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♥♦ ♣♦s✐t✐✈❛

❊♥ ❛ñ♦s r❡❝✐❡♥t❡s✱ ❡❧ ❡st✉❞✐♦ ❣❡♦♠étr✐❝♦ ❞❡ á❧❣❡❜r❛s ❞❡ ♦♣❡r❛❞♦r❡s ② s✉s ❡s♣❛❝✐♦s ❤♦♠♦❣é✲
♥❡♦s s❡ ❤❛ ✈✉❡❧t♦ ✉♥ t❡♠❛ ❝❡♥tr❛❧ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❣❡♦♠❡trí❛ ✐♥✜♥✐t♦✲❞✐♠❡♥s✐♦♥❛❧✳ ❊st❡
❡st✉❞✐♦ ❡s ✉♥❛ ❢✉❡♥t❡ ❞❡ ❡❥❡♠♣❧♦s ② ❝♦♥tr❛❡❥❡♠♣❧♦s✱ ② ❧❛s té❝♥✐❝❛s ✉s❛❞❛s ❡♥ á❧❣❡❜r❛s
❞❡ ♦♣❡r❛❞♦r❡s ✭á❧❣❡❜r❛s ❞❡ ❇❛♥❛❝❤ ② á❧❣❡❜r❛s C∗ ❝♦♥ s✉s ❤❡rr❛♠✐❡♥t❛s ❞✐st✐♥❣✉✐❞❛s✮ s♦♥
✉s❛❞❛s ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ❛❜str❛❝t❛s✱ ❛ ♣❛rt✐r
❞❡❧ ❡st✉❞✐♦ ❞❡ s✉s ❣r✉♣♦s ❞❡ ❛✉t♦♠♦r✜s♠♦s ❡ ✐s♦♠❡tr✐❛s✱ ② ❞❡❧ ❡st✉❞✐♦ ❞❡ s✉s ✜❜r❛❞♦s
♣r✐♥❝✐♣❛❧❡s ❛s♦❝✐❛❞♦s✳ ❊❧ ❧❡❝t♦r ♣✉❡❞❡ ✈❡r ❡❧ r❡❝✐❡♥t❡ ❧✐❜r♦ ❬✾❪ ❞❡ ❉✳ ❇❡❧t✐➭➔ ♣❛r❛ ✉♥❛
r❡s❡ñ❛ ❝♦♠♣❧❡t❛ s♦❜r❡ ❡st♦s ♦❜❥❡t♦s ② ✉♥❛ ❛♠♣❧✐❛ ❧✐st❛ ❞❡ r❡❢❡r❡♥❝✐❛s✱ ✈é❛s❡ t❛♠❜✐é♥ ❧❛
s❡❝❝✐ó♥ ✧Pr❡❝❡❞❡♥t❡s✧ ❛❧ ✜♥❛❧ ❞❡ ❡st❛ ■♥tr♦❞✉❝❝✐ó♥✳

❯♥ ❡s♣❛❝✐♦ ❤♦♠♦❣é♥❡♦ ♣❛r❛ ✉♥ ❣r✉♣♦ ❞❡ ▲✐❡ G ❡s ✉♥❛ ✈❛r✐❡❞❛❞ ❡♥ ❧❛ q✉❡ ❡❧ ❣r✉♣♦ G
❛❝tú❛ tr❛♥s✐t✐✈❛♠❡♥t❡✱ ✐✳❡✳ ✉♥❛ ór❜✐t❛✳ P✉❡❞❡ s❡r ✈✐st♦ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡ ❝♦♠♦ ✉♥ ❝♦❝✐❡♥t❡
G/H ❞❡ ✉♥ ❣r✉♣♦ ❞❡ ❇❛♥❛❝❤✲▲✐❡ G ♣♦r ✉♥ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ H✳ ❊♥ ❡❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ ❡❧
❡s♣❛❝✐♦ ❤♦♠♦❣é♥❡♦ ❡s ❧❛ ✈❛r✐❡❞❛❞ ❞❡ ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ❡ ✐♥✈❡rs✐❜❧❡s ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡
♦♣❡r❛❞♦r❡s ✭♠✉♥✐❞♦ ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❋✐♥s❧❡r q✉❡ ❧❡ ❞❛ ✉♥❛ ❣❡♦♠❡trí❛ ❞❡ ❝✉r✈❛t✉r❛
♥❡❣❛t✐✈❛✮ s❡ ♣✉❞❡♥ ♣r♦❜❛r t❡♦r❡♠❛s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ q✉❡ ❡①t✐❡♥❞❡♥ ❧❛ ✉s✉❛❧ ❞❡s❝♦♠✲
♣♦s✐❝✐ó♥ ♣♦❧❛r✳ ❈♦♥ ❡st♦s t❡♦r❡♠❛s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞♦t❛♠♦s ❛ ❧❛s ❝♦♠♣❧❡①✐✜❝❛❝✐♦♥❡s
❞❡ ❛❧❣✉♥♦s ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ✜❜r❛❞♦ ✈❡❝t♦r✐❛❧ ❛s♦❝✐❛❞♦✱ ② ❝♦♥
❡st♦s ✜❜r❛❞♦s ✈❡❝t♦r✐❛❧❡s ❛s♦❝✐❛❞♦s ♦ ✜❜r❛❞♦s ❝♦✈❛r✐❛♥t❡s ❞❡✜♥✐♠♦s ❡str✉❝t✉r❛s ❝♦♠♣❧❡❥❛s
❛❞❛♣t❛❞❛s ❡♥ ❧♦s ✜❜r❛❞♦s t❛♥❣❡♥t❡s ❞❡ ór❜✐t❛s ❝♦❛❞❥✉♥t❛s ② ór❜✐t❛s ❞❡ s✐♠✐❧❛r✐❞❛❞ ✉♥✐✲
t❛r✐❛ ❞❡ s✐st❡♠❛s ❞❡ ♣r♦②❡❝❝✐♦♥❡s ✭✈❛r✐❡❞❛❞❡s ❜❛♥❞❡r❛✮ ❡ ✐s♦♠❡tr✐❛s ♣❛r❝✐❛❧❡s ✭✈❛r✐❡❞❛❞❡s
❞❡ ❙t✐❡❢❡❧✮✳

❯s❛♥❞♦ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ✈❛r✐❡❞❛❞ ❞❡ ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ❡ ✐♥✈❡rs✐❜❧❡s ❝♦♠♦ ❧❛ ❝♦♥✲
✈❡①✐❞❛❞ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❣❡♦❞és✐❝❛s✱ ❧❛ ♠✐♥✐♠❛❧✐❞❛❞ ❞❡ ♣r♦②❡❝❝✐♦♥❡s s♦❜r❡
s✉❜✈❛r✐❡❞❛❞❡s ② ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❝✐r❝✉♥❝❡♥tr♦s ❞❡ ❝♦♥❥✉♥t♦s ❛❝♦t❛❞♦s✱ ❡st✉❞✐❛♠♦s ♣r♦❜✲
❧❡♠❛s ❞❡ s✐♠✐❧❛r✐❞❛❞ ❞❡s❞❡ ✉♥❛ ♣❡rs♣❡❝t✐✈❛ ❣❡♦♠étr✐❝❛✳ ▲♦s ♣r♦❜❧❡♠❛s ❞❡ s✐♠✐❧❛r✐❞❛❞

✐①



①

♣r❡❣✉♥t❛♥ ❡♥ ❞✐st✐♥t♦s ❝♦♥t❡①t♦s ❝✉á♥❞♦ ✉♥ ❣r✉♣♦ H ❞❡ ♦♣❡r❛❞♦r❡s ❛❝♦t❛❞♦s ❡ ✐♥✈❡rs✐❜❧❡s
✭q✉❡ ❛❝tú❛♥ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✮ ❡s ❝♦♥❥✉❣❛❞♦ ❛ ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s✳
❖tr❛s ♣r❡❣✉♥t❛s r❡❧❛❝✐♦♥❛❞❛s s❡ ❝❡♥tr❛♥ ❡♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s
❡ ✐♥✈❡rs✐❜❧❡s s t❛❧❡s q✉❡ s−1Hs ❡s ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s✳ ❙✐ ✉♥ ❣r✉♣♦ ❞❡
♦♣❡r❛❞♦r❡s ✐♥✈❡r✐❜❧❡s ❡s ❝♦♥❥✉❣❛❞♦ ❛ ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s ❡♥t♦♥❝❡s ❡s ✉♥✐✲
❢♦r♠❡♠❡♥t❡ ❛❝♦t❛❞♦✳ ❊❧ ❡♥✉♥❝✐❛❞♦ r❡❝í♣r♦❝♦ ♥♦ ✈❛❧❡✱ ♣♦r ❧♦ q✉❡ s❡ ❞❡❜❡♥ ❤❛❝❡r s✉♣✉❡st♦s
❛❞✐❝✐♦♥❛❧❡s s♦❜r❡ ❡❧ ❣r✉♣♦ ♣❛r❛ q✉❡ ést❡ s❡❛ ✉♥✐t❛r✐③❛❜❧❡✳ ❯♥❛ ✈❛r✐❛♥t❡ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛
❡s ❡st✉❞✐❛r ❤♦♠♦♠♦r✜s♠♦s ✉♥✐t❛❧❡s ❞❡ á❧❣❡❜r❛s π : A→ B(H)✱ ❞♦♥❞❡ A ❡s ✉♥ á❧❣❡❜r❛ C∗✱
② ❡st✉❞✐❛r ❜❛❥♦ q✉❡ ❝♦♥❞✐❝✐♦♥❡s s♦❜r❡ ❡❧ ❤♦♠♦♠♦r✜s♠♦ π ② ❡❧ á❧❣❡❜r❛ A✱ ❧❛ ✐♠❛❣❡♥ π(UA)
❞❡❧ ❣r✉♣♦ ❞❡ ✉♥✐t❛r✐♦s ❞❡ A ❡s ✉♥✐t❛r✐③❛❜❧❡✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛s ór❜✐t❛s ❞❡ r❡♣r❡s❡♥t❛❝✐♦♥❡s
s♦♥ ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s ❝♦♥ ❧❛ ❛❝❝✐ó♥ ❞❛❞❛ ♣♦r ❝♦♥❥✉❣❛❝✐ó♥ g · π = gπ(·)g−1✱ ❞♦♥❞❡ π ❡s
✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ② g ❡s ✉♥ ♦♣❡r❛❞♦r ✐♥✈❡rs✐❜❧❡✳

❘❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛❧❡s

❊♠♣❡③❛♠♦s ❤❛❝✐❡♥❞♦ ❛❧❣✉♥❛s ♦❜s❡r✈❛❝✐♦♥❡s s♦❜r❡ ❧❛ ♥♦t❛❝✐ó♥ q✉❡ ✈❛ ❛ s❡r ✉s❛❞❛✳ ❉❡♥♦✲
t❛♠♦s ✈❛r✐❡❞❛❞❡s ❝♦♥ ❧❛s ❧❡tr❛s M ✱ N ② ❝♦♥ ❧❛s ❧❡tr❛s x✱ y✱ z ❧♦s ♣✉♥t♦s ❞❡ ❧❛s ✈❛r✐❡❞❛❞❡s✳
❙✐ f :M → N ❡s ✉♥ ♠❛♣❛ s✉❛✈❡ ❡♥tr❡ ❞♦s ✈❛r✐❡❞❛❞❡s ✉s❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ f∗ : TM → TN

♣❛r❛ ❡❧ ♠❛♣❛ t❛♥❣❡♥t❡ ② f∗x : TxM → Tf(x)N ♣❛r❛ ❡❧ ♠❛♣❛ t❛♥❣❡♥t❡ ❡♥ x ∈ M ✳ ❙✐
α : I → M ❡s ✉♥❛ ❝✉r✈❛ s✉❛✈❡ ❡♥t♦♥❝❡s ❞❡✜♥✐♠♦s ❝♦♠♦ ❡s ✉s✉❛❧ α̇(t) = α∗t(

d
dt
)✳ ❉❡♥♦t❛✲

♠♦s ❛ ❧♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s ❝♦♥ ❧❛s ❧❡tr❛s ❣r✐❡❣❛s ξ✱ λ ② ❛ ❧♦s ❤♦♠♦r✜s♠♦s ❝♦♥ ❧❛s ❧❡tr❛s
❣r✐❡❣❛s π✱ ρ✳ ▲❛s ❧❡tr❛s ♠❛②ús❝✉❧❛s X✱ Y ✱ Z ❞❡♥♦t❛rá♥ ✈❡❝t♦r❡s✳ ▲♦s ❝❛r❛❝t❡r❡s ❣❡r♠á♥✐✲
❝♦s g✱ u✱ p s❡rá♥ ✉s❛❞♦s ♣❛r❛ ❞❡♥♦t❛r á❧❣❡❜r❛s ❞❡ ▲✐❡ ② s✉s s✉❜❡s♣❛❝✐♦s✳ ❉❡♥♦t❛♠♦s ❝♦♥
G✱ H✱ U ❛ ❧♦s ❣r✉♣♦s ② ❝♦♥ g✱ h✱ u✱ v ❛ s✉s ❡❧❡♠❡♥t❡s✳ ▲❛s ♣r✐♠❡r❛s ❧❡tr❛s ❞❡❧ ❛❧❢❛❜❡t♦
a✱ b✱ c s❡rá♥ ✉s❛❞❛s ♣❛r❛ ❞❡♥♦t❛r ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ❡ ✐♥✈❡rs✐❜❧❡s✳ ❉❡♥♦t❛♠♦s ❝♦♥ V ✱
W ② Z ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ② ❝♦♥ U s✉❜❝♦♥❥✉♥t♦s ❛❜✐❡rt♦s ❞❡ ❡st♦s ❡s♣❛❝✐♦s ❝✉❛♥❞♦ ❧♦s
❝♦♥s✐❞❡r❛♠♦s ❝♦♠♦ ✐♠á❣❡♥❡s ❞❡ ❝❛rt❛s ❧♦❝❛❧❡s✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✶ ✐♥tr♦❞✉❝✐♠♦s r❡s✉❧t❛❞♦s ❜ás❝♦s s♦❜r❡ t❡♦rí❛ ❞❡ ▲✐❡ ② s♦❜r❡ ❡s♣❛❝✐♦s
s✐♠étr✐❝♦s ✐♥✜♥✐t♦✲❞✐♠❡♥s✐♦♥❛❧❡s ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ q✉❡ ✈❛♥ ❛ ❛②✉❞❛r ❛ ❡♥t❡♥❞❡r ♠❡❥♦r
❧♦s ♦tr♦s ❝❛♣ít✉❧♦s✳ ❯♥ ❡s♣❛❝✐♦ s✐♠étr✐❝♦ ❞❡ ❋✐♥s❧❡r ❞❡ ❝✉r✈❛t✉r❛ s❡♠✐✲♥❡❣❛t✐✈❛M = G/U

s❡ ❞❡✜♥❡ ❝♦♠♦ ✉♥ ❝♦❝✐❡♥t❡ G/U ✱ ❞♦♥❞❡ G ❡s ✉♥ ❣r✉♣♦ ❞❡ ❇❛♥❛❝❤✲▲✐❡✱ U ❡s ❡❧ ❝♦♥❥✉♥t♦
❞❡ ♣✉♥t♦s ✜❥♦s ❞❡ ✉♥❛ ✐♥✈♦❧✉❝✐ó♥ σ : G → G ② ‖ · ‖ ❡s ✉♥❛ ♥♦r♠❛ AdU ✲✐♥✈❛r✐❛♥t❡ ❡♥
p = Ker(σ∗1 + 1) ≃ T1U(G/U) q✉❡ ❧❡ ❞❛ ❛ G/U ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❋✐♥s❧❡r t❛❧ q✉❡ ❡❧
❞✐❢❡r❡♥❝✐❛❧ ❡♥ t♦❞♦ ♣✉♥t♦ ❞❡❧ ♠❛♣❛ ❡①♣♦♥❡♥❝✐❛❧ ❡s ✉♥ ♦♣❡r❛❞♦r ❡①♣❛♥s✐✈♦✳ ❉❡♥♦t❛r❡♠♦s
M = G/U = Sym(G, σ, ‖ · ‖)✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ❡st✉❞✐❛♠♦s ❞❡s❝♦♠♣♦s✐❝✐♦♥❡s ❞❡ ❡s♣❛❝✐♦s s✐♠étr✐❝♦s ❞❡ ❇❛♥❛❝❤ ②
❝♦♠♣❧❡①✐✜❝❛❝✐♦♥❡s ❞❡ ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s ♠♦❞❡❧✐③❛❞♦s ❡♥ ❣r✉♣♦s ❞❡ ❇❛♥❛❝❤✲▲✐❡✳ ❊♥
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❧❛ ❙❡❝❝✐ó♥ ✷✳✷ r❡❝♦r❞❛♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ♣❛r❡s r❡❞✉❝t✐✈♦s ✐♥tr♦❞✉❝✐❞❛
♣♦r ❇❡❧t✐➭➔ ② ●❛❧é ❡♥ ❬✼❪✳ ❯♥❛ ❡str✉❝t✉r❛ r❡❞✉❝t✐✈❛ ❝♦♥ ✐♥✈♦❧✉❝✐ó♥ ❡s ✉♥ ❝✉❛❞r✉♣❧❡
(GA, GB;E, σ) t❛❧ q✉❡✿

• GB ❡s ✉♥ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ❞❡❧ ❣r✉♣♦ ❞❡ ❇❛♥❛❝❤✲▲✐❡ GA

• E : gA → gB ❡s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❡♥tr❡ ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❧♦s ❣r✉♣♦s ❞❡
❇❛♥❛❝❤✲▲✐❡ GA ② GB t❛❧ q✉❡ Adg ◦ E = E ◦ Adg ♣❛r❛ t♦❞♦ g ∈ GB✳

• σ : GA → GA ❡s ✉♥❛ ✐♥✈♦❧✉❝✐ó♥ t❛❧ q✉❡ σ(GB) = GB ② σ∗1 ◦ E = E ◦ σ∗1✳

❯s❛♥❞♦ ❡st❛ ❝❛t❡❣♦rí❛ ② ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✉♥ ❡♥t♦r♥♦r♥♦ t✉❜✉❧❛r ❣❧♦❜❛❧ ♦❜t❡♥✐❞❛ ♣♦r
❈♦♥❞❡ ② ▲❛r♦t♦♥❞❛ ❡♥ ❬✶✻❪ ♦❜t❡♥❡♠♦s ✉♥ t❡♦r❡♠❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♣❛r❛ s✉❝❡s✐♦♥❡s
✜♥✐t❛s ❞❡ ♣❛r❡s r❡❞✉❝t✐✈♦s ❞❡ ❣r✉♣♦s ❞❡ ❇❛♥❛❝❤✲▲✐❡✿

❚❡♦r❡♠❛✳ ❙✐ ♣❛r❛ n ≥ 2 t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ✐♥❝❧✉s✐♦♥❡s ❞❡ ❣r✉♣♦s ❞❡ ❇❛♥❛❝❤✲▲✐❡✱ ❧❛s

s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s ❡♥tr❡ s✉s á❧❣❡❜r❛s ❞❡ ▲✐❡

G1 ⊆ G2 ⊆ · · · ⊆ Gn

g1
E2←− g2

E3←− . . .
En←− gn

② ✉♥ ♠♦r✜s♠♦ σ : Gn → Gn t❛❧❡s q✉❡✿

• (Gn, Gn−1;En, σ)✱(Gn−1, Gn−2;En, σ|Gn−1)✱✳ ✳ ✳ ✱ (G2, G1;E2, σ|G2) s♦♥ ❡str✉❝t✉r❛s r❡✲

❞✉❝t✐✈❛s ❝♦♥ ✐♥✈♦❧✉❝✐ó♥✳

• Mn = Gn/Un = Sym(Gn, σ, ‖ · ‖) ❡s ✉♥ ❡s♣❛❝✐♦ s✐♠étr✐❝♦ ❞❡ ❋✐♥s❧❡r s✐♠♣❧❡♠❡♥t❡

❝♦♥❡①♦ ② ❞❡ ❝✉r✈❛t✉r❛ s❡♠✐✲♥❡❣❛t✐✈❛✳

• ‖Ek pk‖ = 1 ♣❛r❛ k = 2, . . . , n✱ ❞♦♥❞❡ ✉s❛♠♦s ❧❛ ♥♦r♠❛ ❞❡❧ ít❡♠ ❛♥t❡r✐♦r r❡str✐♥❣✐❞❛

❛ pk := p ∩ gk✳

❊♥t♦♥❝❡s ❧❛s ❢✉♥❝✐♦♥❡s

Φn : Un × pEn
× · · · × pE2 × p1 → Gn

(un, Xn, . . . , X2, Y1) 7→ une
Xn . . . eX2eY1

Ψn : pEn
× · · · × pE2 × p1 → G+

n

(Xn, . . . , X2, Y1) 7→ eY1eX2 . . . eXn−1e2XneXn−1 . . . eX2eY1

s♦♥ ❞✐❢❡♦♠♦r✜s♠♦s✱ ❞♦♥❞❡ pEk
:= KerEk ∩ pk ♣❛r❛ k = 2, . . . , n✳
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❊♥ ❧❛ ❙❡❝❝✐ó♥ ✷✳✸ ❧❛ ❝♦♠♣❧❡①✐✜❝❛❝✐ó♥ ❞❡ ❛❧❣✉♥♦s ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s ❡s ❡st✉❞✐❛❞❛✳ ❙✐
GB ❡s ✉♥ s✉❜❣r✉♣♦ ❞❡ ✉♥ ❣r✉♣♦ ❞❡ ❇❛♥❛❝❤✲▲✐❡ GA ② σ ❡s ✉♥❛ ✐♥✈♦❧✉❝✐ó♥ ❡♥ GA q✉❡ ❞❡❥❛ ❛
GB ✐♥✈❛r✐❛♥t❡✱ ❡♥t♦♥❝❡s ❜❛❥♦ ❝✐❡rt❛s ❤✐♣ót❡s✐s ❡❧ ❝♦❝✐❡♥t❡ UA/UB ❞❡ ❧♦s s✉❜❣r✉♣♦s ❞❡ ♣✉♥✲
t♦s ✜❥♦s r❡s♣❡❝t✐✈♦s ❞❡ GA ② GB ❡s ✉♥❛ s✉❜✈❛r✐❡❞❛❞ UA/UB →֒ GA/GB q✉❡ ❡s ❡❧ ❝♦♥❥✉♥t♦
❞❡ ♣✉♥t♦s ✜❥♦s ❞❡ ❧❛ ✐♥✈♦❧✉❝✐ó♥ σG : GA/GB → GA/GB✱ gGB 7→ σ(g)GB✳ P♦r ❧♦ t❛♥t♦ ❧❛
✈❛r✐❡❞❛❞ ❝♦♠♣❧❡❥❛ GA/GB ♣✉❡❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ✉♥❛ ❝♦♠♣❧❡①✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ✈❛r✐❡❞❛❞ r❡❛❧
UA/UB✳ ❊❧ t❡♦r❡♠❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡s ✉s❛❞♦ ♣❛r❛ ♠✉♥✐r ❛ ❧❛ ❝♦♠♣❧❡①✐✜❝❛❝✐ó♥ GA/GB

❞❡❧ ❡s♣❛❝✐♦ ❤♦♠♦❣é♥❡♦ UA/UB ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ✜❜r❛❞♦ ✈❡❝t♦r✐❛❧ ❛s♦❝✐❛❞♦✿

❚❡♦r❡♠❛✳ ❙❡❛ MA = GA/UA = Sym(GA, σ, ‖ · ‖) ✉♥ ❡s♣❛❝✐♦ s✐♠étr✐❝♦ ❞❡ ❋✐♥s❧❡r s✐♠✲

♣❧❡♠❡♥t❡ ❝♦♥❡①♦ ② ❞❡ ❝✉r✈❛t✉r❛ s❡♠✐✲♥❡❣❛t✐✈❛✱ ② s❡❛ (GA, GB;E, σ) ✉♥❛ ❡str✉❝t✉r❛ r❡✲

❞✉❝t✐✈❛ ❝♦♥ ✐♥✈♦❧✉❝✐ó♥ t❛❧ q✉❡ ‖E p‖ = 1✳ ❙❡❛ ΨE
0 : UA × pE → GA✱ (u,X) 7→ ueX ②

κ : (u,X) 7→ [(u,X)] ❡❧ ♠❛♣❛ ❝♦❝✐❡♥t❡✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥ ✉♥✐❝♦ ❞✐❢❡♦♠♦r✜s♠♦ ❛♥❛❧ít✐❝♦

r❡❛❧ ② UA✲❡q✉✐✈❛r✐❛♥t❡ ΨE : UA ×UB
pE → GA/GB t❛❧ q✉❡ ❡❧ ❞✐❛❣r❛♠❛

UA × pE

κ

��

ΨE
0 // GA

q

��
UA ×UB

pE
ΨE

// GA/GB

❝♦♥♠✉t❛✱ ❞♦♥❞❡ q : GA → GA/GB✱ g 7→ gGB ❡s ❡❧ ♠❛♣❛ ❝♦❝✐❡♥t❡✳

P♦r ❧♦ t❛♥t♦ ❡❧ ❡s♣❛❝✐♦ ❤♦♠♦❣é♥❡♦ GA/GB t✐❡♥❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ✜❜r❛❞♦ ✈❡❝t♦r✐❛❧ UA✲

❡q✉✐✈❛r✐❛♥t❡ s♦❜r❡ UA/UB ❝♦♥ ❧❛ ♣r♦②❡❝❝✐ó♥ ❞❛❞❛ ♣♦r ❧❛ ❝♦♠♣♦s✐❝✐ó♥

GA/GB
(ΨE)−1

// UA ×UB
pE

Ξ // UA/UB

ueXGB 7→ [(u,X)] 7→ uUB ♣❛r❛ u ∈ UA ② X ∈ pE

② ✜❜r❛ tí♣✐❝❛ pE✳

❊st❡ t❡♦r❡♠❛ ❡s ✉s❛❞♦ ♣❛r❛ ❝♦♥str✉✐r ❜❛❥♦ ❝✐❡rt❛s ❤✐♣ót❡s✐s ✉♥ ✐s♦♠♦r✜s♠♦ GA/GB ≃

T (UA/UB) ❡♥tr❡ ❧❛s ❝♦♠♣❧❡①✐✜❝❛❝✐♦♥❡s ② ❡❧ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s ❞❡
❧❛ ❢♦r♠❛ UA/UB✿

❈♦r♦❧❛r✐♦✳ ❙✉♣♦♥❣❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ② s✉♣♦♥❣❛♠♦s q✉❡ GA ❡s

✉♥ ❣r✉♣♦ ❞❡ ❇❛♥❛❝❤✲▲✐❡ ❝♦♠♣❧❡❥♦✱ E ❡s C✲❧✐♥❡❛❧ ② u = ip✳ ❊♥t♦♥❝❡s

GA/GB
(ΨE)−1

−−−−→ UA ×UB
pE

Θ
−→ UA ×UB

uE
αE

−→ T (UA/UB)

ueXGB 7→ [(u,X)] 7→ [(u, iX)] 7→ (µu)∗oq∗1(iX)
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❡s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ UA✲❡q✉✐✈❛r✐❛♥t❡ ❡♥tr❡ ❧❛ ❝♦♠♣❧❡①✐✜❝❛❝✐ó♥ GA/GB ② ❡❧ ✜❜r❛❞♦ t❛♥✲

❣❡♥t❡ T (UA/UB) ❞❡❧ ❡s♣❛❝✐♦ ❤♦♠♦❣é♥❡♦ UA/UB✳ ❆q✉í µu : UA/UB → UA/UB✱ vUB 7→

uvUB ❡s ✉♥❛ tr❛s❧❛❝✐ó♥✱ u ❡s ❡❧ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ UA ② uE = KerE ∩ u✳ ❈♦♥ ❡st❛

✐❞❡♥t✐✜❝❛❝✐ó♥ ❧❛ ✐♥✈♦❧✉❝✐ó♥ σG : GA/GB → GA/GB✱ gGB 7→ σ(g)GB ❡s ❧❛ ❢✉♥❝✐ó♥

T (UA/UB)→ T (UA/UB)✱ V 7→ −V ✳

P♦r ❧♦ t❛♥t♦ ❧♦s ✜❜r❛❞♦s t❛♥❣❡♥t❡s ❞❡ ✉♥❛ ❝❧❛s❡ ❞❡ ❣r✉♣♦s ❞❡ ❇❛♥❛❝❤✲▲✐❡ ♣✉❡❞❡♥
s❡r ♠✉♥✐❞♦s ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ✈❛r✐❡❞❛❞ ❝♦♠♣❧❡❥❛✳ ❊♥ ❡st♦s ❝❛s♦s✱ ❡❧ ♠❛♣❛ ❡♥tr❡
s✉s ✜❜r❛❞♦s t❛♥❣❡♥t❡s ❞❛❞♦ ♣♦r V 7→ −V ❡s ❛♥t✐✲❤♦❧♦♠♦r❢♦ ❝♦♠♦ ❡♥ ❧❛s ❡str✉❝t✉r❛s
❝♦♠♣❧❡❥❛s ❛❞❛♣t❛❞❛s ❡st✉❞✐❛❞❛s ♣♦r ▲❡♠♣❡rt ② s✉s ❝♦❧❛❜♦r❛❞♦r❡s✱ ✈é❛s❡ ❬✸✾❪✳ ❊❥❡♠♣❧♦s ❞❡
❡st♦s ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s s♦♥ ór❜✐t❛s ❝♦❛❞❥✉♥t❛s ❡♥ ✐❞❡❛❧❡s ❞❡ ♦♣❡r❛❞♦r❡s p ❞❡ ❙❝❤❛tt❡♥✱
✈❛r✐❡❞❛❞❡s ❜❛♥❞❡r❛✱ ② ✈❛r✐❡❞❛❞❡s ❞❡ ❙t✐❡❢❡❧ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ á❧❣❡❜r❛s ❞❡ ♦♣❡r❛❞♦r❡s✱ ✈é❛s❡
❬✽✱ ✶✹✱ ✷✼❪✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✸ ✉♥ ♥✉❡✈♦ ❡♥❢♦q✉❡ ❞❡ ♦r❞❡♥ ❣❡♦♠étr✐❝♦ ❛ ♣r♦❜❧❡♠❛s ❞❡ s✐♠✐❧❛r✐❞❛❞ ❡s
❞❡s❛rr♦❧❧❛❞♦✳ ▲❛ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉❝✐ó♥ ❡s ❡❧ ❛♥á❧✐s✐s ❡♥ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ❞❡ ❧❛ ❡str✉❝✲
t✉r❛ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ór❜✐t❛s ❞❡ ❧❛ ❛❝❝✐ó♥ ✐s♦♠étr✐❝❛ ♥❛t✉r❛❧ ❞❡ ❣r✉♣♦s H ❞❡ ❡❧❡♠❡♥t♦s
✐♥✈❡rs✐❜❧❡s s♦❜r❡ ❡❧ ❝♦♥♦ P ❞❡ ❡❧❡♠❡♥t♦s ♣♦s✐t✐✈♦s ✐♥✈❡rs✐❜❧❡s ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡ ♦♣❡r❛❞♦r❡s✳
❊st❛ ❛❝❝✐ó♥ ❡st❛ ❞❛❞❛ ♣♦r h · a = hah∗ ❝♦♥ h ∈ H ② a ∈ P ✳

❊♥ ❧❛ ❙❡❝❝✐ó♥ ✸✳✸ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❣❡♦❞és✐❝❛s ❡♥ ❡❧ ❝♦♥♦ ❞❡
♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ✐♥✈❡rs✐❜❧❡s ❡s ✉s❛❞❛ ♣❛r❛ ♣r♦❜❛r ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞ ❣❡♦♠étr✐❝❛✿

Pr♦♣♦s✐❝✐ó♥✳ ❙✐ π : A→ B(H) ❡s ✉♥ ❤♦♠♦r✜s♠♦ ✉♥✐t❛❧ ❛❝♦t❛❞♦ ❡♥tr❡ ✉♥ á❧❣❡❜r❛ C∗ A ②

❡❧ á❧❣❡❜r❛ ❞❡ ♦♣❡r❛❞♦r❡s ❛❝♦t❛❞♦s q✉❡ ❛❝t✉❛♥ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rtH✱ ② s ❡s ✉♥ ♦♣❡r❛❞♦r

♣♦s✐t✐✈♦ ✐♥✈❡rs✐❜❧❡ q✉❡ ♠✐♥✐♠✐③❛ ‖s‖‖s−1‖ ❡♥tr❡ ❧♦s ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ✐♥✈❡rs✐❜❧❡s r t❛❧❡s

q✉❡ Adr ◦ π = rπ(·)r−1 ❡s ✉♥❛ ∗✲r❡♣r❡s❡♥t❛❝✐ó♥✱ ❡♥t♦♥❝❡s

‖Adst ◦ π‖ ≤ ‖π‖
1−t ② ‖Adst ◦ π‖c.b. = ‖π‖

1−t
c.b. ,

❞♦♥❞❡ ‖ · ‖c.b. ❡s ❧❛ ♥♦r♠❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛❝♦t❛❞❛ ❞❡ ✉♥ ❤♦♠♦♠♦r✜s♠♦✳

❊st❡ r❡s✉❧t❛❞♦ ❢✉❡ ♦❜t❡♥✐❞♦ ♣♦r P✐s✐❡r ❡♥ ❬✺✸❪ ✉s❛♥❞♦ té❝♥✐❝❛s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥ ❝♦♠✲
♣❧❡❥❛✳ ❆❞❡♠ás✱ ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠✐♥✐♠❛❧✐❞❛❞ ❞❡ ♣r♦②❡❝❝✐♦♥❡s s♦❜r❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s
❡♥ P s♦♥ ✉s❛❞♦s ♣❛r❛ ♣r♦❜❛r ♣r♦♣✐❡❞❛❞❡s ❞❡ ♠✐♥✐♠❛❧✐❞❛❞ ❞❡ ✉♥✐t❛r✐③❛♥t❡s ❝❛♥ó♥✐❝♦s
❞❡ ❤♦♠♦♠♦r✜s♠♦s ✉♥✐t❛❧❡s π = gρ(·)g−1✳ ❆q✉í g ❡s ✉♥ ♦♣❡r❛❞♦r ✐♥✈❡rs✐❜❧❡ ❡♥ B(H) ②
ρ : A → B(H) ❡s ✉♥❛ ∗✲r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ✉♥ á❧❣❡❜r❛ C∗ A t❛❧ q✉❡ ❡①✐st❡ ✉♥❛ ❡s♣❡r✲
❛♥③❛ ❝♦♥❞✐❝✐♦♥❛❧ E : B(H) → ρ(A)′✳ ▲♦s ✉♥✐t❛r✐③❛♥t❡s ❝❛♥ó♥✐❝♦s ❢✉❡r♦♥ ♦❜t❡♥✐❞♦s ♣♦r
❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ② ❙t♦❥❛♥♦✛ ❡♥ ❬✷❪✳

❚❡♦r❡♠❛✳ ❙✐ ‖I−E‖ = 1 ❡♥t♦♥❝❡s ❡❧ ♣♦s✐t✐✈♦ ✐♥✈❡rs✐❜❧❡ ❝❛♥ó♥✐❝♦ s t❛❧ q✉❡ Ads ◦π : A→

B(H) ❡♥ ✉♥❛ ∗✲r❡♣r❡s❡♥t❛❝✐ó♥ s❛t✐s❢❛❝❡ ‖s‖‖s−1‖ = ‖π‖c.b.✱ ✐✳❡✳ ♠✐♥✐♠✐③❛ ‖r‖‖r−1‖ ❡♥tr❡

