means of Lemma 2.4.2,
by considering an auxiliary cube T ~ T, such that T, S(T) c T

7|

1
ﬁ)p Z TMND Prllincs -

yily+al<k

Hsc(

If we go on like in Lemma 5.1.9:

11 < C( 7]

| R1|) 1 lwers cry-

On the other hand:
I<C Z Z 5(T)|“ ﬂl 7, = Pollray,

T;NT+#0 <

and T NT; # 0, implies that S(T) N S(T;) # 0 and R' ~ R}. In fact, S(T) c S(T;) or
S(T;) c S(T) (which imply R' C R} or R;. C R' resp.), or S(T) and S(T';) form a new, longer
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tower where S(T) is over S(T';), or vice versa (which implies that R' and R} are touching).
We show only the case that leads to touching rectangles (the other cases follow similarly):

IDP(Pr, = Pp)llory < IDP(Pr, = P(R' U R)|ocry + IDP(Pr — P(R' U Rl

T|\} .
<C(ig) Y AP - PR ORD
yily+BI<k
+ 1D (Pr, = PR U RD)llpia |
AR
< C(%)” Z [(T)|7|{||D3+7(PT = Pl + ID7P(f = PR U R poiary

yily+BI<k
+IDP7(Pr, = Pl + 1D = PR' U RDIloiay -
Applying Lemma 2.4.8 we obtain:

|| )%

||DB(PT]» = Ppllrary < C(ﬁ

DL AT ERY N IDT Flls sy

y:ly+BI<k Tiltl=k
And, consequently:

1 LAY, M Ry .
I1<C Z Z WC(W) Z TR Y Z 1D fllzr s ryus Ty

T;NT#0 |BI<lal y:ly+Bl<k rll=k

<C Z Z [(T)'kl_l"'C(%)}) Z Z D" fllzos s Ty

T;nT#0 |BI<|al y:ly+Bl<k T:|t|=k
IT|\5
< c(ﬁ) 1 llwsrerery-

O

Lemma 5.1.9 bounds the norm of the extension operator in all the cubes in ‘W far from
“W,. That is, in all cubes Q € W5 such that all the neighbours of Q are in ‘W3. Lemma 5.1.13
does the same thing for cubes in Wy, far from W5. Let us consider now cubes in the frontier
of these sets: let Q € ‘W3 and T € ‘W, be such that Q N T # (. Notice that }L < % < 4.
Furthermore:

4Vnl(Q) = d(Q,3Q) = d(T, Q) — Vnl(Q) = Vnl(T) — Vnl(Q),

and then
UT) < 500Q) < CUS ),

where S is the cube in the spine of Q such that z € [z;, z;—;). This implies that £(Q*) ~ €(T),
and since S; N S(T) # 0, by means of lemma 5.1.7, there is a chain of cubes joining Q" and

S(T). Hence, the proof for the following lemma is the same that the one for Lemmas 5.1.9
and 5.1.13.
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Lemma 5.1.14. Let Q € Wi and T € W, be such that QN'T # 0, then:

ID“(A1 + A2) fllrco) < Cllfllwer o))

ID*(A1 + A2) fllrcry < Cllfllwir e ry)-

We need to prove that the norm of the extension is bounded as in Lemma 5.1.13 all over
‘W, and not only in a particular cube. Let us pick, then, a cube §; € S. A simple comparison
with :MZ implies that the number of cubes T';, with £(T;) = 2"¢(S;) , such that §; C S(T;)
is bounded by a constant independent of §;. Furthermore such a comparison allows us to
bound the possible values of m, for each i: 0 < m < log (ﬁ), where log = log,.

n—-1
Proposition 5.1.15. If we denote o(x) = (M) , then:

|x]

1
|loP DQAzf”LP(UWO < C”fHWk*”(US)

for every a, |a| < k.

n—1
Proof. We can take o as constant in each cube T € ‘Wy: o ~ (%jm) . Then

. . (SGV
I D Mol = D D Uy <€ 3 (S222) U0 Fll
T:TeW, rrew, . T
(S GV IT]
C Z ( ) Rllllf”Wkp(UT(T))

T: TE(W4

Now, since £;(R") ~ €(S(z7)) fori=1,...,n—1, and £,(R") = ¢(T), we have:

1 I\
||0-I’D Azf”z/’(u(Wz;) <C Z (?) ”f”Wkl’(u‘]—'(T))

T:T€W4

oy > (ADy U

T:Tew, s:ser(r) © T

ey Y (“T))"lnfnwk,,(s)

S:SeST:F(T)3S

Given a fixed cube S € S, the cubes T € ‘W, such that S € 7 (T), can be classified by
their sizes: €(T) = 2™(S), where 0 < m < M = log(%). Furthermore, z; ~ zg for every
T € Wysuchthat S € 7(T). Finally, the comparison between cubes in ‘W, and cubes in :‘474,
guarantees that, given a cube S € S, there is a bound C, depending only on the dimension 7,
such that

#HT eW,: SeF(T) «T)=2"¢S) <C
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Then:
M-1
o (N~
1o D Wy <€ 2 2, o () W,
s:seSm=1 T:7(T)s T
(T)=2"6(S)
<c Y drasy I(Z(zn D [T

S:SeS

and the result follows by recalling that M ~ log(%). |

This result concludes the first version of the second stage of the extension.

Second version: derivative-vertical weight

This version of the extension is based on a different construction of the reflected set of a cube
in ‘W,. For each T, we find some T* € & such that £(T*) ~ £(T), but T* is far above T. The
weight in this case is due to the distance between 7" and 7™.

Let us consider 7 a cube belonging to ‘W, (the Whitney decomposition of R" \ %,) such
that TNT # 0, for some T € ‘W,. Thanks to Lemma 5.1.10 only a finite number (the number
does not depend on T') of cubes belonging to W, are contained in 7. We can now pack the
elements of ‘W, in cylinders of the form (7)) = @’ xR, where Q' c R*"! is the projected face
F’ of T into R"~'. We identify cylinders given by cubes T sharing the projection Q’. In this
way each cube T € W, belongs to only one cylinder. Moreover, cubes inside the cylinder

(T) are equivalent, i.e 71,7, € n(T) implies that 7'} ~ T ~ T,. For each T; € Wy, we denote
with 7(T';) the set of cubes in ‘W), that share the cyhnder with T';. The set 7 is called a tower.

Let us consider 7' one of the upper cubes in 7(T'). We deﬁne T = S(zy) for every
T € 7(T"). This situation is represented in Figure 5.3.

It is important that, with this definition, for every 7' € ‘W, we have T € S,and T* ~ T.
However, the distance between T and T* could be large, particularly in the x,, direction. In
fact, since d(T'"', TV) ~ z71, we have d(T', T"*) ~ €(T"), but d(TV, T"*) ~ z71 (Where T' and
TV are upper and lower cubes in a certain tower 7).

As in the first version of the second stage extension, we define Pr;, = P(T]’.‘ ) and

Mf() = D Prx)¢;(x).

T_ j E(W4

Observe that, if T;,T € Wy, and T; N T # 0, the tops of the towers 7(7T") and 7(T’;) could
be setted at very different heights (and so would be the heights of the reflected cubes T'; and
T™). This is so because of the following fact:

Remark 5.1.16. Suppose S € S is the higher cube of a certain size. Let us denote #(S) the
number of cubes with edges of lengh exactly €(S). Then, since 0 € 0, zg — #(S){(S) > 0,

and consequently, #(S) < [(S) However, no better estimate can be provided (in fact, it is easy
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BN

TU=T = E TNl

Figure 5.3: Reflected cubes: second stage’s second version.

to see that for cusps with profile ¢(z) = 7', there are ~ 7'~ cubes with edges 7*), so the worst

case, that there could be ~ % cubes in S with side €(S), should be assumed to hold.

Consequently, the shape of W, could show long steps. When two towers touching each
other are in the edge of a long step, their heights are very different. This situation is repre-
sented in Figure 5.4. In this figure, two touching towers are shown, where reflected cubes are
far from each other. Therefore, the chain (in S) joining the reflected cubes for each tower is
large.

Lemma 5.1.17. For every cube T € Wy

6p(x(T))

-
s ) fllweror .

ID*Ax fllrery < Cf(T)k—lal(

where ¥ (T) is the family of all the cubes in all the chains connecting T* and T; forT;NT # 0.

Proof.
10" Aol < [P 3 (Pr, - P

Lo(T) + ||DQPT||LP(T) )
T;NT+0 —

11

1

As usual:

1
I1<C E W § ||DB(PT]- - PT)”LI’(T)-
B<a T;NT+0
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[TTT
[T
111

—Z_
2S(2))

Figure 5.4: Long steps imply long chains.

Let us denote F,(T) = {T* = S',S%..., T = SM} the chain of cubes joining 7* and T7,
then:

M-
IDP(Pr, = Pr)lry < ZHDB(P(S“1 = PSDllrery-
=1

Now, if we denote R; the minimal rectangle containing T and S, we have £;(R)) ~ €(T),
i=1,...,n—1,and {,(R) < ¢,(v(T)).

IDP(P(S™*Y) = P(S Dlluory < C{IDP(P(S™) = P(S™ U Sllusry+
IP(S™! U S") = PSDller)

1
<) {nDB(P(Sl“) ~PS™ U Sl

+IDPPS™ U ST - P(S’))Ilmzel)}

£ l
sarit 3 {5 1) IDP(PS™) = P(S™ U SHllsio,

ly+Bl<k |

RHIY!
, CRY

|7 17

1D (ST = PS™ U Sl
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<C D L@@MUSHY PN Fllpsiosim).

ly+Bl<k

Consequently:

1 M-1
1C D0 D gy 2u 2y L@ Sy T sy

T;NT#0 f<a I=1 [y+Bl<k
k-1 M1

£,(x(T
< CK(T)"""'(%) SV Allresiosin.
=1

Applying the Holder inequality gives

£ (n(1))

k-1 |
% ,
o ) IV Fllror

I< C{’(T)"""'(

where 1_17 + 1% = 1. But M is the number of cubes in the chain joining 7" and T;, which we

L((T))

R and then:

saw that could be as large as

£ (n(1))

k=1
p

vk .

o7 ) V" fllzruray

I< CK(T)""“'(

I1 could be bounded by means of the same ideas.

A proposition equivalent to 5.1.15 can now be easily proved:

k
Proposition 5.1.18. If we denote o(x) = (M) p, then

[x]

1
llo» D Ao fllrowsy < Cllifllwerus)-

Proof. As we did in Proposition 5.1.15, let us observe that the weight o~ could be considered

. kp
constant in each cube T € Wy, o7 ~ (“%TZT») . Then:

. Lo S @r)\kr,
lo? D* Ao 1wy = } : llo» D Ao fllisry < € Z ( z - )p”D Mo flner)
T€W4 TE(W4 T
€(S (z7)) \kp k= L, (T (T))\Fr!
<C T '“DP(—) [V
TGZM:/4( Ir ) «T) f WEPUF(T)

=C Z Z (M)kp[(T)(k—lwl)p(M)kp_l||f||lljvk’p(s).

S:SeS T:F(T)sS ar «1)

Now, observe that if we fix a cube § € S, every cube T € W, such that S € ¥(T)
satisfies: €(T) ~ €(S) and £,(7(T")) < zs. By considering this and || < k, we obtain:
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IIO'PD"AszIL,,(UW) < Z Z (K(SZ(TZT)))kp(gisT))kp lllfllwkp(s)

S:SeST:F(T)>8

The rest of the proof is done in two separate cases. If kp = 1, using property (5.1.1) we

obtain:
0(S (zr)) is)
®=C 0 3 Ml SC 3L DY Ul

S:SeS T:F(T)2S S:SeS T:F(T)2S
But, for a fixed S € S, the number of cubes T such that S € F(T) is at most C - 5 and then:
Zs Z(S)
5:5eS S:SeS

On the other hand, if kp # 1, property (5.1.1) can be avoided. Proceeding in a similar
way than we did in Proposition 5.1.15, we clasify the cubes T € ‘W, such that § € 7(T)
according to their heights z7. Observe that the minimum possible z7 is £(S), whereas the
maximum possible z7 is zg /€(S ). Then:

25 /€(S)

®<C Y Y G SN, = Z(Z > -k!’) NS,
S:SeS

S:SeST:F(T)>S m=1 T:F(T)>S
zr=ml(S)

But the number of cubes 7" at the same height is bounded by a constant depending only on
the dimension n (because of the comparison with cubes in “W,), then:

25 [U(S) .
_ -k p— —kp+1
DI DI Il T/
§:SeS  m=1
—kp+1
<s £ —kp+1
~C (%) A S A
P(S)
s5es ()
=C > IV A s, < CIA s
S:SeS
The key point of this approach is the estimation of 3 m™?, where we use that kp # 1. O

5.1.3 Third Stage

This stage is devoted to define our extension operator in the cubes of “W5. We explain the
construction of the reflected sets for each version of the extension, but we do not enter into de-
tails since the ideas are exactly the same given in Lemmas 5.1.13 and 5.1.17 and Propositions
5.1.15 and 5.1.18, according to the case.
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For the first (dimensional) version of the extension, let us define:
Sy = Jisi: ey <z < 260,

It is clear that d(U, S (U)) < C€(U). On the other hand, S (U) is a tower of cubes that admits
an interior rectangle R', with £;(R") ~ €(S(£(U))) fori = 1,...,n— 1 and €,(R") ~ €(U).
Because of property (5.1.2), there is an exterior rectangle R> > S(U) such that R?> ~ R!.
Hence, Remark 5.1.12 holds for cubes in ‘W5, and so do Lemma 5.1.13 and Proposition
5.1.15. As we did earlier, we define Py, = P(Rj.). The last thing to notice is that if 7 € W,
and U € ‘W5 are such that T N U # 0, then d(S(U),S(T)) < C€(T), and then there is a finite
chain of towers that join S (U) and S (T'). This guarantees that the transition between ‘W, and
W5 is smooth.

For the second (derivative) version, let us define U* = S; the cube in S with i the maxi-
mum index such that £(S ;) > ¢(U). This implies £(U*) ~ £(U), which is the essential property
of the reflected cube in this case. On the other hand, d(U, U*) < Czy-. Once again, we de-
fine Py, = P(U;‘f). It is clear that if T € W, and U € ‘W5 are such that T N U # () and
U* ~ T7, then d(U*,T*) < Czz-, and so the norm of the extension can be bounded in the
frontier between W, and W5 as we did in “W,.

As we did in the previous sections, let us define, for both versions:

M) = > Py (0w().

UjGWs

The last matter that we need to deal with is the superposition induced by this definitions of
reflected sets. In the previous stage we introduced ;MZ in order to help us counting some sets
of cubes in “W,. Similarly, let us introduce now 4F475 = W(R"\ {0}). Thanks to Remark 2.2.2
we may define, for every U € W5, U the cube in (WS such that U c U. On the other hand
the ideas exposed earlier (see Lemma 5.1.10) lead us to conclude that U ~ U. The number
of cubes in “W. s with edges of a certain length 27/ are bounded by a constant depending only
on the dimension n. The same holds for cubes in “Ws. Consequently, after this third stage,
every cube in S is loaded with at most a bounded quantity of cubes of the exterior of Q.

Our complete extension operator is, then,

Af(x) = A fx) + A f(x) + As f().

For every x = (¥, x,) € Wy, x,, ~ |x|. We use this fact to write the weight in terms of |x|
instead of x,,. Since the third term of the extension is also radial, the weight can be taken

(5(5 (Ix[)) )7

|x]

for every x € UW,, where v is the exponent corresponding to the case.
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514 DYAfisin W,

Observe that the proof of Lemma 2.3.7 can be easily applied to prove that |0Q| = O for every
normal (or curved) cusp Q. Consequently A f is defined almost everywhere in a neighborhood
of the origin. In order to complete the proof of items (a) and (b) in Theorem 5.1.1, we need to
prove that Af has weak derivatives of all orders «, 0 < |a| < k everywhere except, perhaps,
at the origin. Hence, we only need to consider the first term of the extension operator: A, f.
Let us denote, then, Q = Q U (UW;), the expanded cusp covered by the first stage of the
extension process. It is enough to prove that DA, f € Wllo’f’(Q). We proceed following a
density argument: taking into account Theorem 4.1.7, we may assume that f is the restriction
to Q of a function in C*(R’}). Moreover, if we take n > 0 we have: ||[Df]| Lo@\BO.y) = M,
0 < |a| < k. Recall that a function is in Wllof" if and only if it is locally Lipschitz'. Therefore,
in order to guarranty the existence of weak derivatives of A;f we only need to prove that
DA, f 1s Lipschitz, for every a, 0 < |a| < k— 1. Our proof is esentially the same that the one
provided by [ , Jand [ , ] for proving the same thing for uniform domains:

Proposition 5.1.19. D*A, f is locally Lipschitz, for |a| < k.

Proof. As we stated earlier, we assume f € C*(R"), and ||Df]| Le@sog < MBI < k. We
begin proving that DA, f is continuous. It is clear that we only need to prove the continuity
in 0Q. Let us define, for every Q; € Wj:

B 1
051 Jo,

Ji D°f
Given x € 0Q \ B(0,2n), we show that:
”DaAlf — ‘f]”L‘”(QJ) —_— O, as QJ — X.

Alternating P; = P(Qj.), we obtain:

ID*ALf = filli=o,) < ID*P; = fille=0, + ID*(A1f = P)llz=c0)
= ID°P; = fillisioy + 10" D (Pi = Péilli=co, -
k

1

1
where the last summation involves all the cubes Q, € ‘W5 such that O, N O i # 0. Now, for I
I < C|DP; - fj||L°°(Q;.) < C{ID*(P; - D=y + ID* f — fj||Lm(Qj.)}

< ClUQY IV fllmioy + LQIIVD® flli=0:)
< CMEQ;) — 0.

ISee [ , , Theorem 4.2.3].
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On the other hand, /7 was estimated in Lemma 5.1.9, so:
11 < CUQ YNV flliswro, — O.

Observe that we are assuming that Q; is small enough so F(Q;) c Q\ B(0,n).

Thence: DA, f is continuous. Now, we want to deduce from this fact the local Lips-
chitzianity of D*A, f, far from the origin. In other words, if K is a compact set such that
0 ¢ K, and x,y € K, we need to show:

ID*A f(x) = DA f(0)] < Coelx = yl. (5.1.12)

But this fact follows inmediatly, since D°A; f is continuous and bounded on Q \ B(0,n) for
every || < k, where 7 is chosen such that K c Q \ B(0,n). |

This implies that D*A, f are in fact the weak derivatives of A, f, when f € C*(R"}). The
result follows for f € W5P(Q) by means of a simple density argument, taking into account
that A, is an unweighted extension.

This completes the proof of Theorem 5.1.1, except item (c), that is proved below.

5.1.5 Optimality of the weights

We prove item (c¢) in Theorem 5.1.1 by showing two examples of functions f that need a
weight at least as small as 0. These examples are exactly the ones proposed by Maz’ya and
Poborchii for proving item (c¢) in Theorem A (see [ , , Theorem 5.2
and Theorem 5.4]), we state them for the sake of completeness.

Derivative weight

For this case we assume kp <n — 1.
Take g € C7(0,3) such that g(r) = 1, Vz € (1,2). Let p > 0 be a small number, and
consider:

=)

Clearly, f, € W-P(Q). Moreover:
1
ID* foll oy < C ,0”5(5(3,0)) ;. (5.1.13)

Now, let us suppose that there is an extension operator A Wk — W;”’ (R™), with
o (x) = o(]x]) nondecreasing. Then:

2p
IprIIWk,,(Q)>C||<TPD“AJZIILP(RH) _Ca(p)f ID*AL(-, xn)IIL,,(Rn X = @.
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Now we apply the imbedding W*P(R"™") c LY(R""), for g = %2. In this way, taking
Q ={xeQ: x, =z}

20 ,
® 2 Ca—(p)f ”f,;)(a xn)”iq(gm)dxn ~ CE(p)pf(S (p))E = Ca'(p)pf(s (p))"_l_kp_
P

And then, considering the worst case in (5.1.13), in which |a| = k, we have:

n—1—-kp
P

Cia(p) oS () 7 < fllweny < Cop? *ES Bp)7 .
Finally, thanks to Property (5.1.2), £(S (3p)) ~ (S (p)). Then:

€S ()
ol

F(p) < C( )kp = Co(p).

Dimensional weight

We asume kp > n — 1
Take g € C7(2,5) such that g(r) = 1, V3 <t < 4. Let p > 0 be a small number, and
consider:

o) = g(%)

Once again, f, € C*(Q) N WHP(Q). Now, let us suppose that there is an extension operator
A WP — Wg’p (R™), with o7(x) = o°(|x|) nondecreasing. Let us take

I, = {(x, x,) € R™!'xR: p<x, <2p).
Then, arguing as in the previous case, we have:
I DA fy ey < Wfyllweny < CoP (S (50)) 7
Now, in order to obtain the optimality of the dimensional weight we need to prove that
157 VA fyllrcey 2 Cpi ™5 (p) . (5.1.14)
In fact, observe that in that case,
Cipi T p)r < Copr (S (4p)7

which leads to:

tS ()
ol

F(p) < C( )n_1 = Co(p).

2For a proof of this classical result, which is a consequence of the Gagliardo-Nirenberg-Sobolev inequality,
see for example: [ s , Theorem 1.8.1], [ 8 , Theorem 4.12],
[ , , Corollary 9.13].
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The proof of (5.1.14) is much more complicated than the corresponding inequality in the
derivative case. The reason is the lack of sharpness of the imbedding used earlier. Now, we
use the imbedding W*» c L.