❧♦s ♣♦s✐t✐✈♦s ✐♥✈❡rs✐❜❧❡s r t❛❧❡s q✉❡ Adr ◦ π ❡s ✉♥❛ ∗✲r❡♣r❡s❡♥t❛❝✐ó♥✳



①✐✈

❊♥ ❧❛ ❙❡❝❝✐ó♥ ✸✳✹ ❡st✉❞✐❛♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥✐t❛r✐③❛♥t❡s ❞❡ ❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ✐♥✲
✈❡rs✐❜❧❡s H✱ ✐✳❡✳ ♣♦s✐t✐✈♦s ✐♥✈❡rs✐❜❧❡s s t❛❧ q✉❡ sHs−1 ❡s ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s✱
❝✉❛♥❞♦ ❡st♦s ❣r✉♣♦s ❛❝t✉❛♥ ❡♥ ✈❛r✐❡❞❛❞❡s P ❞❡ ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ✐♥✈❡rs✐❜❧❡s ♠✉♥✐❞♦s
❞❡ ✉♥❛ ♠étr✐❝❛ ❞❡r✐✈❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♥❛ tr❛③❛✳ ❊❧ t❡♦r❡♠❛ ❞❡ ♣✉♥t♦ ✜❥♦ ❞❡ ❇r✉❤❛t✲❚✐ts
❡s ✉s❛❞♦ ♣❛r❛ ❞❡♠♦str❛r q✉❡ ❧❛ r❛✐③ ❝✉❛❞r❛❞❛ ❞❡❧ ❝✐r❝✉♥❝❡♥tr♦ ❞❡ {hh∗}h∈H ❡♥ P ❡s ✉♥
✉♥✐t❛r✐③❛♥t❡ ❞❡ H✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ á❧❣❡❜r❛s ❞❡ ✈♦♥ ◆❡✉♠❛♥♥ ✜♥✐t❛s ♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡
r❡s✉❧t❛❞♦ ❞❡ ❡①✐st❡♥❝✐❛ ♣r♦❜❛❞♦ ❝♦♥ té❝♥✐❝❛s ❞✐st✐♥t❛s ❡♥ ❬✻✹❪✿

❚❡♦r❡♠❛✳ ❙✐ H ❡s ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✐♥✈❡rs✐❜❧❡s ❡♥ ✉♥ á❧❣❡❜r❛ ❞❡ ✈♦♥ ◆❡✉♠❛♥♥

✜♥✐t❛ A t❛❧ q✉❡ suph∈H ‖h‖ = |H| < ∞ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ s ∈ {a ∈ A : |H|−11 ≤ a ≤

|H|1} t❛❧ q✉❡ s−1Hs ❡s ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s ❡♥ A✳

❊♥ ❡st❡ ❝❛s♦ ♠♦str❛♠♦s q✉❡ ❧❛s s✉❜✈❛r✐❡❞❛❞❡s ♥♦r♠❛❧❡s ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ✜✲
❥♦s s♦♥ ✐♥✈❛r✐❛♥t❡s ❜❛❥♦ ❧❛ ❛❝❝✐ó♥ h · a = hah∗✳ ❙✐ B2(H) ❡s ❡❧ ✐❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡
❍✐❧❜❡rt✲❙❝❤♠✐❞t✱ ❡♥t♦♥❝❡s ♣r♦❜❛♥❞♦ q✉❡ ❧❛ ❛❝❝✐ó♥ ❝❛♥ó♥✐❝❛ ❞❡ G = {g ∈ B2(H) + C1 :

g ❡s ✐♥✈❡rs✐❜❧❡} s♦❜r❡ P = {g ∈ B2(H) + C1 : g > 0} r❡str✐♥❣✐❞❛ ❛ ❛❧❣✉♥♦s s✉❜❣r✉♣♦s H
t✐❡♥❡ ♣✉♥t♦s ✜❥♦s ♦❜t❡♥❡♠♦s✿

❚❡♦r❡♠❛✳ ❙✐ H ❡s ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✐♥✈❡rs✐❜❧❡s ❡♥ B2(H)+C1 t❛❧ q✉❡ suph∈H‖hh
∗−

1‖2 <∞ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ s ❡♥ P t❛❧ q✉❡ s−1Hs ❡s ✉♥ ❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s✳

❆❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❛ t❡s✐s ❢✉❡r♦♥ ♣✉❜❧✐❝❛❞♦s ❡♥ r❡✈✐st❛s ✐♥✲
t❡r♥❛❝✐♦♥❛❧❡s ❝♦♠♦ ❛rtí❝✉❧♦s ❞❡ ❧♦s ❝✉❛❧❡s s♦② ❡❧ ú♥✐❝♦ ❛✉t♦r ❬✹✷✱ ✹✸❪✳

Pr❡❝❡❞❡♥t❡s

▲♦s r❡s✉❧t❛❞♦s ❡♥ ❡st❛ t❡s✐s t✐❡♥❡♥ ♣r❡❝❡♥❞❡♥t❡s ❡♥ ❧♦s s✐❣✉✐❡♥t❡s tr❛❜❛❥♦s✿

• ▲♦s t❡♦r❡♠❛s ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ t✐❡♥❡♥ ❝♦♠♦ ♣r❡❝❡❞❡♥t❡ ❧❛ ❞❡❝♦♠♣♦s✐❝✐ó♥ ♣♦❧❛r
❞❡ ♦♣❡r❛❞♦r❡s✳ ❊♥ ✶✾✺✺ ▼♦st♦✇ ❬✹✻❪ ♠✉♥✐ó ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐❝❡s ♣♦s✐t✐✈❛s ✐♥✲
✈❡rs✐❜❧❡s ❝♦♥ ✉♥❛ ♠❡tr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛✳ ❯s❛♥❞♦ ❡st❛ ♠étr✐❝❛
▼♦st♦✇ ❝♦♥str✉②ó ❡♥t♦r♥♦s t✉❜✉❧❛r❡s ❣❧♦❜❛❧❡s ❞❡ s✉❜✈❛r✐❡❞❛❞❡s t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐✲
❝❛s✱ ❞♦♥❞❡ ❧❛ ♥♦❝✐ó♥ ❞❡ ✈❡❝t♦r ♥♦r♠❛❧ ❛ ❧❛ s✉❜✈❛r✐❡❞❛❞ ❡stá ❞❛❞❛ ♣♦r ❡❧ ♣r♦❞✉❝t♦
✐♥t❡r♥♦ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t✳ ❊st❡ r❡s✉❧t❛❞♦ ❢✉❡ ❡①t❡♥❞✐❞♦ ♣♦r ▲❛r♦t♦♥❞❛ ❡♥ ❬✸✼❪ ❛❧
❝♦♥t❡①t♦ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✳ ❈♦r❛❝❤✱ P♦rt❛ ② ❘❡❝❤t
❡st✉❞✐❛r♦♥ ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❝✉r✈❛t✉r❛ ♥♦ ♣♦s✐t✐✈❛ ❞❡❧ ❝♦♥♦ ❞❡ ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s
❡ ✐♥✈❡rs✐❜❧❡s ❞❡ ✉♥ á❧❣❡❜r❛ C∗ ❡♥ ❬✷✵✱ ✷✶✱ ✷✷✱ ✷✸❪✳ ❇❛s❛❞♦s ❡♥ ❡st♦s tr❛❜❛❥♦s P♦rt❛
② ❘❡❝❤t ❞❡♠♦str❛r♦♥ ✉♥ t❡♦r❡♠❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❬✺✼❪❀ ❡♥ ❡st❡ tr❛❜❛❥♦ ❧❛ ✈❛r✲
✐❡❞❛❞ ② ❧❛ s✉❜✈❛r✐❡❞❛❞ s♦♥ ❧♦s ♦♣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s ❡ ✐♥✈❡rs✐❜❧❡s ❞❡ ✉♥ á❧❣❡❜r❛ A ②



①✈

✉♥❛ s✉❜á❧❣❡❜r❛ B r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ② ❧❛ ♥♦❝✐ó♥ ❞❡ ✈❡❝t♦r ♥♦r♠❛❧ ❛ ❧❛ s✉❜✈❛r✐❡❞❛❞ ❡s
❞❛❞❛ ♣♦r ❡❧ ♥ú❝❧❡♦ ❞❡ ✉♥❛ ❡s♣❡r❛♥③❛ ❝♦♥❞✐❝✐♦♥❛❧ E : A→ B✳ ❊♥ ❬✶✺❪ ❈♦♥❞❡ ② ▲❛r♦✲
t♦♥❞❛ ❡①t❡♥❞✐❡r♦♥ ❡st❡ t❡♦r❡♠❛ ❛❧ ❝♦♥t❡①t♦ ❞❡ ❡s♣❛❝✐♦s s✐♠étr✐❝♦s G/U ♠♦❞❡❧✐③❛❞♦s
❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✳

• ❊♥ ✶✾✺✺ ❬✹✺❪ ▼♦st♦✇ ✉só ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♦❜t❡♥✐❞♦ ❡♥ ❬✹✻❪ ♣❛r❛ ♣r♦❜❛r
q✉❡ ✉♥ ❡s♣❛❝✐♦ ❤♦♠♦❣é♥❡♦ ❝♦♥ ❣r✉♣♦ ❛s♦❝✐❛❞♦ G ❝✉②♦ s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣í❛ ❡s
❝♦♥❡①♦ ② ❛✉t♦❛❞❥✉♥t♦ ✭♠ó❞✉❧♦ ❡❧ r❛❞✐❝❛❧ ❞❡ G✮ ❛❞♠✐t❡ ✉♥ ✜❜r❛❞♦ ❝♦✈❛r✐❛♥t❡✱ ✐✳❡✳ ❡s
✐s♦♠♦r❢♦ ❛ ✉♥ ✜❜r❛❞♦ ✈❡❝t♦r✐❛❧ ❛s♦❝✐❛❞♦✳ ❊♥ ❬✶✵❪ ❡st❡ ✜❜r❛❞♦ ❝♦✈❛r✐❛♥t❡ ❢✉❡ ✉s❛❞♦
♣♦r ❇✐❡❧❛✇s❦✐ ♣❛r❛ ❝♦♥str✉✐r ✉♥ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ G/K ② ❧❛
❝♦♠♣❧❡①✐✜❝❛❝✐ó♥ ❞❡ G/K✱ ❞♦♥❞❡ G/K ❡s ✉♥ ❡s♣❛❝✐♦ ❧♦❝❛❧♠❡♥t❡ s✐♠étr✐❝♦ ❞❡ t✐♣♦
❝♦♠♣❛❝t♦ ❝♦♥ K ❝♦♥❡①♦✳ ❯♥ ✜❜r❛❞♦ ❛♥á❧♦❣♦ ❢✉❡ ❝♦♥str✉✐❞♦ ♣♦r ❇❡❧t✐➭➔ ② ●❛❧é ❡♥
❬✻❪ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ á❧❣❡❜r❛s C∗ ✉s❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ P♦rt❛ ②
❘❡❝❤t✳ ❆q✉í ❧♦s ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s s♦♥ ✈❛r✐❡❞❛❞❡s ●r❛ss♠❛♥♥✐❛♥❛s ❣❡♥❡r❛❧✐③❛❞❛s
UA/UB✱ ❞♦♥❞❡ UA ② UB s♦♥ ❧♦s ❣r✉♣♦s ✉♥✐t❛r✐♦s ❞❡ á❧❣❡❜r❛s C∗ r❡❧❛❝✐♦♥❛❞❛s ♣♦r ✉♥❛
❡s♣❡r❛♥③❛ ❝♦♥❞✐❝✐♦♥❛❧ E : A → B✳ ❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ s❡ ♦❜t✐❡♥❡ ✉♥ ✐s♦♠♦r✜s♠♦
T (UA/UB) ≃ GA/GB✱ ❞♦♥❞❡ GA ② GB s♦♥ ❧♦s ❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ✐♥✈❡rs✐❜❧❡s ❞❡❧
á❧❣❡❜r❛ A ② ❞❡ ❧❛ s✉❜á❧❣❡❜r❛ B r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• ❊❧ ❡st✉❞✐♦ ❣❡♦♠étr✐❝♦ ❞❡ ❡s♣❛❝✐♦s ❞❡ r❡♣r❡s❡♥t❛❝✐♦♥❡s ❡s ✉♥ ár❡❛ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥
❛❝t✐✈❛✱ ✈é❛s❡ ❬✸✶❪ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✳ ❆q✉í ❧♦s ❡s♣❛❝✐♦s ❞❡ r❡♣r❡✲
s❡♥t❛❝✐♦♥❡s s♦♥ ♠✉♥✐❞♦s ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ✈❛r✐❡❞❛❞ t♦♣♦❧ó❣✐❝❛ ♦ ❛❧❣❡❜rá✐❝❛ ②
❧♦s ♣r♦❜❧❡♠❛s ♣r✐♥❝✐♣❛❧❡s s♦♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ② ❧❛s
❝❧❛✉s✉r❛s ❞❡ ór❜✐t❛s✳ ❊♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ②
❙t♦❥❛♥♦✛ ❞❡♠♦str❛r♦♥ q✉❡ á❧❣❡❜r❛s ❞❡ ♦♣❡r❛❞♦r❡s s♦♥ ✐♥②❡❝t✐✈❛s ♦ ♥✉❝❧❡❛r❡s s✐ ❧♦s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡s♣❛❝✐♦s ❞❡ r❡♣r❡s❡♥t❛❝✐♦♥❡s s♦♥ ❡s♣❛❝✐♦s ❤♦♠♦❣é♥❡♦s r❡❞✉❝t✐✈♦s✱
✈é❛s❡ ❬✹✶❪✳ ❊st❛ ❧í♥❡❛ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❢✉❡ ❝♦♥t✐♥✉❛❞❛ ♣♦r ❈♦r❛❝❤ ② ●❛❧é ❡♥ ❬✶✽✱ ✶✾❪
❞♦♥❞❡ ❞✐❛❣♦♥❛❧❡s ✈✐rt✉❛❧❡s ❞❡ á❧❣❡❜r❛s ❞❡ ❇❛♥❛❝❤ ♣r♦✈❡❡♥ ❢♦r♠❛s ❞❡ ❝♦♥❡①✐ó♥ ❡♥
❧♦s ❡s♣❛❝✐♦s ❞❡ r❡♣r❡s❡♥t❛❝✐♦♥❡s✱ ✈é❛s❡ ❡❧ ❛rtí❝✉❧♦ ❬✸✵❪ ❞❡ ●❛❧é ② ❡❧ ❈❛♣ít✉❧♦ ✽ ❞❡❧
❧✐❜r♦ ❞❡ ❘✉♥❞❡ ❬✺✽❪ ♣❛r❛ ♠❛②♦r ✐♥❢♦r♠❛❝✐ó♥✳

• ▲❛ ♣r❡❣✉♥t❛ s♦❜r❡ ❝✉á❧❡s ❣r✉♣♦s ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝♦t❛❞♦s ❞❡ B(H) s♦♥ s✐♠✐❧❛r❡s
❛ ❣r✉♣♦s ❞❡ ✉♥✐t❛r✐♦s t✐❡♥❡ ✉♥❛ ❧❛r❣❛ ❤✐st♦r✐❛✳ ❯♥ r❡s✉❧t❛❞♦ ❛♥t✐❣✉♦ ❞❡ t❡♦rí❛ ❞❡
r❡♣r❡s❡♥t❛❝✐♦♥❡s ❛✜r♠❛ q✉❡ s✐ H ⊆ B(Cn) ❡s ✉♥ ❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝♦t❛❞♦ ❡♥✲
t♦♥❝❡s ❡s s✐♠✐❧❛r ❛ ✉♥ ❣r✉♣♦ ❞❡ ♠❛tr✐❝❡s ✉♥✐t❛r✐❛s✳ ❉❛❞♦ q✉❡ ❧❛ ❝❧❛✉s✉r❛ ❞❡❧ ❣r✉♣♦
❡s ❝♦♠♣❛❝t❛✱ ❡st❛ t✐❡♥❡ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❍❛❛r ❜✐✲✐♥✈❛r✐❛♥t❡ ② ❡❧ ✉♥✐t❛r✐③❛♥t❡ s❡ ♦❜✲
t✐❡♥❡ ❝♦♠♦ ❧❛ r❛✐③ ❝✉❛❞r❛❞❛ ❞❡❧ ♣r♦♠❡❞✐♦ ❞❡ {hh∗}h∈H ✳ P♦st❡r✐♦r♠❡♥t❡ ❊❧✐❡ ❈❛rt❛♥
❞❡♠♦stró q✉❡ ❣r✉♣♦s ❞❡ ▲✐❡ s❡♠✐s✐♠♣❧❡s G ❛❞♠✐t❡♥ ✭♠ó❞✉❧♦ ❝♦♥❥✉❣❛❝✐ó♥✮ ✉♥ ú♥✐❝♦
s✉❜❣r✉♣♦ ❝♦♠♣❛❝t♦ ♠❛①✐♠❛❧ K✱ ✉s❛♥❞♦ q✉❡ G/K ❡s ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡
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❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ② ❡❧ t❡♦r❡♠❛ ❞❡ ♣✉♥t♦ ✜❥♦ ❞❡ ❈❛rt❛♥✱ ✈é❛s❡ ❬✸✹✱ ■✳ ✶✸ ② ❱■✳ ✷❪✳
❙③♦❦❡❢❛❧✈✐✲◆❛❣② ❬✻✵✱ ❚❡♦r❡♠❛ ■❪ ❞❡♠♦stró q✉❡ t♦❞❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✉♥✐❢♦r♠❡♠❡♥t❡
❛❝♦t❛❞❛ Z → B(H) ❡s ✉♥✐t❛r✐③❛❜❧❡✳ ❊st❡ r❡s✉❧t❛❞♦ ❢✉❡ ❡①t❡♥❞✐❞♦ ♣♦r ❉❛② ❬✷✺❪✱
❉✐①♠✐❡r ❬✷✻❪✱ ◆❛❦❛♠✉r❛ ② ❚❛❦❡❞❛ ❬✹✼❪ ❛ t♦❞❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝♦✲
t❛❞❛ ❞❡ ✉♥ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ♣r♦♠❡❞✐❛❜❧❡✱ ♣r♦♠❡❞✐❛♥❞♦ s♦❜r❡ ❧❛ ♠❡❞✐❛ ✐♥✈❛r✐❛♥t❡✳
❖tr♦s ❡♥❢♦q✉❡s ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ♥♦ ✐♥✈♦❧✉❝r❛♥ r❡♣r❡s❡♥t❛❝✐♦♥❡s✱
✈é❛♥s❡ ❧♦s ❛rtí❝✉❧♦s ❞❡ ❖str♦✈❦✐✐✱ ❙❤✉❧♠❛♥✱ ❚✉r♦✇s❦❛✱ ❱❛s✐❧❡s❝✉ ② ❩s✐❞♦ ❬✺✵✱ ✻✹❪✳



■♥tr♦❞✉❝t✐♦♥

■♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ❛♥❞ ♥♦♥✲♣♦s✐t✐✈❡

❝✉r✈❛t✉r❡

■♥ r❡❝❡♥t ②❡❛rs✱ t❤❡ ❣❡♦♠❡tr✐❝❛❧ st✉❞② ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s ❛♥❞ t❤❡✐r ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s
❤❛s ❜❡❝♦♠❡ ❛ ❝❡♥tr❛❧ t♦♣✐❝ ✐♥ t❤❡ st✉❞② ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡tr②✳ ■t ✐s ❛ s♦✉r❝❡
♦❢ ❡①❛♠♣❧❡s ❛♥❞ ❝♦✉♥t❡r❡①❛♠♣❧❡s✱ ❛♥❞ t❤❡ ♦♣❡r❛t♦r ❛❧❣❡❜r❛ t❡❝❤♥✐q✉❡s ✭❇❛♥❛❝❤ ❛❧❣❡❜r❛s
❛♥❞ C∗ ❛❧❣❡❜r❛s✱ ✇✐t❤ t❤❡✐r ❞✐st✐♥❣✉✐s❤❡❞ t♦♦❧s✮ ❛r❡ ❜❡✐♥❣ ✉s❡❞ ❢♦r ♦❜t❛✐♥✐♥❣ r❡s✉❧ts ♦♥
❛❜str❛❝ts ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞s ❜② st✉❞②✐♥❣ t❤❡✐r ❣r♦✉♣s ♦❢ ❛✉t♦♠♦r♣❤✐s♠✱ ✐s♦♠❡✲
tr✐❡s✱ ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ✜❜❡r ❜✉♥❞❧❡s ❛♥❞ G✲❜✉♥❞❧❡s✳ ❚❤❡ r❡❛❞❡r ❝❛♥ s❡❡ t❤❡ r❡❝❡♥t
❜♦♦❦ ❬✾❪ ❜② ❉✳ ❇❡❧t✐➭➔ ❢♦r ❛ ❢✉❧❧ ❛❝❝♦✉♥t ♦❢ t❤❡s❡ ♦❜❥❡❝ts ❛♥❞ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❧✐st ♦❢
r❡❢❡r❡♥❝❡s✱ s❡❡ ❛❧s♦ t❤❡ s❡❝t✐♦♥ ✧Pr❡❝❡❞❡♥ts✧ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳

❆ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ❢♦r ❛ ❣r♦✉♣ G ✐s ❛ ♠❛♥✐❢♦❧❞ ♦♥ ✇❤✐❝❤ t❤❡ ❣r♦✉♣ G ❛❝ts tr❛♥s✐✲
t✐✈❡❧②✱ ✐✳❡✳ ❛♥ ♦r❜✐t✳ ■t ❝❛♥ ❜❡ ❛❧t❡r♥❛t✐✈❡❧② ❜❡ ✈✐❡✇❡❞ ❛s ❛ q✉♦t✐❡♥t G/H ♦❢ ❛ ❇❛♥❛❝❤✲▲✐❡
❣r♦✉♣ G ❜② ❛ ▲✐❡ s✉❜❣r♦✉♣ H✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✐s t❤❡ ♠❛♥✐❢♦❧❞
♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ♦❢ ❛♥ ♦♣❡r❛t♦r ❛❧❣❡❜r❛ ✭❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❋✐♥s❧❡r str✉❝t✉r❡
♠❛❦✐♥❣ ✐t ♥❡❣❛t✐✈❡❧② ❝✉r✈❡❞✮ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠s ❡①t❡♥❞✐♥❣ t❤❡ ✉s❛❧ ♣♦❧❛r ❞❡❝♦♠♣♦✲
s✐t✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡❞✳ ❲✐t❤ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ t❤♦r❡♠s ✇❡ ❡♥❞♦✇ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s
♦❢ ❝❡rt❛✐♥ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❛♥❞ ✇✐t❤
t❤❡s❡ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ str✉❝t✉r❡s ♦r ✜❜❡r✐♥❣s✱ ✇❡ ❞❡✜♥❡ ❛❞❛♣t❡❞ ❝♦♠♣❧❡① str✉❝✲
t✉r❡s ♦♥ t❛♥❣❡♥t ❜✉♥❞❧❡s ♦❢ ❝♦❛❞❥♦✐♥t ♦r❜✐ts ✐♥ ♦♣❡r❛t♦r ✐❞❡❛❧s✱ ❛♥❞ ✉♥✐t❛r② s✐♠✐❧❛r✐t②
♦r❜✐ts ♦❢ s②st❡♠ ♦❢ ♣r♦❥❡❝t✐♦♥s ✭❋❧❛❣ ♠❛♥✐❢♦❧❞s✮ ❛♥❞ ♣❛rt✐❛❧ ✐s♦♠❡tr✐❡s ✭❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞s✮✳

❯s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛♥✐❢♦❧❞ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs s✉❝❤ ❛s t❤❡ ❝♦♥✈❡①✐t②
♦❢ t❤❡ ❞✐st❛♥❝❡ ❛❧♦♥❣ ❣❡♦❞❡s✐❝s✱ t❤❡ ♠✐♥✐♠❛♥✐❧✐t② ♦❢ ♣r♦❥❡❝t✐♦♥s ♦♥t♦ s✉❜♠❛♥✐❢♦❧❞s ❛♥❞
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝✐r❝✉♠❝❡♥t❡rs ♦❢ ❜♦✉♥❞❡❞ s❡ts✱ ✇❡ st✉❞② s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s ❢r♦♠ ❛
❣❡♦♠❡tr✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✳ ❙✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s ❛s❦ ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ✇❤❡♥ ❛ ❣r♦✉♣ H ♦❢
✐♥✈❡rt✐❜❧❡ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ ✐s ❝♦♥❥✉❣❛t❡ t♦ ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳
❖t❤❡r r❡❧❛t❡❞ q✉❡st✐♦♥s ❛r❡ ❛❜♦✉t t❤❡ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r s s✉❝❤ t❤❛t s−1Hs ✐s ❛
❣r♦✉♣ ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs✳ ■❢ ❛ ❣r♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡

①✈✐✐
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✐s ❝♦♥❥✉❣❛t❡ t♦ ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s t❤❡♥ ✐t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳ ❚❤❡ ❝♦♥✈❡rs❡ ❞♦❡s ♥♦t
❤♦❧❞ ✐♥ ❣❡♥❡r❛❧✱ s♦ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❣r♦✉♣ ❤❛✈❡ t♦ ❜❡ ♠❛❞❡✳ ❖♥❡ ✈❛r✐❛♥t ♦❢
t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ❧♦♦❦ ❛t ❛ ✉♥✐t❛❧ ❛❧❣❡❜r❛ ❤♦♠♦♠♦r♣❤✐s♠ π : A → B(H)✱ ✇❤❡r❡ A ✐s ❛
C∗✲❛❧❣❡❜r❛✱ ❛♥❞ st✉❞② ✉♥❞❡r ✇❤❛t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♠❛♣ π ❛♥❞ t❤❡ ❛❧❣❡❜r❛ A✱ t❤❡ ✐♠❛❣❡
♦❢ t❤❡ ✉♥✐t❛r② ❣r♦✉♣ ✉♥❞❡r π ✐s ✉♥✐t❛r✐③❛❜❧❡✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♦r❜✐ts ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s
❛r❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ❢♦r t❤❡ ♥❛t✉r❛❧ ❝♦♥❥✉❣❛t✐♦♥ ❛❝t✐♦♥ g · π = gπ(·)g−1✱ ✇❤❡r❡ π ✐s
❛ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ g ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r✳ ❙❡❡ ❬✺✹❪ ❢♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s✳

▼❛✐♥ r❡s✉❧ts

❆ ❢❡✇ ✇♦r❞s ❛❜♦✉t ♥♦t❛t✐♦♥ ❛r❡ ✐♥ ♦r❞❡r✳ ❲❡ ✉s❡ M ✱ N t♦ ❞❡♥♦t❡ ♠❛♥✐❢♦❧❞s ❛♥❞ t❤❡
❧❡tt❡rs x✱ y✱ z t♦ ❞❡♥♦t❡ ✐ts ♣♦✐♥ts✳ ❋♦r ❛ s♠♦♦t❤ ♠❛♣ ❜❡t✇❡❡♥ ♠❛♥✐❢♦❧❞s f : M → N

✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ f∗ : TM → TN ❢♦r t❤❡ t❛♥❣❡♥t ♠❛♣ ❛♥❞ f∗x : TxM → Tf(x)N ❢♦r
t❤❡ t❛♥❣❡♥t ♠❛♣ ❛t x ∈ M ✳ ■❢ α : I → M ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ t❤❡♥ ✇❡ ❞❡✜♥❡ ❛s ✉s✉❛❧
α̇(t) = α∗t(

d
dt
)✳ ❲❡ ❞❡♥♦t❡ ✈❡❝t♦rs ✜❡❧❞s ✇✐t❤ ❣r❡❡❦ ❧❡tt❡rs ξ✱ λ ❛♥❞ ❤♦♠♦♠♦r♣❤✐s♠s ✇✐t❤

❣r❡❡❦ ❧❡tt❡rs π✱ ρ✳ ❚❤❡ ❝❛♣✐t❛❧ ❧❡tt❡rs X✱ Y ✱ Z ✇✐❧❧ ❜❡ r❡s❡r✈❡❞ ❢♦r ✈❡❝t♦rs✳ ●❡r♠❛♥
❝❤❛r❛❝t❡rs g✱ u✱ p ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡♥♦t❡ ▲✐❡ ❛❧❣❡❜r❛s ❛♥❞ s✉❜s♣❛❝❡s ♦❢ ▲✐❡ ❛❧❣❡❜r❛s✳ ❲❡
❞❡♥♦t❡ ✇✐t❤ G✱ H✱ U ❣r♦✉♣s ❛♥❞ ✇✐t❤ g✱ h✱ u✱ v ✐ts ❡❧❡♠❡♥ts✳ ❚❤❡ ✜rst ❧❡tt❡rs ♦❢ t❤❡
❛❧♣❤❛❜❡t a✱ b✱ c ✇✐❧❧ ❜❡ r❡s❡r✈❡❞ ❢♦r ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs✳ ❲❡ ❞❡♥♦t❡ ❜② V ✱ W
❛♥❞ Z ❇❛♥❛❝❤ s♣❛❝❡s ❛♥❞ ✇✐t❤ U ♦♣❡♥ s✉❜s❡ts ♦❢ t❤❡s❡ ❇❛♥❛❝❤ s♣❛❝❡s ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r
t❤❡♠ ❛s ❧♦❝❛❧ ❝❤❛rts✳

■♥ ❈❤❛♣t❡r ✶ ✇❡ ✐♥tr♦❞✉❝❡ ❜❛s✐❝ r❡s✉❧ts ♦❢ ▲✐❡ t❤❡♦r② ❛♥❞ r❡s✉❧ts ❛❜♦✉t ✐♥✜♥✐t❡ ❞✐♠❡♥✲
s✐♦♥❛❧ ♥❡❣❛t✐✈❡❧② ❝✉r✈❡❞ s②♠♠❡tr✐❝ s♣❛❝❡s ✇❤✐❝❤ ✇✐❧❧ ❤❡❧♣ ✉♥❞❡rst❛♥❞ t❤❡ ♦t❤❡r ❝❤❛♣t❡rs✳
❆ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ M = G/U ✐s ❞❡✜♥❡❞ ❛s ❛ q✉♦t✐❡♥t
G/U ✱ ✇❤❡r❡ G ✐s ❛ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣✱ U ✐s t❤❡ ✜①❡❞ ♣♦✐♥t s❡t ♦❢ ❛♥ ✐♥✈♦❧✉t✐♦♥ σ : G→ G

❛♥❞ ‖ · ‖ ✐s ❛♥ AdU ✲✐♥✈❛r✐❛♥t ♥♦r♠ ♦♥ p = Ker(σ∗1 + 1) ≃ T1U(G/U) ✇❤✐❝❤ ❣✐✈❡s G/U
❛ ❋✐♥s❧❡r str✉❝t✉r❡ s✉❝❤ t❤❛t t❤❡ ❞✐❢❡r❡♥t✐❛❧ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ❛t ❡✈❡r② ♣♦✐♥t ✐s ❛♥
❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦r✳ ❲❡ ❞❡♥♦t❡ M = G/U = Sym(G, σ, ‖ · ‖)✳

■♥ ❈❤❛♣t❡r ✷ ✇❡ ❛❞❞r❡ss ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❇❛♥❛❝❤ s②♠♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ❝♦♠♣❧❡①✐✜✲
❝❛t✐♦♥s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♠♦❞❡❧❡❞ ♦♥ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ r❡❝❛❧❧
t❤❡ ❝❛t❡❣♦r② ♦❢ r❡❞✉❝t✐✈❡ ♣❛✐rs ✐♥tr♦❞✉❝❡❞ ❜② ❇❡❧t✐➭➔ ❛♥❞ ●❛❧é ❬✼❪✳ ❆ r❡❞✉❝t✐✈❡ str✉❝t✉r❡
✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ✐s ❛ q✉❛❞r✉♣❧❡ (GA, GB;E, σ) s✉❝❤ t❤❛t✿

• GB ✐s ❛ ▲✐❡ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ GA

• E : gA → gB ✐s ❛ ❧✐♥❡❛r ♠❛♣ ❜❡t✇❡❡♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛s ♦❢ t❤❡ ▲✐❡ ❣r♦✉♣s GA ❛♥❞ GB

s✉❝❤ t❤❛t Adg ◦ E = E ◦ Adg ❢♦r ❡✈❡r② g ∈ GB✳
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• σ : GA → GA ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ s✉❝❤ t❤❛t σ(GB) = GB ❛♥❞ σ∗1 ◦ E = E ◦ σ∗1✳

❯s✐♥❣ t❤✐s ❝❛t❡❣♦r② ❛♥❞ ❛ ❣❧♦❜❛❧ t✉❜✉❧❛r ♥❡✐❣❤❜♦r❤♦♦❞ t❤❡♦r❡♠ ♣r♦✈❡❞ ❜② ❈♦♥❞❡ ❛♥❞
▲❛r♦t♦♥❞❛ ❬✶✻❪ ❛ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ♥❡st❡❞ ✜♥✐t❡ s❡q✉❡♥❝❡s ♦❢ r❡❞✉❝t✐✈❡ ♣❛✐rs ♦❢
❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s ✐s ♦❜t❛✐♥❡❞✿

❚❤❡♦r❡♠✳ ■❢ ❢♦r n ≥ 2 ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ♦❢ ❝♦♥♥❡❝t❡❞ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣s ❜❡t✇❡❡♥ t❤❡✐r ▲✐❡ ❛❧❣❡❜r❛s

G1 ⊆ G2 ⊆ · · · ⊆ Gn

g1
E2←− g2

E3←− . . .
En←− gn

❛♥❞ ❛ ♠♦r♣❤✐s♠ σ : Gn → Gn s✉❝❤ t❤❛t✿

• (Gn, Gn−1;En, σ)✱(Gn−1, Gn−2;En, σ|Gn−1)✱✳ ✳ ✳ ✱ (G2, G1;E2, σ|G2) ❛r❡ r❡❞✉❝t✐✈❡ str✉❝✲

t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳

• Mn = Gn/Un = Sym(Gn, σ, ‖ · ‖) ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢

s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳

• ‖Ek pk‖ = 1 ❢♦r k = 2, . . . , n✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐t❡♠ r❡str✐❝t❡❞

t♦ pk := p ∩ gk✳

❚❤❡♥ t❤❡ ♠❛♣s

Φn : Un × pEn
× · · · × pE2 × p1 → Gn

(un, Xn, . . . , X2, Y1) 7→ une
Xn . . . eX2eY1

Ψn : pEn
× · · · × pE2 × p1 → G+

n

(Xn, . . . , X2, Y1) 7→ eY1eX2 . . . eXn−1e2XneXn−1 . . . eX2eY1

❛r❡ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ ✇❤❡r❡ pEk
:= KerEk ∩ pk ❢♦r k = 2, . . . , n✳

■♥ ❙❡❝t✐♦♥ ✷✳✸ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s ♦❢ s♦♠❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ❛r❡ st✉❞✐❡❞✳ ■❢ GB

✐s ❛ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ GA ❛♥❞ σ ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ GA ❧❡❛✈✐♥❣ GB

✐♥✈❛r✐❛♥t✱ t❤❡♥ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s t❤❡ q✉♦t✐❡♥t UA/UB ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ✜①❡❞ ♣♦✐♥t
s✉❜❣r♦✉♣s ♦❢ GA ❛♥❞ GB ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ UA/UB →֒ GA/GB ✇❤✐❝❤ ✐s t❤❡ ✜①❡❞ ♣♦✐♥t
s❡t ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ σG : GA/GB → GA/GB✱ gGB 7→ σ(g)GB✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦♠♣❧❡①
♠❛♥✐❢♦❧❞ GA/GB ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ r❡❛❧ ♠❛♥✐❢♦❧❞ UA/UB✳ ❚❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ ❣✐✈❡ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s GA/GB ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s
s♣❛❝❡ UA/UB t❤❡ str✉❝t✉r❡ ♦❢ ❛♥ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡✿
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❚❤❡♦r❡♠✳ ▲❡t MA = GA/UA = Sym(GA, σ, ‖ · ‖) ❜❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r s②♠✲

♠❡tr✐❝ s♣❛❝❡ ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❛♥❞ (GA, GB;E, σ) ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✇✐t❤

✐♥✈♦❧✉t✐♦♥ s✉❝❤ t❤❛t ‖E p‖ = 1✳ ❈♦♥s✐❞❡r ΨE
0 : UA × pE → GA✱ (u,X) 7→ ueX ❛♥❞

κ : (u,X) 7→ [(u,X)] t❤❡ q✉♦t✐❡♥t ♠❛♣✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡❛❧ ❛♥❛❧②t✐❝✱ UA✲

❡q✉✐✈❛r✐❛♥t ❞✐✛❡♦♠♦r♣❤✐s♠ ΨE : UA ×UB
pE → GA/GB s✉❝❤ t❤❛t t❤❡ ❞✐❛❣r❛♠

UA × pE

κ

��

ΨE
0 // GA

q

��
UA ×UB

pE
ΨE

// GA/GB

❝♦♠♠✉t❡s✱ ✇❤❡r❡ q : GA → GA/GB✱ g 7→ gGB ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ q✉♦t✐❡♥t ♠❛♣✳

❚❤❡r❡❢♦r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ GA/GB ❤❛s t❤❡ str✉❝t✉r❡ ♦❢ ❛♥ UA✲❡q✉✐✈❛r✐❛♥t ✜❜❡r

❜✉♥❞❧❡ ♦✈❡r UA/UB ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥

GA/GB
(ΨE)−1

// UA ×UB
pE

Ξ // UA/UB

ueXGB 7→ [(u,X)] 7→ uUB ❢♦r u ∈ UA ❛♥❞ X ∈ pE

❛♥❞ t②♣✐❝❛❧ ✜❜❡r pE✳

❚❤✐s t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ ❝♦♥str✉❝t ✉♥❞❡r ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s ❛♥ ✐s♦♠♦r♣❤✐s♠GA/GB ≃

T (UA/UB) ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ❛♥❞ t❛♥❣❡♥t s♣❛❝❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s UA/UB✿

❈♦r♦❧❧❛r②✳ ❆ss✉♠❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ ❛ss✉♠❡ t❤❛t

GA ✐s ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣✱ E ✐s C✲❧✐♥❡❛r ❛♥❞ u = ip✳ ❚❤❡♥

GA/GB
(ΨE)−1

−−−−→ UA ×UB
pE

Θ
−→ UA ×UB

uE
αE

−→ T (UA/UB)

ueXGB 7→ [(u,X)] 7→ [(u, iX)] 7→ (µu)∗oq∗1(iX)

✐s ❛ UA✲❡q✉✐✈❛r✐❛♥t ❞✐✛❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ GA/GB ❛♥❞ t❤❡ t❛♥✲

❣❡♥t ❜✉♥❞❧❡ T (UA/UB) ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ UA/UB✳ ❍❡r❡ µu : UA/UB → UA/UB✱

vUB 7→ uvUB ✐s ❛ tr❛♥s❧❛t✐♦♥✱ u ✐s t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ UA ❛♥❞ uE = KerE ∩ u✳ ❯♥❞❡r t❤❡

❛❜♦✈❡ ✐❞❡♥t✐✜❝❛t✐♦♥ t❤❡ ✐♥✈♦❧✉t✐♦♥ σG : GA/GB → GA/GB✱ gGB 7→ σ(g)GB ✐s t❤❡ ♠❛♣

T (UA/UB)→ T (UA/UB)✱ V 7→ −V ✳

❚❤❡r❡❢♦r❡ ❢♦r ❛ ❝❧❛ss ♦❢ s♠♦♦t❤ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❢ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s t❤❡✐r t❛♥✲
❣❡♥t ❜✉♥❞❧❡s ❝❛♥ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ str✉❝t✉r❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛♣
❜❡t✇❡❡♥ t❤❡✐r t❛♥❣❡♥t ❜✉♥❞❧❡s ❣✐✈❡♥ ❜② V 7→ −V ✐s ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝ ❛s ✐♥ t❤❡ ❛❞❛♣t❡❞
❝♦♠♣❧❡① str✉❝t✉r❡s st✉❞✐❡❞ ❜② ▲❡♠♣❡rt ❛♥❞ ❤✐s ❝♦✲✇♦r❦❡rs✱ s❡❡ ❬✸✾❪✳ ❊①❛♠♣❧❡s ♦❢ t❤❡s❡
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❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ❛r❡ ❝♦❛❞❥♦✐♥t ♦r❜✐ts ✐♥ p✲❙❝❤❛tt❡♥ ✐❞❡❛❧s✱ ✢❛❣ ♠❛♥✐❢♦❧❞s✱ ❛♥❞ ❙t✐❡❢❡❧
♠❛♥✐❢♦❧❞s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s✱ s❡❡ ❬✽✱ ✶✹✱ ✷✼❪✳

■♥ ❈❤❛♣t❡r ✸ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ♦❢ ❣❡♦♠❡tr✐❝❛❧ ♥❛t✉r❡ t♦ s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s ✐s ❞❡✈❡❧♦♣❡❞✳
❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ❤❡r❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ♦❢ t❤❡ ♦r❜✐t
str✉❝t✉r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ✐s♦♠❡tr✐❝ ❛❝t✐♦♥ ♦❢ s✉❜❣r♦✉♣sH ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts
♦♥ t❤❡ ❝♦♥❡ P ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ♦❢ ❛♥ ♦♣❡r❛t♦r ❛❧❣❡❜r❛✳ ❚❤✐s ❛❝t✐♦♥ ✐s ❣✐✈❡♥
❜② h · a = hah∗ ✇✐t❤ h ∈ H ❛♥❞ a ∈ P ✳

■♥ ❙❡❝t✐♦♥ ✸✳✸ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❞✐st❛♥❝❡ ❛❧♦♥❣ ❣❡♦❞❡s✐❝s ✐♥ t❤❡ ❝♦♥❡ ♦❢ ♣♦s✐t✐✈❡
✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐s ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ✐♥❡q✉❛❧✐t②✿

Pr♦♣♦s✐t✐♦♥✳ ■❢ π : A→ B(H) ✐s ❛ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ❛

C∗✲❛❧❣❡❜r❛ A ❛♥❞ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ H✱ ❛♥❞ s ✐s ❛ ♣♦s✐t✐✈❡

✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r t❤❛t ♠✐♥✐♠✐③❡s ‖s‖‖s−1‖ ❛♠♦♥❣ t❤❡ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs s✉❝❤

t❤❛t Ads ◦ π = sπ(·)s−1 ✐s ❛ ∗✲r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡♥

‖Adst ◦ π‖ ≤ ‖π‖
1−t ❛♥❞ ‖Adst ◦ π‖c.b. = ‖π‖

1−t
c.b. ,

✇❤❡r❡ ‖ · ‖c.b. ✐s t❤❡ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ♥♦r♠ ♦❢ ❛ ❤♦♠♦♠♦r♣❤✐s♠✳

❚❤✐s r❡s✉❧t ✇❛s ♣r♦✈❡❞ ❜② P✐s✐❡r ✐♥ ❬✺✺❪ ✉s✐♥❣ ❝♦♠♣❧❡① ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❆❧s♦✱
♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ♣r♦❥❡❝t✐♦♥s t♦ ❝❧♦s❡❞ ❝♦♥✈❡① s❡ts ✐♥ t❤❡ ❝♦♥❡ P ❛r❡ ✉s❡❞ t♦ ♣r♦✈❡
♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ❝❛♥♦♥✐❝❛❧ ✉♥✐t❛r✐③❡rs ♦❢ ✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠s π = gρ(·)g−1✳
❍❡r❡ g ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r ✐♥ B(H) ❛♥❞ ρ : A → B(H) ✐s ❛ ∗✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛
C∗✲❛❧❣❡❜r❛ A s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E : B(H) → ρ(A)′✳ ❚❤❡s❡
❝❛♥♦♥✐❝❛❧ ✉♥✐t❛r✐③❡rs ✇❤❡r❡ ♦❜t❛✐♥❡❞ ❜② ❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ❛♥❞ ❙t♦❥❛♥♦✛ ✐♥ ❬✷❪✳

❚❤❡♦r❡♠✳ ■❢ ‖I − E‖ = 1 t❤❡♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ s ♠❛❦✐♥❣ t❤❡ ✉♥✐t❛❧

❤♦♠♦♠♦r♣❤✐s♠ Ads ◦ π : A → B(H) ❛ ∗✲r❡♣r❡s❡♥t❛t✐♦♥ s❛t✐s✜❡s ‖s‖‖s−1‖ = ‖π‖c.b.✱ ✐✳❡✳

✐t ♠✐♥✐♠✐③❡s t❤❡ q✉❛♥t✐t② ‖r‖‖r−1‖ ❛♠♦♥❣ t❤❡ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ r s✉❝❤ t❤❛t Adr ◦ π ✐s ❛

∗✲r❡♣r❡s❡♥t❛t✐♦♥✳

■♥ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ ❡①✐st❡♥❝❡ ♦❢ ✉♥✐t❛r✐③❡rs ♦❢ ❣r♦✉♣s ♦❢ ✐♥✈❡rt✐❜❧❡
♦♣❡r❛t♦rs H✱ ✐✳❡✳ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡s s s✉❝❤ t❤❛t sHs−1 ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✱ ✇❤❡♥ t❤❡s❡
❣r♦✉♣s ❛❝t ♦♥ ♠❛♥✐❢♦❧❞s P ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♠❡tr✐❝ ❞❡r✐✈❡❞
❢r♦♠ ❛ tr❛❝❡✳ ❍❡r❡ t❤❡ ❇r✉❤❛t✲❚✐ts ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ s❤♦✇ t❤❛t t❤❡ sq✉❛r❡
r♦♦t ♦❢ t❤❡ ❝✐r❝✉♠❝❡♥t❡r ♦❢ {hh∗}h∈H ✐♥ P ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ H✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✜♥✐t❡ ✈♦♥
◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ r❡s✉❧t ♣r♦✈❡❞ ♣r❡✈✐♦✉s❧② ✐♥ ❬✻✹❪ ✉s✐♥❣
❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✿

❚❤❡♦r❡♠✳ ■❢ H ✐s ❛ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ ❛ ✜♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ A s✉❝❤

t❤❛t suph∈H ‖h‖ = |H| < ∞ t❤❡♥ t❤❡r❡ ✐s ❛♥ s ∈ {a ∈ A : |H|−11 ≤ a ≤ |H|1} s✉❝❤ t❤❛t

s−1Hs ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs ✐♥ A✳
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■♥ t❤✐s ❝❛s❡ t❤❡ s✉❜♠❛♥✐❢♦❧❞s ♥♦r♠❛❧ t♦ t❤❡ s❡t ♦❢ ✜①❡❞ ♣♦✐♥t ❛r❡ s❤♦✇♥ t♦ ❜❡ ✐♥✈❛r✐❛♥t
✉♥❞❡r t❤❡ ❛❝t✐♦♥ h · a = hah∗✳ ■❢ B2(H) ✐s t❤❡ ✐❞❡❛❧ ♦❢ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs t❤❡♥
❜② ♣r♦✈✐♥❣ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ❛❝t✐♦♥ ♦❢ G = {g ∈ B2(H) + C1 : g ✐s ✐♥✈❡rt✐❜❧❡} ♦♥
P = {g ∈ B2(H) + C1 : g > 0} r❡str✐❝t❡❞ t♦ s♦♠❡ s✉❜❣r♦✉♣s H ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ✇❡
♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠✳ ■❢ H ✐s ❛ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ B2(H)+C1 s✉❝❤ t❤❛t suph∈H‖hh
∗−

1‖2 <∞ t❤❡♥ t❤❡r❡ ✐s ❛♥ s ✐♥ P s✉❝❤ t❤❛t s−1Hs ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳

❙♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤✐s t❤❡s✐s ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ r❡s❡❛r❝❤ ❛rt✐❝❧❡s ❬✹✷✱ ✹✸❪✱ ❢♦r
✇❤✐❝❤ ■ ❛♠ t❤❡ s♦❧❡ ❛✉t❤♦r✳

Pr❡❝❡❞❡♥ts

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s t❤❡s✐s ❤❛✈❡ ♣r❡❝❡❞❡♥ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦r❦s✿

• ❉❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠s ❤❛✈❡ ♣r❡❝❡❞❡♥ts ✐♥ t❤❡ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦♣❡r❛t♦rs✳ ■♥
✶✾✺✺ ▼♦st♦✇ ❬✹✻❪ ❡♥❞♦✇❡❞ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♠❛tr✐❝❡s ✇✐t❤ ❛ ❘✐❡♠❛♥♥✐❛♥
♠❡tr✐❝ ♦❢ ♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ ❯s✐♥❣ t❤✐s ♠❡tr✐❝ ▼♦st♦✇ ❝♦♥str✉❝t❡❞ ❣❧♦❜❛❧ t✉❜✉❧❛r
♥❡✐❣❤❜♦r❤♦♦❞s t♦ t♦t❛❧❧② ❣❡♦❞❡s✐❝ s✉❜♠❛♥✐❢♦❧❞s ✇❤❡r❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧ ✈❡❝t♦r
t♦ t❤❡ s✉❜♠❛♥✐❢♦❧❞ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ✐♥♥❡r ♣r♦❞✉❝t✳ ❚❤✐s r❡s✉❧t
✇❛s ❡①t❡♥❞❡❞ ❜② ▲❛r♦t♦♥❞❛ ✐♥ ❬✸✼❪ t♦ t❤❡ ❝♦♥t❡①t ♦❢ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♣❡rt✉r❜❛t✐♦♥
♦❢ t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳ ❈♦r❛❝❤✱ P♦rt❛ ❛♥❞ ❘❡❝❤t st✉❞✐❡❞ t❤❡ ♥♦♥✲♣♦s✐t✐✈❡❧② ❝✉r✈❡❞
❣❡♦♠❡tr② ♦❢ t❤❡ ❝♦♥❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ✐♥ C∗✲❛❧❣❡❜r❛s ✐♥ ❬✷✵✱ ✷✶✱ ✷✷✱ ✷✸❪✳
❇❛s❡❞ ♦♥ t❤✐s ✇♦r❦ P♦rt❛ ❛♥❞ ❘❡❝❤t ♣r♦✈❡❞ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ✐♥ ❬✺✼❪❀ ❤❡r❡
t❤❡ ♠❛♥✐❢♦❧❞ ❛♥❞ s✉❜♠❛♥✐❢♦❧❞ ❛r❡ t❤❡ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ ❛♥ ❛❧❣❡❜r❛ A
❛♥❞ ❛ s✉❜❛❧❣❡❜r❛ B r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ s✉❜♠❛♥✐❢♦❧❞
✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❦❡r♥❡❧ ♦❢ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E : A→ B✳ ■♥ ❬✶✺❪ ❈♦♥❞❡ ❛♥❞
▲❛r♦t♦♥❞❛ ❡①t❡♥❞❡❞ t❤✐s t❤❡♦r❡♠ t♦ t❤❡ ❝♦♥t❡①t ♦❢ s②♠♠❡tr✐❝ s♣❛❝❡s G/U ♠♦❞❡❧❡❞
♦♥ ❇❛♥❛❝❤ s♣❛❝❡s✳

• ■♥ ✶✾✺✺ ❬✹✺❪ ▼♦st♦✇ ✉s❡❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ♦❜t❛✐♥❡❞ ✐♥ ❬✹✻❪ t♦ ♣r♦✈❡
t❤❛t ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❣r♦✉♣ G ✇❤♦s❡ ✐s♦tr♦♣② s✉❜❣r♦✉♣ ✐s
❝♦♥♥❡❝t❡❞ ❛♥❞ s❡❧❢❛❞❥♦✐♥t ✭♠♦❞✉❧♦ t❤❡ r❛❞✐❝❛❧ ♦❢ G✮ ❛❞♠✐ts ❛ ❝♦✈❛r✐❛♥t ✜❜❡r✐♥❣✱ ✐✳❡✳
✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡✳ ■♥ ❬✶✵❪ t❤✐s ❝♦✈❛r✐❛♥t ✜❜❡r✐♥❣ ✇❛s ✉s❡❞
❜② ❇✐❡❧❛✇s❦✐ t♦ ❝♦♥str✉❝t ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ G/K ❛♥❞
❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ G/K✱ ✇❤❡r❡ G/K ✐s ❛ ❧♦❝❛❧❧② s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢ ❝♦♠♣❛❝t
t②♣❡ ✇✐t❤ K ❝♦♥♥❡❝t❡❞✳ ❆♥ ❛♥❛❧♦❣♦✉s ✜❜❡r✐♥❣ ✇❛s ❝♦♥str✉❝t❡❞ ❜② ❇❡❧t✐➭➔ ❛♥❞ ●❛❧é
✐♥ ❬✻❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ C∗✲❛❧❣❡❜r❛s ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ♦❢ P♦rt❛ ❛♥❞
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❘❡❝❤t✳ ❍❡r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ❛r❡ ❣❡♥❡r❛❧✐③❡❞ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞s UA/UB✱
✇❤❡r❡ UA ❛♥❞ UB ❛r❡ t❤❡ ✉♥✐t❛r② ❣r♦✉♣s ♦❢ C∗✲❛❧❣❡❜r❛s r❡❧❛t❡❞ ❜② ❛ ❝♦♥❞✐t✐♦♥❛❧
❡①♣❡❝t❛t✐♦♥ E : A→ B✳ ❍❡♥❝❡✱ ❛♥ ✐s♦♠♦r♣❤✐s♠ T (UA/UB) ≃ GA/GB ✐s ♦❜t❛✐♥❡❞✱
✇❤❡r❡ GA ❛♥❞ GB ❛r❡ t❤❡ ❣r♦✉♣s ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛❧❣❡❜r❛ A ❛♥❞ t❤❡
s✉❜❛❧❣❡❜r❛ B r❡s♣❡❝t✐✈❡❧②✳

• ❚❤❡ ❣❡♦♠❡tr✐❝❛❧ st✉❞② ♦❢ s♣❛❝❡s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ✐s ❛♥ ❛❝t✐✈❡ ❛r❡❛ ♦❢ r❡s❡❛r❝❤✱ s❡❡
❬✸✶❪ ❢♦r t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❍❡r❡ t❤❡ s♣❛❝❡s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❡♥❞♦✇❡❞
✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r ❛❧❣❡❜r❛✐❝ ♠❛♥✐❢♦❧❞ ❛♥❞ t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠s ❛r❡
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ❝❧♦s✉r❡ ♦❢ ♦r❜✐ts✳ ■♥ t❤❡ ✐♥✜♥✐t❡ ❞✐✲
♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ❛♥❞ ❙t♦❥❛♥♦✛ ♣r♦✈❡❞ t❤❛t ♦♣❡r❛t♦r ❛❧❣❡❜r❛s
❛r❡ ✐♥❥❡❝t✐✈❡ ♦r ♥✉❝❧❡❛r ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❤♦♠♦❣❡✲
♥❡♦✉s r❡❞✉❝t✐✈❡ s♣❛❝❡s✱ s❡❡ ❬✹✶❪✳ ❚❤✐s ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ✇❛s ❝♦♥t✐♥✉❡❞ ❜② ❈♦r❛❝❤ ❛♥❞
●❛❧é ✐♥ ❬✶✽✱ ✶✾❪ ✇❤❡r❡ ✈✐rt✉❛❧ ❞✐❛❣♦♥❛❧s ♦❢ ❇❛♥❛❝❤ ❛❧❣❡❜r❛s ♣r♦✈✐❞❡ ❝♦♥♥❡❝t✐♦♥ ❢♦r♠s
✐♥ t❤❡ s♣❛❝❡s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s✱ s❡❡ ❬✸✵❪ ❜② ●❛❧é ❛♥❞ ❬✺✽✱ ❈❤❛♣t❡r ✽❪ ❜② ❘✉♥❞❡ ❢♦r
❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥✳

• ❚❤❡ q✉❡st✐♦♥ ♦❢ ✇❤✐❝❤ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ s✉❜❣r♦✉♣s ♦❢ B(H) ❛r❡ s✐♠✐❧❛r t♦ ❣r♦✉♣s
♦❢ ✉♥✐t❛r✐❡s ❤❛s ❛ ❧♦♥❣ ❤✐st♦r②✳ ❆♥ ♦❧❞ r❡s✉❧t ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r② st❛t❡s t❤❛t
✐❢ H ⊆ B(Cn) ✐s ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ s✉❜❣r♦✉♣✱ t❤❡♥ ✐t ✐s s✐♠✐❧❛r t♦ ❛ ❣r♦✉♣ ♦❢
✉♥✐t❛r✐❡s✳ ❙✐♥❝❡ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❣r♦✉♣ ✐s ❝♦♠♣❛❝t ✐t ❤❛s ❛ ❜✐✲✐♥✈❛r✐❛♥t ❍❛❛r
♠❡❛s✉r❡ ❛♥❞ t❤❡ ✉♥✐t❛r✐③❡r ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❛✈❡r❛❣❡ ♦❢ {hh∗}h∈H ✳
▲❛t❡r ❊❧✐❡ ❈❛rt❛♥ s❤♦✇❡❞ t❤❛t ❛ s❡♠✐s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣ G ❛❞♠✐ts ✉♣ t♦ ❝♦♥❥✉❣❛❝②
❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧ ❝♦♠♣❛❝t s✉❜❣r♦✉♣ K ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t G/K ✐s ❛ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞ ♦❢ ♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❛♥❞ t❤❡ ❈❛rt❛♥ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ s❡❡ ❬✸✹✱ ■✳ ✶✸
❛♥❞ ❱■✳ ✷❪✳ ❙③♦❦❡❢❛❧✈✐✲◆❛❣② ❬✻✵✱ ❚❤❡♦r❡♠ ■❪ s❤♦✇❡❞ t❤❛t ❛♥② ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
r❡♣r❡s❡♥t❛t✐♦♥ Z → B(H) ✐s ✉♥✐t❛r✐③❛❜❧❡✳ ❚❤✐s ✇❛s ❡①t❡♥❞❡❞ ❜② ❉❛② ❬✷✺❪✱ ❉✐①♠✐❡r
❬✷✻❪✱ ◆❛❦❛♠✉r❛ ❛♥❞ ❚❛❦❡❞❛ ❬✹✼❪ t♦ ❛♥② ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥
❛♠❡♥❛❜❧❡ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣✱ ✈✐❛ ❛✈❡r❛❣✐♥❣ ♦✈❡r ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛♥✳ ❖t❤❡r ❛♣♣r♦❛❝❤❡s
✐♥ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t ❞♦ ♥♦t ✐♥✈♦❧✈❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ s❡❡ ❬✺✵✱ ✻✹❪ ❜②
❖str♦✈s❦✐✐✱ ❙❤✉❧♠❛♥✱ ❚✉r♦✇s❦❛✱ ❱❛s✐❧❡s❝✉ ❛♥❞ ❩s✐❞♦✳
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✶ Pr❡❧✐♠✐♥❛r✐❡s ✶

✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
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✶✳✷✳✶ ▲✐❡ ❣r♦✉♣s ❛♥❞ ▲✐❡ ❛❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷
✶✳✷✳✷ ●r♦✉♣ ❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✷✳✸ Pr✐♥❝✐♣❛❧ ❛♥❞ ❛ss♦❝✐❛t❡❞ ✜❜r❡ ❜✉♥❞❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✸ ❙♣r❛②s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✶✳✹ ❙②♠♠❡tr✐❝ s♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✹✳✶ ❇❛♥❛❝❤ ▲✐❡ ❣r♦✉♣s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✶✳✹✳✷ ●❡♦❞❡s✐❝s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦❢ G/U ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✶✳✹✳✸ ❈♦♥♥❡❝t✐♦♥✱ ❣❡♦❞❡s✐❝s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♦❢ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺ ❋✐♥s❧❡r str✉❝t✉r❡ ❛♥❞ ❞✐st❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✶✳✺✳✶ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✶✳✺✳✷ ❋✐♥s❧❡r str✉❝t✉r❡ ♦♥ G/U ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✺✳✸ ❋✐♥s❧❡r str✉❝t✉r❡ ♦♥ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✻ ❙②♠♠❡tr✐❝ s♣❛❝❡s ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✻✳✶ ❆ ❣❡♥❡r❛❧✐③❡❞ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✻✳✷ ❈r✐t❡r✐♦♥ ❢♦r s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ♦❢ G/U ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✻✳✸ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ♦❢ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷ ❉❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s ✷✺
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✷✳✷✳✶ P♦❧❛r ❛♥❞ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t ❞❡❝♦♠♣♦s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✷✳✷✳✷ ❘❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✷✳✷✳✸ ❊①t❡♥❞❡❞ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t ❞❡❝♦♠♣♦s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸ ❈♦♠♣❧❡①✐✜❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✷✳✸✳✶ ❈♦♠♣❧❡①✐✜❝❛t✐♦♥s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✷✳✸✳✷ ❈♦♠♣❧❡① str✉❝t✉r❡ ♦♥ T (UA/UB) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✷✳✸✳✸ ❊①❛♠♣❧❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸ ❆ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤ t♦ s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s ✹✼

✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✷ ❋✐①❡❞ ♣♦✐♥t s❡t ❛♥❞ ♦r❜✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✸✳✸ ❙✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ❛ ❣r♦✉♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✸✳✶ ●❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ❛
❣r♦✉♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✸✳✷ ●❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s✐♠✐❧❛r✐t② r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✸✳✸✳✸ ●❡♦♠❡tr✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ❛ ❣r♦✉♣ ✺✻
✸✳✸✳✹ ▼✐♥✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ❝❛♥♦♥✐❝❛❧ ✉♥✐t❛r✐③❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✸✳✹ ●r♦✉♣s ♦❢ ✐s♦♠❡tr✐❡s ♦❢ ❈❆❚✭✵✮ s♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✸✳✹✳✶ ❈❆❚✭✵✮ s♣❛❝❡s ❛♥❞ ❣r♦✉♣s ♦❢ ✐s♦♠❡tr✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✸✳✹✳✷ ❋✐♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✸✳✹✳✸ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ✐❞❡♥t✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵



❈❤❛♣t❡r ✶

Pr❡❧✐♠✐♥❛r✐❡s

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❙❡❝t✐♦♥s ✶✳✷ ❛♥❞ ✶✳✸ t❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❜❛s✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ▲✐❡ t❤❡♦r②✱ ✜❜r❡
❜✉♥❞❧❡s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s✳ ●❡♥❡r❛❧ r❡❢❡r❡♥❝❡s ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞s ❛r❡ ❬✶✱ ✸✻❪✳

■♥ ❙❡❝t✐♦♥ ✶✳✹ s②♠♠❡tr✐❝ s♣❛❝❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ t❤❡ ❜❛s✐❝ ♣r♦♣❡r✐❡s ♦❢ ✐ts ❝❛♥♥♦♥✐❝❛❧
❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ❜❛s✐❝ ❡①❛♠♣❧❡ ♦❢ s②♠♠❡tr✐❝ s♣❛❝❡✱ t❤❡
q✉♦t✐❡♥t G/U ✇❤❡r❡ U ✐s t❤❡ ✜①❡❞ ♣♦✐♥t s♣❛❝❡ ♦❢ ❛♥ ✐♥✈♦❧✉t✐♦♥ σ ♦♥ ❛ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣
G✱ ✐s ❛♥❛❧②③❡❞✳ ❙♣❡❝✐❛❧ ❢❡❛t✉r❡s ✇❤❡♥ G/U = P ✐s t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts
✐♥ ❛ C∗✲❛❧❣❡❜r❛ ❛♥❞ G ❛♥❞ U ❛r❡ t❤❡ ❣r♦✉♣s ♦❢ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ✉♥✐t❛r② ❡❧❡♠❡♥ts r❡s♣❡❝t✐✈❡❧②
❛r❡ s❤♦✇♥✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❞❡r✐✈❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ s❛♠❡ ♦♥❡ ❛s t❤❡ ♦♥❡ ❞❡r✐✈❡❞ ✐♥
❬✷✷❪ ❛s t❤❡ ❤♦r✐③♦♥t❛❧ ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s ♦❢ ❛ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡ G→ G/U = P ✳

■♥ ❙❡❝t✐♦♥ ✶✳✺ ♥♦r♠s ♦♥ t❛♥❣❡♥t s♣❛❝❡s ♦❢ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ♠❛❦❡ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ✐s♦✲
♠❡tr✐❝ ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡s❡ ♥♦r♠s ❞❡t❡r♠✐♥❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s ❛♥❞ ✇❡ ❛♥❛❧✐③❡ ❞✐✛❡r❡♥t
❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ♠❛♥✐❢♦❧❞s✱ ♥♦r♠s ❛♥❞ ❞✐st❛♥❝❡✳ ❲❡
❞❡r✐✈❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ t❛♥❣❡♥t ♥♦r♠s ✐♥ t❤❡ ❝❛s❡ G/U = P ✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ❛❝t✐♦♥ ♦❢
G ♦♥ G/U = P ✐s s❤♦✇♥ t♦ ❜❡ ✐s♦♠❡tr✐❝✱ ❛ ❢❛❝t t❤❛t ✐♠♣❧✐❡s t❤❛t ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ✐s
✐s♦♠❡tr✐❝✳

■♥ ❙❡❝t✐♦♥ ✶✳✻ t❤❡ ♣r♦♣❡rt② ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❢♦r ♠❛♥✐❢♦❧❞s ✇✐t❤ ❝❡rt❛✐♥ ❝♦♥✲
♥❡❝t✐♦♥s ❛♥❞ ❝♦♠♣❛t✐❜❧❡ t❛♥❣❡♥t ♥♦r♠s ✐s ❞❡✜♥❡❞✳ ❲❡ ♣r❡s❡♥t s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤✐s
♣r♦♣❡rt② s✉❝❤ ❛s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❡tr✐❝ ✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt② ‖X−Y ‖ ≤ d(exp(X), exp(Y ))

❛♥❞ t❤❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❞✐st❛♥❝❡ ❛❧♦♥❣ t✇♦ ❣❡♦❞❡s✐❝s✳

✶
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✶✳✷ ▲✐❡ t❤❡♦r②

✶✳✷✳✶ ▲✐❡ ❣r♦✉♣s ❛♥❞ ▲✐❡ ❛❧❣❡❜r❛s

❲❡ ❞❡♥♦t❡ ❜② V(G) t❤❡ s❡t ♦❢ ✈❡❝t♦r ✜❡❧❞s ♦♥ G✳ ■❢ G ✐s ❛ ▲✐❡ ❣r♦✉♣ ✇❡ s❛② t❤❛t ❛ ✈❡❝t♦r
✜❡❧❞ ξ ∈ V(G) ✐s ❧❡❢t ✐♥✈❛r✐❛♥t ✇❤❡♥❡✈❡r ❢♦r ❛❧❧ h ∈ G t❤❡ ❞✐❛❣r❛♠

TG
(Lh)∗ // TG

G
Lh //

ξ

OO

G

ξ

OO

❝♦♠♠✉t❡s✱ t❤❛t ✐s
ξLhg = (Lh)∗gξg

❢♦r ❛❧❧ g, h ∈ G✳ ❲❡ ❞❡♥♦t❡ ❜② Vl(G) t❤❡ s❡t ♦❢ ❛❧❧ ❧❡❢t ✐♥✈❛r✐❛♥t ✈❡❝t♦r ✜❡❧❞s ♦♥ G✳ ❚❤❡
♠❛♣

ι : T1G→ Vl(G), ι(X)g = (Lg)∗1X ∈ TgG

❢♦r X ∈ T1G ❛♥❞ g ∈ G ✐s ❛ ❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ ✐♥✈❡rs❡

ι−1 : Vl(G)→ T1(G), ξ 7→ ξ1.

■❢ ξ, ζ ∈ Vl(G) t❤❡♥ [ξ, ζ] ∈ Vl(G)✱ ✇❤❡r❡

V(G)× V(G)→ V(G), (ξ, ζ)→ [ξ, ζ]

✐s t❤❡ ▲✐❡ ❜r❛❝❦❡t ♦❢ ✈❡❝t♦r ✜❡❧❞s✳ ❇② ♠❡❛♥s ♦❢ ι ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❜r❛❝❦❡t ✐♥ T1G s✉❝❤ t❤❛t

ι([X, Y ]) = [ι(X), ι(Y )]

❢♦r X, Y ∈ T1G✳ ❚❤✐s ❜r❛❝❦❡t ✐s ❜✐❧✐♥❡❛r✱ ❛♥t✐s②♠♠❡tr✐❝ ❛♥❞ s❛t✐s✜❡s t❤❡ ❏❛❝♦❜✐ ✐❞❡♥t✐t②

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0

❢♦r ❛❧❧ X, Y, Z ∈ T1G✳ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡ T1G ❛t t❤❡ ✐❞❡♥t✐t② ♦❢ ❛ ❣r♦✉♣ G ✇✐t❤ t❤❡
❜r❛❝❦❡t ♦♣❡r❛t✐♦♥ ✐s t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ ❣r♦✉♣ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② g✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❆ ▲✐❡ ❣r♦✉♣ ❤♦♠♦r♣❤✐s♠ φ : R → G ✐s ❝❛❧❧❡❞ ❛ ✶✲♣❛r❛♠❡t❡r s✉❜✲

❣r♦✉♣ ♦❢ G✳ ●✐✈❡♥ X ∈ g t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ✶✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣

expX : R→ G



✶✳✷✳ ▲■❊ ❚❍❊❖❘❨ ✸

s✉❝❤ t❤❛t expX(0) = 1 ❛♥❞ (expX)(̇0) = X✳ ❲❡ ❞❡✜♥❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣

exp : g→ G

❜② s❡tt✐♥❣

exp(X) = expX(1).

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ❆ ♠❛♣ α : g → h ❜❡t✇❡❡♥ t✇♦ ▲✐❡ ❛❧❣❡❜r❛s g ❛♥❞ h ✐s ❛ ▲✐❡ ❛❧❣❡❜r❛

❤♦♠♦♠♦r♣❤✐s♠ ✐❢

α([X, Y ]) = [α(X), α(Y )]

❢♦r ❛❧❧ X, Y ∈ g✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✳ ■❢ φ : G → H ✐s ❛ ▲✐❡ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠✱ t❤❡♥ φ∗1 : g → h ✐s ❛

▲✐❡ ❛❧❣❡❜r❛ ❤♦♠♦♠♦r♣❤✐s♠✳

❊①❛♠♣❧❡ ✶✳✷✳✹✳ ▲❡t Z ❜❡ ❛ r❡❛❧ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ A = B(Z) t❤❡ ✉♥✐t❛❧ ❛ss♦❝✐❛t✐✈❡ r❡❛❧

❇❛♥❛❝❤ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ Z✳ ❍❡♥❝❡ t❤❡ ❣r♦✉♣

GL(Z) = {g ∈ B(Z) : g ✐s ✐♥✈❡rt✐❜❧❡ }

✐s ❛ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ✇❤♦s❡ ▲✐❡ ❛❧❣❡❜r❛ ✐s B(Z) ✇✐t❤ ❜r❛❝❦❡t ❞❡✜♥❡❞ ❜② [X, Y ] = XY −

Y X ✇❤❡♥❡✈❡r X, Y ∈ B(Z) ≃ T1(GL(Z))✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐s t❤❡ ✉s✉❛❧

❡①♣♦♥❡♥t✐❛❧ ❣✐✈❡♥ ❜② ♣♦✇❡r s❡r✐❡s

exp : B(Z)→ GL(Z), exp(X) =
∞
∑

n=0

Xn

n!
.

❚❤❡♦r❡♠ ✶✳✷✳✺✳ ▲❡t φ : G → H ❜❡ ❛ ▲✐❡ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✿

G
φ // H

g
φ∗1 //

exp

OO

h

exp

OO

Pr♦♦❢✳ ■❢ X ∈ g t❤❡♥ t 7→ φ(exp(tX)) ✐s ❛ ♦♥❡✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ H ✇❤♦s❡ t❛♥❣❡♥t
❛t 0 ✐s φ∗1(X)✳ ❇✉t t 7→ exp(tφ∗1(X)) ✐s t❤❡ ✉♥✐q✉❡ 1✲♣❛r❛♠❡t❡r s✉❜❣r♦✉♣ ♦❢ H ✇❤♦s❡
t❛♥❣❡♥t ❛t 0 ✐s φ∗1(X)✳ ❚❤✉s

φ(exp(tX)) = exp(tφ∗1(X))

❢♦r ❛❧❧ t ∈ R✳ ❍❡♥❝❡ ❛t t = 1

φ(exp(X)) = exp(φ∗1(X)).
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✶✳✷✳✷ ●r♦✉♣ ❛❝t✐♦♥s

❉❡✜♥✐t✐♦♥ ✶✳✷✳✻✳ ▲❡t X ❜❡ ❛ s❡t ❛♥❞ ❧❡t G ❜❡ ❛ ❣r♦✉♣✳ ❆ ♠❛♣ µ : G×X → X s✉❝❤ t❤❛t

µ(gh, x) = µ(g, µ(h, x)), µ(1, x) = x

❢♦r ❛❧❧ g, h ∈ G ❛♥❞ x ∈ X ✐s ❝❛❧❧❡❞ ❛♥ ❛❝t✐♦♥ ♦❢ G ♦♥ X ❛♥❞ ✇❡ ❝❛❧❧ X ❛ G✲s❡t✳ ❲❡

✉s✉❛❧❧② ✇r✐t❡ µ(g, x) = g · x✳ ❋♦r ❛ ✜①❡❞ g ∈ G t❤❡ ♠❛♣ x 7→ µ(g, x) ✐s ❛ ❜✐②❡❝t✐♦♥ ♦❢ X

✇✐❝❤ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② µg✳ ❋♦r x ∈ X ✇❡ ❞❡✜♥❡ t❤❡ st❛❜✐❧✐③❡r ♦❢ x ❛s t❤❡ ❣r♦✉♣

Stab(x) = {g ∈ G : g · x = x}

❛♥❞ t❤❡ ♦r❜✐t ♦❢ x ❛s t❤❡ s❡t

OG(x) = {g · x : g ∈ G}.

❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ G/Stab(x) ≃ OG(x) ❣✐✈❡♥ ❜②

G/Stab(x)→ OG(x), gStab(x) 7→ g · x.

❋♦r g ∈ G ✇❡ ❤❛✈❡

Stab(g · x) = gStab(x)g−1.

❆♥ ❛❝t✐♦♥ ✐s ❝❛❧❧❡❞ tr❛♥s✐t✐✈❡ ✐❢ ❢♦r x, y ∈ X t❤❡r❡ ✐s ❛ g ∈ G s✉❝❤ t❤❛t g · y = x✳

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ OG(x) = X ❢♦r ❛❧❧ x ∈ X✳ ❆♥ ❛❝t✐♦♥ ✐s ❝❛❧❧❡❞ ❢r❡❡ ✐❢ g · x = h · x

❢♦r g, h ∈ G ❛♥❞ x ∈ X t❤❡♥ g = h✳ ❆ ♠❛♣ Ψ : X → Y ❜❡t✇❡❡♥ t✇♦ G✲s♣❛❝❡s ✐s ❝❛❧❧❡❞

G✲❡q✉✐✈❛r✐❛♥t ✐❢ ❢♦r ❛❧❧ g ∈ G ❛♥❞ x ∈ X

Ψ(g · x) = g ·Ψ(x).

■❢ M ✐s ❛ ♠❛♥✐❢♦❧❞ ❛♥❞ G ✐s ❛ ▲✐❡ ❣r♦✉♣✱ ❛♥ ❛❝t✐♦♥ µ : G×M →M ✇❤✐❝❤ ✐s s♠♦♦t❤✱
✐✳❡✳ C∞✱ ✐s ❝❛❧❧❡❞ ❛ s♠♦♦t❤ ❛❝t✐♦♥ ♦❢ G ♦♥ M ✳ ■❢ M ✐s ❛ ❧✐♥❡❛r s♣❛❝❡ ❛♥❞ ❡❛❝❤ µg ✐s
❜♦✉♥❞❡❞ ❧✐♥❡❛r✱ t❤❡♥ G→ GL(M)✱ g 7→ µg ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G✳

▲❡♠♠❛ ✶✳✷✳✼✳ ▲❡t µ ❜❡ ❛ s♠♦♦t❤ ❛❝t✐♦♥ ♦❢ G ♦♥ M ❛♥❞ ❛ss✉♠❡ t❤❛t x ✐s ❛ ✜①❡❞ ♣♦✐♥t

♦❢ t❤❡ ❛❝t✐♦♥✳ ❚❤❡ t❤❡ ♠❛♣

ψ : G→ GL(TxM)

❞❡✜♥❡❞ ❜②

ψg = (µg)∗x : TxM → TxM

✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G✳
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❋♦r g ∈ G ❧❡t Lg ❛♥❞ Rg st❛♥❞ ❢♦r t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t tr❛♥s❧❛t✐♦♥ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦♥
G ❞❡✜♥❡❞ ❜② Lgh = gh ❛♥❞ Rgh = hg ❢♦r h ∈ G✳ ❆ ▲✐❡ ❣r♦✉♣ G ❛❝ts ♦♥ ✐ts❡❧❢ ❜② ✐♥♥❡r

❛✉t♦♠♦r♣❤✐s♠s ✿

I : G×G→ G, I(g, h) = Ig(h) = ghg−1 = LgRg−1h = Rg−1Lgh.

❚❤❡ ✐❞❡♥t✐t② ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤✐s ❛❝t✐♦♥✱ ❤❡♥❝❡ t❤❡ ♠❛♣

G→ GL(g), g 7→ (Ig)∗1

✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜②

Ad : G→ GL(g).

❲❡ ❧❡t t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ❛t t❤❡ ✐❞❡♥t✐t② ❜❡ ❞❡♥♦t❡❞ ❜② ad✱

ad = Ad∗1 : T1G = g→ B(g).

❲✐t❤ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜r❛❝❦❡t ✐♥ B(g) ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✳✷✳✹ ad ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ▲✐❡
❛❧❣❡❜r❛s✱ ✐✳❡✳

ad[X,Y ] = [adX , adY ] = adXadY − adY adX

❢♦r X, Y ∈ g✳ ❲❡ ❞❡♥♦t❡ Ad(g) ❜② Adg ❛♥❞ ad(X) ❜② adX ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✽✳ ■❢ G ✐s ❛ ▲✐❡ ❣r♦✉♣

adXY = [X, Y ]

❢♦r X, Y ∈ g adXY = [X, Y ]✳

❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✺ t♦ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ Ig ♦❢ G ✇❡ ❣❡t

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✾✳ ■❢ G ✐s ❛ ▲✐❡ ❣r♦✉♣ t❤❡♥ ❢♦r g ∈ G

G
Ig // G

g
Adg //

exp

OO

g

exp

OO

❝♦♠♠✉t❡s✱ ♦r

exp(Adg(X)) = Ig(exp(X)) = g(exp(X))g−1

❢♦r g ∈ G ❛♥❞ X ∈ g✳
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❆❧s♦ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✺ t♦ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ▲✐❡ ❣r♦✉♣s Ad : G → GL(g)

✇❡ ❣❡t

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✵✳ ■❢ G ✐s ❛ ▲✐❡ ❣r♦✉♣

G
Ad // GL(g)

g
ad //

exp

OO

B(g)

exp

OO

❝♦♠♠✉t❡s✱ ♦r

eadX = Adexp(X)

❢♦r X ∈ g✳

❊①❛♠♣❧❡ ✶✳✷✳✶✶✳ ■♥ t❤❡ ❝❛s❡ ♦❢ GL(Z) ❢♦r ❛ ❇❛♥❛❝❤ s♣❛❝❡ Z t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥

✐s ❣✐✈❡♥ ❜②

Ad : GL(Z)→ B(B(Z)), AdgX = gXg−1

❛♥❞

eAdgX = egXg
−1

= geXg−1 = Ig(e
X)

❢♦r g ∈ GL(Z) ❛♥❞ X ∈ B(Z) = T1GL(Z)✳

✶✳✷✳✸ Pr✐♥❝✐♣❛❧ ❛♥❞ ❛ss♦❝✐❛t❡❞ ✜❜r❡ ❜✉♥❞❧❡s

■❢ U ✐s ❛ ▲✐❡ s✉❜❣r♦✉♣ ♦❢ ❛ ▲✐❡ ❣r♦✉♣ G ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ t❤❡ ♠❛♥✐❢♦❧❞
G✱ t❤❡♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ u ♦❢ U ❤❛s ❛ ❝♦♠♣❧❡♠❡♥t p ✐♥ g✱ ✐✳❡✳ g = u ⊕ p✳ ❚❤❡r❡❢♦r❡ t❤❡
q✉♦t✐❡♥t s♣❛❝❡ M = G/U ❤❛s ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ❛♥❞ t❤❡ q✉♦t✐❡♥t ♠❛♣

q : G→ G/U =M, g → q(g) = gU

✐s ❛ s✉❜♠❡rs✐♦♥✳ ❋♦r h ∈ G✱ ❧❡t

µh :M →M, µh(q(g)) = q(hg) = q(Lhg)

❢♦r g ∈ G✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✐♥ g ∈ G ✇❡ ❣❡t

(µh)∗q(g)q∗g = q∗hg(Lh)∗g.

❚❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ M ❣✐✈❡♥ ❜② h · q(g) = µh(q(g)) ✐s s♠♦♦t❤ ❛♥❞ tr❛♥s✐t✐✈❡✳
❚❤❡ ♠❛♣s q∗1 : p → ToM ❛♥❞ (µg)∗o : ToM → Tq(g)M ❢♦r g ∈ G ❛r❡ ✐s♦♠♦r♣❤✐s♠s s♦

t❤❛t ❛ ❣❡♥❡r✐❝ ✈❡❝t♦r ✐♥ Tq(g)M ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② (µg)∗oq∗1X ✇✐t❤ X ∈ p✳
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❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✷✳ ❆ ♣r✐♥❝✐♣❛❧ G✲❜✉♥❞❧❡✱ ✇❤❡r❡ G ❞❡♥♦t❡s ❛ ▲✐❡ ❣r♦✉♣✱ ✐s ❛ ✜❜❡r

❜✉♥❞❧❡ π : P → X t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s r✐❣❤t ❛❝t✐♦♥ ♦❢ G ♦♥ P ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡

✜❜❡rs ❛♥❞ ❛❝ts ❢r❡❡❧② ❛♥❞ tr❛♥s✐t✐✈❡❧② ♦♥ t❤❡♠✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ ✜❜❡r ♦❢ t❤❡ ❜✉♥❞❧❡

✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ ❣r♦✉♣ ● ✐ts❡❧❢✳

◆♦t❡ t❤❛t q : G → G/U = M ✐s ❛ ♣r✐♥❝✐♣❛❧ U ✲❜✉♥❞❧❡✳ ■❢ p ✐s AdU ✲✐♥✈❛r✐❛♥t✱ t❤❡♥
r❡str✐❝t✐♥❣ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ t❤❡r❡ ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ Ad : U → B(p) ❛♥❞ U ❛❝ts
♦♥ G× p ❜② u · (g,X) = (gu−1, AduX) ❢♦r u ∈ U ❛♥❞ (g,X) ∈ G× p✳ ❲❡ ❞❡♥♦t❡ ❜② [g,X]

t❤❡ ♦r❜✐t ♦❢ (g,X) ❛♥❞ ❜② G ×U p t❤❡ ♦r❜✐t s♣❛❝❡ ✇❤✐❝❤ ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ■♥ t❤✐s
❝❛s❡ t❤❡r❡ ✐s ❛♥ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡

π : G×U p→ G/U, [g,X]→ gU = q(g)

✇✐t❤ t②♣✐❝❛❧ ✜❜❡r p✳ ◆♦t❡ t❤❛t G ❛❝ts ♦♥ G ×U p ❜② g · [h,X] = [gh,X] ❛♥❞ ♦♥ G/U ❜②
g · hU = ghU ✳ ❲✐t❤ t❤❡s❡ ❛❝t✐♦♥s t❤❡ q✉♦t✐❡♥t ♠❛♣ π ✐s G✲❡q✉✐✈❛r✐❛♥t✳

❚❤❡♦r❡♠ ✶✳✷✳✶✸✳ ■❢ p ✐s AdU ✲✐♥✈❛r✐❛♥t t❤❡♥ t❤❡r❡ ✐s ❛ G✲❡q✉✐✈❛r✐❛♥t ✈❡❝t♦r ❜✉♥❞❧❡ ✐s♦✲

♠♦r♣❤✐s♠ ❢r♦♠ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ G ×U p → G/U ♦♥t♦ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡

T (G/U)→ G/U ❣✐✈❡♥ ❜②

∆ : G×U p→ T (G/U), [(u,X)] 7→ (µu)∗oq∗1X,

✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ T (G/U) ✐s ❣✐✈❡♥ ❜② u · − = (µu)∗− ❢♦r ❡✈❡r② u ∈ G✳

Pr♦♦❢✳ ▲❡t δ : G× G/U → G/U ❜❡ ❣✐✈❡♥ ❜② (g, hU) 7→ ghU ✱ t❤❡♥ ∂2δ : G× T (G/U) →
T (G/U)✱ (g, V ) 7→ (µg)∗V ✳ ❙✐♥❝❡ p ≃ To(G/U)✱ X 7→ q∗1X r❡str✐❝t✐♥❣ ∂2δ t♦ G×To(G/U)
✇❡ ❣❡t ❛ ♠❛♣ ∆0 : G× p→ T (G/U)✱ (g,X) 7→ (µg)∗oq∗1X✳

❲❡ ❛ss❡rt t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ G✲❡q✉✐✈❛r✐❛♥t ❞✐✛❡♦♠♦r♣❤✐s♠ ∆ : G×U p→ T (G/U)

s✉❝❤ t❤❛t ∆ ◦ κ = ∆0✱ ✇❤❡r❡ κ ✐s t❤❡ q✉♦t✐❡♥t ♠❛♣ (g,X) 7→ [(g,X)]✳

❚♦ ♣r♦✈❡ t❤❛t ∆ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✇❡ s❡❡ t❤❛t ❢♦r ❡✈❡r② g ∈ G✱ u ∈ U ❛♥❞ X ∈ p

∆0(u · (g,X)) = ∆0(gu
−1, AduX) = (µgu−1)∗oq∗1AduX

= (µgu−1)∗oq∗1(Iu)∗1X = (µgu−1qIu)∗1X

= (µgµu−1qLuRu−1)∗1X = (µgqLu−1LuRu−1)∗1X

= (µgqRu−1)∗1X = (µgq)∗1 = (µg)∗oq∗1X = ∆0(g,X)

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ∆ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ κ✳ ◆♦t❡ t❤❛t ∆ ✐s s✉r❥❡❝t✐✈❡
❜❡❝❛✉s❡ (µg)∗o : To(G/U) → Tq(g)(G/U) ✐s ❜✐❥❡❝t✐✈❡ ❢♦r ❡✈❡r② g ∈ G✳ ❚♦ s❡❡ t❤❛t ∆ ✐s
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✐♥❥❡❝t✐✈❡ ❛ss✉♠❡ t❤❛t (µg1)∗oq∗1X1 = (µg2)∗oq∗1X2✳ ❚❤❡♥ q(g1) = q(g2) ❛♥❞ t❤❡r❡❢♦r❡ t❤❡r❡
✐s ❛ u ∈ U s✉❝❤ t❤❛t g1u = g2✳ ❚❤❡♥

(µg1)∗oq∗1X1 = (µg2)∗oq∗1X2 = (µg1uq)∗1X2 = (µu1µuq)∗1X2

= (µg1µuqRu−1)∗1X2 = (µg1qLuRu−1)∗1X2

= (µg1qIu)∗1X2 = (µg1)∗oq∗1AduX2

s♦ t❤❛t AduX2 = X1 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t u · (g2, X2) = (g1, X1)✳

✶✳✸ ❙♣r❛②s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ s♦♠❡ ❢❛❝ts ❛❜♦✉t s♣r❛②s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s✱ s❡❡ ❈❛♣t❡r ■❱ ❙❡❝t✐♦♥s
✸ ❛♥❞ ✹ ✐♥ ❬✸✻❪ ❢♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥✳ ❆ s❡❝♦♥❞✲♦r❞❡r ✈❡❝t♦r ✜❡❧❞ ♦♥ ❛ ♠❛♥✐❢♦❧❞ M ✐s ❛
✈❡❝t♦r ✜❡❧❞ F : TM → TTM ♦♥ TM s❛t✐s❢②✐♥❣ π∗ ◦F = idTM ✱ ✇❤❡r❡ π : TM →M ✐s t❤❡
♣r♦❥❡❝t✐♦♥ ♠❛♣ ✭❬✸✻❪ ■❱✱ ✸✮✳ ▲❡t s ∈ R ❛♥❞ ❧❡t sTM : TM → TM ✱ X 7→ sX ❞❡♥♦t❡ t❤❡
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② s ✐♥ ❡❛❝❤ t❛♥❣❡♥t s♣❛❝❡✳ ❆ s❡❝♦♥❞ ♦r❞❡r ✈❡❝t♦r ✜❡❧❞ ✐s ❝❛❧❧❡❞ ❛ s♣r❛② ✐❢

F (sX) = sTM∗(sF (X))

❢♦r ❛❧❧ s ∈ R ❛♥❞ X ∈ TM ✳ ❋♦r X ∈ TxM ❧❡t γX : J → TM ❜❡ t❤❡ ♠❛①✐♠❛❧ ✐♥t❡❣r❛❧
❝✉r✈❡ ♦❢ F ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X✱ t❤❛t ✐s γX(0) = X ❛♥❞

β̇X = F (βX).

❚❤❡ ❞♦♠❛✐♥ Dexp ⊆ TM ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ✈❡❝t♦rs X ∈ TxM ❢♦r ✇❤✐❝❤ t❤❡ ♠❛①✐♠❛❧
✐♥t❡❣r❛❧ ❝✉r✈❡ βX ✐s ❞❡✜♥❡❞ ✐♥ [0, 1]✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s♣r❛② ✐s
❞❡✜♥❡❞ ❛s

exp : Dexp →M, exp(X) = π(γX(1))

❛♥❞ ❢♦r x ∈M ✇❡ ❞❡♥♦t❡ ❜② expx t❤❡ r❡str✐❝t✐♦♥ ♦❢ exp t♦ Dexp∩TxM ✳ ❚❤❡ ❣❡♦❞❡s✐❝ ✇✐t❤
✐♥✐t✐❛❧ s♣❡❡❞ X ∈ TxM ✐s ❣✐✈❡♥ ❜②

α(t) = π(βX(t)).

▲♦❝❛❧❧②✱ ✐❢ U ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ ❛ ❇❛♥❛❝❤ s♣❛❝❡ V t❤❡♥ TU ≃ U × V ✱ TTU ≃
(U×V )×(V ×V ) ❛♥❞ π∗(x,X)(Y, Z) = (x, Y )✳ ❆ s❡❝♦♥❞✲♦r❞❡r ✈❡❝t♦r ✜❡❧❞ F : TU → TTU

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

F (x,X) = (a,X,X, f(x,X))



✶✳✸✳ ❙P❘❆❨❙ ❆◆❉ ❈❖◆◆❊❈❚■❖◆❙ ✾

✇❤❡r❡ f : U × V → V ✐s ❛ s♠♦♦t❤ ♠❛♣✳ ❚❤❡ s♣r❛② ❝♦♥❞✐t✐♦♥ ♠❡❛♥s t❤❛t

(a, sX, sX, f(s, sX)) = F (x, sX) = (sTM)∗(sF (X))

= sTM∗(x,X, sX, sf(X,X))

= (x, sX, sX, s2f(x,X))

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♠❛♣s f(x, ·) ❛r❡ q✉❛❞r❛t✐❝✳ ❯s✐♥❣ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✐❞❡♥t✐t② ✇❡ ❝❛♥
❞❡✜♥❡ t❤❡ ❈r✐st♦✛❡❧ s②♠❜♦❧s

Γx(X, Y ) =
1

4
(f(x,X + Y )− f(x,X − Y )), ❢♦r x ∈ U ❛♥❞ X, Y ∈ V.

❲❡ ❝❛♥ ❧♦❝❛❧❧② ❞❡✜♥❡ ❛ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ❛s

(Dξζ)x = ζ ′xξx − Γx(ξx, ζx).

❚❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ✐s ❛ ❜✐❧✐♥❡❛r ❢✉♥❝t✐♦♥

V(M)× V(M)→ V(M), (ξ, ζ) 7→ Dξζ

✇✐❝❤ ✐s C∞(M) ❧✐♥❡❛r ✐♥ t❤❡ ✜rst ✈❛r✐❛❜❧❡✱ ✐✳❡✳ Dfξζ = fDξζ ❢♦r ξ, ζ ∈ V(M)✱ f ∈ C∞(M)

❛♥❞ s❛t✐s✜❡s t❤❡ ▲❡✐❜♥✐③ r✉❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✱ ✐✳❡✳

Dξ(fζ) = ξ(f) + fDξζ

❢♦r ξ, ζ ∈ V(M) ❛♥❞ f ∈ C∞(M)✳ ▲❡t α : J → M ❜❡ ❛ C2✲❝✉r✈❡ ❛♥❞ ❧❡t t0, t1 ∈ J ✳ ❲❡
❞❡♥♦t❡ ❜②

P t1
t0 (α) : Tα(t0)M → Tα(t1)M

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡❛r ♠❛♣ ❣✐✈❡♥ ❜② ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ❛❧♦♥❣ α✳

■♥ ❛ ❧♦❝❛❧ ❝❤❛rt U ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ α : J → U ✐s ❛ C2✲❝✉r✈❡
❛♥❞ t0, t1 ∈ J ✱ t❤❡♥ ❢♦r ❡❛❝❤ v ∈ Tα(t0)U = V ❧❡t (α, γX) : J → TU = U×V ❜❡ t❤❡ ✉♥✐q✉❡
❧✐❢t ♦❢ α ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ γ′X(t0) = X ❛♥❞ ✇❤✐❝❤ ✐s α✲♣❛r❛❧❧❡❧✱ ✐✳❡✳ ✇❤✐❝❤ s♦❧✈❡s t❤❡
✜rst✲♦r❞❡r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

γ′X(t) = Γα(t)(α
′(t), γX(t))

❢♦r ❛❧❧ t ∈ J ✳ ❚❤❡♥ P t1
t0 (α) : V → V ✐s t❤❡ ❧✐♥❡❛r ♠❛♣ ❞❡✜♥❡❞ ❛s X 7→ γX(t1)✳
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✶✳✹ ❙②♠♠❡tr✐❝ s♣❛❝❡s

❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✳ ▲❡t M ❜❡ ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞✳ ❲❡ s❛② t❤❛t (M,µ) ✐s ❛ s②♠♠❡tr✐❝

s♣❛❝❡ ✐♥ t❤❡ s❡♥❝❡ ♦❢ ▲♦♦s ✐❢

µ :M ×M →M, (x, y) 7→ x · y

✐s ❛ s♠♦♦t❤ ♠❛♣ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❙✶ x · x = x ❢♦r ❛❧❧ x ∈M ✳

❙✷ x · (x · y) = y ❢♦r ❛❧❧ x, y ∈M ✳

❙✸ x · (y · z) = (x · y) · (x · z) ❢♦r ❛❧❧ x, y, z ∈M ✳

❙✹ ❊✈❡r② x ∈ M ❤❛s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U s✉❝❤ t❤❛t x · y = y ✐♠♣❧✐❡s x = y ❢♦r ❛❧❧ y ∈ U ✱

❤❡♥❝❡ x ✐s ❛♥ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ♠♦r♣❤✐s♠ y → x · y ❢♦r ❛❧❧ x ∈M ✳

❙❡❡ ❬✹✵❪ ✇❤❡r❡ t❤✐s ❛①✐♦♠s ✇❤❡r❡ ❞❡✜♥❡❞ ❢♦r ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞s✳

❋♦r x ∈ M ✇❡ ❞❡✜♥❡ ❛ ♠❛♣ σ : M → M ✱ σx(y) = x · y✳ ❋♦r ❛❧❧ x ∈ M t❤✐s ♠❛♣
s❛t✐s✜❡s

(σx)∗x = −idTxM .

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t σx ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ ✐s♦❧❛t❡❞ ✜①❡❞ ♣♦✐♥t x✱ s❡❡ ❙✷ ❛♥❞
❙✹✳ ■❢ ✇❡ ✐❞❡♥t✐❢② T (M ×M) ✇✐t❤ TM × TM t❤❡♥

X ·X = µ∗(x,y)(X, Y )

❢♦r X ∈ TxM ❛♥❞ Y ∈ TyM ❞❡✜♥❡s ♦♥ TM t❤❡ str✉❝t✉r❡ ♦❢ ❛ s②♠♠❡tr✐❝ s♣❛❝❡✳ ■♥
❡❛❝❤ t❛♥❣❡♥t s♣❛❝❡ TxM t❤❡ ♣r♦❞✉❝t s❛t✐s✜❡s X · Y = 2X − Y ✳ ❋♦r X ∈ TM ✇❡
✇r✐t❡ σX = TM → TM ❢♦r t❤❡ s②♠♠❡tr② ❣✐✈❡♥ ❜② σX(Y ) = µ∗(X, Y ) = X · Y ❛♥❞
O :M → TM t❤❡ ③❡r♦ s❡❝t✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥

F : TM → TTM, F (X) = −(σX
2
◦ O)∗X

❞❡✜♥❡s ❛ s♣r❛② ♦♥ M ✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✹ ✐♥ ❬✹✽❪✳ ◆♦t❡ t❤❛t σX
2
◦ O : M → TM s♦ t❤❛t

(σX
2
◦ O)∗ : TM → TTM ✳
■❢ α : R→M ✐s ❛ ❣❡♦❞❡s✐❝ t❤❡♥ ✇❡ ❝❛❧❧ t❤❡ ♠❛♣s τα,s = σα( s

2
)◦σα(0), s ∈ R✱ tr❛♥s❧❛t✐♦♥s

❛❧♦♥❣ α✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❚❤❡♦r❡♠ ✸✳✻ ✐♥ ❬✹✽❪✳

❚❤❡♦r❡♠ ✶✳✹✳✷✳ ▲❡t (M,µ) ❜❡ ❛ ❝♦♥♥❡❝t❡❞ s②♠♠❡tr✐❝ s♣❛❝❡ ❛♥❞ F t❤❡ ❝❛♥♦♥✐❝❛❧ s♣r❛②

❞❡✜♥❡❞ ❜❛s❡❞ ♦♥ µ✳ ❚❤❡♥
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• Aut(M,µ) = Aut(M,F )✱ ✐✳❡✳ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ φ ♦❢ M s❛t✐s✜❡s F ◦ φ∗ = (φ∗)∗ ◦ F

✐❢ ❛♥❞ ♦♥❧② ✐❢ φ ◦ µ = µ ◦ (φ× φ)✳

• F ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛❧❧ s②♠♠❡tr✐❡s

{σx}x∈M ✳

• (M,F ) ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ ✐✳❡✳ Dexp = TM ✳

• ▲❡t α : R → M ❜❡ ❛ ❣❡♦❞❡s✐❝ ❛♥❞ ❧❡t τα,s = σα( s
2
) ◦ σα(0), s ∈ R ❜❡ t❤❡ tr❛♥s❧❛t✐♦♥s

❛❧♦♥❣ α✳ ❚❤❡♥ t❤❡s❡ ❛r❡ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ (M,µ) ✇✐t❤

τα,s(α(t)) = α(t+ s)

❛♥❞ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ❛❧♦♥❣ t❤❡ ❣❡♦❞❡s✐❝ α ✐s ❣✐✈❡♥ ❜②

(τα,s)∗α(t) = P t+s
t (α) : Tα(t)M → Tα(t+s)M

❢♦r s, t ∈ R✳

✶✳✹✳✶ ❇❛♥❛❝❤ ▲✐❡ ❣r♦✉♣s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥

❆ ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ G ✇✐t❤ ❛♥ ✐♥✈♦❧✉t✐✈❡ ❛✉t♦♠♦r♣❤✐s♠ σ ✐s ❝❛❧❧❡❞ ❛ s②♠♠❡tr✐❝

❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣✳ ▲❡t g ❜❡ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛ ♦❢ G✱ ❛♥❞ ❧❡t

U = {g ∈ G : σ(g) = g}

❜❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ σ✳ ❚❤❡♥ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛ u ♦❢ U ✐s ❛ ❝❧♦s❡❞ ❛♥❞
❝♦♠♣❧❡♠❡♥t❡❞ s✉❜s♣❛❝❡ ♦❢ g✱ ❛ ❝♦♠♣❧❡♠❡♥t ✐s ❣✐✈❡♥ ❜② t❤❡ ❝❧♦s❡❞ s✉❜s♣❛❝❡

p = {X ∈ g : σ∗1X = −X}.

❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ u ✐s t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ σ∗1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ +1 ❛♥❞ p ✐s t❤❡
❡✐❣❡♥s♣❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ −1✳ ❙✐♥❝❡ u ✐s ❝♦♠♣❧❡♠❡♥t❡❞ U ✐s ❛ ❇❛♥❛❝❤✲
▲✐❡ s✉❜❣r♦✉♣ ♦❢ G✱ ❛♥❞ t❤❡ q✉♦t✐❡♥t s♣❛❝❡ M = G/U ❤❛s ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡✳
❆ ♥❛t✉r❛❧ ❝❤❛rt ❛r♦✉♥❞ o = q(1) ✐s ❣✐✈❡♥ ❜②

X 7→ q(exp(X))

r❡str✐❝t❡❞ t♦ ❛ s✉✐t❛❜❧❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ 0 ✐♥ p✳ ◆♦t❡ t❤❛t σ(eX) = eσ∗1X = e−X ❢♦r ❡✈❡r②
X ∈ p✳

❲❡ ❛❧s♦ ❞❡✜♥❡ G+ = {gσ(g)−1 : g ∈ G}✱ ✇❤✐❝❤ ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ G ❛♥❞ ♥♦t❡ t❤❛t
t❤❡r❡ ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠

φ : G/U → G+, gU 7→ gσ(g)−1.
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❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ g∗ = σ(g)−1 ❢♦r g ∈ G✳
❚❤❡r❡ ✐s ❛ s♠♦♦t❤ ❛❝t✐♦♥ ♦❢ G ♦♥ G+ ❞❡✜♥❡❞ ❜②

ψ : G→ Aut(G+), ψx(y) = xyx∗ = xyσ(x)−1

❛♥❞ ♦♥♦t❤❡r s♠♦♦t❤ ❛❝t✐♦♥ ♦❢ G ♦♥ G/U ❣✐✈❡♥ ❜② tr❛♥s❧❛t✐♦♥

τ : G→ Aut(G/U), τg(hU) = ghU.

❯♥❞❡r t❤❡ ✐s♦♠♦r♣❤✐s♠ φ t❤❡ tr❛♥s❧❛t✐♦♥ τx ❝♦rr❡s♣♦♥❞s t♦ ψx✱ ✐✳❡✳ φ ◦ τx = ψx ◦ φ ❢♦r ❛❧❧
x ∈ G✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ♠❛♣

ρ : G+ ×G+ → G+, x× y = ρ(x, y) = xy−1x

❛♥❞ ❛ ♠❛♣

µ : G/U ×G/U → G/U, gU × hU = ρ(gU, hU) = gσ(g)−1σ(h)U.

❯♥❞❡r t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ φ t❤❡ ♠❛♣ ρ ❝♦rr❡s♣♦♥❞s t♦ µ✱ ✐✳❡✳

φ ◦ µ = ρ ◦ (φ× φ).

❙❡❡ t❤❡ ❈❤❛♣t❡r ❳■■■ ❙❡❝t✐♦♥ ✺ ✐♥ ❬✸✻❪ ❢♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t s②♠♠❡tr✐❝ s♣❛❝❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✸✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ M = G/U ✐s ❜② ❛✉t♦♠♦r♣❤✐s♠s ♦❢ (M,µ)✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠

µ(g · h1U, g · h2U) = µ(gh1U, gh2U) = gh1σ(gh1)
−1σ(gh2)U

= gh1σ(h1)
−1σ(g)−1σ(g)σ(h2)U = gh1σ(h1)

−1σ(h2)U

= g · µ(h1, h2).

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✹✳ ❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦♥ G+ ≃ G/U s❛t✐s❢② t❤❡ ♣r♦♣❡rt✐❡s st❛t❡❞ ✐♥

❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✱ s♦ (G+, ρ) ❛♥❞ (G/U, µ) ❛r❡ s②♠♠❡tr✐❝ s♣❛❝❡s ❛♥❞ φ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠

♦❢ s②♠♠❡tr✐❝ s♣❛❝❡s✳

Pr♦♦❢✳ ❲❡ ✈❡r✐❢② ✭❙✶✮✱ ✭❙✷✮ ❛♥❞ ✭❙✸✮ ❢♦r t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ρ ✐♥ G+ ❛♥❞ ✭❙✹✮ ❢♦r t❤❡
♠✉❧t✐♣❧✐❝❛t✐♦♥ µ ✐♥ G/U ✿

❙✶ xx−1x = x ❢♦r x ∈ G+✳
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❙✷ x(xy−1x)−1x = y ❢♦r x, y ∈ G+✳

❙✸ x(yz−1y)−1x = xy−1zy−1x = (xy−1x)(x−1zx−1)(xy−1x) = (xy−1x)(xz−1x)−1(xy−1x)

❢♦r x, y, z ∈ G+✳

❙✹ ❙✐♥❝❡ G ❛❝ts tr❛♥s✐t✐✈❡❧② ♦♥ G/U ✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ✈❡r✐❢② t❤✐s ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ❜❛s❡✲
♣♦✐♥t o✳ ❙✐♥❝❡ σo(gU) = o · gU = σ(g)U ✇❡ s❡❡ t❤❛t (σo)∗o = −idToM ✳

✶✳✹✳✷ ●❡♦❞❡s✐❝s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦❢ G/U

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣❡♦❞❡s✐❝s✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦❢ ❛ s②♠♠❡tr✐❝ s♣❛❝❡ (G/U, µ) ❞❡r✐✈❡❞ ❢r♦♠ ❛ s②♠♠❡tr✐❝ ❇❛♥❛❝❤✲▲✐❡
❣r♦✉♣ (G, σ)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✺✳ ❚❤❡ ❣❡♦❞❡s✐❝s ✐♥ (G/U, µ) t❤r♦✉❣❤ o = q(1) ❛r❡ ❣✐✈❡♥ ❜②

R→ G/U, t 7→ q(exp(tX))

✇✐t❤ X ∈ p✳

Pr♦♦❢✳ ❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❣❡♦❞❡s✐❝ α s✉❝❤ t❤❛t α(0) = q(1) = o ❛♥❞ α̇(0) = Y = q∗oX ∈

ToM ❢♦r ❛♥ X ∈ p ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ✢♦✇s ♦❢ ❑✐❧❧✐♥❣ ✜❡❧❞s ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s✳ ❑✐❧❧✐♥❣
✜❡❧❞s ❛r❡ ✐♥✜♥✐t❡ss✐♠❛❧ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ s②♠♠❡tr✐❝ s♣❛❝❡s✱ ✐✳❡✳ ✐❢ (φt)t∈R ✐s ❛ ♦♥❡✲
♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ (M,µ) t❤❡♥

χ =
d

dt

∣

∣

∣

t=0
φt :M → TM

✐s ❛ ❑✐❧❧✐♥❣ ✜❡❧❞✳ ❑✐❧❧✐♥❣ ✜❡❧❞s s❛t✐s❢②✐♥❣ χ(o) = Y = q∗oX ∈ ToM ❛♥❞ ✇❤✐❝❤ ❛r❡ ♣❛r❛❧❧❡❧
❛t o✱ ✐✳❡✳ (σo)∗ ◦ χ = −χ ◦ σo✱ ❛r❡ ✉♥✐q✉❡✳

■❢ α : R→M ✐s t❤❡ ❣❡♦❞❡s✐❝ ✇✐t❤ α(0) = o ❛♥❞ α̇(0) = Y ❧❡t τt = σα( t
2
) ◦ σα(0) ❞❡♥♦t❡

t❤❡ tr❛♥s❧❛t✐♦♥s ❛❧♦♥❣ α ✇❤✐❝❤ ❢♦r♠ ❛ ♦♥❡✲♣❛r❛♠❡t❡r ❣r♦✉♣ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s✳ ❚❤❡♥

ξY =
d

dt

∣

∣

∣

t=0
τt :M → TM

✐s ❛ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞ ♦♥ M ✇✐❝❤ s❛t✐s✜❡s ξY (0) = Y ✳ ❙✐♥❝❡ σxσyσx = σσxy ✐♥ ❡✈❡r②
s②♠♠❡tr✐❝ s♣❛❝❡ ✇❡ s❡❡ t❤❛t

σoτt = σoσα( t
2
)σo = σσoα( t

2
) = σα(− t

2
) = σα(− t

2
)σoσo = τ−tσo.
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■❢ ✇❡ ❞❡r✐✈❛t❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ✐♥ t = 0 ✇❡ ❣❡t

(σo)∗ ◦ ξY = −ξY ◦ σo.

❈♦♥s✐❞❡r t❤❡ ♦♥❡✲♣❛r❛♠❡t❡r ❣r♦✉♣ ♦♥ M ❣✐✈❡♥ ❜②

λt(gU) = exp(tX)gU.