Note that the function A fo(X',+) is in WEP(R) for almost every x' € R""!. Now, fixing the
value of x’, we can take the polynomial in the variable x,,: 7(x’, x,,) = 7T(K Jo(X's NUp, 2pD(x),
that approximates the function A fo(x',-) on the interval [p, 2p], according to definition 2.4.10.
Thanks to the approximation property given by Theorem 2.4.12:
kA p

dz.

N w [ |19AL
IAS (', +) = m(x, -)Ipr(p,zp) <Cp "fo P (X, 2)

n(x’, ) can be written:

m&mzi%wﬁféy

m=1
with:
(x") | fzp (Z)Kf( ' Hdt
ap(X') = —— Pm| — X, .
p1+k , o p

Let us denote:

1 (7~
() = = f (Af(x.2) - n(x',2))dz. ¥ €R™.
2

0

Since X, is contained in every normal cusp, we have that A 100, x,) = £,(0, x,,). But taking
into account that supp(f,) C (2p,3p), we obtain that if x" = 0 the coefficients a,, equal zero.

Consequently:
50

5
hO = [ fo.2d= [ a0
2

2p
Now, take B, the n — 1 dimensional ball of radius p. Sobolev’s imbedding Wkp (B) C
C(B;)) N LOO(B;)), along with the estimation ||M||Wk,p(B(0’1)) < C{”””U’(B(O,l)) + ”Vkl/lllU(B(()’]))} and
a scaling argument, leads to:

1 k) ok
CIB |7 hyll=sy) < WhpllLray) + IV hplliosy).-

Hence: y |
C <p 7 Il + 057 IV¥ Rl oy - (5.1.15)

I /i

We need to bound 7 and /1. For I, we apply Holder inequality to /,:

NS,
0x,k

PR
(x',2) dz) .

4 1 L e 4 ’ 1 2p
|7, (xXD < =p?" INfo (X', ) = (X, lerp,2p) = C—ka(f
P p; 0
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And then: L _ _
1<p™ 7 IV A Ll = COPIVEA L llrn -

On the other hand, for /1, take «, |a| = k, then:
1 (> o~
Dhy(x) = - f DY(Afy(x'.2) = m(x', 2))dz.
P

But applying Holder inequality to D%a,,(x"), we obtain:

’ 1 £ a A ’ —k—1 ax ’
ID%a,(x")] < pkaP’ IDYASo (X Merpap = P77 IDEA S (X Miro20)-
Which leads to: !
DS P(xX', 2)| < Cp_;”Di’Aﬁ)(x,’ N zrp.20)-

And finally:
_nzl _1 -~ _n ~
11 < Co*"7 p P IVFA follran,y = COF PIIVEA S llo,)-

This fulfill our needs, since, by the monotonicity of o:
~1 -~ ~1 -~ P 1 n_
157 VEA fyllureny 2 1157 VEA Sl = Ca(p)7pr ™,

and (5.1.15) is proved.

5.2 Extension for curved cusps in the unweighted case

Theorem 5.2.1. Let Q C R" be a domain with an external curved cusp at the origin.

(a) If kp # 1 or kp = 1 and the spine S satisfies (5.1.1), there is an extension operator
A WRP(Q) — WEP(RY),

where
1 xeQ

o(x) = { (M)k” xeQe

|x|

(b) If the spine S satisfies (5.1.2), there is an extension operator
A WHP(Q) - WEP(R™),

where
1 xeQ

o(x) = { (M)”—1 xeQ

|x|
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(c) In case (a), assuming (5.1.2) stands, if & is such that there is an extension operator
At WEP(Q) — WEP(R™), then

Fx) <Co(x) VxeU\Q,
being U a neighborhood of the origin.

In order to prove Theorem 5.2.1 We introduce a stage zero, consisting of an extension
from a curved cusp € to a larger domain that includes a normal cusp Q. Functions defined
on Q will be extended as in Theorem 5.1.1. The most important fact to mention is that after
the stage one, the distance of cubes in W, and ‘W to Q are comparable with the distance of
them to Q, and so will be the weights.

5.2.1 Stage zero

Let Q be a curved cusp, and S = {S;}:, its spine. Then d(S;, X,) < Cof(S;), and we may take
Cq > K. Assuming £(S;) < 1, let us consider:

Q= U4(Cg+1)*Si.

Recall that C x S, is the horizontal dilatation of S ;:
C*Si:CS,-ﬂ{xz(x',xn): Z[SXHSZ,"F&}.

Clearly, Q C J; CaS;. Even more: let us take S the horizontal traslation of S; to £,, so
AN Fg, , and s = Zs;- Then, if we denote Q = (J;2CS !, we have:

Qcﬁcﬁ

Lemma 5.1.5 can be reproduced in order to find a reflected cube for every Q € W, such
that Q c Q, eventually relaxing the definition of W5 with a larger constant. Consequently,
a first (unweighted) extension can be performed as in stage one. Let us denote Aof the
extension of f to €, and let us take f Q - R, f Ao flg. Observe that Q is a normal
cusp. Then, we can extend f as in Theorem 5.1. 1 Let us denote W3, W4, "WS, the subsets
of the Whitney decomposition of the exterior of Q correspondmg to stage one, two and three
respectively. If we denote S = {S3); the spine of Q (observe that S is not necessaily S, but

they are equivalent), we have S ; ~S;. Now, if wetake T € W4, such that z; < zr < z;_1, then

UT) > CUS;) > CUS,). (5.2.1)

Furthermore,
dT,S,) <Cd(T,S;) < C«T), (5.2.2)
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and
d(T,0Q) < d(T, 0Q) < Cd(T,S;) < Cd(T, Q). (5.2.3)

The weight of the extension operator based on Qis expressed in terms of S, but these
inequalities allow us to change it for S;, and then items (a) and (b) in Theorem 5.2.1 are
proved.

For item (c), the same function f, taken in the previous section for normal cusps provides
the optimality of the weight in item (a).

5.3 Approximation by smooth functions up to the tip of the
cusp

In Chapter 4, we prove that every function f € W*P(Q), with Q a normal or curved cusp, can
be approximated in € by functions in C*(R}). This fact was used to prove the extension the-
orems that constitute the main results of this chapter. In particular, it was used in Proposition
5.1.19 to prove that the extension meets the function smoothly in 9Q \ {0}. Now, we can use
the first stage of the extension process for normal cusps (or stage zero for curved cusps) to
prove that, in fact, the smooth approximation can be performed up to the tip of the cusp.

It is a well known fact that C*(D) is dense in W*?(D) for every domain D of class C . The
proof can be seen, for example, in [ , , Theorem 1.2] and [ ,

, Theorem 1.4.2.1]. Also in [ , , Theorem 3.22]. There, the
authors work with domains satisfying the segment condition. We say that D satisfies the
segment condition if for every x € dD there is a neighborhood of x, U, and a nonzero vector
y, such that for every z € DN U,, the points z + ty, belongs to D for 0 < ¢ < 1. It is important
to notice that domains satisfying the segment condition are exactly the domains of class C.
It is clear that every domain with continuos boundary satisfies the segment condition. The
converse is proved, for example, in [ , , Theomem 1.3].

Observe that both the segment condition and the belonging to the class C, hold for every
power type cusp satisfying (1.1.1), and for every profile cusp sastisfying (1.1.2). Moreover,
they hold for every external cusp according to Definition A, as long as 0 € @w. Consequently,
the density of smooth functions up to the boundary stands for all these domains.

Now, consider a normal cusp Q. Take Q = U;KS ;. Thanks to item (iii) in Definition 3.2.1,
we have that Q c Q. On the other hand we may assume Q C Q U (UW3) (eventually it could
be necessary to take another constant in the definition of W5 in order to allow bigger cubes).
Hence, we have a profile cusp 2 contained in Q with profile given, for example, by the interior
polygonal ¢ that interpolates K¢(S(z)). This profile cusp contains €. Morever, the first
stage of the extension process provides an extension unweighted operator A : WkP(Q) —
WEP(Q). So, given f € W5P(Q), we have Af € W*P(Q). Now, taking into account the
previous discusion, we obtain the density of C* (?2) in Whr (ﬁ). Hence, for every n > O there
is some g, € C*(R") such that [|Af — g;lly«»@, < 7. But then:

1f = gylle < IAS = yllyer) < 1.
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and g, approximates f up to the boundary of €, including the tip of the cusp.
It is clear that the same argument stands for curved cusps, with the previous application
of stage zero extension. In this way, we have proved:

Theorem 5.3.1. Let Q be a normal or curved cusp. Then, for every f € W*P(Q), and every
n > 0, there is a function g, € C*(R") such that || f — g,llwtr) < 7.

5.4 [Extensions in the weighted case

In this section we prove that the extension from normal or curved cusps can be performed in
the weighted case, obtaining an extension operator of the form A : Wf;p Q) — Wff,’gp(R"), for
some particular weights. We begin discusing a few technical details. This discusion leads us
to restrict our analysis to two kind of weights: weights depending on the distance to the cusp,
and weights depending on the distance to the boundary. Our arguments are very simple, since
we follow the line of reasoning used in Theorem 4.2.2: We work with weights that can be
approximated by constants in each cube, and that therefore, can be pulled out or in the norms.
Hence, in this Section we do not state the complete proof of almost any result, but we limit
our exposition to the arguments that allow the application of this trivial technique.

5.4.1 Discussion

For all measurable set S C R”, let w(S) be the measure induced by the weight w:

w(S):fw.
S

We say w is doubling if for every cube Q € R", w(2Q) < Cw(Q) with C independent of Q.
In [ , , ] the author adapts Jones’s techniques for proving an extension the-
orem for locally uniform domains in the weighted case. Essentially, he proves:

Theorem 5.4.1. Let D be an (g,0) connected domain, 1 < p < oo. Suppose that w is
1

doubling, w71 is locally integrable and Lipf()‘c1 (R") is dense on WSP(D). Finally, suppose

that for every cube Q and every f € Lip;,.(R")

If = fowllzzgy < CUDIV fllz o), (54.1)
where fo ., = @ f fdw. Then an extension operator A : Wf,’p (D) — Wf,’p (R™) exists.

The density of smooth functions (in this case, Lip) '(R"), the set of locally Lipschitz
functions with k — 1 weak derivatives in R") is used for proving that the extension meets
properly the function in dD, just as we do in Section 5.1.4. Property (5.4.1) is just a weighted
Poincaré inequality. A simpler but stronger hyphothesis, that implies all the requirements on
the weight, is that w € A,,.
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Chua’s extension operator is constructed as Jones’s one: For each cube Q; € W* near
the domain, a reflected cube Qj. € W is found (as in Lemma 5.1.5). Given f € ijp (Q), a
suitable polynomial P; = P(Q;‘., w), that can be constructed thanks to (5.4.1), is associated to
Q;. Thence, the operator is the smooth summation of all the {P;};.

The doubling condition is crucial for Chua’s arguments to hold: since d(Q, Q%) < C{(Q),
a bounded expansion of Q, é = c¢(Q, contains both cubes Q and Q*. But w being doubling,
w(é) < Cw(Q). This allows the comparison between the values of the weight w over Q and
over Q". Therefore, the weighted norm of the extension in Q can be bounded by the weighted
norm of the function in O just as in Lemma 5.1.9.

Since the first stage of our extension process agrees with the ideas used by Jones for
uniform domains, Chua’s techniques could be applied. However, second stage presents a
very different situation. Reflected sets for cubes in ‘W, do not fulfill properties (5.1.6) and
(5.1.7), that are the ones used by both Jones and Chua. In the dimensional-horizontal version,
the reflected set of Q is a rower S (Q), not a cube, and whereas d(Q, S (Q)) ~ £(Q), the edges
€;(S (Q)) are not equivalent to £(Q), so (5.1.6) fails. Consequently, the values of the weight
w over Q cannot be estimated by its values over S (Q). On the other hand: in the derivative-
vertical version, the reflected set of Q is a cube Q*, with £(Q*) ~ €(Q), but it may happen
that d(Q, Q") >> £(Q), so (5.1.7) fails. In this case, no bounded fixed expansion of Q could
reach Q*, and the doubling property of w is useless.

Furthermore, another important problem should be pointed out: the weight o, which
compensates the singularity of the outer peak, appears as a consequence of the asymmetries
between a cube and its reflected set, expressed in the failure of one of the reflection properties,
(5.1.6) or (5.1.7). Then, the value of o in a certain cube Q can be estimated as long as the
measures of Q, the reflected set of O and the distance between them are known. In other
words: the values of o over Q, in the weighted case, depend on the measures w(Q) and
w(S(Q)) (or w(Q")). But if these magnitudes remain unknown, no general expression can be
found for o. Particularly, the general estimates over “W,, given by Propositions 5.1.15 and
5.1.18, are not possible to obtain.

All these facts lead us to conclude that no results can be given, following our techniques,
for the weighted problem, when the weight is completely unknown, and just a few very
general properties are assumed about it.

However, it is noteworthy that some particular weights can be easily integrated into our
extension process. We present here two examples involved in several applications: weights
depending on the distance to the boundary of €, that fit easily with the Derivative Version
of the extension, and weights depending on the distance to 0 (the tip of the cusp), that are
naturally adapted for the Dimensional Version.

Finally, let us comment another aspect of the problem. In Theorem 5.4.1, Chua assumes
that w is defined over the whole space R”. In other words, w is supposed to be defined
over all cubes in “W*, and the extension process has to fit with it. This approach is possible
and comfortable for uniform domains, that don’t requiere an extension weight o-. The most
general version of the problem, however, would be to consider a weight defined just over
the domain Q. The extension operator, in this case, should extend both the weight and the
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function. From this point of view, Theorem 5.4.1 proves that the extension for uniform
domains can be performed for every definition of the weight w outside €2, as long as it remains
doubling and satisfies property (5.4.1) all over R".

For our weighted extension, we proceed accordingly to this last general idea: we assume
w is defined only over Q, and we set its values outside  in order to preserve the weight o,
obtaining an extension operator

At WEP(Q) —s WEE(R™M),

where the w on the right side is a particular definition of w on R” taken from the large set of
all possible weights w that satisfy w(x) = w(x), Yx € Q.
We analyze each type of weight separately.

5.4.2 Weights depending on d(x, 0) = |x]|

We have already observed, that near the origin |x| ~ x,, Vx € Q. Moreover, the same thing
holds close enough to Q, and in particular in the sets UW; and UW,. Let w : R* — R,
w > 0. As in Example 4.2.1, we denote w(x) = @(|x|), and we assume that ® : R,y — Ryp
is a monotonic function that satisfies @(2f) ~ @(¢). Notice that the only interesting case is
that either &(f) — 0 or &(f) — oo when ¢ — 0, since otherwise the weighted space agrees
with the already treated case of W*”. Let us mention that Wff,’p (D) is a Banach space [ ,
, Theorem 3.6] for any open set D.

Since we are considering weights that are admissible for normal or curved cusps (see

Definition 4.2.1), we have, in particular, that given a cube Q € W(Q), w(x) > wg, ¥x € 0

for some constant wy.

The first stage of the extension is trivial: for every x € UWj, let us set w(x) = ®(x,).
Lemma 5.1.5 guarantees that d(Q, Q") < C{(Q), YO € W;. This implies zyp- ~ zp, and
consequently, the constant approximations of w in Q and Q" are comparable: wg ~ wy:.
Furthermore, it is easy to see that wy ~ wg for every § € F(Q). This facts are the key tool
for our weighted extension process:

Lemma 5.4.2. If Q € ‘W5 is far from W, then:

ID*Afllrr ) < C{f(Q)k_M”ka Iz op + If “Wi‘;”(Q*)}'
Proof. Just applying the constant approximation of the weight and Lemma 5.1.9:
ID°Aflliz o) = lwD Afll, o) < CwolD*Aflliso)
< Cwolt @ IV flluroy + I fllwincon)
< C{e@ " NV* fllzron + Iy )
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For the second stage we use essentially the same idea: the weight, being approximately
constant over every cube, can be pulled in or out integrals, so the weighted norm can be
estimated using the non-weighted lemmas proved in Section 5.1.2.

However, w should be defined differently for each version.

Version one: dimensional-horizontal weight:

Let us set w(x) = W(x,), Yx € UW,. In this case, it is clear that wr ~ wg), YO € Wa.
The weighted form of Lemma 5.1.13 can be proved exactly as Lemma 5.4.2, so the next
proposition follows, completing the second stage for this version:

n-1
Proposition 5.4.3. If we denote o(x) = (M) , then:

[x]

1
7 D fllizawy < Cllfllyos,

Exactly the same ideas can be used for the third stage.

Version two: derivative-vertical weight:

In this case, we need to define w over ‘W, in a different way. In order to preserve the simple
technique used earlier, we want to set wr ~ wr-.

For every cube T € W, we define w(x) = wr+, Yx € T. In other words, w is constant over
each cylinder n(f). It is important to note that if 7) N T, # 0, zr: < 273, then d(T7,T;) < ars
and then zr; < ZZT;«, which lead us to conclude wr: ~ Wr;. This allows to prove the weighted
version of Lemma 5.1.17 as we proved Lemma 5.4.2 and, consequently, to state the following:
Proposition 5.4.4. If we denote o(x) = (M)kp, then:

[x]

1
o D" Ao fllizonwy < Cllfllyirs,:

Finally, for the third stage, we may define w(x) = wgw) (or w(x) = wy-), for every
x € S(U) (or U*), for every U € Ws. With this definitions, we can state the following
weighted extension theorem:

Theorem 5.4.5. Let Q C R" be a domain with an external normal cusp at the origin. Let
@ : Ry — R, be a monotonic function satisfying O(2t) ~ @(t), and consider the weighted
Sobolev space Wf)’p (), where w(x) = &(|x]), Yx € Q.

a) Ifkp # 1 or kp = 1 and the spine S satisfies (5.1.1), there is an extension of w over Q°
such that there exists an extension operator

A W Q) —» W (R,

where .
f(S(IXI))) p'

|x]

o(x) = (
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b) If the spine S satisfies (5.1.2), there is an extension of w over Q° such that there exist
an extension operator

A WPQ) — WrP (R,

where

fwwmyﬂ

|x]

o(x) = (

Observe that the density of C*(R?) in Wok,”’ (Q2) was proved in Section 4.2 for admissible
weights, such as the ones considered here.

5.4.3 Weights depending on d(-, Q) - the derivative case

We obviously have:
d(x,0Q) ~ Q) VxeQ, VQeWuUWw-. (5.4.2)

Let us set @ : R, — R, a monotonic function such that ®(2¢) ~ &(¢). And let w : R* — R",
be the weight w(x) = (d(x,0€)). This implies that w can be taken as a constant wgy over
every cube Q € W U W<,

This leads us to the following corollary of Lemma 5.1.9 (which proof is exactly as the
one of Lemma 5.4.2):

Lemma 5.4.6. Let Q be a domain satisfying Definition 3.2.1, then:

DAl < CLEUQ NV Fllz iy + 1D Fllizon)-

This lemma says, esentially, that the first stage of the extension can be performed, with
weights depending only on d(-, 0€2), just copying the procedure for the unweighted case. The
correspondant results for the second stage depend on the version used. Since the technique
is always the same (the weight goes out the norm, and the unweighted result is applied), we
limit our exposition to the proper extension of the weight for each case:

Version one: dimensional-horizontal weight:

The problem for this version is that d(T,0Q) + d(S(T),dQ). So, we need to define w over
‘W, in order to obtain wr ~ wg(ry. This can be done setting wy = w(d(S(T), Q) VT € Wi,
and w(x) = wr Yx € T. This guarantees the desired property: wy ~ wg). Morever, if
T,NT, # 0, wr, ~ wr,. With this definition the second stage of the extension process can be
performed.
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Derivative-vertical weight:

For the second stage, let us recall that in the derivative version, {(Q) ~ {(Q"), and then
d(Q,0Q) ~ d(Q*,09Q). Consequently, the definition of the weight over ‘W, is the natural:
w(x) = w(d(x,0Q)). This fact is enough to complete the second stage.

For the third stage, the weight w is defined over W5 just as for weights depending on x,,:
wy = wsw) or wy = wy- YU € Ws, and w(x) = wy, Yx € U.

In this way, we can state the following Theorem:

Theorem 5.4.7. Let Q C R" be a domain with an external normal cusp at the origin. Let
w : Ry — R, be a monotonic function satisfying (2t) ~ w(t), and consider the weighted
Sobolev space Wf,’p (Q), where w(x) = w(d(x,0Q)), Vx € Q. Finally, suppose that C*(R") is
dense in W5P(Q). Then:

a) Ifkp # 1 or kp = 1 and the spine S satisfies (5.1.1), there is an extension of w over Q°
such that there exists an extension operator

At WP(Q) — WrP (R,

where

f<s<|x|>>)k”
|x] '

b) If the spine S satisfies (5.1.2), there is an extension of w over Q° such that there exists
an extension operator

o(x) = (

A W (Q) — W (RY),

where B
f(S(|x|)))” |

|x]

o(x) = (

Observe that the density of smooth functions is included as a hyphotesis of this last The-
orem. The reason is that we cannot guarranty that such a result holds for this kind of weight.
We may, however, make a few comments on the issue. Let us first state the following:

Definition 5.4.8. For 0 < m < n, a set F is called m — regular, if there exists a positive
constant C such that
C'¥" < H™B(x,r)NF) < Cr",

forall x € F and 0 < r < diam(F). Where H™ stands for the m dimensional Hausdorff
measure and the restriction 0 < r < diam(F) is eliminated if F is a set with only one point.

Let us mention that some self similiar fractals such as the Koch curve are m — regular
with m ¢ N (in fact m = log(4)/log(3) in the Koch example).