❙✐♥❝❡ t❤✐s ♦♥❡✲♣❛r❛♠❡t❡r ❣r♦✉♣ ✐s ❜② ❛✉t♦♠♦r♣❤✐s♠s ♦❢ (M,µ) ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ✈❡❝t♦r ✜❡❧❞

ηX(gU) =
d

dt

∣

∣

∣

t=0
exp(tX)gU

✐s ❛ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞ ✇❤✐❝❤ s❛t✐s✜❡s ηX(o) = q∗1X✳ ❙✐♥❝❡ X ∈ p ✇❡ s❡❡ t❤❛t

σo(exp(tX)gU) = o · exp(tX)gU = σ(exp(tX)g)U = exp(−tX)σ(g)U

s♦ t❤❛t ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❛t t = 0 ✇❡ ❣❡t

(σo)∗ ◦ ηX(gU) =
d

dt

∣

∣

∣

t=0
exp(−tX)σ(g)U = −

d

dt

∣

∣

∣

t=0
exp(tX)σ(g)U.

❆❧s♦

−ηX ◦ σo(gU) = −ηX(o · gU) = −ηX(σ(g)U) = −
d

dt

∣

∣

∣

t=0
exp(tX)σ(g)U.

❛♥❞ ✇❡ ❣❡t
(σo)∗ ◦ ηX = −ηX ◦ σo.

❇② ✉♥✐q✉❡♥❡ss ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ξY = ηX ❛♥❞ t❤❛t t❤❡ ✢♦✇s ♦❢ t❤❡s❡ t✇♦ ✈❡❝t♦r ✜❡❧❞s ❛r❡
❡q✉❛❧✱ s♦ t❤❛t t❤❡ ❣❡♦❞❡s✐❝ α ✐s ❣✐✈❡♥ ❜②

α(t) = τt(o) = λt(o) = exp(tX)U = q(exp(tX)).

❚❤❡r❡❢♦r❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❛t o ♦❢ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡ M = G/U ✐s ❣✐✈❡♥ ❜②

expo(q∗1X) = q(exp(X)).

■❢ ❞❡✜♥❡ Exp = q ◦ exp ✇❡ ❤❛✈❡ Exp = expo ◦ q∗1✳

❈♦r♦❧❧❛r② ✶✳✹✳✻✳ ❙✐♥❝❡ t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ M = G/U ✐s tr❛♥s✐t✐✈❡ ❣❡♦❞❡s✐❝s t❤r♦✉❣❤ q(g)

❛r❡ ❣✐✈❡♥ ❜②

R→ G/U, t 7→ q(gexp(tX))

✇✐t❤ X ∈ p✳
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❘❡♠❛r❦ ✶✳✹✳✼✳ ❲❡ ♥♦t❡ t❤❛t σ(Iue
tX) = Iue

−tX ❢♦r ❡✈❡r② X ∈ p ❛♥❞ u ∈ U ✱ s♦ t❤❛t

σ∗1AduX = −AduX ❛♥❞ p ✐s AdU ✲✐♥✈❛r✐❛♥t✳ ❙✐♥❝❡ σ ✐s ❛ ❣r♦✉♣ ❛✉t♦♠♦r♣❤✐s♠✱ σ∗1 ✐s ❛♥

❛✉t♦♠♦r♣❤✐s♠ ♦❢ ▲✐❡ ❛❧❣❡❜r❛s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ❤♦❧❞✿

[u, u] ⊆ u, [u, p] ⊆ p, [p, p] ⊆ u.

■♥ ♣❛rt✐❝✉❧❛r✱ p ✐s adu✲✐♥✈❛r✐❛♥t✳

❋♦r ❡❛❝❤ X ∈ g ✇❡ ❤❛✈❡ ❜② ❬✸✹✱ ❚❤❡♦r❡♠ ■❱✳✹✳✶❪

exp∗X = (Lexp(X))∗1
1− e−adX

adX
.

❯s✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✽✳ ■❢ Exp ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦❢ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡ G/U t❤❡♥

Exp∗X = (µexp(X))∗o
sinh adX
adX

∣

∣

∣

p

❢♦r X ∈ p ≃ ToM ✳

Pr♦♦❢✳ ❙✐♥❝❡ Exp = q ◦ exp✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❛t X ∈ p ✇❡ ❣❡t

Exp∗X = q∗exp(X)exp∗X = q∗exp(X)(Lexp(X))∗1
1− e−adX

adX
.

❉✐✛❡r❡♥t✐❛t✐♥❣ µexp(X) ◦ q = q ◦ Lexp(X) ❛t 1 ②✐❡❧❞s

q∗exp(X)(Lexp(X))∗1 = (µexp(X))∗oq∗1

s♦ t❤❛t

Exp∗X = (µexp(X))∗oq∗1
1− e−adX

adX
.

❲r✐t✐♥❣ 1−e−adX

adX
✐♥ ❛ ♣♦✇❡r s❡r✐❡s ❛♥❞ t❤❡♥ ❛s ❛ s✉♠ ♦❢ t❤❡ ❡✈❡♥ ❛♥❞ ♦❞❞ ♣♦✇❡rs ✇❡ s❡❡

t❤❛t
1− e−adX

adX
=

1− cosh adX
adX

+
sinh adX
adX

.

❯s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜r❛❝❦❡t ✐♥ ❘❡♠❛r❦ ✶✳✹✳✼ ✇❡ s❡❡ t❤❛t ❢♦r Y ∈ p

1− cosh adX
adX

Y ∈ u ❛♥❞
sinh adX
adX

Y ∈ p

s♦ t❤❡ st❛t❡❞ ❢♦r♠✉❧❛ ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✶✳✹✳✾✳ ❚❤❡ ♠❛♣ Exp∗X ✐s ✐♥✈❡rt✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Spec((adX)
2|p) ∩ {−n

2π2 :

n ∈ N} = {0}✳
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✶✳✹✳✸ ❈♦♥♥❡❝t✐♦♥✱ ❣❡♦❞❡s✐❝s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♦❢ P

■❢ A ✐s ❛ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛✱ G ✐s t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ A ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡
♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ❣✐✈❡♥ ❜② t❤❡ ♥♦r♠ ❛♥❞ σ ✐s ❣✐✈❡♥ ❜②

σ : G→ G, g 7→ (g−1)∗,

t❤❡♥ U = {g ∈ G : σ(g) = g} ✐s t❤❡ ❣r♦✉♣ ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs ♦❢ A✳ ■♥ t❤✐s ❝❛s❡ p = As
t❤❡ s❡t ♦❢ s❡❧❢✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ A ❛♥❞ u = Aas ✐s t❤❡ s❡t ♦❢ s❦❡✇✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ A✳
❲❡ ❤❛✈❡ ❛♥ ✐s♠♦r♣❤✐s♠ G/U ≃ G+✱ gU 7→ gg∗ ✇❤❡r❡ G+ = {gg∗ : g ∈ G} ✐s t❤❡ s❡t ♦❢
♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ✐♥ A ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② P ✳ ❙✐♥❝❡ P ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢
t❤❡ r❡❛❧ ❇❛♥❛❝❤ s♣❛❝❡ As ♦❢ s❡❧❢✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ A ✐t ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ t❤❡ ♠❛♥✐❢♦❧❞
As✳

❆❧s♦✱ P ❤❛s t❤❡ str✉❝t✉r❡ ♦❢ s②♠♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ s②♠♠❡tr✐❡s ❣✐✈❡♥ ❜② µ(a, b) =

σa(b) = a · b = ab−1a ❢♦r a, b ∈ P ✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ s②♠♠❡tr✐❡s ✐♥ TP ❛r❡

(a,X) · (b, Y ) = (ab−1a,Xb−1a+ ab−1X − ab−1Y b−1a)

✇❤✐❝❤ r❡str✐❝t❡❞ t♦ TaP ❛r❡

(a,X) · (a, Y ) = (a, 2X − Y ).

❚❤❡r❡❢♦r❡ σ(a, 1
2
X) ◦ Z : P → TP ✐s ❣✐✈❡♥ ❜②

b 7→ (b, 0) 7→ (a,
1

2
X) · (b, 0) = (ab−1a,

1

2
(Xb−1a+ ab−1X))

s♦ t❤❛t (σ(a, 1
2
X) ◦ Z)∗b(Y ) =

(ab−1a,
1

2
(Xb−1a+ ab−1X),−ab−1Y b−1a,−

1

2
(Xb−1Y b−1a+ ab−1Y b−1X).

❍❡♥❝❡
F (a,X) = −(σ(a, 1

2
X) ◦ Z)∗(a,X) = (a,X,X,Xa−1X).

❲❡ s❡❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ f(a,X) = Xa−1X s♦ t❤❛t ❜② ♣♦❧❛r✐③❛t✐♦♥ t❤❡ ❈r✐st♦✛❡❧ s②♠❜♦❧
✐s

Γa(X, Y ) =
1

2
(Xa−1Y + Y a−1X).

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✶✵✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ❛t 1 ✐s ❣✐✈❡♥ ❜②

exp1(1, X) = eX

❢♦r X ∈ As✱ ❤❡♥❝❡ t❤❡ ❣❡♦❞❡s✐❝s t❤r♦✉❣❤ 1 ✇✐t❤ ✐♥✐t✐❛❧ s♣❡❡❞ X ∈ As ≃ T1P ✐s ❣✐✈❡♥ ❜②

R→ P, t 7→ etX
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Pr♦♦❢✳ ▲❡t γ(1,X) : R→ TP ❜❡ t❤❡ ✉♥✐q✉❡ s♠♦♦t❤ ❝✉r✈❡ ✐♥ TP s✉❝❤ t❤❛t

γ(1,X)(0) = (1, X), ❛♥❞ (γ(1,X))(̇t) = F (γ(1,X)(t)).

❙✉❝❤ ❝✉r✈❡ ✐s ❣✐✈❡♥ ❜②
γ(1,X)(t) = (etX , XetX)

s✐♥❝❡ γ(1,X)(0) = (1, X) ❛♥❞

(γ(1,X))(̇t) = (etX , XetX , XetX , X2etX) = F (etX , XetX) = F (γ(1,X)(t)).

❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ❛t 1 ✐s ❣✐✈❡♥ ❜②

exp1(1, X) = π(γ(1,X)(1)) = π(eX , XeX) = eX

✇❤✐❝❤ ✐s t❤❡ ✉s✉❛❧ ❡①♣♦♥❡♥t✐❛❧✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❣❡♦❞❡s✐❝ α : R→ P s✉❝❤ t❤❛t α(0) = 1

❛♥❞ α̇(0) = X ✐s ❣✐✈❡♥ ❜②

α(t) = π(γ(1,X)(t)) = π((etX , XetX)) = etX .

❈♦r♦❧❧❛r② ✶✳✹✳✶✶✳ ❙✐♥❝❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s✐t✐✈❡ ❛❝t✐♦♥ ♦❢ G ♦♥

P ✱ ✐❢ γ ✐s ❛ ❣❡♦❞❡s✐❝ ❛♥❞ g ∈ G ✐t ❢♦❧❧♦✇s t❤❛t ψg ◦ γ ✐s ❛ ❣❡♦❞❡s✐❝✳ ❚❤❡r❡❢♦r❡

P
ψ
a
1
2 // P

T1P
(ψ

a
1
2
)∗1

//

exp1

OO

TaP

expa

OO

♦r

a
1
2 exp(X)a

1
2 = expa(a

1
2Xa

1
2 )

❢♦r a ∈ P ❛♥❞ X ∈ As ≃ T1P ✱ s♦ t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ P ❛t

a ∈ P ✐s ❣✐✈❡♥ ❜②

expa : TaP → P, expa(X) = a
1
2 ea

−
1
2Xa−

1
2 a

1
2 = aea

−1X = eXa
−1

a

❢♦r a ∈ P ❛♥❞ X ∈ As ≃ TaP ✳

❚❤❡r❡❢♦r❡ t❤❡ ✉♥✐q✉❡ ❣❡♦❞❡s✐❝ γ s✉❝❤ t❤❛t γ(0) = a ❛♥❞ γ̇(0) = X ∈ As ≃ TaP ✐s

γ(t) = a
1
2 eta

−
1
2Xa−

1
2 a

1
2 .

■❢ ✇❡ ✉s❡ t❤❡ ❢✉♥❝t✐♦♥ log : P → As ✇❤✐❝❤ ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ exp : As → P ♦❜t❛✐♥❡❞ ❛♣♣❧②✐♥❣

t❤❡ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✉♥✐q✉❡ ❣❡♦❞❡s✐❝ γa,b : [0, 1]→ P ❥♦✐♥✐♥❣

a ❛♥❞ b✳ ■t ✐s ❣✐✈❡♥ ❜②

γa,b(t) = a
1
2 (a−

1
2 ba−

1
2 )ta

1
2 ,

✇❤❡r❡ at = et.log(a) ❛s ✉s✉❛❧✳
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✶✳✺ ❋✐♥s❧❡r str✉❝t✉r❡ ❛♥❞ ❞✐st❛♥❝❡

✶✳✺✳✶ ❉❡✜♥✐t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❉❡✜♥✐t✐♦♥ ✶✳✸ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✶✳✹ ✐♥ ❬✹✽❪✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳✶✳ ▲❡t M ❜❡ ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞✳ ❆ t❛♥❣❡♥t ♥♦r♠ ♦♥ M ✐s ❛ ❢✉♥❝t✐♦♥

b : TM → R+ ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ ❡✈❡r② t❛♥❣❡♥t s♣❛❝❡ TxM ✐s ❛ ♥♦r♠✳ ❲❡ ✇r✐t❡

‖X‖x = bx(X) ❢♦r X ∈ TxM ❛♥❞ x ∈ M ✳ ❆ ❝♦♥t✐♥✉♦✉s t❛♥❣❡♥t ♥♦r♠ b ♦♥ M ✐s ❝❛❧❧❡❞

❝♦♠♣❛t✐❜❧❡ ✐❢ ❢♦r ❡❛❝❤ x ∈ M t❤❡r❡ ❡①✐sts ❛ ❝❤❛rt φ : U → V ❛r♦✉♥❞ x ❛♥❞ ❝♦♥st❛♥ts

m,M > 0 s✉❝❤ t❤❛t

m.b(X) ≤ ‖φ∗xX‖ ≤M.b(X)

❢♦r ❛❧❧ x ∈ U ❛♥❞ v ∈ TxM ✳ ❆ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✐s ❛ ♣❛✐r (M, b) ♦❢ ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞

M ❛♥❞ ❛ ❝♦♠♣❛t✐❜❧❡ t❛♥❣❡♥t ♥♦r♠ b✳ ❆ ♠❡tr✐❝ d ♦♥ M ✐s ❝❛❧❧❡❞ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛t✐❜❧❡

♠❡tr✐❝ ✐❢ ❢♦r ❡❛❝❤ x ∈ M t❤❡r❡ ❡①✐sts ❛ ❝❤❛rt φ : U → V ❛r♦✉♥❞ x ❛♥❞ ❝♦♥st❛♥ts

m,M > 0 s✉❝❤ t❤❛t

m.d(x, y) ≤ ‖φ(x)− φ(y)‖ ≤M.d(x, y)

❢♦r ❛❧❧ x, y ∈ U ✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳✷✳ ❆ ♠❡tr✐❝ d ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♣❛t✐❜❧❡ ♠❡tr✐❝ ✐❢ ✐t ✐s ❧♦❝❛❧❧② ❝♦♠♣❛t✐❜❧❡

❛♥❞ t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❢r♦♠ t❤❡ ♠❡tr✐❝ d ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ t♦♣♦❧♦❣②✳ ❆ ♠❡tr✐❝

❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ ✐s ❛ ♣❛✐r (M, d) ♦❢ ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ M ❛♥❞ ❛ ❝♦♠♣❛t✐❜❧❡ ♠❡tr✐❝ d✳

■❢ (M, b) ✐s ❛ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇❡ ❞❡✜♥❡ t❤❡ ❧❡♥❣t❤ Length(γ) ♦❢ ❛ ♣✐❡❝❡✇✐s❡ C1✲❝✉r✈❡

γ : J →M ❛s t❤❡ ✐♠♣r♦♣❡r ❘✐❡♠❛♥♥ ✐♥t❡❣r❛❧

Length(γ) =

∫

J

bγ(t)(γ̇(t))dt ∈ [0,∞] =

∫

J

‖γ̇(t)‖γ(t)dt ∈ [0,∞].

❲❡ ♦❜t❛✐♥ ❛ ♠❡tr✐❝ d ♦♥ M ❜②

d(x, y) = inf{Length(γ) : γ ✐s ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❝✉r✈❡ ❥♦✐♥✐♥❣ x ❛♥❞ y}.

❲❡ ❝❛❧❧ (M, b) ❝♦♠♣❧❡t❡ ✐❢ ✐t ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ d✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s Pr♦♣♦s✐t✐♦♥ ✶✷✳✷✷ ✐♥ ❬✻✸❪ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❡✈❡r② ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✐s
❛ ♠❡tr✐❝ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ ✐♥ ❛ ❝❛♥♦♥✐❝❛❧ ❢❛s❤✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✸✳ ❚❤❡ ♠❡tr✐❝ d ♦♥ ❛ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ (M, b) ✐s ❝♦♠♣❛t✐❜❧❡ ❛♥❞ ✐♥✈❛r✐✲

❛♥t ✉♥❞❡r t❤❡ ❣r♦✉♣ ♦❢ ❛❧❧ ❞✐✛❡♦♠♦r♣❤✐s♠s φ ♦❢ M ✇✐t❤ b ◦ φ∗ = b✳
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❉❡✜♥✐t✐♦♥ ✶✳✺✳✹✳ ▲❡t (M,µ) ❜❡ ❛ ❝♦♥♥❡❝t❡❞ s②♠♠❡tr✐❝ s♣❛❝❡✱ F t❤❡ ❝❛♥♦♥✐❝❛❧ s♣r❛② ♦♥

M ✱ ❛♥❞ b ❛ ❝♦♠♣❛t✐❜❧❡ t❛♥❣❡♥t ♥♦r♠ ♦♥ M ✳ ■❢ b ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt✱

t❤❡♥ ✇❡ ❝❛❧❧ (M, b, F ) ❛ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ s♣r❛②✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❈♦r♦❧❧❛r② ✶✳✶✶ ✐♥ ❬✹✽❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺✳ ■❢ (M, b, F ) ✐s ❛ ❝♦♠♣❧❡t❡ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ s♣r❛② t❤❡♥ (M, d) ✐s

❝♦♠♣❧❡t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ ✐✳❡✳ Dexp = TM ✳

◆♦t❡ t❤❛t ✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ♦❢ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞s t❤❡ ❢✉♥❝t✐♦♥ b : TM →
R+ ✐s ❛ss✉♠❡❞ t♦ ❜❡ s♠♦♦t❤ ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ③❡r♦ s❡❝t✐♦♥ ❛♥❞ str✐❝t❧② ❝♦♥✈❡① ♦♥
❡❛❝❤ t❛♥❣❡♥t s♣❛❝❡✳ ■♥ ♦✉r ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳

✶✳✺✳✷ ❋✐♥s❧❡r str✉❝t✉r❡ ♦♥ G/U

■❢ (G, σ) ✐s ❛ s②♠♠❡tr✐❝ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ✇❡ ✇❛♥t t♦ t✉r♥ M = G/U ✐♥t♦ ❛ ❋✐♥s❧❡r
♠❛♥✐❢♦❧❞ ♦♥ ✇❤✐❝❤ G ❛❝ts ✐s♦♠❡tr✐❝❛❧❧②✱ s❡❡ t❤❡ ♣❛r❛❣r❛♣❤ ♣r❡✈✐♦✉s t♦ ▲❡♠♠❛ ✸✳✶✵ ✐♥ ❬✹✽❪✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♥♦r♠ ♦♥ p ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♥♦r♠ ♦♥ ToM ❣✐✈❡♥ ❜② ❛♥② ❧♦❝❛❧
❝❤❛rt ✇✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❣r♦✉♣ Ad(U)✱ ✐✳❡✳ ‖Adu(X)‖ = ‖X‖ ❢♦r ❡✈❡r② u ∈ U ❛♥❞
X ∈ p✳ ❲❡ ✐❞❡♥t✐❢② TM ≃ G×U p ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✶✸✳ ❚❤❡♥ b : TM ≃ G×U p→ R+✱
b([g,X]) = ‖X‖ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❞❡✜♥❡s ❛ t❛♥❣❡♥t ♥♦r♠ ♦♥ M ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✻✳ ❚❤❡ t❛♥❣❡♥t ♥♦r♠ ❣✐✈❡♥ ❜② b : TM → R+ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡

t♦♣♦❧♦❣② ♦❢ M ✳

Pr♦♦❢✳ ❚❤❡ ❢✉♥❝t✐♦♥

F : p→ B(p), X 7→
sinh adX
adX

✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ F (0) = 1✱ s♦ t❤❛t t❤❡r❡ ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ 0 ✐♥ p ✇✐t❤ ‖F (x)−1‖ ≤

m ❛♥❞ ‖F (x)‖ ≤M ❢♦r ❛❧❧ x ∈ U ✳ ❚❤❡♥

1

m
‖X‖ ≤ ‖Exp∗xX‖ = ‖F (x)X‖ ≤M‖X‖

❢♦r ❛❧❧ x ∈ U ❛♥❞ X ∈ p✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❡✈✐❞❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✼✳ ❚❤❡ ❢✉♥❝t✐♦♥ b : TM → R+ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥

G×U p ≃ TM ❣✐✈❡♥ ❜② g · [h,X] = [gh,X]✱ ♦r ❛❧t❡r♥❛t✐✈❡❧② ❜② g ·X = (µg)∗X✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✽✳ ❚❤❡ ❢✉♥❝t✐♦♥ b : TM → R+ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt s♦

t❤❛t (G/U, b, F ) ✐s ❛ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ s♣r❛②✳
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Pr♦♦❢✳ P❛r❛❧❧❡❧ tr❛♥s♣♦rt ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ❛t ❛ ♣♦✐♥t ♦❢ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ s②♠♠❡tr✐❡s
❜② t❤❡ ❧❛st ✐t❡♠ ✐♥ ❚❤❡♦r❡♠ ✶✳✹✳✷✳ ❙✐♥❝❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ s②♠♠❡tr✐❡s ✐s ❛ tr❛♥s❧❛t✐♦♥
❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✼ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ tr❛♥s❧❛t✐♦♥s ❧❡❛✈❡s t❤❡ ❢✉♥❝t✐♦♥ b ✐♥✈❛r✐❛♥t t❤❡
st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s✳

❚♦ ♠❛❦❡ ❝❧❡❛r t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ M ✇✐t❤ ✐ts ✉♥❞❡r❧②✐♥❣ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣✱ ✐♥✈♦❧✉t✐♦♥
❛♥❞ ❋✐♥s❧❡r str✉❝t✉r❡ ✇❡ s❤❛❧❧ ✇r✐t❡ M = G/U = Sym(G, σ, ‖ · ‖p) ❛♥❞ ✇❡ s❤❛❧❧ ❝❛❧❧ M ❛
❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡✳

✶✳✺✳✸ ❋✐♥s❧❡r str✉❝t✉r❡ ♦♥ P

▲❡t A ✐s ❛ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛ ❛♥❞ P ≃ G/U ✐s t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥
✶✳✹✳✸✳ ■♥ t❤✐s ❝❛s❡ p = As t❤❡ s❡t ♦❢ s❡❧❢✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ A ❛♥❞ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ♦♥ As✱
✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② ‖·‖✱ ✐s AdU ✲✐♥✈❛r✐❛♥t ❜❡❝❛✉s❡ ✐t ✐s ✉♥✐t❛r✐❧② ✐♥✈❛r✐❛♥t✳ ❲❡ ❝❛♥ ✐❞❡♥t✐❢②
t❤❡ ♠❛♥✐❢♦❧❞ G/U ✇✐t❤ t❤❡ ♠❛♥✐❢♦❧❞ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts P ✳ ■❢ φ : G/U → P ✱
gU 7→ gg∗ t❤❡♥ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

G×U As
≃ // T (G/U)

φ∗ // TP

[g,W ] 7→ q∗g(Lg)∗1W 7→ (gg∗, gWg∗ + gW ∗g∗)

✐♠♣❧✐❡s t❤❛t ❛ ❋✐♥s❧❡r ♠❡tr✐❝ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ♦♥ P ✇✐t❤ t❤❡ ♥♦r♠s ‖ · ‖a : TaP → R+

❢♦r a ∈ P ✇❤✐❝❤ s❛t✐s❢②

‖(ψg)∗aX‖ψg(a) = ‖gXg
∗‖gag∗ = ‖X‖a

❢♦r ❡✈❡r② X ∈ As ≃ TaP ✱ a ∈ P ❛♥❞ g ∈ G✳ ❚❤❡♥✱ ❢♦r a ∈ P

‖(ψ
a
1
2
)∗1X‖ψ

a
1
2
(1) = ‖a

1
2Xa

1
2‖a = ‖X‖1 = ‖X‖

s♦ t❤❛t

‖X‖a = ‖a
− 1

2Xa−
1
2‖ ❢♦r X ∈ As ≃ TaP.

■♥ t❤✐s ✇❛② ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ P = G/U = Sym(G, σ, ‖ · ‖As
) ✐s ❞❡✜♥❡❞✳ ❙❡❡ ❬✷✷❪✱

✇❤❡r❡ t❤✐s ♥♦r♠ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞✳ ❆❧s♦ ♥♦t❡ t❤❛t Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✸ ✐♥ t❤✐s ❝❛s❡ ❝❛♥
❜❡ ❢♦r♠✉❧❛t❡❞ ❛s✿

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✾✳ ❚❤❡ ❛❝t✐♦♥ ψ ♦❢ G ♦♥ (P, d) ❣✐✈❡♥ ❜② g · a = gag∗ ✐s ✐s♦♠❡tr✐❝✳

❙❡❡ Pr♦♣♦s✐t✐♦♥ ✶ ✐♥ ❬✷✶❪✳
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✶✳✻ ❙②♠♠❡tr✐❝ s♣❛❝❡s ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡

✶✳✻✳✶ ❆ ❣❡♥❡r❛❧✐③❡❞ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ t❤❡♦r❡♠

❉❡✜♥✐t✐♦♥ ✶✳✻✳✶✳ ❲❡ s❛② t❤❛t ❛ ❝♦♠♣❧❡t❡ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ s♣r❛② (M, b, F ) ❤❛s

s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✐❢ ❢♦r ❛❧❧ x ∈ M ❛♥❞ X ∈ TxM t❤❡ ♦♣❡r❛t♦r ❜❡t✇❡❡♥ ❇❛♥❛❝❤

s♣❛❝❡s

(expx)∗X : Tx(M) ≃ TX(Tx(M))→ Texpx(X)(M)

✐s ❡①♣❛♥s✐✈❡ ❛♥❞ s✉r❥❡❝t✐✈❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r X ∈ TxM ∩ Dexp ❛♥❞ Y ∈ TX(TxM)

‖(expx)∗X(Y )‖ ≥ ‖Y ‖

❛♥❞ (expx)∗X ✐s ✐♥✈❡rt✐❜❧❡ ❢♦r ❡❛❝❤ X ∈ TxM ∩ Dexp✳

❚❤✐s ✐s ❉❡✜♥✐t✐♦♥ ✶✳✹ ✐♥ ❬✹✽❪✳

❚❤❡♦r❡♠ ✶✳✻✳✷✳ ▲❡t (M, b, F ) ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ s♣r❛② ✇❤✐❝❤ ❤❛s s❡♠✐✲

♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ ❚❤❡♥ (M, b, F ) ✐s ❝♦♠♣❧❡t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡✱

❛♥❞ ✐♥ t❤✐s ❝❛s❡ ❢♦r ❡❛❝❤ x ∈M t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣

expx : TxM →M

✐s ❛ s✉r❥❡❝t✐✈❡ ❝♦✈❡r✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ t❤❡♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣

expx : TxM →M ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳✸✳ ❆ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡t❡ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ s♣r❛② (M, b, F )

✇❤✐❝❤ ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✐s ❝❛❧❧❡❞ ❛ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ ♠❛♥✐❢♦❧❞✳

❘❡♠❛r❦ ✶✳✻✳✹✳ ▲❡t (M, b, F ) ❜❡ ❛ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ ♠❛♥✐❢♦❧❞ ❛♥❞ x ∈M ✳ ■❢ Γ : [0, 1]→

TxM ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ❛♥❞ γ = expx ◦ Γ : [0, 1]→M ✱ t❤❡♥

LengthTxM(Γ) ≤ LengthM(γ)

s✐♥❝❡

‖γ̇(t)‖γ(t) = ‖(expx)∗Γ(t)(Γ̇(t))‖expx(Γ(t)) ≥ ‖Γ̇(t)‖x

❢♦r t ∈ [0, 1]✳

❯s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❧❛st r❡♠❛r❦ ♦♥ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ♠❡tr✐❝

✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt② ✿
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Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✺✳ ▲❡t (M, b, F ) ❜❡ ❛ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ ♠❛♥✐❢♦❧❞✱ t❤❡♥ ❢♦r x ∈M ❛♥❞

X, Y ∈ TxM

‖X − Y ‖x ≤ d(expx(X), expx(Y ))

❛♥❞

‖X‖x = d(x, expx(X)).

❋♦r t✇♦ ♣♦✐♥ts x, y ∈ M t❤❡ ✉♥✐q✉❡ ❣❡♦❞❡s✐❝ s❡❣♠❡♥t αx,y : [0, 1] → M ❥♦✐♥✐♥❣ t❤❡♠ ✐s

❧❡♥❣❤t ♠✐♥✐♠✐③✐♥❣✳

❙❡❡ ❚❤❡♦r❡♠ ✸✳✺ ✐♥ ❈❤❛♣t❡r ❳■✱ ❙❡❝t✐♦♥ ✺ ♦❢ ❬✸✻❪ ❢♦r ❛ ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ❍✐❧❜❡rt ♠❛♥✐❢♦❧❞s ❛♥❞ ▲❡♠♠❛ ✸✳✶ ✐♥ ❬✶✺❪ ❢♦r ❛ ♣r♦♦❢ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✳ ❚❤❡ ♥❡①t
t❤❡♦r❡♠ ✇❛s ♣r♦✈❡❞ ✐♥ ❬✸✽❪

Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✻✳ ▲❡t (M, b, F ) ❜❡ ❛ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ ♠❛♥✐❢♦❧❞✱ t❤❡♥ ❢♦r t✇♦ ❣❡♦❞❡s✐❝

s❡❣♠❡♥ts α, β : [0, 1]→M t❤❡ ❞✐st❛♥❝❡ ♠❛♣

[0, 1]→ [0,+∞), t 7→ d(α(t), β(t))

✐s ❝♦♥✈❡①✳

✶✳✻✳✷ ❈r✐t❡r✐♦♥ ❢♦r s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ♦❢ G/U

■♥ ❬✹✽❪ ◆❡❡❜ ❡st❛❜❧✐s❤❡❞ ❛ ❝r✐t❡r✐♦♥ ❢♦r s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ♦❢ ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝
s♣❛❝❡ G/U = Sym(G, σ, ‖ · ‖p) ✉s✐♥❣ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❞✐ss✐♣❛t✐✈❡ ❛♥❞ ❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦r✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳✼✳ ▲❡t Z ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡✳ ❋♦r z ∈ Z ✇❡ ♣✉t

F (z) = {α ∈ Z ′ : ‖α‖ ≤ 1, 〈α, z〉 = ‖z‖}.

❲❡ ❝❛❧❧ A ∈ B(Z) ❞✐ss✐♣❛t✐✈❡ ✐❢ ❢♦r ❡❛❝❤ z ∈ Z t❤❡r❡ ❡①✐sts ❛♥ α ∈ F (z) ✇✐t❤ Re〈α,A(z)〉 ≤

0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❚❤❡♦r❡♠ ✷✳✷ ✐♥ ❬✹✽❪✳

❚❤❡♦r❡♠ ✶✳✻✳✽✳ ❋♦r A ∈ B(Z) t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t

• A ✐s ❞✐ss✐♣❛t✐✈❡✳

• ❋♦r ❡❛❝❤ t > 0 t❤❡ ♦♣❡r❛t♦r 1− tA ✐s ❡①♣❛♥s✐✈❡✳

• ‖etA‖ ≤ 1 ❤♦❧❞s ❢♦r ❛❧❧ t > 0✳
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• Re〈α,A(z)〉 ≤ 0 ❤♦❧❞s ❢♦r ❛❧❧ z ∈ Z ❛♥❞ α ∈ F (z)✳

• ❋♦r ❡❛❝❤ t > 0 t❤❡ ♦♣❡r❛t♦r 1− tA ✐s ❡①♣❛♥s✐✈❡ ❛♥❞ s✉r②❡❝t✐✈❡✳

❯s✐♥❣ t❤✐s t❤❡♦r❡♠ ◆❡❡❜ ♣r♦✈❡❞ ❛ ❝r✐t❡r✐♦♥ ❢♦r s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❢♦r ❋✐♥s❧❡r
s②♠♠❡tr✐❝ s♣❛❝❡s✱ s❡❡ ❬✹✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺❪✿

❚❤❡♦r❡♠ ✶✳✻✳✾✳ ▲❡t M = G/U = Sym(G, σ, ‖ · ‖p) ❜❡ ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡✳ ❚❤❡♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

• M ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳

• ❚❤❡ ♦♣❡r❛t♦r −(adX)
2|p ✐s ❞✐ss✐♣❛t✐✈❡ ❢♦r ❛❧❧ X ∈ p✳

• ❚❤❡ ♦♣❡r❛t♦r 1 + (adX)
2|p ✐s ❡①♣❛♥s✐✈❡ ❛♥❞ ✐♥✈❡rt✐❜❧❡ ❢♦r ❛❧❧ X ∈ p✳

• ❚❤❡ ♦♣❡r❛t♦r X ∈ p✱ sinh adX
adX

|p ✐s ❡①♣❛♥s✐✈❡ ❛♥❞ ✐♥✈❡rt✐❜❧❡ ❢♦r ❛❧❧ X ∈ p✳

✶✳✻✳✸ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ♦❢ P

■♥ ❬✷✵✱ ❚❤❡♦r❡♠ ✶❪ t❤❡ ✧❡①♣♦♥❡♥t✐❛❧ ♠❡tr✐❝ ✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt②✧ ✇❤✐❝❤ st❛t❡s t❤❛t ❢♦r
a ∈ P ❛♥❞ X, Y ∈ TaP

‖X − Y ‖a ≤ d(expa(X), expa(Y ))

✇❛s s❤♦✇♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ❙❡❣❛❧✬s ✐♥❡q✉❛❧✐t② ✇❤✐❝❤ st❛t❡s t❤❛t ❢♦r s❡❧❢✲❛❞❥♦✐♥t
♦♣❡r❛t♦rs X ❛♥❞ Y

‖eX+Y ‖ ≤ ‖e
X
2 eY e

X
2 ‖.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛s ♣r♦✈❡❞ ❜② ❈♦r❛❝❤✱ P♦rt❛ ❛♥❞ ❘❡❝❤t ✐♥ t❤❡ ❘❡♠❛r❦ ❛t t❤❡ ❡♥❞ ♦❢ ❬✷✵❪
✉s✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❡tr✐❝ ✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt②

❚❤❡♦r❡♠ ✶✳✻✳✶✵✳ ❚❤❡ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ P = G/U = Sym(G, σ, ‖ · ‖) ♦❢ ♣♦s✐t✐✈❡

✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ ❛ C∗✲❛❧❣❡❜r❛ ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳

❚❤❡r❡❢♦r❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✻ ❢♦r t✇♦ ❣❡♦❞❡s✐❝s α ❛♥❞ β ✐♥ P t❤❡ ♠❛♣

[0, 1]→ P t 7→ d(α(t), β(t))

✐s ❝♦♥✈❡①✳ ❚❤✐s ✇❛s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✷ ♦❢ ❬✷✸❪ ✉s✐♥❣ ❬✷✸✱ ❚❤❡♦r❡♠ ✶❪ ✇❤✐❝❤ st❛t❡s t❤❛t
✐❢ J ✐s ❛ ❏❛❝♦❜✐ ✜❡❧❞ ❛❧♦♥❣ ❛ ❣❡♦❞❡s✐❝ α ✐♥ P t❤❡♥

t 7→ ‖J(t)‖α(t)
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✐s ❝♦♥✈❡①✳ ■♥ ❬✸❪ t❤✐s ❢❛❝t ✇❛s s❤♦✇♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ▲ö✇♥❡r✲❍❡✐♥③ ✐♥❡q✉❛❧✐t②
✇❤✐❝❤ st❛t❡s t❤❛t ❢♦r ♣♦s✐t✐✈❡ ♦♣❡r❛t♦rs A,B ❛♥❞ t ∈ [0, 1]

‖AtBt‖ ≤ ‖AB‖t.