As we commented in Section 5.3, for a uniform domain D, a general and simple condition
that guarantees the density of C*®(D) in Wf,’p (D), 1s that w € A, (see [ ]. Under
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extra assumptions on the boundary of D it is possible to find conditions for which weights
of the type d(-, DY belong to A,. Indeed, in [ , ] the authors
prove that such a weight is in A, when —(n —m) < u < (n —m)(p — 1) provided that dD is a
compact set contained in an m — regular set.

In such a case we can replicate Theorem 4.1.7 by using a weighted version of Proposition
4.1.1. Therefore the density assumption in Theorem 5.4.5 can be removed.

Let us observe that for a “good” domain D, one expects m = n — 1, therefore the range
—1 < u < p —11s precisely the one for which the extension problem makes sense and it is

non-trivial. Indeed, on the one hand if u > p — 1, then W T ¢ L}W(R”) and the weighted
global space can not be defined in the standard way. On the other, taking for instance D
Lipschitz and 4 < -1 it can be shown that C§’(D) is dense in ij” D) [ , ], and

therefore functions in that space can be extended by 0.
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Korn and Poincaré inequalities

In this Chapter we work mainly with chains of rectangles, and with chains of quasi-rectangles,
which are a generalization of the formers. These classes of domains include some cuspidal
domains, as long as we allow the rectangles to narrow faster than any cone. However, many
non cuspidal, and even non singular, domains can be described through a chain of rectangles
(or quasi-rectangles). Our technique is based on a discrete Hardy type inequality that allows
us to pass from one rectangle to another.

We begin studying chains of rectangles for the sake of simplicity, but the treatment for
chains of quasi-rectangles is exactly the same. We finish this Chapter presenting some exam-
ples of chains of quasi-rectangles with cuspidal behaviour.

6.1 Preliminaries

The following lemma is a fundamental tool in the sequel. It is a discrete version of a well
known weighted one-dimensional Hardy type inequality:

Lemma 6.1.1. Let {u;};, {v;}; be sequences of non-negative weights; and let 1 < p < g < oo.

Then the inequality:
oo j 1 oo 1
DO EEDNAN
=1

i=1 j=1
holds for every non-negative sequences {b;}; if and only if:
1k

azsp( S (3] <o

k>0 =k =0

The constant c is c = MA, where M depends only on p and q.

This result (see, for example [ , ]), can be easily obtained from
its continuous (integral) version, that can be seen in [ , , page 3],
[ , , Theorem 1.3/2]

The following Lemma, is a particular case of the previous one:

91
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Lemma 6.1.2. Let {r;}; and a = {a;}; be sequences such that {r;}; > 0, Y., r; = r < oo and
{a;r;}; is summable. Let us denote

o1
a = — a;
;L it
J
Then the inequality:
p P
(Zla/_alprj) SC(ZW/'H —aj|prj+1) ) (6.1.1)
J=1 j=1

holds if

A= sup(i rj)’l’( Zk: r}"”)’“ < oo, 6.12)

The constant c is c = MA where M depends only on p.

Proof. Let us define the norm:

1
lall, = (D lai’r;)"

i

From Holder’s inequality, it holds |a|r < ||a||pri and then |la — all, < 2[la||,. Applying this
last inequality with a replaced by a — a,, we obtain

lla —all, < 2[la - aoll,-
Therefore:

i
_ P
Z la; —alPr; < 2”Z|a,~ —apl’r; < 2”2(2 la; —aj_ll) r;
i i =1

i

And we conclude applying Lemma 6.1.1 with u; = v; = r;, ¢ = p and b; = |a; — a;_4|. O

6.2 Poincaré and Korn inequalities for chains of rectangles

In this section we give a necessary condition for Korn’s inequality to hold on chains of rect-
angles (recall Definition 3.1.1). This abstract result is a consequence of Lemma 6.1.2.

Definition 6.2.1. Given a chain of open rectangles R = {R;}, and calling R; = {R;;+1} the
chain of intermediate rectangles given by Remark 3.1.2, an R — linked domain Q is any open
set such that U(R; UR) C Q and Q = (UR).

Now, we can state the main result of this section:
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Theorem 6.2.2 (Second Case of Korn’s Inequality for Chains of Rectangles). Let R = {R;}
be a chain of rectangles, and let C; be the constants for the second case of Korn’s inequality
on R;. Then for any R — linked domain Q, and any u € W'P(Q)" such that J% D“_TW =0 we
have

IDullr@ywn < C(1 + A)le(@)ll 12 gyrens

where A is defined in (6.1.2) with r; = |R||, and the weight o is constant on each R; being
O-|R,- = Clp

Proof. Let

. 1
Al = D Du).
2|Rl|f( u = Du)

Then:

DUl gy = Z 1Dl g < C Z 1Du = A2, e + C Z [ZX]/—

I Vi

I leads to

1<C Y Clle@)lf g < C Z HEGON n = CUEDIE

For 11, apply inequality (6.1.1) with r; = |R;|. Let us observe that }, IR;|A" = 0, therefore
taking

1 1

A =sup( QIR (D IR

Jjzk Jjsk

we have

I1=C ) |APIR] < CA? " |A™! = ARy, ,
where C is a constant depending on n and p. For each i, let us consider the intermediate

rectangle R;;,;. Calling
. 1
AbHL = f Du — Du,
2|Ri,i+1 | Riin1
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we get, using extensively Remark 3.1.2,

II < CApZ {lAi+] _Ai,i+]|p + |Ai,i+l _Ailp}lRHll

1

< CA? Y {IA™! = A PRy O Ry + Y — ATPIR; O Ry
i
_ P i+l _ ALi+1P i AL P
=CA Z {”A A ”U’(RHWRLM) + HA A HU’(RiﬁRi,m)}
i
» " ‘
< CA? > {IIA™ = Dulll, s+ IDU = AL 4 1D = AT, )

1

» p
< CA? Z C. ||3(u)”LP(Ri+1URi)"X"

l

< CA? ) CllIE@I] gy

where, in the last inequality we use that for each R;, R, " R ;i =0if[i — j| > 1. Therefore

p p
II S CA ||8(u)||Lg_(Q)”X”’

and the Theorem follows. O
By using scaling arguments, it is straightforward to check that the constant in the second
case of Korn’s inequality for cubes is the same, regardless of the size of the cube. Taking this

into account, the following Lemma is a consequence of Theorem 6.2.2. It provides a sharp
estimate for the constant on rectangles.

Lemma 6.2.3 (Korn inequality for rectangles). Let R C R" be the rectangle with n — 1 short
edges of length € and a long edge of length L. Then, for every u € W'P(R)" such that fR Du
is symmetric:

L
”Du”Lp(R)nxn < CE”‘("(M)”LP(R)"X’H

with C depending only on n and p.

Proof. For the sake of simplicity, let us assume % e N.
We can decompose Rin N = % touching cubes:

N
R:QQia

with £(Q;) = ¢ for all i. Now, we can apply Theorem 6.2.2, taking R; = Q; fori = 1,..., N,
and R; = 0 for i > N. We only need to estimate the value of A.
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I~
‘._.
‘._.

P

S0 (3 o) ML o
A= s (o) (3 100) = e i (5 - shor)

= ] O<k<k
L v L
= sup k%(z - ) < 7

O<k<k

The result follows since the weight o is constant.
O

Example 6.2.1. Take, for n = 2, u(x,y) = (—xy, %), defined over R = [0, L] X [—g, g]. Then,
we have that

1 1
||Du||€p(R)n><n = CZLIH— and ||8(u)||iﬂ(]{‘)nxn = C€P+ L’

where the constants denoted by C are not the same, but depend only on p. Then:

P

||Du||Lp(R)n><n < C(L)p
@I gy

Hence, the estimation of Lemma 6.2.3 is sharp.

Remark 6.2.4. In a more general context, the constant for any convex domain Q can be
bounded taking the quotient between the diameter of Q and the diameter of a maximal ball
contained in Q [ , , Theorem 4.2]. Even when in [ , ] that result is
stated only for p = 2, the same proof works for 1 < p < oco. It is important to notice that this
implies that given a rectangle R with edges {;(R), eventually all different, Korn’s constant in
the second case can be taken %‘. Our technique, however, only produces such a constant
when the rectangle has n — 1 short equal edges and one long edge.
Remark 6.2.5. The previous remark implies that the constants C; in Theorem 6.2.2 can be
taken as follows:
(R
o gm(Rl) .

(6.2.1)

Cu(R) )P

and therefore olg, = (5 ®y)

Theorem 6.2.2 can be straightforwardly extended to some weighted spaces. We work
with weights that are admissible for chains of rectangles in a similar sense than the one used
in Definition 4.2.1 for normal cusps:

Definition 6.2.6. Let R = {R;}, be a chain of rectangles, and Q0 an R — linked domain. We say
that w is an admissible weight in Q if there is a constant C such that for any x € R;

W(x) ~ g, ~ g, Vi, (6.2.2)

being wg, appropriate constants.

Recall that we denote £4(R) and £,,(R) the largest and shortest edge of R, respectively.
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Now, we can prove the following elementary generalization of Theorem 6.2.2:

Theorem 6.2.7 (Second Case of weighted Korn’s Inequality for Chains of Rectangles). Let
R = {R;} be a chain of rectangles and Q an R — linked domain.
Let u € W:,’p (Q)", with w an admissible weight, be such that

1 f Du — Du'
w=0.
w(Q) Jo 2

”Du”L{A’)(Q)nxn < C(l + Aw)”S”LZO_(Q)an,

If Y wR) =r < oo,

where o|g, can be taken as in Theorem 6.2.2, and

1

1
A, = sup(Zw(Rj)) (w(R )! P) . (6.2.3)
k>0 >k
Proof. Let:
: 1 Du — Du' : 1 Du — Du'
A’:—fu and A} = f .
IRil Jg, 2 w(R;) Jg, 2
We take:
DUy e = ZuDuum o ZuDu AL, +Z||A’ 1) e}

(a) (®)
For (a) we write

”Du — A;)”LZ(RI')"X” < ||DM — Al”Lf)(Ri)”X” + ||Al - AZ)”LZ(R;)"X"’

1 11
and for I, we can take the weight off the norms

I? = ||Du — A%
< Clle)ll’
On the other hand

: 1 Du — Du'
2 i i — A L
117 = A = ALy 0 = a)(Rl)‘A D fR Tl
; Du— Du' P
w(R; )' f w(x)dx
w(R;) — )

st(R,-)‘-P f (Af—Du)w(x)dx' +‘ f (Du—M)w(x)dx| }
R; R;

w]l;”Du - Al”[Iip(Rl.)nxn CU)R ”8(”)”

LP (R )nxn LP (R )

Loe(R)

p

:Ca)(Ri)l"’{‘ f (Ai—Du)w(x)%w(x)Fl’dx‘p+‘ f s(u)a)(x)llfw(x)l’]’dx'p}.
R; R;
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Applying Holder inequality in both terms,
177 < CoR) P{IA" = Dully L RYF + 116y o, 0ROP |

= {1 + sl Cliell]

LP(R )nxn} LP (R)

On the other hand, for (b), let us observe that

Z w(R)AL =

i

Z AL e = D @RIIALL.

i

and that:

Consequently, Lemma 6.1.2 with a; = A! and r; = w(R;), yields
Z LI, e < CAw Z AL~ ALPw(Ri) < CA,, Z AL = AL, s
i=1

Now we may proceed like in Theorem 6.2.2, alternating A-*', the weighted average of D"‘TW
on an overlaping rectangle R, ;,, afterwards alternating Du, and finally applying the estimates
for (a). We leave the final details to the reader. O

Observe that Theorem 6.2.2 is a Corollary of the previous theorem taking w = 1. How-
ever, Theorem 6.2.7 does not provide information unless A, < co. A simple way to bound
A, involves a reasonable decay for w(R;).

Corollary 6.2.8. Under the same hypotheses of Theorem 6.2.7. Assume that for any k,
W(Ry1) S aw(Ry) with0<a < 1. (6.2.4)

Then for any u € W57 (Q)" such that —— (Q) [, 25 D2 = 0, we have

IDull 2 qywn < Clle@|lzz_gyns

Ly (R) )P

where the weight o is constant on each element of R, and can be taken as o|g, = ( R

Proof. From (6.2.1), we know that C; = %. Thence only remains to show that Zl w(R;) <

oo and A, < C. These follow from the bounds w(R;) < o w(R;) for 0 < i < k and
w(R) < & *w(R,) for i > k. Indeed

k L
/

= sup(Zw(R ))I(Zw(R ) ”) <w(Rk)1/”(iaff) w(R)7~ (Z v 1)1)

k>0 =0 =0

1 \U/p 1 1/p'
-« 1 —ar!

and the Corollary follows. O

then
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Everything done so far for the second case of Korn’s inequality for chains of rectangles
can be done for Poincaré inequality following step by step the arguments given above. Since
the constant in Poincaré inequality for rectangles (and in general for convex domains) de-
pends only on the diameter of the rectangle, the weight involved in the inequality can be
weakened as it is stated below.

Theorem 6.2.9 (Poincaré inequality for Chains of Rectangles). Let R = {R;} be a chain of
rectangles and Q a R — linked domain. Let w be an admissible weight (see (6.2.2)), such that
for any k, W(Ry11) < aw(Ry) with0 < a < 1. Then ifu € W‘},’p(Q)”, and ﬁ fQ uw = 0, we
have

el 2 @ < ClIDullrr (yns

where the weight o is constant on each R; and can be taken as olg, = {y(R;)?.
The following version will be useful in the sequel.

Corollary 6.2.10. With the same hypotheses of Theorem 6.2.9, assume that B is a ball in Q
such that BN R; # 0 only for a finite number of rectangles. Then, for every u € Wol,’p (Q)", we
have:

lllz ey < Clllllioeay + 1Dullz oy}

where the weight o is constant on each R; and can be taken as olg, = {y(R;)?.

Proof. For the sake of clarity we write the case w = 1.

lutllr @y < llu — upller@y + llusllry < llu = uallr@y +lluq — usllir@y + lusllir @y -
——

I 11 I

Applying Theorem 6.2.9:
I S C”Du”L{;(Q)nxn.

On the other hand,

e Q. el
III”:f(J(u) = —(fu) < B | U = llull] g
o Js 1BIP* U |BIP B |B]

For 11, applying Holder inequality:

1
lug — upl < f|un ul < —||M — ugllirp) < Qs
|B| |BI Bl
then ]
Q7
1T < C—||Dul|r @y,
|B|»

and the lemma follows for w = 1.
The general case follows similarly using (6.2.2), and taking into account that B only meets
a finite number of rectangles and then ||u||,» g > el By
]
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We now prove the general case of Korn’s inequality for chains of rectangles. Our proof is
a straigthforward adaptation of the classic argument given in [ , ]. Let
us notice that we require that £),(R;) < C for any i. That is in order to remove the weigth o
from the Poincaré inequality given above.

Theorem 6.2.11 (General Case of Korn’s inequality for Chains of Rectangles). Let R = {R;}
be a chain of rectangles, and Q an R — linked domain. Consider a weight w such that (6.2.2)
holds, and assume that w(Ry,1) < aw(Ry) with 0 < a < 1 and that €y (R;) < C, for any i. If
B is a ball such that B C ), and B meets only a finite number of rectangles R; then for any
u € WhP(Q)", we have

1Dl zeyn < Cllllzry + le@llzz, @y (6.2.5)

Ly (R) )1’

where the weight o is constant on each element of R, and can be taken as og, = ( R

Proof. Again, let us focus first on the case w = 1. Consider the space of rigid movements:
RM(Q)" ={ve WP (Q)": &) =0},
every function in RM can be written as
v(x) =a+ Mx,

where M € R™" is skew symmetric. On the other hand, a complement of RM in W' can be
defined as follows

= Dw — Dw/
WhP(Q) =dw e WP (Q)" : J(W:o, J(u —ob
B Q 2

In fact, given u € W'P(Q)", we can take v € RM(Q)":

v=a+ M(x—X),

1 (9141' al/tj
: dmy=>1 (5= 22).
a Jf and zﬁ(axj )

being x the center of B. Obviously w =u —v € W'r(Q)", and in particular

with

WP Q)" = RM(Q)' & W'P(Q)".
Moreover, it is clear by definition that

Vllwr@y < Cllullwrr @y IWllwir@y < Cllullwrry-

Now we prove the theorem by contradiction. If (6.2.5) does not hold, there is a sequence
{u,} € WHP(Q)" such that
1Dt || Lr(ayn = 1 (6.2.6)
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but,
1
letnllzrpy: + el zypmn < e (6.2.7)
If we write
Uy, =V, + W,

with v, € RM(Q)" and w,, € Wl’p(Q)”, w, admits both Poincaré inequality in B, and second
case of Korn inequality in Q:

Wallwir@y = Walls@y + IDWall@ps < C(IWallzey + 1DWallLr @)

1
< ClIDWyllpr@yn < Clle)llpzgmay < C;

And then, w, — 0 in W'». On the other hand, v, belongs to the finite dimensional space
RM(€Q)" and is bounded on Q. Consequently, there is a sub sequence, called again v,, such
that v, — v € RM(Q)" strongly in W'?(B)". As w, — 0, we have that

u, — v e RM(BY" in W'P(Q)".

But because of (6.2.7), ||[Vll»;s» = 0, and v is a linear function, so v = 0 on Q, which
contradicts (6.2.6), and the result follows in the case w = 1. The general case can be treated
by the same means defining the appropriate weighted versions

RM,(Q)" ={ve WP (Q)": &) =0},

and

_ ~ ) o
W@y = 7 e Wiy : f S = 0, f DI-DV )
B Q 2

6.3 Korn and Poincaré Inequalities for Chains of Quasi-
Rectangles

The job done for chains of rectangles can be easily generalized for chains of more general
sets, all we have to do is to set appropriate hypotheses.

Definition 6.3.1. Let V = {Q;} be a (finite or countable) collection of disjoint open sets.
Assume that there exists a chain of rectangles R = {R;}, and such that R; C Q; c CR,, for a
fixed constant C. Finally assume that Cg, < C% and Cp, < Cly(R;) being Ck, and Cp, the
constants for the Korn’s second inequality and Poincaré inequality for €; respectively. Then

V = {Q;} is called a chain of quasi-rectangles

Definition 6.3.2. Given a chain of quasi-rectangles V, a ‘V —linked domain Q is any open set
such that U(R; U V) c Q and Q = (UV). Here R, is a collection of intermediate rectangles
associated to R.
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Definition 6.3.3. Let V = {Q;}, be a chain of quasi-rectangles, and Q a V — linked domain.
We say that w is an admissible weight in Q if for any x € Q;

w(x) ~ Wo, ¥ Woy, Vi. (6.3.1)

being wq, appropriate constants.

Remark 6.3.4. From Definitions 6.3.1, 6.3.2 and 6.3.3 one can readily find that any proof
given in the previous section for R—linked domains can be carried out for V—linked domains.
For this reason we state all the results of this section without further analisys.

Theorem 6.3.5 (Second Case of weighted Korn’s Inequality for Chains of Quasi-Rectangles).
Let V = {Q;} be a chain of quasi-rectangles and Q) a V — linked domain. Let u € Wal,’p (9) 1
with w an admissible weight (see (6.3.1)), be such that

1 f Du — Du'
w=0.
w(Q) Jo 2

Assume that for any k, W(R1) < aw(Ry) with 0 < a < 1. Then

||Du||LZ(Q)n><n < C”g”Li(r(Q)"X”
where o|g, can be taken as in Theorem 6.2.2.

Theorem 6.3.6 (Poincaré inequality for Chains of Quasi-Rectangles). Let V = {Q;} be a
chain of quasi-rectangles and Q a V — linked domain. Let w be an admissible weight such
that for any k, W(Ry41) < aw(Ry) with O < a < 1. Then ifu € Wi,’p(Q)”, and m fQ uw = 0,
we have

leell 2 ) < ClIDullgz_(yons

where the weight o is constant on each R; and can be taken as olg, = C 53,--

Corollary 6.3.7. With the same hypotheses of Theorem 6.3.6, assume that B is a ball such that
B c Q, and BN Q; # 0 only for a finite number of rectangles. Then, for every u € Wi,’p Q)"
we have:

lllp ey < Clllllioaay + 1Dullz oy}

where the weight o is constant on each Q; and can be taken as olg, = C f’;'

Theorem 6.3.8 (General Case of Korn’s inequality for Chains of Quasi-Rectangles). Let
V = {Q;} be a chain of rectangles, and Q) an V — linked domain. Consider an admissible
weight w and assume that w(Ri.1) < aw(Ry) with 0 < a < 1 and that max; {;(R;) < C, for
any i. If B is a ball such that B C Q, and B meets only a finite number of rectangles Q; then
for any u € WLP(Q)", we have

||DM||L5)(Q)n><n < C{”M“LH(B)” + ||8(u)||LZ(T(Q)an}, (632)

where the weight o is constant on each element of V, and can be taken as olo, = C%.
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Remark 6.3.9. All these results can be proved exactly like the ones for chains of rectangles,
except for a subtle detail: we impose the decreasing measure condition (6.2.4) on the rect-
angles R; and not on the subdomains C;, as it would be natural. This is possible because
of the relationship between the measures of Q; and R;. Indeed, since w is admissible and
IR;| < |Q;| < CIR;|, we have

w();) < CwilQ] £ CwilR;| £ Cw(R;),

and
W(R;) < CwiR| £ Cwi|Qi] £ Cw(€Y)).

And consequently:

e 1 k
/

o= Sjo0) (i) = comp( Sonm) ()

Jj= Jj=0

So, if the decreasing property (6.2.4) is imposed on the rectangles R; we have that A, is finite.