■♥ ❚❤❡♦r❡♠ ✻✳✸ ✐♥ ❬✷✷❪ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳ ✐♥ ❬✷✶❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛s ♣r♦✈❡❞✿

Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✶✶✳ ❚❤❡ ✉♥✐q✉❡ ❣❡♦❞❡s✐❝ γa,b : [0, 1]→ P ❥♦✐♥✐♥❣ a ❛♥❞ b ♠✐♥✐♠✐③❡s t❤❡

❞✐st❛♥❝❡✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

d(a, b) = Length(γa,b) = ‖log(a
− 1

2 ba−
1
2 )‖.

❘❡♠❛r❦ ✶✳✻✳✶✷✳ ❚❤❡ ❣❡♦❞❡s✐❝ ✐s ♥♦t ✉♥✐q✉❡ ✇✐t❤ t❤✐s ♣r♦♣❡rt② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡

♥♦r♠s ♦♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡s ❛r❡ ♥♦t ✉♥✐❢♦r♠❧② ❝♦♥✈❡①✳

■♥ ❬✶✻❪ t❤✐s ✇♦r❦ ✇❛s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝♦♥t❡①t ♦❢ ✉♥✐t✐t③❡❞ p✲❙❝❤❛tt❡♥ ♦♣❡r❛t♦rs✳ ▲❡t
A = B(H) st❛♥❞ ❢♦r t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ ❛ s❡♣❛r❛❜❧❡ ❝♦♠♣❧❡① ❍✐❧❜❡rt
s♣❛❝❡ H✱ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ❞❡♥♦t❡❞ ❜② ‖ · ‖✳ ❋♦r 1 ≤ p < ∞ ❧❡t Ap ❜❡ t❤❡ ✐❞❡❛❧ ♦❢
p✲❙❝❤❛tt❡♥ ♦♣❡r❛t♦rs ✇✐t❤ p✲♥♦r♠ ‖·‖p✳ ▲❡t Gp st❛♥❞ ❢♦r t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs
✐♥ t❤❡ ✉♥✐t✐③❡❞ ✐❞❡❛❧✱ t❤❛t ✐s Gp = {g ∈ A

× : g− 1 ∈ Ap}✱ t❤❡♥ Gp ✐s ❛ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣
✭♦♥❡ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❝❧❛ss✐❝❛❧ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s ❬✸✸❪✮✱ ❛♥❞ Ap ✐❞❡♥t✐✜❡s ✇✐t❤ ✐ts ❇❛♥❛❝❤✲
▲✐❡ ❛❧❣❡❜r❛✳ ❈♦♥s✐❞❡r t❤❡ ✐♥✈♦❧✉t✐✈❡ ❛✉t♦♠♦r♣❤✐s♠ σ : Gp → Gp ❣✐✈❡♥ ❜② g 7→ (g∗)−1✳
▲❡t Up ⊆ Gp st❛♥❞ ❢♦r t❤❡ ✉♥✐t❛r② s✉❜❣r♦✉♣ ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ σ✳ ■♥ t❤✐s ❝❛s❡ p ✐s t❤❡
s❡t ♦❢ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs ✐♥ Ap ❛♥❞ t❤❡ ♥♦r♠ ‖ · ‖p ♦♥ p ✐s AdUp

✲✐♥✈❛r✐❛♥t✳ ❲❡ ❝❛♥
✐❞❡♥t✐❢② t❤❡ ♠❛♥✐❢♦❧❞ Gp/Up ✇✐t❤ t❤❡ ♠❛♥✐❢♦❧❞ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ Gp✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ✇❛s ♣r♦✈❡❞ ❜② ❈♦♥❞❡ ❛♥❞ ▲❛r♦t♦♥❞❛ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ♦❢ ❬✶✻❪

❚❤❡♦r❡♠ ✶✳✻✳✶✸✳ ❚❤❡ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ Mp = Gp/Up = Sym(Gp, σ, ‖ · ‖p) ✐s

s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳



❈❤❛♣t❡r ✷

❉❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s

♦❢ s♦♠❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧

❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❡①t❡♥❞ ❝❡rt❛✐♥ r❡s✉❧ts ♦♥ t❤❡ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s
♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❢ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s st✉❞✐❡❞ ❜② ❇❡❧t✐➭➔ ❛♥❞ ●❛❧é ✐♥ ❬✻❪ ❛♥❞ ❛❧s♦ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤❡ ❛❝t✐♥❣ ❣r♦✉♣s ❜② ♠❡❛♥s ♦❢ ❛ s❡r✐❡s ♦❢ ❝❤❛✐♥❡❞ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳

■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❝♦♥♥❡❝t✐♦♥ ❢♦r♠s E ♦♥ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❢ t❤❡ ❢♦r♠ GA/GB✳ ❊①❛♠♣❧❡s ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s ❛r❡ ❣✐✈❡♥✿ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s✱ t❤❡✐r r❡str✐❝t✐♦♥s t♦
❙❝❤❛tt❡♥ ✐❞❡❛❧s ❛♥❞ ♣r♦❥❡❝t✐♦♥s t♦ ❝♦r♥❡rs ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s✳ ❚❤❡ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t
s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ❜② ❈♦♥❞❡ ❛♥❞ ▲❛r♦t♦♥❞❛ ❬✶✻❪ ✐s ✉s❡❞ t♦ ♣r♦✈❡ ❛♥ ❡①t❡♥❞❡❞ ❈♦r❛❝❤✲
P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❡✈❡r❛❧ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳

■♥ ❙❡❝t✐♦♥ ✷✳✸ t❤❡ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝ ❞❡✲
s❝r✐♣t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❢ t❤❡ ❢♦r♠ GA/GB ❛s ❛ss♦❝✐❛t❡❞ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡s ♦✈❡r
UA/UB✳ ❯♥❞❡r ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s ❛❜♦✉t t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❝❤❛r❛❝t❡r ♦❢GA ❛♥❞ t❤❡ ✐♥✈♦✲
❧✉t✐♦♥ σ ♦♥ GA ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥t❡r♣r❡t GA/GB ❛s t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ UA/UB✳ ❯♥❞❡r
t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s GA/GB ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ UA/UB ❛♥❞
✐t ✐s s❤♦✇♥ t❤❛t t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ❤❛s ♥✐❝❡ ❢✉♥❝t♦r✐❛❧ ♣r♦♣❡rt✐❡s r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥
❢♦r♠ E✳ ❋✐♥❛❧❧②✱ ✇❡ ✉s❡ t❤❡ t❤r❡❡ ❡①❛♠♣❧❡s ♦❢ ❝♦♥♥❡❝t✐♦♥ ❢♦r♠s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥
✷✳✷✱ t♦ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s ♦❢ ✢❛❣ ♠❛♥✐❢♦❧❞s✱ ❝♦❛❞❥♦✐♥t
♦r❜✐ts ✐♥ ❙❝❤❛tt❡♥ ✐❞❡❛❧s ❛♥❞ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞s r❡s♣❡❝t✐✈❡❧②✳

✷✺
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✷✳✷ ❙♣❧✐tt✐♥❣ ♦❢ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡s

✷✳✷✳✶ P♦❧❛r ❛♥❞ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t ❞❡❝♦♠♣♦s✐t✐♦♥

❲❡ r❡❝❛❧❧ s♦♠❡ ❢❛❝ts ❛❜♦✉t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ♦❢ M ❛♥❞ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥s ❬✹✽✱
❚❤❡♦r❡♠ ✸✳✶✹ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✶❪ ✇❤✐❝❤ ❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❈❛rt❛♥✲❍❛❞❛♠❛r❞ t❤❡♦r❡♠
✶✳✻✳✷✳

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ▲❡t M = G/U = Sym(G, σ, ‖ · ‖p) ❜❡ ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢

s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ t❤❡♥

✶✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ q ◦ Exp : p→M ✐s ❛ ❝♦✈❡r✐♥❣ ♦❢ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞s ❛♥❞

Γ = {X ∈ p : q(eX) = q(1)}

✐s ❛ ❞✐s❝r❡t❡ ❛♥❞ ❛❞❞✐t✐✈❡ s✉❜❣r♦✉♣ ♦❢ p∩Z(g)✱ ✇✐t❤ Γ ≃ π1(M) ❛♥❞ M ≃ p/Γ✳ Z(g)

❞❡♥♦t❡s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛ g✳ ■❢ X, Y ∈ p ❛♥❞ q(eX) = q(eY )✱

t❤❡♥ X − Y ∈ Γ✳

✷✳ ❚❤❡ ♣♦❧❛r ♠❛♣

m : p× U → G, (X, u) 7→ eXu

✐s ❛ s✉r❥❡❝t✐✈❡ ❝♦✈❡r✐♥❣ ✇❤♦s❡ ✜❜❡rs ❛r❡ ❣✐✈❡♥ ❜② t❤❡ s❡ts {(X − Z, eZu) : Z ∈ Γ }✱

u ∈ U ✱ X ∈ p✳ ■❢ M ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ t❤❡ ♠❛♣ m ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳

▲❡t A ❜❡ ❛ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛✱ s✐♥❝❡ ❜② ❚❤❡♦r❡♠ ✶✳✻✳✶✵ G/U ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❛♥❞
❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✇❡ ❣❡t t❤❡ ✉s✉❛❧ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts
❛s ❛ ♣r♦❞✉❝t ♦❢ ❛ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥t ❛♥❞ ❛ ✉♥✐t❛r②✳

❈♦r♦❧❧❛r② ✷✳✷✳✷✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶ G+
A = ep✳ ◆♦t❡ t❤❛t ❣✐✈❡♥ h ∈ G+

A

t❤❡r❡ ✐s ❛ g ∈ GA s✉❝❤ t❤❛t h = gσ(g)−1✳ ❯s✐♥❣ t❤❡ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ GA t❤❡r❡ ❛r❡

X ∈ p ❛♥❞ u ∈ U s✉❝❤ t❤❛t g = eXu✳ ❚❤❡♥ h = eXuσ(eXu)−1 = eXuu−1eX = e2X ∈ ep✳

❲❡ ♥♦t❡ ❛❧s♦ t❤❛t eX = e
1
2
Xσ(e

1
2
X)−1 ∈ G+

A ❢♦r ❡✈❡r② X ∈ p✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r❡♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡s ♦❢
s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✇❛s ♣r♦✈❡♥ ❜② ❈♦♥❞❡ ❛♥❞ ▲❛r♦t♦♥❞❛ ✐♥ ❬✶✻❪✳

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t ❞❡❝♦♠♣♦s✐t✐♦♥

▲❡t M = G/U = (G, σ, ‖ · ‖p) ❜❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢

s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ ▲❡t p ∈ B(p) ❜❡ ❛♥ ✐❞❡♠♣♦t❡♥t✱ p2 = p✳ ▲❡t s := Ran(p)✱

s′ := Ran(1 − p) = Ker(p)✱ s♦ t❤❛t p = s ⊕ s′✳ ■❢ ad2s(s) ⊆ s✱ ad2s(s
′) ⊆ s′ ❛♥❞ ‖p‖ = 1✱

t❤❡♥ t❤❡ ♠❛♣s

Φ : U × s′ × s→ G, (u,X, Y ) 7→ ueXeY
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Ψ : s′ × s→ G+, (X, Y ) 7→ eY e2XeY

❛r❡ ❞✐✛❡♦♠♦r♣❤✐s♠s✳

✷✳✷✳✷ ❘❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❞❡✜♥✐t✐♦♥s ❛r❡ ❢r♦♠ ❇❡❧t✐➭➔ ❛♥❞ ●❛❧é ❬✼❪✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✹✳ ❆ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✐s ❛ tr✐♣❧❡ (GA, GB;E) ✇❤❡r❡ GA ✐s ❛ r❡❛❧

♦r ❝♦♠♣❧❡① ❝♦♥♥❡❝t❡❞ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ✇✐t❤ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛ gA✱ GB ✐s ❛ ❝♦♥♥❡❝t❡❞

❇❛♥❛❝❤✲▲✐❡ s✉❜❣r♦✉♣ ♦❢ GA ✇✐t❤ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛ gB✱ ❛♥❞ E : gA → gA ✐s ❛ R✲

❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s tr❛♥s❢♦r♠❛t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ E ◦ E = E❀

RanE = gB✱ ❛♥❞ ❢♦r ❡✈❡r② g ∈ GB t❤❡ ❞✐❛❣r❛♠

gA

Adg

��

E // gB

Adg

��
gA

E // gB

❝♦♠♠✉t❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✺✳ ❆♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❢r♦♠ (GA, GB;E) t♦ (G̃A, G̃B; Ẽ)

✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣s α : GA → G̃A s✉❝❤ t❤❛t α(GB) ⊆ G̃B ❛♥❞ s✉❝❤

t❤❛t t❤❡ ❞✐❛❣r❛♠

gA

α∗1

��

E // gB

α∗1

��
g̃A

Ẽ // g̃B

❝♦♠♠✉t❡s✳

❋♦r ❡①❛♠♣❧❡✱ ❛ ❢❛♠✐❧② ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ ❛♥② r❡❞✉❝t✐✈❡ str✉❝t✉r❡ (GA, GB;E) ✐s

❣✐✈❡♥ ❜② Ig : x 7→ gxg−1✱ GA → GA✱ (g ∈ GB)✳

❘❡♠❛r❦ ✷✳✷✳✻✳ ■❢ (GA, GB;E) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡✱ t❤❡ t❤❡ ✐❞❡♥t✐t② ♠❛♣ idGA
: Ga →

GA ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❜❡❝❛✉s❡ idGA
(GB) = GB ❛♥❞ (idGA

)∗1 ◦ E =

E ◦ (idGA
)∗1✳ ■❢ α ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❢r♦♠ (GA, GB;E) t♦ (G̃A, G̃B; Ẽ)

❛♥❞ β ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❢r♦♠ (G̃A, G̃B; Ẽ) t♦ (ĜA, ĜB; Ê) t❤❡♥

β ◦ α(GB) = β(α(GB)) ⊆ β(G̃B) ⊆ ĜB

❛♥❞

(β ◦ α)∗1 ◦ E = β∗1 ◦ α∗1 ◦ E = β∗1 ◦ Ẽ ◦ α∗1 = Ê ◦ β∗1 ◦ α∗1 = Ê ◦ (β ◦ α)∗1
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s♦ t❤❛t β ◦α ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❢r♦♠ (GA, GB;E) t♦ (ĜA, ĜB; Ê)✳ ❲❡

❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❛♥❞ ✇❤♦s❡

♠♦r♣❤✐s♠ ❛r❡ ♠♦r♣❤✐s♠s ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳

◆♦✇ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥✈♦❧✉t✐♦♥s ✐♥ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✼✳ ■❢ (GA, GB;E) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ❛♥❞ σ ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡ ♠♦r♣❤✐s♠

♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇❡ ❝❛❧❧ (GA, GB;E, σ) ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳

■❢ (GA, GB;E, σ) ❛♥❞ (G̃A, G̃B; Ẽ, σ̃) ❛r❡ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❛♥❞ α ✐s

❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❢r♦♠ (GA, GB;E) t♦ (G̃A, G̃B; Ẽ) s✉❝❤ t❤❛t α ◦ σ =

σ̃ ◦ α t❤❡♥ ✇❡ ❝❛❧❧ α ❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❢r♦♠

(GA, GB;E, σ) t♦ (G̃A, G̃B; Ẽ, σ̃)✳

❆s ✐♥ ❘❡♠❛r❦ ✷✳✷✳✻ t❤❡ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❛♥❞ ♠♦r♣❤✐s♠s ♦❢ r❡❞✉❝✲
t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❛r❡ ❛ ❝❛t❡❣♦r②✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✽✳ ■❢ B ✐s ❛ C∗✲s✉❜❛❧❣❡❜r❛ ♦❢ ❛ C∗✲❛❧❣❡❜r❛ A t❤❡♥ ❛ C✲❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥

E : A → A ✇✐t❤ RanE = B✱ E(1A) = 1B(= 1A) ❛♥❞ ‖E‖ = 1 ✐s ❝❛❧❧❡❞ ❛ ❝♦♥❞✐t✐♦♥❛❧

❡①♣❡❝t❛t✐♦♥✳ ❇② ❚♦♠✐②❛♠❛✬s t❤❡♦r❡♠ ❬✻✷❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

E(b1ab2) = b1E(a)b2 ❢♦r ❛❧❧ a ∈ A; b1, b2 ∈ B

E(a∗) = E(a)∗ ❢♦r ❛❧❧ a ∈ A.

❊①❛♠♣❧❡ ✷✳✷✳✾✳ ❈♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ✐♥ C∗✲❛❧❣❡❜r❛s

▲❡t A ❛♥❞ B ❜❡ t✇♦ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛s✱ s✉❝❤ t❤❛t B ✐s ❛ s✉❜❛❧❣❡❜r❛ ♦❢ A ❛♥❞ ❧❡t

E : A→ B ❜❡ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✳ ▲❡t GΛ ❢♦r Λ ∈ {A,B} ❜❡ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣

♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ Λ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ❣✐✈❡♥ ❜② t❤❡ ✉♥✐❢♦r♠ ♥♦r♠✳ ❚❤❡♥

t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛ ♦❢ GΛ ✐s gΛ = Λ✳ ❙✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ Adg(X) = gXg−1 ❢♦r

❡❛❝❤ g ∈ GA ❛♥❞ X ∈ A ≃ T1G ✇❡ s❡❡ t❤❛t

E(Adg(X)) = E(gXg−1) = gE(X)g−1 = Adg(E(X))

❢♦r g ∈ GB ❛♥❞ X ∈ A ≃ T1G s♦ t❤❡ ❡①♣❡❝t❛t✐♦♥ E : gA = A → gB = B s❛t✐s✜❡s t❤❡

❝♦♥❞✐t✐♦♥s ♦❢ ❉❡❢✳ ✷✳✷✳✹✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t (GA, GB;E) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡✳ ■♥ ❢❛❝t✱

t❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ t❤❛t ✇❛s t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤❛t ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ♣❛♣❡r ❬✼❪✳

■❢ (GA, GB;E) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ t❤❛t ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❛♥ ✐♥❝❧✉s✐♦♥ ♦❢ C∗✲❛❧❣❡❜r❛s

❛♥❞ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛s ❛❜♦✈❡ t❤❡♥ σ : GA → GA✱ a 7→ (a−1)∗ ✐s ✐♥✈♦❧✉t✐✈❡✱

s❛t✐s✜❡s σ(GB) = GB ❛♥❞ s✐♥❝❡ σ∗1 : A→ A✱ X 7→ −X∗ ✐t ❛❧s♦ s❛t✐s✜❡s

E(σ∗1(X)) = E(−X∗) = −E(X)∗ = σ∗1(E(X))
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❢♦r X ∈ A✳ ❍❡♥❝❡ σ ❞❡✜♥❡s ❛♥ ✐♥✈♦❧✉t✐✈❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❛♥❞

(GA, GB;E, σ) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳

■❢ ❢♦r t✇♦ tr✐♣❧❡s (A,B;E)✱ (Ã, B̃; Ẽ) t❤❡r❡ ✐s ❛ ❜♦✉♥❞❡❞ ∗✲❤♦♠♦♠♦r♣❤✐s♠ φ : A→ Ã

✇❤✐❝❤ s❛t✐s✜❡s φ◦E = Ẽ◦φ✱ t❤❡♥ α = φ|GA
❞❡✜♥❡s ❛ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤

✐♥✈♦❧✉t✐♦♥ ❢r♦♠ (GA, GB;E, σ) t♦ (G̃A, G̃B; Ẽ, σ̃)✳ ❚♦ s❡❡ t❤✐s ♥♦t❡ t❤❛t ❢r♦♠ φ◦E = Ẽ ◦φ

✐t ❢♦❧❧♦✇s t❤❛t φ(B) = φ(E(A)) = Ẽ(φ(A)) ⊆ Ẽ(Ã) = B̃ s♦ t❤❛t α(GB) ⊆ G̃B✳ ◆♦t❡ t❤❛t

α∗1 = φ : A = gA → Ã = g̃A s♦ t❤❛t α∗1 ◦ E = Ẽ ◦ α∗1✳ ❆❧s♦ α(σ(a)) = α((a−1)∗) =

((α(a))−1)∗ = σ̃(α(a)) ❢♦r a ∈ GA✳

❊①❛♠♣❧❡ ✷✳✷✳✶✵✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤ ♦❢ ❙✉❜s❡❝t✐♦♥ ✶✳✻✳✸ ✇❤❡r❡

❣r♦✉♣s ♦❢ ❙❝❤❛tt❡♥ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ✐❞❡♥t✐t② ✐s ❞✐s❝✉ss❡❞✳ ▲❡t B ⊆ A = B(H) ❜❡ ❛

C∗✲s✉❜❛❧❣❡❜r❛✱ ❛♥❞ ❧❡t E : A → B ❜❡ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❛♥❣❡ B s✉❝❤ t❤❛t

E s❡♥❞s tr❛❝❡✲❝❧❛ss ♦♣❡r❛t♦rs t♦ tr❛❝❡✲❝❧❛ss ♦♣❡r❛t♦rs ❛♥❞ E ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ tr❛❝❡✱

t❤❛t ✐s Tr(E(x)) = Tr(x) ❢♦r ❛♥② tr❛❝❡✲❝❧❛ss ♦♣❡r❛t♦r x ∈ A✳ ▲❡t p ≥ 1✱ Ap ❜❡ t❤❡ ✐❞❡❛❧

♦❢ p✲❙❝❤❛tt❡♥ ♦♣❡r❛t♦rs ✐♥ A✱ Bp = B ∩ Ap✱

GA,p = {g ∈ A
× : g − 1 ∈ Ap} ❛♥❞ GB,p = {g ∈ A

× : g − 1 ∈ Bp}.

❚❤❡♥ gA,p = Ap ❛♥❞ gB,p = Bp ❛r❡ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❛❧❣❡❜r❛s ♦❢ GA,p ❛♥❞ GB,p r❡s♣❡❝t✐✈❡❧②✳

■t ✇❛s ♣r♦✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺ ♦❢ ❬✶✻❪ t❤❛t Ep = EAp
: Ap → Bp ❛♥❞ t❤❛t ‖Ep‖ = 1✳ ■t ❡❛s②

t♦ s❡❡ t❤❛t (GA,p, GB,p;Ep, σ) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✷✳✶✶✳ ❈♦r♥❡rs

▲❡t H ❜❡ ❛ ❍✐❧❜❡rt s♣❛❝❡✱ n ≥ 1 ❛♥❞ pi✱ i = 1, . . . , n+1 ❜❡ ♣❛✐r✇✐s❡ ♦rt❤♦❣♦♥❛❧ ♥♦♥✲③❡r♦

♣r♦❥❡❝t✐♦♥s ✇✐t❤ r❛♥❣❡ Hi ❛♥❞
∑n−1

i=1 pi = 1✳ ▲❡t GA ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢

B(H) ❛♥❞ ❧❡t

GB =









































g1 0 . . . 0 0

0 g2 . . . 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 . . . gn 0

0 0 . . . 0 1















: gi ✐♥✈❡rt✐❜❧❡ ✐♥ B(Hi) ❢♦r i = 1, . . . , n



























;

✇❤❡r❡ ✇❡ ✇r✐t❡ ♦♣❡r❛t♦rs ✐♥ B(H) = B(H1 ⊕ . . . ⊕ Hn+1) ❛s (n + 1) × (n + 1) ♠❛tr✐❝❡s

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r ❡♥tr✐❡s✳

■♥ t❤✐s ❝❛s❡ gA = B(H) ❛♥❞

gB =









































X1 0 . . . 0 0

0 X2 . . . 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 . . . Xn 0

0 0 . . . 0 0















: Xi ✐♥ B(Hi) ❢♦r i = 1, . . . , n



























.
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■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ E : gA → gB✱ X 7→
∑n

i=1 piXpi ❛♥❞ σ = (·)∗−1 ✐t ✐s ❡❛s✐❧②

✈❡r✐✜❡❞ t❤❛t (GA, GB;E, σ) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳ ❚♦ s❡❡ t❤✐s ♥♦t❡ t❤❛t

✐❢

g =















g1 0 . . . 0 0

0 g2 . . . 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 . . . gn 0

0 0 . . . 0 1















∈ GB

❛♥❞

X =















X1,1 X1,2 . . . X1,n X1,n+1

X2,1 X2,2 . . . X2,n X2,n+1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳

Xn,1 Xn,2 . . . Xn,n Xn,n+1

Xn+1,1 Xn+1,2 . . . Xn+1,n Xn+1,n+1















∈ B(H) = T1GA,

t❤❡♥

AdgX = gXg−1 =















g1X1,1g
−1
1 g1X1,2g

−1
2 . . . g1X1,ng

−1
n g1X1,n+1

g2X2,1g
−1
1 gX2 2,2g

−1
2 . . . g2X2,ng

−1
n g2X2,n+1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳

gnXn,1g
−1
1 gnXn,2g

−1
2 . . . gnXn,ng

−1
n gnXn,n+1

Xn+1,1g
−1
1 Xn+1,2g

−1
2 . . . Xn+1,ng

−1
n Xn+1,n+1















,

s♦ t❤❛t

E(AdgX) =















g−1
1 X1,1g

−1
1 0 . . . 0 0

0 g−1
2 X2,2g

−1
2 . . . 0 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳

0 0 . . . g−1
n Xn,ng

−1
n 0

0 0 . . . 0 0















.

❆s❧♦ ♥♦t❡ t❤❛t ‖E‖ = 1 s✐♥❝❡ ✇❡ ❣❡t E ❜② ✜rst t❛❦✐♥❣ t❤❡ ❞✐❛❣♦♥❛❧ ❜❧♦❝❦s ❛♥❞ t❤❡♥

♠❛❦✐♥❣ t❤❡ ❧❛st ❜❧♦❝❦ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❜❧♦❝❦s ③❡r♦ ❛♥❞ t❤❡s❡ t✇♦ ♦♣❡r❛t♦rs ❤❛✈❡ ♥♦r♠ 1✳

✷✳✷✳✸ ❊①t❡♥❞❡❞ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t ❞❡❝♦♠♣♦s✐t✐♦♥

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✷✳ ■❢ (GA, σ) ✐s ❛ s②♠♠❡tr✐❝ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ✇❡ s❛② t❤❛t ❛ ❝♦♥♥❡❝t❡❞

s✉❜❣r♦✉♣ GB ⊆ GA ✐s ✐♥✈♦❧✉t✐✈❡ ✐❢ σ(GB) = GB✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ✐s ❈♦r♦❧❧❛r② ■■✳✸ ✐♥ ❬✹✽❪✳
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▲❡♠♠❛ ✷✳✷✳✶✸✳ ■❢ A ∈ B(Z) ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ Z ❛♥❞ W ✐s ❛

A✲✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡ ♦❢ Z✱ t❤❡♥ A|W ✐s ❞✐ss✐♣❛t✐✈❡✳

❘❡♠❛r❦ ✷✳✷✳✶✹✳ ■❢ GB ⊆ GA ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡ ❇❛♥❛❝❤✲▲✐❡ s✉❜❣r♦✉♣ ✇✐t❤ ❇❛♥❛❝❤✲▲✐❡

❛❧❣❡❜r❛ gB ⊆ gA ❛♥❞ gA = p ⊕ u ✐s t❤❡ ❡✐❣❡♥s♣❛❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ σ∗1✱ ✇❡ ❝❛♥ ✇r✐t❡

gB = pB ⊕ uB✱ ✇❤❡r❡ pB := p ∩ gB ❛♥❞ uB := u ∩ gB✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✺✳ ●✐✈❡♥ ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡

MA = GA/UA = Sym(GA, σ, ‖ · ‖p)

♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ ✐❢ GB ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡ s✉❜❣r♦✉♣✱ t❤❡♥

MB = GB/UB = Sym(GB, σ|GB
, ‖ · ‖pB)

✐s ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ ❆❧s♦✱ ❜② ❛❞❛♣t✐♥❣ t❤❡ ♥♦t❛t✐♦♥

♦❢ t❤❡ ✜rst ✐t❡♠ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ t❤❡ ✐♥❝❧✉s✐♦♥ ΓB ⊆ ΓA∩pB ❤♦❧❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ MA

✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ t❤❡♥ MB ✐s ❛❧s♦ s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❲❡ ❝❛♥ r❡str✐❝t t❤❡ AdUA
✲✐♥✈❛r✐❛♥t ♥♦r♠ ♦❢ MA = GA/UA t♦ pB t♦ ❣✐✈❡ MB =

GB/UB ❛ AdUB
✲✐♥✈❛r✐❛♥t ♥♦r♠✳ ❙✐♥❝❡ ❢♦r ❡❛❝❤X ∈ p t❤❡ ♦♣❡r❛t♦r −(adX)2|p ✐s ❞✐ss✐♣❛t✐✈❡

❛♥❞ −(adX)2|p(pB) ⊆ pB ❢♦r ❛❧❧ X ∈ pB✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✷✳✷✳✶✸ t❤❛t t❤❡ ♦♣❡r❛t♦r
−(adX)

2|pB ✐s ❞✐ss✐♣❛t✐✈❡ ❢♦r ❛❧❧ X ∈ pB✳ ❚❤❡r❡❢♦r❡ MB = GB/UB = Sym(GB, σ|GB
, ‖ ·

‖pB) ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳
■❢ X ∈ ΓB t❤❡♥ qB ◦ ExpB(X) = oB s♦ t❤❛t ExpA(X) = ExpB(X) ∈ UB ⊆ UA ❛♥❞

qA ◦ ExpA = oA✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ΓB ⊆ ΓA ∩ pB✳

❘❡♠❛r❦ ✷✳✷✳✶✻✳ ■❢ (GA, GB;E) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡✱ s✐♥❝❡ Adg ◦ E = E ◦ Adg ❢♦r

❡❛❝❤ g ∈ GB ✇❡ s❡❡ t❤❛t Adg(KerE) ⊆ KerE ❢♦r ❡✈❡r② g ∈ GB✳ ■❢ σ ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡

❛✉t♦♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ❛♥❞ gA = u⊕p ✐s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❡✐❣❡♥s♣❛❝❡s

♦❢ σ∗1 t❤❡♥ AdUA
(p) ⊆ p ❛♥❞ AdUA

(u) ⊆ u✱ s♦ t❤❛t t❤❡ ❛❝t✐♦♥s Ad : UB → B(pE) ❛♥❞

Ad : UB → B(uE) ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡ pE := KerE∩p ❛♥❞ uE := KerE∩u✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t✲t②♣❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✸✳

❚❤❡♦r❡♠ ✷✳✷✳✶✼✳ ■❢ ❢♦r n ≥ 2 ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ♦❢ ❝♦♥♥❡❝t❡❞ ❇❛♥❛❝❤✲▲✐❡

❣r♦✉♣s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣s ❜❡t✇❡❡♥ t❤❡✐r ▲✐❡ ❛❧❣❡❜r❛s

G1 ⊆ G2 ⊆ · · · ⊆ Gn

g1
E2←− g2

E3←− . . .
En←− gn

❛♥❞ ❛ ♠♦r♣❤✐s♠ σ : Gn → Gn s✉❝❤ t❤❛t✿
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• (Gn, Gn−1;En, σ)✱(Gn−1, Gn−2;En, σ|Gn−1)✱✳ ✳ ✳ ✱ (G2, G1;E2, σ|G2) ❛r❡ r❡❞✉❝t✐✈❡ str✉❝✲

t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳

• Mn = Gn/Un = Sym(Gn, σ, ‖ · ‖) ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢

s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳

• ‖Ek pk‖ = 1 ❢♦r k = 2, . . . , n✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐t❡♠ r❡str✐❝t❡❞

t♦ pk := p ∩ gk✳

❚❤❡♥ t❤❡ ♠❛♣s

Φn : Un × pEn
× · · · × pE2 × p1 → Gn

(un, Xn, . . . , X2, Y1) 7→ une
Xn . . . eX2eY1

Ψn : pEn
× · · · × pE2 × p1 → G+

n

(Xn, . . . , X2, Y1) 7→ eY1eX2 . . . eXn−1e2XneXn−1 . . . eX2eY1

❛r❡ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ ✇❤❡r❡ pEk
:= KerEk ∩ pk ❢♦r k = 2, . . . , n✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t Pr♦♣✳ ✷✳✷✳✶✺ ✐♠♣❧✐❡s t❤❛t Mk := Gk/Uk ❛r❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r
s②♠♠❡tr✐❝ s♣❛❝❡s ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❢♦r k = 2, . . . , n✳ ❲❡ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t
❛❜♦✉t t❤❡ ♠❛♣ Φ ❢♦r t❤❡ ❝❛s❡ n = 2 ❛♥❞ t❤❡♥ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ❢♦r n > 2 ❜② ✐♥❞✉❝t✐♦♥✳

❙✐♥❝❡ E2 ◦ σ∗1 = σ∗1 ◦ E2✱ E2(p2) ⊆ p2✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r p := E2 p2 : p2 → p2✳ ❲❡ s❡❡
t❤❛t ‖p‖ = 1 ❛♥❞ Ker(p) = Ran(1 − p) = pE2 ✳ ❆❧s♦✱ s✐♥❝❡ E2

2 = E2 ❛♥❞ Ran(E2) = g1✱
Ran(p) = p1✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ad2p1(p1) ⊆ p1 ♦❢ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✐s tr✐✈✐❛❧✳
❆❧s♦ ♥♦t❡ t❤❛t ❢♦r ❡✈❡r② g ∈ G1 ❛♥❞ ❢♦r ❡✈❡r② X ∈ g2✱ Adg(E2(X)) = E2(Adg(X))✳ ■❢
Y ∈ g1 ❛♥❞ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ AdetY (E2(X)) = E2(AdetY (X)) ❛t t = 0 ✇❡ ❣❡t adY (E2(X)) =

E2(adY (X)) ❛♥❞ t❤❡r❡❢♦r❡ adg1(KerE2) ⊆ KerE2✳ ❙✐♥❝❡ ad2p2(p2) ⊆ p2 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
ad2p1(pE2) ⊆ pE2 ✳ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠

Φ2 : U2 × pE2 × p1 → G2

(u2, X2, Y1) 7→ u2e
X2eY1 . ✭✷✳✶✮

❆ss✉♠❡ ♥♦✇ t❤❛t n > 2 ❛♥❞ t❤❛t t❤❡ t❤❡♦r❡♠ ✐s tr✉❡ ❢♦r k = n− 1 ❛♥❞ k = 2✳ ❲❡ ♣r♦✈❡
t❤❛t Φn ✐s s✉r❥❡❝t✐✈❡✳ ■❢ gn ∈ Gn t❤❡♥ t❤❡ s♣❧✐tt✐♥❣ ✭✷✳✶✮ ❞❡r✐✈❡❞ ❛❜♦✈❡ ❢r♦♠ ❚❤❡♦r❡♠
✷✳✷✳✸ ❛♣♣❧✐❡❞ t♦ t❤❡ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ (Gn, Gn−1;En) ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ un ∈ Un✱
Xn ∈ pEn

❛♥❞ Yn−1 s✉❝❤ t❤❛t gn = une
XneYn−1 ✳ ❙✐♥❝❡ eYn−1 ∈ Gn−1 ❛♣♣❧②✐♥❣ ✭✷✳✶✮ ✐♥ t❤❡

❝❛s❡ k = n − 1 ✇❡ ❣❡t un−1 ∈ Un−1✱ Xn−1 ∈ pEn−1 ✱✳ ✳ ✳ ✱ X2 ∈ pE2 ❛♥❞ Y1 ∈ p1 s✉❝❤ t❤❛t
eYn−1 = un−1e

Xn−1 . . . eX2eY1 ✳ ❚❤❡♥

gn = une
XneYn−1 = une

Xnun−1e
Xn−1 . . . eX2eY1 = unun−1e

Ad
u
−1
n−1

Xn

eXn−1 . . . eX2eY1
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✐s ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ Φn ❜❡❝❛✉s❡ Adu−1
n−1
Xn ∈ pEn

✳
❲❡ ♣r♦✈❡ t❤❛t Φn ✐s ✐♥❥❡❝t✐✈❡✳ ❆ss✉♠❡ t❤❛t

une
XneXn−1 . . . eX2eY1 = u′ne

X′
neX

′
n−1 . . . eX

′
2eY

′
1 .