6.4 Chains of John quasi-rectangles

The previous Section seems to provide a generalization of the results obtained in Section 6.2.
However, there is an important question that remains unanswered: what is a quasi-rectangle?
In other words: let R be a rectangle, and 2 a domain such that R € Q C CR, and suppose
that both Poincaré and the second case of Korn’s inequalities hold in Q. The question is:
how general can Q be if we ask the constants of these inequalities for Q to be proportional
to the respective constants for R? Here, we provide examples that give a partial answer to
this question, showing that chains of quasi-rectangles form, indeed, a very general class of
domains.

Definition 6.4.1. We say that U = {Q;} is a chain of quasi-cubes if it is a chain of quasi-
rectangles, where the rectangle contained in Q; is a cube Q,, for every i.

Now, consider Q an U — linked domain, being U = {Q;},i = 1,...,N a finite chain of
quasi-cubes where all the cubes Q; are placed along a straight line and have the same size
£(Q;) = €. If we apply Theorem 6.3.8 to Q, recalling that the constant A satisfies A < CN
(see Lemma 6.2.3), we have that the constant in the second case of Korn’s inequality for Q is
Cx < CN. But the number of cubes N is precisely % where R is the rectangle formed by
the union of the cubes Q;. In the same way, the Poincaré constant for U is Cp < CN{(Q) =
C{y(R). Hence: Q is a quasi-rectangle.

Consequently, in order to build a quasi-rectangle we only need to put together a finite

number of almost cubic domains, where Korn and Poincaré inequalities hold.
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Remark 6.4.2. Recall that the second case of Korn’s inequality holds on John domains
[Acosta et al., 2006b]. Morever, improved Poincaré inequalities also stand on such domains:
[Hurri-Syrjinen, 1994] and [Drelichman and Durdn, 2008]. This motivates the following
definition:

Definition 6.4.3. Let Q be a U — linked domain with U = {Q;}, i = 1,...,N a chain of
quasi-cubes placed along a straight line, satisfying £(Q;) = €. We say that Q is a John
quasi-rectangle if every subdomain Q; is a John domain with respect to the center of Q.

The previous discusion implies that in every John quasi rectangle, Cx = C B " and

tn(R)’
Cp = Cly(R), where R is the rectangle formed by the union of the cubes Q;.

/- e
/ /
)/_/ "\\
4 )
& =
Y = r
< | /
N [T
,:/ ........................................ Ir/'
\\ I )
| S i
)
A i\
(//, i \‘.
L |/
| 2
" = 7
(a) A quasi-cube (b) A Quasi-rectangle (c) Another Quasi-rectangle

Figure 6.1: Quasi-rectangles

In Figure 6.1, we show a quasi-cube and two quasi-rectangles. The quasi-cube is a self-
similar fractal like the Koch snowflake, without the upper and lower ramifications. The first
quasi-rectangle is a tower formed by four quasicubes like the one in Figure 6.1(a). Finally, in
Figure 6.1(c), we show another quasi-rectangle, formed by quasi-cubes of different shapes,
but similar aspect-ratio. The quasicube in 6.1(a) is a uniform domain, and then, Korn’s
inequality stands there. On the other hand, the quasicubes in 6.1(c) are not all of them uniform
(observe that some of them have inner cusps), but are John domains. Consequently, both these
quasi-rectangles are in fact John quasi-rectangles.

Naturally, we can consider chains of John quasi-rectangles, where the results of the pre-
vious section can be applied, as long as Property (6.2.4) is satisfied. Since we are particularly
interested in domains having external cusps, we show a class of domains, linked by chains of
John quasi-rectangles, where the chain narrows toward the origin forming an external cusp.
Korn’s inequalities can be derived for these domains, that generalize Theorem B.
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Definition 6.4.4. Let V = {Q;} be a chain of John quasi-rectangles with rectangles R = {R;},
and suppose that R; has n — 1 short edges of length {; and one of length L;. Furthermore,
suppose that the rectangles R; are placed one above the other, along the x, axis, so that
R NR; = FILQM, and let z; be the x,, coordinate of the points in the floor of R;. Finally, let us
assume that |R;,|| < a|R;| for some a < 1. Now, let ¢ : Rsg —> Ry be a nondecreasing C'
function such that ¢’ is nondecreasing, and ¢(0) = ¢’(0) = 0 and such that ¢(z;) = ;. Then,
a V — linked domain Q is called a locally John cusp.

l

(a) Cuspidal chain of (b) Locally John cusp (normal
rectangles cusp)

(c) Locally John cusp (d) Locally John cusp by dilatation

Figure 6.2: Examples of locally John cusps
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It is clear that a locally John cusp Q is, in fact, an external cusp, and that the function ¢
gives the cuspidal behaviour of Q. In Figure 6.2 we show examples of locally John cusps.
Figure 6.2(a) is just a chain of rectangles satisfying: L1 ~ \%Li and {; = zf. Figure 6.2(b)
shows an external cusp with locally smooth boundary away from the origin. The interior
chain of rectangles is like the one in 6.2(a), but leant. In is important to notice that these are
a normal and a curved cusp, respectively. On the other hand, Figure 6.2(c) is a perturbation
of 6.2(b), formed by a chain of John quasi-rectangles. Finally, observe that arguing like in
Section 3.4, we can prove that a domain satisfying Definition A, but taking = C R"*"! a John
domain with respect to the center of a cube included in @, is a locally John cusp. This is the
case of Figure 6.2(d), where we take ¢(f) = 1> and @ an inner cusp.

The unweighted results of the previous section can be immediatly applied to a locally
John cusp Q, obtaining an unweighted Poincaré inequality, and a weighted Korn one, both in
the second and the general case.

Moreover, if we take a weight w which is a nondecreasing function of x,, (or |x|), we have:

W(Ri+1) < {max cp}lR,-+]| < oz{ min go}lRiI < aw(R)),
Zi+1,%] [ziszi-1]

and the decreasing property (6.2.4) is fulfilled. In this way we can consider some particularly

interesting weights. For example, being ¢’ non-decreasing, we can take weights of the form:

w(x) = (¢')” with 8 > 0. On the other hand, we can also take weights of the form w(x) = x?*,

being 8 > 0. In this way, we obtain the following Theorem. Let us denote L(a) and £(a) the

lengths of the edges L(R) and ¢(R), being R the rectangle at height a.

Theorem 6.4.5. Let Q be a locally John cusp, and o(x) = (ﬁllfc‘l)))_p' Then the inequality:

||Du||L5(Q)an < C{”I/l”LP(B)n + ||8(u)||L£(,.(Q)"X"}
holds for weights of the form:

(a)
wx)=yxf, =0

(b)
wx) = @), B=0

It is important to observe that, if ¢ is such that ¢(z;_1) — ¢(z;) ~ ¢(z;), then:

G @) i) — ¢(z)
L; Zi-1 —XZi Zi-1 —Zi

~ ¢ ().

Hence, o ~ (¢’)7” and item (b) in Theorem 6.4.5 is a generalization of Theorem B. In fact,
as in Theorem B, the weight on the left hand side is (¢")PP, whereas the one on the right hand
side is (¢")P¥~V . Here, ¢ is not forced to be a power function and it does not depict the precise
profile of Q but only provides a qualitative description of its cuspidal behaviour, allowing the
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boundary of Q to be locally John. It is also noteworthy that the critical case of Theorem C is
reached.

On the other hand, let us consider a profile cusp satisfying a definition similar to Defini-
tion A, but taking @ a John domain. An example can be seen in Figure 6.2(d). Moreover, let
us suppose ¢(z) = z” for some y > 1. We show how the rectangles can be chosen in order to
prove that such a cusp is a locally John one.

Let us take 1
Zi = 5
The rectangle R; is placed at height z;, and the length of its edges is
t = . d L= _J
i =¢(z) = 20y’ an i = Zi-1 — %4 = 5
Let us consider a weight of the form:
C\PP 1
w(x) = (E) = W VYx € R;.
Then
1 1 1 1

W(Ri+1) = sz IRl = 5 - — =
" 2+ Dy=Dp 20 DG=ph 2@ y=D 25 4 i )(-1)ppryn-1)+1)

= So e O

Hence, the decresing property (6.2.4) is satisfied when
1

2o D < b
or, in other words:
y-DpB+y(n—-1)+1>0,

which leads us to:
I1+vy(n-1)

(y=Dp
Since w ~ (¢’)", we can express the weight in terms of ¢’, obtaining the following result:

B>

Theorem 6.4.6. Let Q) be an external cusp satisfying a definition like Definition A, but taking
@ C R a John domain, and p(z) = 27, withy > 1. Then:

1Dull 7 < C{llullos) + ez, o)}

with:
o(x) = (@) and w(x) = (¢ (X)7,

1+y(n—-1)

being B > — o-p
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This result is also a generalization of Theorem B. It imposes more restrictions than The-
orem 6.4.5 on the boundary of €, but it admits a negative range for the exponent 8. On the
other hand, the critical case 5; = 8, + 1 in Theorem C is once again reached. It is important
to notice that the counterexamples proposed in [ , ] for proving Theorem C
(like the ones provided by Maz’ya for the extension problem that we reproduce in Section
5.1.5), are given in terms of functions that depend only on the last coordinate and on the
profile function ¢. Consequently, they are independent of the boundary of the cusp, and can
be easily adapted for locally John cusps.






Appendix A

Korn inequality for normal cusps using
extension arguments

The results obtained in the last Chapter, regarding Korn and Poincaré inequalities for chains
of rectangles and quasi-rectangles, can be applied to many general domains. In fact, we prove
in Theorems 6.4.5 and 6.4.6 that Theorem B can be generalized to cusps with John boundary
by stripes.

This was not, however, our first approach. In [ , ], the authors
prove Korn’s inequality for uniform domains using an adaptation of Jones’s extension opera-
tor. Having proved the extension theorems of Chapter 5, and bearing [ ,

] in mind, we begin our work on this subject hoping that the arguments developed in
[ , ] could be adapted to prove Korn’s inequality for normal and
curved cusps. In the course of our research, we found that the notion of quasi-rectangle
enables us to prove far more general results, such as Theorems 6.3.8, 6.4.5 and 6.4.6.

Since we find the extension approach interesting, we include in this Appendix an sketched
proof of Korn’s inequalities for normal cusps, following an adaptation of the extension argu-
ments used in | , ]. It is important to take into account that the
concept of quasi-rectangle is not needed here. We only use the results of Section 6.2, regard-
ing chains of rectangles.

Our arguments follow this line of reasoning: the spine S of a normal cusp Q can be
seen as a chain of rectangles, as long as we pack together all the cubes S; of the same size.
Consequently, we could apply Korn inequalities for chains of rectangles to S. Moreover, we
could apply them to a fixed dilatation of S that covers Q. Then, an extension argument can be
used in order to prove Korn inequalities for normal cusps. For doing this, we begin stating the
definition of stepped cusp. Stepped cusps are ment to reproduce the behaviour of the spine
of a normal cusp, in order to simplify the extension process.

Let R = {R;} be a chain of rectangles, such that R; has n — 1 short edges of length ¢; and
one of length L;. Observe that the Korn constant on R; satisfies: Cg, < C %, Vi. In order to

109
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produce a cuspidal behaviour in R, let us add a few hyphotheses on the rectangles R;:

RiN Ry = Fg, (A.T)
Rit

z N\ 0. (A.2)

This implies that R is a tower that approaches the origin. Furthermore, we can suppose
that the shape of R is like the one of the spine of a normal cusp. This can be expressed
through the following conditions:

1 1 :
Zf{ < €i+1 < 5& Vl, (A3)
1 .
EL,' < Ll'+1 < L,' Yi. (A4)

These properties establish a rule for the narrowing of the rectangles. The constants in-
volved in both of them can be chosen in a different way, or even be expressed as abstract

constants cy, ¢, and c¢3,cs. The actual values ¢; = 1, ¢ = 3, ¢3 = 3, ¢4 = 1, have been

selected arbitrarily, but not mindlessly. Property (A.3) corresp%)nds with the narrowing given
in a spine of a normal cusp, formed by Whitney cubes. On the other hand, the constants in
Property (A.4) simplify some calculations. Finally let us impose a last requirement in order
to exclude non-singular domains:

&i :

Z_)O as [ — oo, (A.5)
Definition A.1. Let R = {R;} be a chain of rectangles such that the edges of R; corresponding
to the n — 1 first coordinate axis have length {;, whereas the length of the n-th edge is L; (we
assume L; > {;). An R — linked domain Q is a stepped cusp if the rectangles R; are placed at
positive heights {z;}; and satisfy properties (A.1) to (A.5).

Figure 6.2(a) is a stepped cusp.
Note that:

|Ris1] = 5?4__11Li+1 < an_lé’?‘lL,- = 2,11_1
Then, the results obtained in Section 6.4 in the unweighted case can be applied to stepped
cusps, and hence Korn and Poincaré inequalities hold on them. A similar analysis can be
performed for the weighted case, considering weights like those in Theorem 6.4.5.
Now we want to extend these results to normal cusps.
Let us take Q2 a normal cusp, and :

IR;l.

ﬁ:UE*S,.. (A.6)
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Lemma 5.1.3 shows that K can be chosen depending only on the parameter K of Q and
such that Q c Q. It is clear that Q is a union of rectangles. In order to study these rectangles,
let us define {i;}; the sequence of indices such that the subsequence of S, {S; } is formed
with the first cubes of each size, itis: €(S;,) < €(S;,-1) and €(S;,_,) = €(S;-1). Now, we can
define: .

Re=|JIK %5 08)=a5,)),

and we have that Q = UrRy. Morever, it is clear that R, is a rectangle with n — 1 edges of
length _
{(Ry) = KE(S ),

and one edge (the x, edge) of length
LRy) = €S S €S 4S)=4S,)}

Since S; and S, are placed one above the other, the same thing happens to R; and Ry ;.
It is also clear that, by definition {R;}, satisfies Properties (A.1) and (A.2). On the other
hand, since we are dealing with Whitney cubes, we have:

1 1 1 1
Zf(Rk) = Zf(Sik) <US,,) = URks1) < Ef(Sik) = Ef(Rk),

so {Ry}, satisfies Property (A.3). Property (A.5) is obviously satisfied thanks to Property
(3.2.6). _

Finally, in order to guarranty that € satisfies Property (A.4), we have to impose one extra
hypothesis on Q. Let us denote:

#H=#HS eS: US)=L4S))).

The natural translation of Property (A.4) into the language of normal cusps is:

1
Ef(S i S S G, Hre < (S ). (A7)

ik+1

Now, we have proved the following:

Lemma A.2. Ler Q be a normal cusp satisfying Property (A.7), and let Q be the domain
defined in (A.6). Then, Q is a stepped cusp.

In order to prove Korn’s inequality for normal cusps, we need to provide an extension
operator from the normal cusp Q to the stepped cusp Q, that preserves the norm of £(u).
This last requirement forces us to introduce a little modification in the extension operator
presented in Chapter 5. Particularly, we take another polynomial approximation, that fulfills
all our needs. We follow [ , ], where the authors prove Korn’s
inequality for uniform domains using Jones’s extension operator modified with the proper
polynomial approximation on cubes.
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For every cube T € ‘W(Q), let us define:
Pr(x) =a+ M(x — xr), (A.8)

where a € R" and M = (m;;) € R™" are defined by:
1 (91/{,' alxlj
= M =-1 (— - =),
¢ Jg” / ZJg(ax,- o)
and xr is the center of T'.

It is easy to check that &(P7) = 0, so Py € RM(T)". Consequently, u — Py satisfies:

)(u - Pr =0, (A9)
T

and
J[ D(u — Pr) is symmetric. (A.10)
T

This allows the application of Poincaré’s and second case Korn’s inequalities on 7'
lle = Prlleecry: < CUTNID(u — Pr)llpeysa < CET)|le@)l|Loryn- (A.11)

Furthermore,
IDP7||reory=n < CllIDu|| oo (ryn,

and then,
ID(u — Pr)llpocryxn < CllDul|geocryn.

The last inequalities are needed for proving the existence of weak derivatives of the ex-
tended function (as in Section 5.1.4). Property (A.11), on the other hand, allows us to prove a
suitable equivalent of Lemma 5.1.9. Observe that we only need the first stage of the extension
process, since:

QcQcQUUWS),

(eventually adjusting the constants in the definition of Qand W 3).
The extension operator is defined as in Chapter 5, but using these new polynomials.:

Eu(x) = xa(@)f(x) + Y Py (), (1),

QjeWs

where ¢; is a partition of the unity associated with the cubes Q; € W5.
The following Lemma is equivalent to Lemma 5.1.9, and it is analogous to Lemma 2.4 in

[ , I:
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Lemma A.3. Let u € W'?(Q)", and Q a cube in ‘W, then:

IEullror < Cllullrgy + LNy (A.12)
leCEw|Lr gy < Clle@)l|zr(gyyns (A.13)
Eul|z=gy < C{||M||L°°(Q*)n + f(Q)||8(M)||L°°(T(Q))W}, (A.14)
”D(EM)”LM(Q)nxn < CHDMHL“’(‘F(Q))”X”- (AlS)
Proof. For (A.12):
]:Qiji¢0 J 11

1

11 can be easily bounded by means of Corollary 2.4.3 and (A.11):

1T < C”PQ*”L”(Q*)” < C{”PQ* - u”Ll'(Q*)n + ||M||L1)(Q*)n}
< Cllullzrgy + CCONe@)||r(grymn}

On the other hand, for / we use Lemma 5.1.7: for a fixed j, let F; = {§; = Q*,...,§, = Qj.}
be the chain of cubes that join Q* with Q. Then:

,
(Pg: = Po)djllLroy < Z I1Ps, = Ps,, oy
i=1

.
< Z {I1Ps, = Ps,us..i oy + 11Ps,us. = Psillircor)
i=1

,
< CZ IPs; = Ps,us.illeres iy + 1Ps,us iy = Psilliosiy )
o1
r
<C Z {IPs, — ullirs,yr + e = Ps,us, lires,usiy + 1 = P, s}
P

< C ) US Mol sy < CEQNE@llLrwr e,
i=1

where the last inequality is obtained applying Holder inequality and taking into account that
r < C for a universal constant C.
For (A.13), let us denote P"Q* the k-th component of Py-. Since &(Py-) = 0, we have that:

1 k a¢’ m a¢l
un(Po0) = 5(Po o+ P )
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since on Q°, Eu = Po- + 3 Po:¢:

s(Eu)= ). &(Pg — Pg))),

J:Q;NQ#0

( *))‘l)()l ] _(Q) ; - * ( )>< J _(Q) : * ( *) Xn

< C Z ||8(u)||LP(”Fj)"><" < C”E(Ll)lle(?(Q))nxn
J

The arguments for (A.14) and (A.15) are anologous. O

Now, we can sum over all the cubes in ‘W3, as it is done in (5.1.10). We write the
following Corollary adding and admissible weight. The proof is the same than the one of
(5.1.10):

Corollary A.4. Let w be an admissible weight for Q. If u € W'*(Q)", then:
WEwullpr ww,y < Cllullz s

lle(EW 2wy < CllE(EW| 12 cayn-
And:

IEullwreo sy < Cllullwro@y-
Finally, since:
Eue W' ((UW5)uQ)" forevery u e W (Q)",

and Q C (UW3) U Q, we have:
Eu e W' (Q)".

Being Qa stepped cusp this allows us to state the following:

Theorem A.5. Let Q be a normal cusp satisfying Property (A.7), u € W' (Q)" and B a ball
contained in Q. Then:

IDullr@yer < Clllillrgay + ez

where

o(x) = (#HS €S: €(S) = &SI
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Proof. Let us denote o the weight corresponding to Q according to Theorem 6.2.11. If we
denote {R;}; the set of rectangles that defines €2, we have that:

UR;) = €(S ),
for some §; € S, and:
LR) ={U(R)-#{S €S: €(S) =S )).

Thence,
ox)=0(x) YxeQ,

s0 & is an extension of o~ on Q.
Now, applying Theorem 6.2.11 for Eu and Corollary A.4:

1Dullp 0 < IDEDIpGr < C{IEUlLray + IeEW]0_ 5]
< C{llullrsy + ey @y} < Cllullirisy + @z, iy
O

Note that the case of curved cusps can be treated in the same way, applying stage zero,
instead of the first stage.

The weighted form of this result, with weights like those in Theorem 6.4.5, can be proved
in the same way.
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for chains of rectangles, 95
for normal cusps, 54, 85

chain
of quasi-cubes, 102
of quasi-rectangles, 100
of rectangles, 37, 93
cone condition, 26

domains
R — linked, 92
V — linked, 100
John domain, 27
uniform domain, 28, 48
with C boundary, 25, 82
with Lipschitz boundary, 25
doubling weight, 83

extension domain, 13, 57
external cusp, 1, 11
curved cusp, 41, 80
locally John cusp, 104, 105
normal cusp, 38, 52, 58, 61, 110, 111,
114
power type cusp, 1, 8, 11, 17, 82
profile cusp, 1, 11, 17, 82
restricted external cusp, 42
stepped cusp, 109

Hardy inequality, 91
inner cusp, 26, 29

John quasi-rectangle, 103

Koch snowflake, 27, 28

Korn inequality, 8, 16, 17, 91
on chains of rectangles, 92
first case, 16
general case, 16, 99, 101, 105
on convex domains, 95
on normal cusps, 114

on rectangles, 94
second case, 16, 93, 96, 101

m-regular set, 88
Muckenhoupt weight, 48, 54, 83, 89

Poincaré inequality, 91, 98, 101, 112
for convex domains, 31

quasi chain of rectangles, 38

reflected cube, 62, 70, 81
reflected set, 66

sectional uniformity property, 39
segment condition, 82
Sobolev representation formula, 34

touching rectangles, 23

Whitney decomposition, 23
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