❙✐♥❝❡ eXn−1 . . . eX2eY1 ∈ Gn−1 t❤❡r❡ ❛r❡ un−1 ∈ Un−1 ❛♥❞ Yn−1 ∈ pn−1 s✉❝❤ t❤❛t

un−1e
Yn−1 = eXn−1 . . . eX2eY1 .

❆❧s♦ t❤❡r❡ ❛r❡ u′n−1 ∈ Un−1 ❛♥❞ Y ′
n−1 ∈ pn−1 s✉❝❤ t❤❛t

u′n−1e
Y ′
n−1 = eX

′
n−1 . . . eX

′
2eY

′
1 .

❚❤❡♥
unun−1e

Ad−1
un−1

XneYn−1 = u′nu
′
n−1e

Ad
u′

−1
n−1

X′
n

eY
′
n−1

❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ❢♦r k = 2 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

unun−1 = u′nu
′
n−1

Adu−1
n−1
Xn = Adu′−1

n−1
X ′
n ✭✷✳✷✮

Yn−1 = Y ′
n−1.

❙✐♥❝❡ un−1e
Yn−1 = eXn−1 . . . eX2eY1 ❛♥❞ u′n−1e

Y ′
n−1 = eX

′
n−1 . . . eX

′
2eY

′
1

u−1
n−1e

Xn−1 . . . eX2eY1 = eYn−1 = eY
′
n−1 = u′

−1
n−1e

X′
n−1 . . . eX

′
2eY

′
1

t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ❢♦r k = n − 1 ✐♠♣❧✐❡s t❤❛t un−1 = u′n−1✱ Xn−1 =

X ′
n−1✱✳ ✳ ✳ ✱ X2 = X ′

2 ❛♥❞ Y1 = Y ′
1 ✳ ❚❤❡ ❡q✉❛❧✐t✐❡s ✐♥ ✭✷✳✷✮ s❛② t❤❛t un = u′n ❛♥❞ Xn = X ′

n

❛❧s♦ ❤♦❧❞✳
❲❡ ♣r♦✈❡ t❤❛t Ψn ✐s ❜✐❥❡❝t✐✈❡ ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t Φn ✐s ❜✐❥❡❝t✐✈❡✳ ■❢ pn ∈ G+

A

t❤❡♥ pn = gng
∗
n ❢♦r s♦♠❡ gn ∈ Gn✳ ❇❡❝❛✉s❡ Φn ✐s s✉r❥❡❝t✐✈❡ t❤❡r❡ ❛r❡ un ∈ Un✱

Xn ∈ pEn
✱✳ ✳ ✳ ✱ X2 ∈ pE2 ❛♥❞ Y1 ∈ p1 s✉❝❤ t❤❛t g∗n = une

Xn . . . eX2eY1 ✳ ❚❤❡♥ pn =

gng
∗
n = eY1eX2 . . . e2Xn . . . eX2eY1 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Ψn ✐s s✉r❥❡❝t✐✈❡✳ ❚♦ s❡❡ t❤❛t

Ψn ✐s ✐♥❥❡❝t✐✈❡ ❧❡t ❛ss✉♠❡ t❤❛t eY1eX2 . . . e2Xn . . . eX2eY1 = eY
′
1eX

′
2 . . . e2X

′
n . . . eX

′
2eY

′
1 ✳ ■❢

gn := eY1eX2 . . . eXn ❛♥❞ g′n := eY
′
1eX

′
2 . . . eX

′
n t❤❡♥ gng∗n = g′ng

′∗
n ❛♥❞ t❤❡r❡❢♦r❡ t❤❡r❡ ✐s ❛♥

un ∈ Un s✉❝❤ t❤❛t gnun = g′n✳ ❚❤❡♥ une
Xn . . . eX2eY1 = eX

′
n . . . eX

′
2eY

′
1 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t (Xn, . . . , X2, Y1) = (X ′
n, . . . , X

′
2, Y

′
1)✳

❲❡ ♣r♦✈❡ t❤❛t Φn ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❜② ✐♥❞✉❝t✐♦♥✳ ❚❤❡♦r❡♠ ✷✳✷✳✸ st❛t❡s t❤❛t Φ2 ✐s
❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❆ss✉♠❡ t❤❛t n > 2 ❛♥❞ t❤❛t Φn−1 ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ■❢ gn ∈ Gn

t❤❡♥ gn = un(gn)e
Xn(gn)eYn−1(gn)✱ ✇❤❡r❡ (un, Xn, Yn−1) : Gn → Un × pEn

× pn−1 ✐s s♠♦♦t❤
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❜❡❝❛✉s❡ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣ ✐s s♠♦♦t❤ ✐♥ t❤❡ ❝❛s❡ n = 2✳ ■❢
✇❡ ❞❡♥♦t❡ f(gn) := eY n−1(gn) t❤❡♥ f ✐s ❛ s♠♦♦t❤ ♠❛♣ ❛♥❞

f(gn) = un−1(f(gn))e
Xn−1(f(gn)) . . . eX2(f(gn))eY1(f(gn))

✇❤❡r❡
(un−1, Xn−1, . . . , X2, Y1) : Gn−1 → Un−1 × pEn−1 × · · · × pE2 × p1

✐s ❛ s♠♦♦t❤ ♠❛♣✳ ❙✐♥❝❡

gn = un(gn)e
Xn(gn)un−1(f(gn))e

Xn−1(f(gn)) . . . eX2(f(gn))eY1(f(gn)) =

un(gn)un−1(f(gn))e
Ad

u
−1
n−1(f(gn))

Xn(gn)
eXn−1(f(gn)) . . . eX2(f(gn))eY1(f(gn))

✇❡ ❣❡t t❤❛t Φ−1
n : Gn → Un × pEn

× · · · × pE2 × p1

gn 7→ (un(gn)un−1(f(gn)), Adu−1
n−1(f(gn))

Xn(gn), . . . , X2(f(gn)), Y1(f(gn)))

✐s s♠♦♦t❤✳
❲❡ ♣r♦✈❡ ♥❡①t t❤❛t Ψ−1 = (Xn, . . . , X2, Y1) ✐s s♠♦♦t❤✳ ▲❡t gn ∈ Gn✱ t❤❡♥ ✐❢ pn = g∗ngn✱

pn = e(Y 1(pn))e(X2(pn)) . . . e(Xn−1(pn))e(2Xn(pn))e(Xn−1(pn)) . . . e(X2(pn))e(Y 1(pn)).

❙✐♥❝❡ gn = un(gn)e
Xn(gn) . . . eX2(gn)eY1(gn) ✇❤❡r❡ Φ−1 = (un, Xn, . . . , X2, Y1)✱ ✇❡ ❣❡t

pn := g∗ngn = eY1(gn)eX2(gn) . . . eXn−1(gn)e2Xn(gn)eXn−1(gn) . . . eX2(gn)eY1(gn)

s♦ t❤❛t
(Xn, . . . , X2, Y1) = (Xn, . . . , X2, Y1) ◦ π

✇❤❡r❡ π : Gn → G+
n , gn → g∗ngn✳ ❙✐♥❝❡ π ✐s ❛ s✉❜♠❡rs✐♦♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Ψ−1 =

(Xn, . . . , X2, Y 1) ✐s s♠♦♦t❤✳

❘❡♠❛r❦ ✷✳✷✳✶✽✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ✐❢ Fk,j := Ej+1 ◦

· · · ◦ Ek✱ t❤❡♥ (Gk, Gj;Fk,j) ✐s ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ❛♥❞ ‖Fk,j pk‖ = 1✳

❘❡♠❛r❦ ✷✳✷✳✶✾✳ ❚❤❡ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ♦❢ P♦rt❛ ❛♥❞ ❘❡❝❤t ❬✺✼❪ ❛ss❡rts t❤❛t ✐❢ ✇❡ ❤❛✈❡ ❛

✉♥✐t❛❧ ✐♥❝❧✉s✐♦♥ ♦❢ C∗✲❛❧❣❡❜r❛s B ⊆ A ❛♥❞ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E : A→ B t❤❡♥ t❤❡

♠❛♣

Φ : UA × pE × pB → GA

(u,X, Y ) 7→ ueXeY
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✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✱ ✇❤❡r❡ pE ❛r❡ t❤❡ s❡❧❢✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ KerE ❛♥❞ pB ❛r❡ t❤❡

s❡❧❢✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ B✳

❚❤❡♦r❡♠ ✷✳✷✳✶✼ ✐♥ t❤❡ ❝❛s❡ n = 2 ✐s ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣

✭❚❤❡♦r❡♠ ✷✳✷✳✸✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳ ❚❤❡ ❛❢♦r♠❡♥t✐♦♥❡❞ P♦rt❛✲❘❡❝❤t

s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✐❢ ✇❡ ❝♦♥s✐❞❡r (GA, GB;E, σ)

❞❡r✐✈❡❞ ❢r♦♠ t❤❡ tr✐♣❧❡ (A,B;E) ❛s ✐♥ ❊①❛♠♣❧❡ ✷✳✷✳✾ ❛♥❞ ✈❡r✐❢② t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢

t❤❡ t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞ ❜❡❝❛✉s❡ ♦❢ ✇❤❛t ✇❛s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✻✳✶✵✳ ❚❤❡ ❈♦r❛❝❤✲

P♦rt❛✲❘❡❝❤t t❤❡♦r❡♠ ❝♦✈❡rs t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛❧❣❡❜r❛s ❛♥❞ t❤❡ ♠❛♣ E ❛r❡

♥♦t ✉♥✐t❛❧✱ ❛s ✐♥ ❊①❛♠♣❧❡ ✷✳✷✳✶✶ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳ ■t ❛❧s♦ ❝♦✈❡rs t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡

s②♠♠❡tr✐❝ s♣❛❝❡ ❛♥❞ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ✉♥✐t✐③❡❞ ✐❞❡❛❧s ♦❢ ♦♣❡r❛t♦rs ❛s

✐♥ ✷✳✷✳✶✵✱ s❡❡ t❤❡ ❛♣♣❡♥❞✐① ✐♥ ❬✶✻❪✳

❚❤❡ ❈♦r❛❝❤✲P♦rt❛✲❘❡❝❤t t❤❡♦r❡♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❡✈❡r❛❧ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✭❚❤❡♦✲

r❡♠ ✷✳✷✳✶✼✮ ❝♦✈❡rs ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ✉♥✐t❛❧ ✐♥❝❧✉s✐♦♥s ♦❢ C∗✲❛❧❣❡❜r❛s ❛♥❞

❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠

A1 ⊆ A2 ⊆ · · · ⊆ An

A1
E2←− A2

E3←− . . .
En←− An.

✷✳✸ ❈♦♠♣❧❡①✐✜❝❛t✐♦♥s

✷✳✸✳✶ ❈♦♠♣❧❡①✐✜❝❛t✐♦♥s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✼ t♦ ❘❡♠❛r❦ ✷✳✸✳✶✺ ❤❡r❡ ❛r❡ ❡①t❡♥s✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✺ ♦❢ ❬✻❪✱ ❢r♦♠ t❤❡ ❝♦♥t❡①t
♦❢ C∗✲❛❧❣❡❜r❛s t♦ t❤❡ ❝♦♥t❡①t ♦❢ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡s ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✇✐t❤
r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✶✳ ❆ ❝♦♥t✐♥✉♦✉s ♠❛♣ F : X × [0, 1] → X ✐s ❝❛❧❧❡❞ ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥

r❡tr❛❝t✐♦♥ ♦❢ ❛ s♣❛❝❡ X ♦♥t♦ ❛ s✉❜s♣❛❝❡ A ✐❢ ❢♦r x ∈ X✱ a ∈ A ❛♥❞ t ∈ [0, 1]

F (x, 0) = x, F (x, 1) ∈ A, F (a, t) = a.

■❢ s✉❝❤ ❛ ♠❛♣ F ❡①✐sts t❤❡♥ A ✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ X✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✷✳ ■❢ U ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡ Z ❛♥❞ W ✐s ❛

❛♥♦t❤❡r ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡ t❤❡♥ ❛ s♠♦♦t❤ ♠❛♣ φ : U → W ✐s ❝❛❧❧❡❞ ❤♦❧♦♠♦r♣❤✐❝ ✐❢

φ∗x : TxU = Z → Tφ(x)W = W ✐s C✲❧✐♥❡❛r ❢♦r ❛❧❧ x ∈ U ✱ ❛♥❞ ✐s ❝❛❧❧❡❞ ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝

✐❢ φ∗x ✐s ❝♦♥❥✉❣❛t❡ ❧✐♥❡❛r ❢♦r ❛❧❧ x ∈ U ✱ ✐✳❡✳ φ∗x(λX) = λ̄φ∗x(X) ❢♦r x ∈ U ✱ X ∈ Z ❛♥❞

λ ∈ C✳ ❆ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ ✐s ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ ✐❢ ✐t ✐s ♠♦❞❡❧❡❞ ♦♥ ❛ ❝♦♠♣❧❡①

❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ ✐t ❤❛s ❛♥ ❛t❧❛s s✉❝❤ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♠❛♣s ❛r❡ ❤♦❧♦♠♦r♣❤✐❝✳
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❉❡✜♥✐t✐♦♥ ✷✳✸✳✸✳ ▲❡t X ❜❡ ❛ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞✳ ❆ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ X ✐s ❛ ❝♦♠♣❧❡①

❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ ❨ ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝ ✐♥✈♦❧✉t✐✈❡ ❞✐✛❡♦♠♦r♣❤✐s♠ σ s✉❝❤

t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥t s✉❜♠❛♥✐❢♦❧❞ Y0 = {y ∈ Y : σ(y) = y} ✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t

♦❢ Y ❛♥❞ Y0 ✐s ❛❧s♦ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ X✳

❊①❛♠♣❧❡ ✷✳✸✳✹✳ ▲❡t M = G/U = Sym(G, σ, ‖ · ‖) ❜❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r s②♠✲

♠❡tr✐❝ s♣❛❝❡ ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❣✉❛r❛♥t❡❡s t❤❛t U ✐s ❛ str♦♥❣

❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ G✳ ■❢ G ✐s ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ❛♥❞ σ ✐s ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝✱

t❤❡♥ G ✐s ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ U ✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ C∗✲❛❧❣❡❜r❛s t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡

❡❧❡♠❡♥ts G ✐s ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ✉♥✐t❛r② ❡❧❡♠❡♥ts U ✇✐t❤ σ = (·)−1∗✳ ◆♦t❡

t❤❛t U ✐s ♥♦t ❛ ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳✺✳ ▲❡t (GA, σ) ❜❡ ❛ s②♠♠❡tr✐❝ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ✇✐t❤ ✐♥✈♦❧✉t✐✈❡ s✉❜❣r♦✉♣

GB✳ ❲❡ ❞❡✜♥❡ σG : GA/GB → GA/GB✱ uGB 7→ σ(u)GB ❛♥❞ λ : UA/UB →֒ GA/GB✱

uUB 7→ uGB✳

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t UA/UB ✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ ✜①❡❞ ♣♦✐♥t
s❡t ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ σG✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✻✳ ■❢ MA = GA/UA = Sym(GA, σ, ‖ · ‖) ✐s ❛ ❋✐♥s❧❡r s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢

s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ GB ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡ s✉❜❣r♦✉♣ ♦❢ GA✱ ❛♥❞ Γ ⊆ pB✱ t❤❡♥ G
+
A∩GB =

G+
B✳

Pr♦♦❢✳ ❙✐♥❝❡ G+
B ⊆ G+

A ∩GB ❛❧✇❛②s ❤♦❧❞s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t G+
A ∩GB ⊆ G+

B✳ ❇②
❈♦r♦❧❧❛r② ✷✳✷✳✷ G+

A = ep ❛♥❞ G+
B = epB ✳ ■❢ g ∈ G+

A ∩ GB t❤❡♥ t❤❡r❡ ✐s ❛♥ X ∈ p s✉❝❤
t❤❛t g = eX ✳ ❙✐♥❝❡ GB ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡ s✉❜❣r♦✉♣ GB/UB ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❛♥❞
✉s✐♥❣ t❤❡ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶ ✐♥ GB ❣✉❛r❛♥t✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ u ∈ UB
❛♥❞ Y ∈ pB s✉❝❤ t❤❛t g = ueY ✳ ❚❤❡♥✱ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❛♣♣❧✐❡❞ t♦ GA t❡❧❧s ✉s t❤❛t ❢♦r
❝❡rt❛✐♥ Z ∈ Γ✱ u = eZ ❛♥❞ Y = X − Z✳ ❙✐♥❝❡ Γ ⊆ gB ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t X ∈ gB ❛♥❞
t❤❡r❡❢♦r❡ g ∈ G+

B✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✼✳ ■❢ G+
B = G+

A ∩GB✱ t❤❡♥ λ(UA/UB) = {s ∈ GA/GB : σG(s) = s}✳

Pr♦♦❢✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ⊆ ✐s ♦❜✈✐♦✉s✳ ●✐✈❡♥ s = uGB s✉❝❤ t❤❛t σG(s) = s✱ u−1σ(u) ∈ GB✳
❙✐♥❝❡ u−1σ(u) ∈ G+

A t❤❡ ❤②♣♦t❤❡s✐s G+
B = G+

A ∩ GB ✐♠♣❧✐❡s t❤❛t u−1σ(u) ∈ G+
B✱ ❛♥❞

t❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts w ∈ GB s✉❝❤ t❤❛t u−1σ(u) = ww∗✳ ❚❤❡♥ uw = σ(u)w∗−1 =

σ(u)σ(w) = σ(uw)✱ s♦ t❤❛t uw ∈ UA ❛♥❞ s = uGB = uwGB = λ(uwUB)✳

❲❡ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ GA/GB ♦❢ UA/UB ✐♥ t❤❡
❝♦♥t❡①t ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢
▼♦st♦✇ ✜❜r❛t✐♦♥✱ s❡❡ ❬✹✻✱ ✹✹❪ ❛♥❞ ❙❡❝t✐♦♥ ✸ ♦❢ ❬✶✵❪✳
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❘❡♠❛r❦ ✷✳✸✳✽✳ ❙✐♥❝❡ t❤❡ ❛❝t✐♦♥s Ad : UB → B(pE) ❛♥❞ Ad : UB → B(uE) ❛r❡ ✇❡❧❧

❞❡✜♥❡❞ ✇❡ ❣❡t t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✈❡❝t♦r ❜✉♥❞❧❡s UA ×UB
pE → UA/UB ❛♥❞ UA ×UB

uE →

UA/UB✱ [(u,X)] 7→ uUB✱ ✇❤❡r❡ t❤❡ ❛❝t✐♦♥s ♦❢ UB ♦♥ UA×UB
pE ❛♥❞ UA×UB

uE ❛r❡ ❣✐✈❡♥

❜② v · (u,X) = (uv−1, AdvX)✳

❚❤❡♦r❡♠ ✷✳✸✳✾✳ ▲❡t MA = GA/UA = Sym(GA, σ, ‖ · ‖) ❜❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❋✐♥s❧❡r

s②♠♠❡tr✐❝ s♣❛❝❡ ♦❢ s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❛♥❞ (GA, GB;E, σ) ❛ r❡❞✉❝t✐✈❡ str✉❝t✉r❡ ✇✐t❤

✐♥✈♦❧✉t✐♦♥ s✉❝❤ t❤❛t ‖E p‖ = 1✳ ❈♦♥s✐❞❡r ΨE
0 : UA × pE → GA✱ (u,X) 7→ ueX ❛♥❞ κ :

(u,X) 7→ [(u,X)] t❤❡ q✉♦t✐❡♥t ♠❛♣✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ r❡❛❧ ❛♥❛❧②t✐❝✱ UA✲❡q✉✐✈❛r✐❛♥t

❞✐✛❡♦♠♦r♣❤✐s♠ ΨE : UA ×UB
pE → GA/GB s✉❝❤ t❤❛t t❤❡ ❞✐❛❣r❛♠

UA × pE

κ

��

ΨE
0 // GA

q

��
UA ×UB

pE
ΨE

// GA/GB

❝♦♠♠✉t❡s✳

❚❤❡r❡❢♦r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ GA/GB ❤❛s t❤❡ str✉❝t✉r❡ ♦❢ ❛♥ UA✲❡q✉✐✈❛r✐❛♥t ✜❜❡r

❜✉♥❞❧❡ ♦✈❡r UA/UB ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥

GA/GB
(ΨE)−1

// UA ×UB
pE

Ξ // UA/UB

ueXGB 7→ [(u,X)] 7→ uUB ❢♦r u ∈ UA ❛♥❞ X ∈ pE

❛♥❞ t②♣✐❝❛❧ ✜❜❡r pE✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❛t ΨE ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✇❡ s❤♦✇ t❤❛t ❢♦r u ∈ UA✱ v ∈ UB ❛♥❞ X ∈ pE

q(ΨE
0 (u,X)) = ueXGB = uv−1eAdvXvGB = uv−1eAdvXGB

= q(ΨE
0 (uv

−1, AdvX)) = q(ΨE
0 (v · (u,X)))

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ΨE ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ κ✳
❚❤❡♦r❡♠ ✷✳✷✳✶✼ ❢♦r t❤❡ ❝❛s❡ n = 2 ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠

Φ : UA × pE × pB → GA

(u,X, Y ) 7→ ueXeY .

■❢ gGB ∈ GA/GB t❤❡r❡ ✐s (u,X, Y ) ∈ UA × pE × pB s✉❝❤ t❤❛t g = ueXeY ❛♥❞ ✇❡ ❣❡t
gGB = ueXeYGB = ueXGB✱ ♣r♦✈✐♥❣ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ Φ✳

❚♦ s❡❡ t❤❛t ΨE ✐s ❛❧s♦ ✐♥❥❡❝t✐✈❡ ❛ss✉♠❡ t❤❛t u1eX1GB = u2e
X2GB✳ ❚❤❡♥ t❤❡r❡ ✐s ❛

b ∈ GB s✉❝❤ t❤❛t u1eX1b = u2e
X2 ✳ ❙✐♥❝❡ GB ✐s ❛♥ ✐♥✈♦❧✉t✐✈❡ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ ♦❢ GA
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❛♥❞ GA/UA ❤❛s s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✺ st❛t❡s t❤❛t GB/UB ❤❛s ❛❧s♦
s❡♠✐✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✮ ✐♥
GB✿ t❤❡r❡ ❛r❡ ✉♥✐q✉❡ v ∈ UB ❛♥❞ Y ∈ pB s✉❝❤ t❤❛t b = veY ✳ ❚❤❡♥

(u1v)e
Ad

v−1X1eY = u1e
X1veY = u1e

X1b = u2e
X2

❛♥❞ ❛♣♣❧②✐♥❣ (Φ)−1 t♦ t❤✐s ❡q✉❛❧✐t② ✇❡ ❣❡t (u1v, Adv−1X1, Y ) = (u2, X2, 0)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t v−1 · (u1, X1) = (u2, X2)✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t ΨE ✐s ❛♥ ❛♥❛❧②t✐❝ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ❙✐♥❝❡ κ ✐s ❛ s✉❜♠❡rs✐♦♥ ❛♥❞
ΨE ◦ κ ✭= q ◦ ΨE

0 ✮ ✐s ❛ r❡❛❧ ❛♥❛❧②t✐❝ ♠❛♣ ΨE ✐s r❡❛❧ ❛♥❛❧②t✐❝✳ ❙✐♥❝❡ t❤❡ ♠❛♣ Φ−1 : g 7→

(u(g), X(g), Y (g)) ✐s ❛♥❛❧②t✐❝✱ t❤❡ ♠❛♣ σ : g 7→ [(u(g), X(g))]✱ GA → UA ×UB
pE ✐s ❛❧s♦

❛♥❛❧②t✐❝✳ ❙✐♥❝❡ q ✐s ❛ s✉❜♠❡rs✐♦♥ ❛♥❞ σ = (ΨE)−1 ◦ q ✇❡ s❡❡ t❤❛t (ΨE)−1 ✐s ❛♥❛❧②t✐❝✳

❈♦r♦❧❧❛r② ✷✳✸✳✶✵✳ ■❢ ✇❡ ❛♥❛❧②s❡ t❤❡ ❞✐❛❣r❛♠ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾ ✐♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡s

✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐✜❝❛t✐♦♥s T(1,0)(UA×pE) ≃ uA×pE✱ T[(1,0)](UA×UB
pE) ≃ uE×pE

❛♥❞ To(GA/GB) ≃ KerE t❤❡♥

(ΦE
0 )∗(1,0) : uA × pE → gA, (Y, Z) 7→ Y + Z

κ∗(1,0) : uA × pE → uE × pE, (Y, Z) 7→ ((1− E)Y, Z)

q∗1 : gA 7→ KerE, W 7→ (1− E)W

❛♥❞ t❤❡r❡❢♦r❡

(ΦE)∗[(1,0)] : uE × pE → KerE, ((1− E)Y, Z) 7→ (1− E)(Y + Z) = (1− E)Y + Z.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

(ΦE)∗[(1,0)] : uE × pE → KerE, (X,Z) 7→ X + Z

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❈♦r♦❧❧❛r② ✷✳✸✳✶✶✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾✱ t❤❡ ✜①❡❞ ♣♦✐♥t s❡t ♦❢

♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ σG ♦♥ GA/GB ≃ UA ×UB
pE ✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ UA/UB ❛♥❞ UA/UB ✐s

❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ GA/GB✳ ■❢ GA ✐s ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ ❛♥❞ σ ✐s

❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝ t❤❡♥ GA/GB ✐s ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ UA/UB✳

■❢ ✇❡ ❞❡✜♥❡ τG : UA ×UB
pE → UA ×UB

pE✱ [(u,X)] 7→ [(u,−X)]✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❞✐❛❣r❛♠

UA ×UB
pE

ΨE

��

τG // UA ×UB
pE

ΨE

��
GA/GB

σG // GA/GB

❝♦♠♠✉t❡s✳
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Pr♦♦❢✳ ◆♦t❡ t❤❛t Γ = {0} s♦ t❤❛t Pr♦♣✳ ✷✳✸✳✻ ✐♠♣❧✐❡s G+
B = GB ∩ G

+
A ❛♥❞ Pr♦♣✳ ✷✳✸✳✼

st❛t❡s t❤❛t UA/UB ✐s ❞✐✛❡♦♠♦r♣❤✐❝ t♦ t❤❡ s❡t ♦❢ ✜①❡❞ ♣♦✐♥ts ♦♥ σG✳
❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❞✐❛❣r❛♠ t❡❧❧s ✉s t❤❛t t❤❡ s❡t ♦❢ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡ ✐♥✈♦❧✉t✐♦♥ σG ✐s

ΨE({[(u,X)] ∈ UA ×UB
pE : τG([(u,X)]) = [(u,X)]}) = ΨE({[(u, 0)] : u ∈ UA}) = {uGB :

u ∈ UA} = λ(UA/UB)✳
■❢ ✇❡ ❞❡✜♥❡ F : (UA×UB

pE)× [0, 1]→ UA×UB
pE, ([(u,X)], t) 7→ [(u, tX)] ✇❡ s❡❡ t❤❛t

{[(u, 0)] : u ∈ UA} ✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ UA ×UB
pE ❛♥❞ {[(u, 0)] : u ∈ UA} ✐s

❞✐✛❡♦♠♦r♣❤✐❝ t♦ UA/UB✳
■❢ σ ✐s ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝ t❤❡♥ σG ✐s ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❉❡✜♥✐t✐♦♥

✷✳✸✳✸ t❤❛t GA/GB ✐s ❛ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ UA/UB✳

✷✳✸✳✷ ❈♦♠♣❧❡① str✉❝t✉r❡ ♦♥ T (UA/UB)

❯s✐♥❣ t❤❡ ▼♦st♦✇ ✜❜r❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✾ ✇❡ ❝♦♥str✉❝t ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐✲
t✐♦♥s ❛♥ ✐s♦♠♦r♣❤✐s♠ T (UA/UB) ≃ GA/GB ❜❡t✇❡❡♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ t❤❡ ❝♦♠♣❧❡①✲
✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s UA/UB✳ ❚❤✐s ✐s♦♠♦r♣❤✐s♠ ❣✐✈❡s t❤❡ t❛♥❣❡♥t s♣❛❝❡s
T (UA/UB) ❛ ❝♦♠♣❧❡① str✉❝t✉r❡✳

❚❤❡♦r❡♠ ✷✳✸✳✶✷✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾ ❛r❡ s❛t✐s✜❡❞ t❤❡♥

t❤❡r❡ ✐s ❛ UA✲❡q✉✐✈❛r✐❛♥t ✈❡❝t♦r ❜✉♥❞❧❡ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡

UA×UB
uE → UA/UB ♦♥t♦ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ T (UA/UB)→ UA/UB ❣✐✈❡♥ ❜② αE : UA×UB

uE → T (UA/UB)✱ [(u,X)] 7→ (µu)∗oq∗1X✱ ✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ UA ♦♥ T (UA/UB) ✐s ❣✐✈❡♥

❜② u · − = (µu)∗− ❢♦r ❡✈❡r② u ∈ UA✳

Pr♦♦❢✳ ▲❡t α : UA × UA/UB → UA/UB ❜❡ ❣✐✈❡♥ ❜② (u, vUB) 7→ uvUB✱ t❤❡♥ ∂2α : UA ×

T (UA/UB)→ T (UA/UB)✱ (u, V ) 7→ (µu)∗V ✳ ❙✐♥❝❡ E ◦ σ∗1 = σ∗1 ◦ E E(u) ⊆ u✱ ❛♥❞ s✐♥❝❡
E(gA) = gB ✇❡ ❣❡t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ u = uB ⊕ uE✳ ❚❤❡♥ uE ≃ To(UA/UB)✱ X 7→ q∗1X

❛♥❞ r❡str✐❝t✐♥❣ ∂2α t♦ UA × To(UA/UB) ✇❡ ❣❡t ❛ ♠❛♣ αE0 : UA × uE → T (UA/UB)✱
(u,X) 7→ (µu)∗oq∗1X✳

❆s ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✶✸ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ UA✲❡q✉✐✈❛r✐❛♥t ❞✐✛❡♦♠♦r✲
♣❤✐s♠ αE : UA×UB

uE → T (UA/UB) s✉❝❤ t❤❛t αE ◦ κ = αE0 ✱ ✇❤❡r❡ κ ✐s t❤❡ q✉♦t✐❡♥t ♠❛♣
(u,X) 7→ [(u,X)]✳

▲❡♠♠❛ ✷✳✸✳✶✸✳ ■❢ σ ✐s ❛♥ ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝ ✐♥✈♦❧✉t✐✈❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤✲

▲✐❡ ❣r♦✉♣ GA t❤❡♥ iu = p✳

Pr♦♦❢✳ ■❢ X ∈ u✱ σ∗1X = X ❛♥❞ σ∗1(iX) = −iσ∗1X = −iX s♦ t❤❛t iX ∈ p✳ ❚❤❡ ♦t❤❡r
✐♥❝❧✉s✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳
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❊①❛♠♣❧❡ ✷✳✸✳✶✹✳ ■❢ GA ✐s t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ ❛ C∗✲❛❧❣❡❜r❛ A ❛♥❞ σ ✐s t❤❡

✉s✉❛❧ ✐♥✈♦❧✉t✐♦♥✱ t❤❡♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ❣❡t p = As t❤❡ s❡t ♦❢ s❡❧❢✲❛❞❥♦✐♥t

❡❧❡♠❡♥ts ♦❢ A ❛♥❞ u = ip = iAs = Aas t❤❡ s❡t ♦❢ s❦❡✇✲❛❞❥♦✐♥t ❡❧❡♠❡♥ts ♦❢ A✳

❘❡♠❛r❦ ✷✳✸✳✶✺✳ ❆ss✉♠❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✾ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ t❤❛t GA ✐s

❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣✱ u = ip✱ ❛♥❞ E ✐s C✲❧✐♥❡❛r✳ ❙✐♥❝❡ Adg(iX) = iAdg(X) ❢♦r

❡✈❡r② g ∈ GA ❛♥❞ X ∈ gA ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Θ : UA ×UB
pE → UA ×UB

uE✱ ❣✐✈❡♥ ❜②

[(u,X)] 7→ [(u, iX)] ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❚❤❡♦r❡♠ ✷✳✸✳✾ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳✶✷ ✐♠♣❧② t❤❛t t❤❡

❝♦♠♣♦s✐t✐♦♥

GA/GB
(ΨE)−1

−−−−→ UA ×UB
pE

Θ
−→ UA ×UB

uE
αE

−→ T (UA/UB)

✐s ❛ UA✲❡q✉✐✈❛r✐❛♥t ❞✐✛❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ GA/GB ❛♥❞ t❤❡ t❛♥❣❡♥t

❜✉♥❞❧❡ T (UA/UB) ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ UA/UB✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐✜❝❛t✐♦♥ t❤❡

✐♥✈♦❧✉t✐♦♥ σG ✐s t❤❡ ♠❛♣ V 7→ −V ✱ T (UA/UB)→ T (UA/UB)✳

❘❡♠❛r❦ ✷✳✸✳✶✻✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❘❡♠❛r❦ ✷✳✸✳✶✺ ❣✐✈❡s t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ UA/UB
❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛♣ E✳ ❲✐t❤ t❤✐s ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞

str✉❝t✉r❡ t❤❡ ♠❛♣ T (UA/UB)→ T (UA/UB)✱ V 7→ −V ✐s ❛♥t✐✲❤♦❧♦♠♦r♣❤✐❝ ❛s ✐♥ t❤❡ ❝❛s❡

♦❢ ▲❡♠♣❡rt ❛❞❛♣t❡❞ ❝♦♠♣❧❡① str✉❝t✉r❡s ✇❤✐❝❤ ✇❤❡r❡ ✜rst st✉❞✐❡❞ ✐♥ ❬✸✾❪✳ ■❢ M ✐s ❛♥

❛♥❛❧②t✐❝ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ t❤❡♥ ❛ ❝♦♠♣❧❡① str✉❝t✉r❡ ♦♥ ❛ ❞✐s❝ ❜✉♥❞❧❡

TRM = {V ∈ TM : ‖V ‖ < R}

❢♦r ❛♥ R > 0 ✐s ❝❛❧❧❡❞ ❛❞❛♣t❡❞ ✐❢ ❢♦r ❡✈❡r② ✉♥✐t s♣❡❡❞ ❣❡♦❞❡s✐❝ γ : I →M t❤❡ ♠❛♣

φγ : a+ bi 7→ γ∗a(b
d

dt
) ❢♦r a ∈ I ❛♥❞ b ∈ (−R,R)

✐s ❤♦❧♦♠♦r♣❤✐❝✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡ ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡ ♠❛♣ TRM → TRM ✱

V 7→ −V ✐s ❛♥t✐❤♦❧♦♠♦r♣❤✐❝✳ ❚❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡ ♦❢ ❘❡♠❛r❦ ✷✳✸✳✶✺ ✐s ❣❧♦❜❛❧ ❜✉t ♥♦t

❝❛♥♦♥✐❝❛❧✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥GA/GB ❛♥❞ T (UA/UB)
r❡s♣❡❝ts t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠s t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❢ t❤❡
❢♦r♠ GA/GB ❛♥❞ t❛♥❣❡♥t ❜✉♥❞❧❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ❣✐✈❡♥ ❜② T (UA/UB)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✼✳ ▲❡t (GA, GB;E; σ) ❛♥❞ (G̃A, G̃B; Ẽ; σ̃) ❜❡ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤

✐♥✈♦❧✉t✐♦♥ t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ ❛♥❞ ❧❡t α : GA → G̃A

❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ♠♦r♣❤✐s♠ ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥✳ ■❢ ✇❡ ❞❡✜♥❡ αG :
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GA/GB → G̃A/G̃B✱ gGB 7→ α(g)G̃B ❛♥❞ αU : UA/UB → ŨA/ŨB✱ uUB 7→ α(u)ŨB t❤❡♥

t❤❡ ❞✐❛❣r❛♠

GA/GB

αG

��

UA ×UB
uE

∼oo ∼ // T (UA/UB)

αU∗

��

G̃A/G̃B ŨA ×ŨB
ũE

∼oo ∼ // T (ŨA/ŨB)

❝♦♠♠✉t❡s✱ ✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❛rr♦✇s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠♦r♣❤✐s♠s ♦❢ ❘❡♠✳ ✷✳✸✳✶✺✳

Pr♦♦❢✳ ❙✐♥❝❡ α◦σ = σ̃ ◦α✱ α(UB) ⊆ ŨB ❛♥❞ αU ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❙✐♥❝❡ α∗1 ◦σ∗1 = σ̃∗1 ◦α∗1✱
α∗1(u) ⊆ ũ✳ ❆❧s♦ E ◦ α∗1 = α∗1 ◦ E ✐♠♣❧✐❡s α∗1(KerE) ⊆ KerẼ s♦ t❤❛t α∗1(uE) ⊆ ũE✳
●✐✈❡♥ u ∈ UA ❛♥❞ X ∈ uE✱ α(u) ∈ ŨA ❛♥❞ α∗1X ∈ ũE ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠

ueiXGB
❴

αG

��

[(u,X)]✤oo ✤ // (µu)∗oq∗1X
❴

αU∗

��
α(u)eiα∗1(X)G̃B [(α(u), α∗1(X))]✤oo ✤ // (µ̃α(u))∗oq̃∗1α∗1X.

■t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢② t❤❛t t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ st❛t❡❞
♠♦r♣❤✐s♠s✳ ◆♦t❡ t❤❛t

αG(ue
iXGB) = α(u)eα∗1(iX)G̃B = α(u)eiα∗1(X)G̃B

s✐♥❝❡ α∗1(iX) = iα∗1(X) ❜❡❝❛✉s❡ α ✐s ❤♦❧♦♠♦r♣❤✐❝✳ ❙✐♥❝❡ αU ◦ µu = µ̃α(u) ◦ αU ❛♥❞
q̃ ◦ α = αU ◦ q ✇❡ ❣❡t

αU∗q(u)(µu)∗oq∗1X = (µ̃α(u))∗oαU∗oq∗1X = (µ̃α(u))∗oq̃∗1α∗1X.

❘❡♠❛r❦ ✷✳✸✳✶✽✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠❛♣s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✼ ❛r❡ ❢✉♥❝✲

t♦r✐❛❧✳ ■❢ (GA, GB;E; σ)✱ (G̃A, G̃B; Ẽ; σ̃) ❛♥❞ (ĜA, ĜB; Ê; σ̂) ❛r❡ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s ✇✐t❤

✐♥✈♦❧✉t✐♦♥✱ ❛♥❞ α : GA → G̃A ❛♥❞ β : G̃A → ĜA ❛r❡ ♠♦r♣❤✐s♠s ♦❢ r❡❞✉❝t✐✈❡ str✉❝t✉r❡s

✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ✇❡ ❝❛♥ ❞❡✜♥❡ αG✱ βG✱ (β ◦ α)G✱ αU ✱ βU ❛♥❞ (β ◦ α)U ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s

✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✼✳ ❚❤❡♥

βG ◦ αG = (β ◦ α)G ❛♥❞ βU∗ ◦ αU∗ = (βU ◦ αU)∗ = (β ◦ α)U∗.

❆❧s♦ (idGA
)G = idGA/GB

❛♥❞ ((idGA
)U)∗ = (idUA/UB

)∗ = idT (UA/UB)✳
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✷✳✸✳✸ ❊①❛♠♣❧❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s

❚❤❡r❡ ❛r❡ t✇♦ ❜❛s✐❝ ❡①❛♠♣❧❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s UA/UB ✐♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❝♦♥t❡①t✱ t❤❡ ✢❛❣ ♠❛♥✐❢♦❧❞s ❛♥❞ t❤❡ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞s✳ ❈♦❛❞❥♦✐♥t ♦r❜✐ts ♦❢ ❝❧❛ss✐❝❛❧ ❇❛♥❛❝❤✲
▲✐❡ ❣r♦✉♣s ♦❢ ❝♦♠♣❛❝t ♦♣❡r❛t♦rs ❛r❡ ❡①❛♠♣❧❡s ♦❢ ✢❛❣ ♠❛♥✐❢♦❧❞s✳

❊①❛♠♣❧❡ ✷✳✸✳✶✾✳ ❋❧❛❣ ♠❛♥✐❢♦❧❞s

▲❡t H ❜❡ ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ❧❡t pi✱ i = 1, . . . , n ❜❡ ♣❛✐r✇✐s❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ✐♥

B(H) ❡❛❝❤ ✇✐t❤ r❛♥❣❡ Hi s✉❝❤ t❤❛t
∑n

i=1 pi = 1✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✉♥✐t❛r②

❣r♦✉♣ UA ♦❢ B(H) ♦♥ t❤❡ s❡t ♦❢ n✲t✉♣❧❡s ♦❢ ♣❛✐r✇✐s❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ✇✐t❤ s✉♠ 1

❣✐✈❡♥ ❜② u·(q1, . . . , qn) = (uq1u
∗, . . . , uqnu

∗) t❤❡♥ t❤❡ ♦r❜✐t ♦❢ (p1, . . . , pn) ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞

❛s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ ❛ ✢❛❣ ♠❛♥✐❢♦❧❞✳ ❚❤✐s ♦r❜✐t ✐s ✐s♦♠♦r♣❤✐❝ t♦ UA/UB
✇❤❡r❡

UB =





























u1 0 . . . 0

0 u2 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 . . . un











: ui ✉♥✐t❛r② ✐♥ B(Hi) ❢♦r i = 1, . . . , n



















;

❛♥❞ ✇❡ ✇r✐t❡ t❤❡ ♦♣❡r❛t♦rs ✐♥ B(H) = B(H1 ⊕ · · · ⊕ Hn) ❛s n × n✲♠❛tr✐❝❡s ✇✐t❤ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r ❡♥tr✐❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣r♦✉♣ GA ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ B(H)

✇✐t❤ t❤❡ ✉s✉❛❧ ✐♥✈♦❧✉t✐♦♥ σ✱ t❤❡ ✐♥✈♦❧✉t✐✈❡ s✉❜❣r♦✉♣

GB =





























g1 0 . . . 0

0 g2 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 . . . gn











: gi ✐♥✈❡rt✐❜❧❡ ✐♥ B(Hi) ❢♦r i = 1, . . . , n



















;

❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E : gA → gB✱ X 7→
∑n

i=1 piXpi t❤❡♥ ✇❡ ❛r❡ ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ ❊①❛♠♣❧❡ ✷✳✷✳✾ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳✾✳ ❚❤❡r❡❢♦r❡ ❚❤❡♦r❡♠ ✷✳✸✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✷✳✸✳✶✺ ❣✐✈❡

❛ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✢❛❣ ♠❛♥✐❢♦❧❞✳

■♥ ❙❡❝t✐♦♥ ✻ ❛♥❞ ✼ ♦❢ ❬✻❪ t❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ ❢✉rt❤❡r ❡①❛♠♣❧❡s ♦❢ ❣❡♥❡r❛❧✐③❡❞ ✢❛❣
♠❛♥✐❢♦❧❞s ❛♥❞ ✐♥ ❬✷✼✱ ✷✽❪ t❤❡ ♠❡tr✐❝ ❣❡♦♠❡tr② ♦❢ s♦♠❡ ❣❡♥❡r❛❧✐③❡❞ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞s
✐s st✉❞✐❡❞✳

❘❡♠❛r❦ ✷✳✸✳✷✵✳ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ ✢❛❣ ♠❛♥✐❢♦❧❞ ✇✐t❤ t✇♦ ♣r♦❥❡❝t✐♦♥s ✐s t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥✲

s✐♦♥❛❧ ●r❛ss♠❛♥♥✐❛♥✳ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ✇❤❡r❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H ✐s

H = Cη ⊕ (Cη)⊥ ❢♦r ❛ ♥♦♥✲③❡r♦ ✈❡❝t♦r η ∈ H ✐s t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ P(H)✳
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●r❛ss♠❛♥♥✐❛♥s ❤❛✈❡ t❤❡ str✉❝t✉r❡ ♦❢ ❛ s②♠♠❡tr✐❝ s♣❛❝❡✳ ■❢ H ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ t❤❡♥

✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ s❡t ♦❢ s✉❜s♣❛❝❡s ♦❢ H ✇✐t❤ t❤❡ s❡t ♦❢ s❡❧❢❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥s ✐♥ B(H)

✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② I✳ ❆ s✉❜s♣❛❝❡ K ⊆ H ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡❧❢❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥

eK = 2pK − 1 = pK − pK⊥ : K ⊕K⊥ → K⊕K⊥, (ξ, η) 7→ (ξ,−η)

✇❤❡r❡ pK ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ K✳ ❚❤❡ ♠❛♥✐❢♦❧❞ I ✐s ❛ s②♠♠❡tr✐❝ s♣❛❝❡ ✐❢ ✇❡

❞❡✜♥❡ ❛ ♣r♦❞✉❝t ❜②

e · f = ef−1e = efe

❢♦r e, f ∈ I✱ s♦ t❤❛t

eH1 · eH2 = eH1eH2eH1 = eeH1
H2

❢♦r s✉❜s♣❛❝❡s H1,H2 ⊆ H✳

❖t❤❡r ❡①❛♠♣❧❡s ♦❢ ✢❛❣ ♠❛♥✐❢♦❧❞s ✐♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t ❛r❡ ❝♦❛❞❥♦✐♥t
♦r❜✐ts ✐♥ ♦♣❡r❛t♦r ✐❞❡❛❧s✱ ✇❤✐❝❤ ♥♦✇ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❣❡♦♠❡tr✐❝❛❧❧②✳

❊①❛♠♣❧❡ ✷✳✸✳✷✶✳ ❈♦❛❞❥♦✐♥t ♦r❜✐ts

■♥ t❤❡ s❡tt✐♥❣ ♦❢ ❊①❛♠♣❧❡ ✷✳✷✳✶✵ ❧❡t 1 < p, q < ∞ s✉❝❤ t❤❛t 1/p + 1/q = 1✳ ❚❤❡

▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ GA,p ✐s gA,p = Ap✱ t❤❡ ✐❞❡❛❧ ♦❢ ♣✲❙❝❤❛tt❡♥ ♦♣❡r❛t♦rs✳

❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ r❡❛❧ ❇❛♥❛❝❤✲▲✐❡ ❣r♦✉♣ UA,p ✐s uA,p✱ t❤❡ s❦❡✇✲❛❞❥♦✐♥t ♣✲❙❝❤❛tt❡♥

♦♣❡r❛t♦rs✳ ❚❤❡ tr❛❝❡ ♣r♦✈✐❞❡s str♦♥❣ ❞✉❛❧✐t② ♣❛✐r✐♥❣s g∗A,p ≃ gA,q ❛♥❞ u∗A,p ≃ uA,q✳

❲❡ ❞❡♥♦t❡ ❜② Ad∗ : GA,p 7→ B(gA,q)✱ Ad
∗
g(X) = (Adg−1)∗(X) = gXg−1 ❢♦r g ∈ GA,p

❛♥❞ X ∈ g∗A,p ≃ gA,q✱ t❤❡ ❝♦❛❞❥♦✐♥t ❛❝t✐♦♥ ♦❢ GA,p ❛♥❞ ❜② Ad∗ : UA,p 7→ B(uA,q)✱ Ad
∗
u(X) =

(Adu−1)∗(X) = uXu−1 ❢♦r u ∈ UA,p ❛♥❞ X ∈ u∗A,p ≃ uA,q✱ t❤❡ ❝♦❛❞❥♦✐♥t ❛❝t✐♦♥ ♦❢ UA,p✳

❋♦r ❛ ✜①❡❞ X ∈ uA,q ⊆ gA,q ❧❡t OG(X) = {Ad∗g(X) : g ∈ GA,p} ❜❡ t❤❡ ❝♦❛❞❥♦✐♥t ♦r❜✐t

♦❢ X ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ GA,p ❛♥❞ OU(X) = {Ad∗u(X) : g ∈ UA,p} ❜❡ t❤❡ ❝♦❛❞❥♦✐♥t ♦r❜✐t

♦❢ X ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ UA,p✳ ❙✐♥❝❡ X ✐s ❛ ❝♦♠♣❛❝t s❦❡✇✲❛❞❥♦✐♥t ♦♣❡r❛t♦r ✐t ✐s ❞✐❛❣✲

♦♥❛❧✐③❛❜❧❡✱ ✐✳❡✳ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♦r ❝♦✉♥t❛❜❧❡ s❡q✉❡♥❝❡ ♦❢ ♣❛✐r✇✐s❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s

(pi)
N
i=1 ✇✐t❤ N ∈ N ∪ {∞} s✉❝❤ t❤❛t

∑N
i=1 pi = 1 ❛♥❞ X =

∑N
i=1 λipi✱ ✇❤❡r❡ λi 6= λj

❢♦r i 6= j ❛♥❞ (λi)
N
i=1 ⊆ iR✳ ❚❤❡ ♠❛♣ E : Y 7→

∑N
i=1 piY pi ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥

❢r♦♠ A ♦♥t♦ t❤❡ C∗✲s✉❜❛❧❣❡❜r❛ B = {Y ∈ A : piY = Y pi ❢♦r ❛❧❧ i ≥ 1}✳ ❚❤✐s ❝♦♥❞✐t✐♦♥❛❧

❡①♣❡❝t❛t✐♦♥ s❡♥❞s tr❛❝❡✲❝❧❛ss ♦♣❡r❛t♦rs t♦ tr❛❝❡✲❝❧❛ss ♦♣❡r❛t♦rs ❛♥❞ ♣r❡s❡r✈❡s t❤❡ tr❛❝❡✱ s♦

t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ E ✐♥ ❊①❛♠♣❧❡ ✷✳✷✳✶✵ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ❝♦❛❞❥♦✐♥t ✐s♦tr♦♣② ❣r♦✉♣ ♦❢ X

❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ GA,p ✐s {g ∈ GA,p : gXg
−1 = X} = GB,p ❛♥❞ t❤❡ ❝♦❛❞❥♦✐♥t ✐s♦tr♦♣② ❣r♦✉♣

♦❢ X ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ UA,p ✐s {u ∈ UA,p : uXu−1 = X} = UB,p ✭t❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡

❢❛❝t t❤❛t ❛♥ ♦♣❡r❛t♦r ❝♦♠♠✉t❡s ✇✐t❤ ❛ ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ♦♣❡r❛t♦r ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❧❡❛✈❡s ❛❧❧

t❤❡ ❡✐❣❡♥s♣❛❝❡s ♦❢ t❤❡ ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ♦♣❡r❛t♦r ✐♥✈❛r✐❛♥t✮✳ ❚❤✉s✱ ♠❛❦✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s

OG(X) ≃ GA,p/GB,p ❛♥❞ OU(X) ≃ UA,p/UB,p✱ ❚❤❡♦r❡♠ ✷✳✸✳✾✱ ❚❤❡♦r❡♠ ✷✳✸✳✶✷ ❛♥❞ ❘❡✲

♠❛r❦ ✷✳✸✳✶✺ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✢❛❣ ♠❛♥✐❢♦❧❞❀ t❤❡r❡
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✐s ❛ UA,p✲❡q✉✐✈❛r✐❛♥t ✜❜❡r ❜✉♥❞❧❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ OG(X) ❛♥❞ T (OU(X)) ❝♦✈❡r✐♥❣

t❤❡ ✐❞❡♥t✐t② ♠❛♣ ♦❢ OU(X)✳

❋♦r t❤❡ ❝❛s❡ ♦❢ tr❛❝❡ ❝❧❛ss ♦♣❡r❛t♦rs gA,1 = A1 ✇❡ ❤❛✈❡ t♦ r❡str✐❝t t❤❡ ❝♦❛❞❥♦✐♥t ♦r❜✐ts

✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ t♦ t❤❡ ♦r❜✐ts ♦❢ ❝♦♠♣❛❝t s❦❡✇✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs✱ s✐♥❝❡ g∗A,1 = B(H)

❛♥ ❛r❜✐rtr❛r② ❜♦✉♥❞❡❞ s❦❡✇✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs ❛r❡ ♥♦t ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

▲✐❦❡✇✐s❡✱ ✐t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢
t❤❡ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞s✱ s❡❡ ❬✶✹❪ ❢♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♠❡tr✐❝ ❣❡♦♠❡tr② ♦❢ ❙t✐❡❢❡❧
♠❛♥✐❢♦❧❞s✳

❊①❛♠♣❧❡ ✷✳✸✳✷✷✳ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞s

▲❡t H ❜❡ ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ❧❡t pi✱ i = 1, 2 ❜❡ ♣❛✐r✇✐s❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ✐♥ B(H)

❡❛❝❤ ✇✐t❤ r❛♥❣❡ Hi s✉❝❤ t❤❛t p1 + p2 = 1✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✉♥✐t❛r② ❣r♦✉♣

UA ♦❢ B(H) ♦♥ t❤❡ s❡t ♦❢ ♣❛rt✐❛❧ ✐s♦♠❡tr✐❡s ❣✐✈❡♥ ❜② ❜② u · v = uv t❤❡♥ t❤❡ ♦r❜✐t ♦❢ p1
❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ ❛ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞✳ ❚❤✐s ♦r❜✐t

✐s ✐s♦♠♦r♣❤✐❝ t♦ UA/UB ✇❤❡r❡

UB =











1 0

0 u



 : u ✐s ✉♥✐t❛r② ✐♥ B(H2)







,

❛♥❞ ✇❡ ✇r✐t❡ t❤❡ ♦♣❡r❛t♦rs ✐♥ B(H) = B(H1 ⊕H2) ❛s 2× 2✲♠❛tr✐❝❡s ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣

♦♣❡r❛t♦r ❡♥tr✐❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣r♦✉♣ GA ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ B(H) ✇✐t❤ t❤❡

✉s✉❛❧ ✐♥✈♦❧✉t✐♦♥ σ✱ t❤❡ ✐♥✈♦❧✉t✐✈❡ s✉❜❣r♦✉♣

GB =











1 0

0 g



 : g ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ B(H2)







,

❛♥❞ t❤❡ ♠❛♣ E : gA → gB✱ X 7→ (1 − p)X(1 − p) t❤❡♥ ✇❡ ❛r❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❊①❛♠♣❧❡

✷✳✷✳✶✶ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳✾✳ ❚❤❡r❡❢♦r❡ ❚❤❡♦r❡♠ ✷✳✸✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✷✳✸✳✶✺ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞✳

❘❡♠❛r❦ ✷✳✸✳✷✸✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❙t✐❡❢❡❧ ♠❛♥✐❢♦❧❞ ✇❤❡r❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H ✐s

H = Cη ⊕ (Cη)⊥ ❢♦r ❛ ♥♦♥✲③❡r♦ ✈❡❝t♦r η ∈ H ✇❡ s❡❡ t❤❛t UA/UB ≃ {ξ ∈ H : ‖ξ‖ = 1}✱

t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H✳

❚❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ❤❛s t❤❡ str✉❝t✉r❡ ♦❢ s②♠♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ ♣r♦❞✉❝t

❞❡✜♥❡❞ ❜②

ξ · η = 2〈ξ, η〉ξ − η

❢♦r ξ, η ∈ S✳
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❈♦❛❞❥♦✐♥t ♦r❜✐ts ✐♥ ✐❞❡❛❧ ♦❢ ♣✲❙❝❤❛tt❡♥ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢
s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❚❤❡♦r❡♠ ✼✳✸ ❛♥❞ ✼✳✹ ♦❢ ❬✹✾❪ ✇❤❡r❡ ❖❞③✐❥❡✇✐❝③ ❛♥❞
❘❛t✐✉ ❡♥❞♦✇ ❝♦❛❞❥♦✐♥t ♦r❜✐ts ✇✐t❤ s②♠♣❧❡❝t✐❝ ❢♦r♠s✳ ❋♦r ❢✉rt❤❡r r❡❛❞✐♥❣ ♦♥ t❤❡ ❝♦❛❞❥♦✐♥t
♦r❜✐ts ✐♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ s❡❡ ❙❡❝t✐♦♥ ✼ ✐♥ ❬✹✾❪ ❛♥❞ ❙❡❝t✐♦♥ ✹ ✐♥ ❬✽❪✳

❚❤❡♦r❡♠ ✷✳✸✳✷✹✳ ▲❡t G ❜❡ ❛ ✭r❡❛❧ ♦r ❝♦♠♣❧❡①✮ ❇❛♥❛❝❤ ▲✐❡ ❣r♦✉♣ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g✳

❆ss✉♠❡ t❤❛t✿

✶✳ g ❛❞♠✐ts ❛ ♣r❡❞✉❛❧ g∗✳

✷✳ t❤❡ ❝♦❛❞❥♦✐♥t ❛❝t✐♦♥ ♦❢ G ♦♥ t❤❡ ❞✉❛❧ g∗ ❧❡❛✈❡s t❤❡ ♣r❡❞✉❛❧ g∗ ✐♥✈❛r✐❛♥t✱ t❤❛t ✐s✱

Ad∗g(g∗) ⊆ g∗ ❢♦r ❛♥② g ∈ G✳

✸✳ ❢♦r ❛ ✜①❡❞ ρ ∈ g∗ t❤❡ ❝♦❛❞❥♦✐♥t ✐s♦tr♦♣② s✉❜❣r♦✉♣ Gρ = {g ∈ G : Ad∗gρ = ρ} ✐s ❛ ▲✐❡

s✉❜❣r♦✉♣ ♦❢ G ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ G✳

❚❤❡♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ Gρ ❡q✉❛❧s gρ = {ξ ∈ g : ad∗ξρ = 0} ❛♥❞ t❤❡ q✉♦t✐❡♥t t♦♣♦❧♦❣✐❝❛❧

s♣❛❝❡ G/Gρ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ✭r❡❛❧ ♦r ❝♦♠♣❧❡①✮ ❇❛♥❛❝❤ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ♠❛❦✐♥❣ t❤❡

❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ π : G → G/Gρ ❛ s✉r❥❡❝t✐✈❡ s✉❜♠❡rs✐♦♥✳ ❚❤❡ ♠❛♥✐❢♦❧❞ G/Gρ ✐s

s②♠♣❧❡❝t✐❝ r❡❧❛t✐✈❡ t♦ t❤❡ 2✲❢♦r♠ ωρ ❣✐✈❡♥ ❜②

ωρ(π(g))((π ◦ Lg)∗1ξ, (π ◦ Lg)∗1η) = 〈ρ, [ξ, η]〉

❢♦r ξ, η ∈ g ✇❤❡r❡ 〈·, ·〉 : g∗ × g→ R ♦r C ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♣❛✐r✐♥❣ ❜❡t✇❡❡♥ g∗ ❛♥❞ g✳ ❚❤❡

t✇♦ ❢♦r♠ ωρ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ G/Gρ ❣✐✈❡♥ ❜② g · π(h) = π(gh) ❢♦r

g, h ∈ G✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✹✷❪✳
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❈❤❛♣t❡r ✸

❆ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤ t♦ s✐♠✐❧❛r✐t②

♣r♦❜❧❡♠s

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ st✉❞② s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s ❣❡♦♠❡tr✐❝❛❧❧② ❜② ❛♥❛❧②③✐♥❣ t❤❡ ❛❝t✐♦♥ ♦❢ ❛
❣r♦✉♣ H ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ ❛ C∗✲❛❧❣❡❜r❛ A ♦♥ t❤❡ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs P
❣✐✈❡♥ ❜② h · a = hah∗✳

■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ ♣r♦✈❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ❣r♦✉♣H ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts
♦❢ ❛ C∗✲❛❧❣❡❜r❛ ♦♥ t❤❡ ❝♦♥❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ❣✐✈❡♥ ❜② h · a = hah∗ ❛♥❞ ✐ts
r❡❧❛t✐♦♥ t♦ ✉♥✐t❛r✐③❡rs ♦❢ ❣r♦✉♣s✱ ✐✳❡✳ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡s s s✉❝❤ t❤❛t s−1Hs ✐s ❛ ❣r♦✉♣ ♦❢
✉♥✐t❛r✐❡s✳

■♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ ❞❡✜♥❡ t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ❛ ❣r♦✉♣ ❛♥❞ r❡❧❛t❡ ✐t t♦
❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r❜✐ts ♦❢ t❤❡ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦♥ P ✳ ❚❤✐s ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤
✐s ✉s❡❞ t♦ ♣r♦✈❡ s♦♠❡ ✐♥t❡r♣♦❧❛t✐♦♥ r❡s✉❧ts ✐♥ P✐s✐❡r✬s st✉❞② ♦❢ s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s✱ s♦
❣✐✈❡♥ ❛ ✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠ π : A → B(H)✱ ❛ ❢❛♠✐❧② ♦❢ ✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠s ✇✐t❤
♥♦r♠ t❡♥❞✐♥❣ t♦ 1 ✐s ❞❡r✐✈❡❞ ❛♥❞ t❤❡ ♥♦r♠s ❛♥❞ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ♥♦r♠s ♦❢ t❤❡s❡
❤♦♠♦♠♦r♣❤✐s♠s ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♦r❜✐ts ♦❢ t❤❡ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ π(U)✳ ❲❡ ❛❧s♦ ❣✐✈❡
❛♥ ❛♥s✇❡r t♦ ❛ ♣r♦❜❧❡♠ ♣♦s❡❞ ❜② ❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ❛♥❞ ❙t♦❥❛♥♦✛ ✐♥ ❬✷✱ ✹❪ ❛❜♦✉t t❤❡
♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ✉♥✐t❛r✐③❡rs ♦❢ s♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥s gπ(·)g−1 ✇❤❡r❡
g ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r ❛♥❞ π : A → B(H) ✐s ❛ ∗✲r❡♣r❡s❡♥t❛t✐♦♥ s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛
❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E : B(H)→ π(A)✳

■♥ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ✉♥✐t❛r✐③❛❜✐❧✐t② ♦❢ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
❣r♦✉♣s ✐♥ B(H) ✐♥ t✇♦ ❝♦♥t❡①ts ✇❤❡r❡ t❤❡ ♠❡tr✐❝ ♦♥ t❤❡ ♠❛♥✐❢♦❧❞s ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡
♦♣❡r❛t♦rs ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ tr❛❝❡✿ t❤❡ tr❛❝❡ ✐♥ ❛ ✜♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ❛♥❞ t❤❡
tr❛❝❡ ✐♥ t❤❡ ✐❞❡❛❧ ♦❢ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs✳ ■♥ t❤❡s❡ ❝♦♥t❡①ts ♦❢ ❈❆❚✭✵✮ s♣❛❝❡s t❤❡

✹✼
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❇r✉❤❛t✲❚✐ts ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ ♣r♦✈❡ s✐♠✐❧❛r✐t② r❡s✉❧ts✳

✸✳✷ ❋✐①❡❞ ♣♦✐♥t s❡t ❛♥❞ ♦r❜✐ts

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ■❢ A ✐s ❛ C∗✲❛❧❣❡❜r❛✱ P ✐s t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ❛♥❞ G

t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ A✱ t❤❡♥ ❢♦r ❛ s✉❜❣r♦✉♣ H ⊆ G ✇❡ ❞❡✜♥❡ t❤❡ ❛❝t✐♦♥ I

♦❢ H ♦♥ P ❛s h · a = Ih(a) = hah∗✳ ❚♦ ♠❛❦❡ ❝❧❡❛r ✇❤✐❝❤ s✉❜❣r♦✉♣ H ♦❢ G ❛❝ts ♦♥ P ✇❡

s❤❛❧❧ s♦♠❡t✐♠❡s ✇r✐t❡ IH ✳ ❚❤❡ ✜①❡❞ ♣♦✐♥t s❡t ❢♦r t❤✐s ❛❝t✐♦♥ ✐s PH = {a ∈ P : Ih(a) =

a ❢♦r ❛❧❧ h ∈ H}✳ ❚❤❡ ♦r❜✐t ♦❢ a ∈ P ✐s OH(a) = {h · a : h ∈ H}✳ ❆ ❣r♦✉♣ H ✐s s❛✐❞ t♦ ❜❡

✉♥✐t❛r✐③❛❜❧❡ ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r s s✉❝❤ t❤❛t s−1Hs ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳

❘❡♠❛r❦ ✸✳✷✳✷✳ ◆♦t❡ t❤❛t ✐❢ s ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ H ❛♥❞ s = bu ✐s t❤❡ ♣♦❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ s ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ❛ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ b ❛♥❞ ❛ ✉♥✐t❛r② u✱ t❤❡♥ b ✐s ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r

♦❢ H ❜❡❝❛✉s❡ u−1b−1Hbu ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳ ■♥ t❤✐s ❝❛s❡ ‖s‖ = ‖b‖✳

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇s ❤♦✇ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡rs ❛r❡ r❡❧❛t❡❞ t♦ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡
❛❝t✐♦♥ I✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✳ ❆ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r s ✐s ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r ♦❢ t❤❡ ❣r♦✉♣

H ✐❢ ❛♥❞ ♦♥❧② ✐❢ s2 ✐s ❛ ✜①❡❞ ♣♦✐♥t ❢♦r t❤❡ ❛❝t✐♦♥ I ♦❢ H ♦♥ P ✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t

s−1Hs ⊆ U ⇔ s−1hs(s−1hs)∗ = 1 ❢♦r ❛❧❧ h ∈ H

⇔ s−1hs2h∗s−1 = 1 ❢♦r ❛❧❧ h ∈ H

⇔ Ih(s
2) = hs2h∗ = s2 ❢♦r ❛❧❧ h ∈ H.

❲❡ ♥❡①t s❤♦✇ ❤♦✇ ♦r❜✐ts ❛♥❞ ✜①❡❞ ♣♦✐♥t s❡ts ❜❡❤❛✈❡ ✉♥❞❡r tr❛♥s❧❛t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✳ ▲❡t ❛ ❣r♦✉♣ G ❛❝t ♦♥ ❛ s❡t X✳ ■❢ H ✐s ❛ s✉❜❣r♦✉♣ ♦❢ G t❤❡♥ ❢♦r

f ∈ G ❛♥❞ x ∈ X

f−1 · OH(x) = Of−1Hf (f
−1 · x)

❛♥❞

f−1 ·XH = Xf−1Hf .
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Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ✜rst ✐❞❡♥t✐t② ♦❜s❡r✈❡ t❤❛t

Of−1Hf (x) = {(f−1hf) · x : h ∈ H}

= {f−1 · (h · (f · x)) : h ∈ H}

= f−1 · {h · (f · x) : h ∈ H}

= f−1 · OH(f · x).

❙✉❜st✐t✉✐♥❣ f−1 · x ❢♦r x ✇❡ ❣❡t t❤❡ r❡s✉❧t✳ ❚❤❡ s❡❝♦♥❞ ✐❞❡♥t✐t② ❢♦❧❧♦✇s ❢r♦♠

x ∈ Xf−1Hf ⇔ f−1hf · x = x ❢♦r ❛❧❧ h ∈ H

⇔ f−1 · (h · (f · x)) = x ❢♦r ❛❧❧ h ∈ H

⇔ h · f · x = f · x ❢♦r ❛❧❧ h ∈ H

⇔ f · x ∈ XH ⇔ x ∈ f−1 ·XH .

❘❡♠❛r❦ ✸✳✷✳✺✳ ■❢ A ✐s ❛ C∗✲❛❧❣❡❜r❛✱ P ✐s t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ❛♥❞ G

t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ A✱ t❤❡♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ s❛②s t❤❛t ❢♦r ❛ s✉❜r♦✉♣ H ♦❢

G ❛♥❞ ❢♦r f ∈ G ❛♥❞ a ∈ P

If−1(OH(a)) = f−1OH(a)f
−1∗ = Of−1Hf (f

−1af−1∗)

❛♥❞

If−1(pH) = f−1pHf−1∗ = P f−1Hf .

❘❡♠❛r❦ ✸✳✷✳✻✳ ■❢ H ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s ✐♥ B(H)✱ t❤❡♥ t❤❡ ❝♦♠♠✉t❛♥t H ′ ♦❢ H ✐♥

B(H) ✐s ❛ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ s♦ t❤❛t

PH = {a ∈ P : Ih(a) = hah−1 = a ❢♦r ❛❧❧ h ∈ H}

= {a ∈ P : ha = ah ❢♦r ❛❧❧ h ∈ H}

= P ∩H ′ = exp(H ′ ∩ As).

❉❡✜♥✐t✐♦♥ ✸✳✷✳✼✳ ❆ ❝❧♦s❡❞ r❡❛❧ s✉❜s♣❛❝❡ S ⊆ As ≃ T1P ✐s ❝❛❧❧❡❞ ❛ ▲✐❡ tr✐♣❧❡ s②st❡♠ ✐❢

[[X, Y ], Z] ∈ S ❢♦r ❡✈❡r② X, Y, Z ∈ S✳ ❆ ❝❧♦s❡❞ s✉❜♠❛♥✐❢♦❧❞ C ⊆ P ✐s t♦t❛❧❧② ❣❡♦❞❡s✐❝

✐❢ expa(TaC) = C ❢♦r ❛❧❧ a ∈ C✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✽✳ ▲❡t H ❜❡ ❛ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts✱ t❤❡♥ t❤❡ ✜①❡❞ ♣♦✐♥t s❡t PH

♦❢ t❤❡ ❛❝t✐♦♥ I ✐s ❛ t♦t❛❧❧② ❣❡♦❞❡s✐❝ s✉❜♠❛♥✐❢♦❧❞ ♦❢ P ✳
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Pr♦♦❢✳ ■❢ H ✐s ♥♦t ✉♥✐t❛r✐③❛❜❧❡ t❤❡♥ PH ✐s ❡♠♣t②✳ ■❢ H ✐s ✉♥✐t❛r✐③❛❜❧❡ ❛♥❞ f ✐s ❛ ♣♦s✐t✐✈❡
✉♥✐t❛r✐③❡r✱ t❤❡♥ ❜② Pr♦♣✳ ✸✳✷✳✺ PH = fP f−1Hff ✱ s♦ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥t s❡t ✐s ❛ tr❛♥s❧❛t✐♦♥
♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t s❡t ♦❢ t❤❡ ✉♥✐t❛r② ❣r♦✉♣ f−1Hf ✳ ❇② ❘❡♠❛r❦ ✸✳✷✳✻ P f−1Hf = P ∩

(f−1Hf)′ = exp((f−1Hf)′ ∩ As)✳ ❙✐♥❝❡ (f−1Hf)′ ✐s ❛ ∗✲s✉❜❛❧❣❡❜r❛ ♦❢ A ✐t ✐s ❛ ▲✐❡ tr✐♣❧❡
s②st❡♠✳ ❋r♦♠ t❤❡ ✐❞❡♥t✐t② [X, Y ]∗ = −[X∗, Y ∗] ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t As ✐s ❡ ▲✐❡ tr✐♣❧❡
s②st❡♠✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ (f−1Hf)′ ∩As ✐s ❛ ▲✐❡ tr✐♣❧❡ s②st❡♠ ❛♥❞ ❜② ❈♦r♦❧❧❛r②
✹✳✶✼ ✐♥ ❬✶✺❪ P f−1Hf = P ∩ (f−1Hf)′ = exp((f−1Hf)′ ∩ As)✱ ❜❡❡✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢
❛ ▲✐❡ tr✐♣❧❡ s②st❡♠✱ ✐s ❛ t♦t❛❧❧② ❣❡♦❞❡s✐❝ s✉❜♠❛♥✐❢♦❧❞✳ ❙✐♥❝❡ PH ✐s ❛ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡
t♦t❛❧❧② ❣❡♦❞❡s✐❝ s✉❜s❡t P f−1Hf ✐t ✐s ❛❧s♦ t♦t❛❧❧② ❣❡♦❞❡s✐❝✳

✸✳✸ ❙✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ❛ ❣r♦✉♣

✸✳✸✳✶ ●❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞

s✐③❡ ♦❢ ❛ ❣r♦✉♣

❘❡❝❛❧❧ t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✾ t❤❡ ❛❝t✐♦♥ I ♦❢ G ♦♥ P ❣✐✈❡♥ ❜② g · a = gag∗ ✐s ✐s♦♠❡tr✐❝
❛♥❞ t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✶✶ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡s ❡❧❡♠❡♥ts a
❛♥❞ b ✐s ❣✐✈❡♥ ❜②

d(a, b) = Length(γa,b) = ‖log(a
− 1

2 ba−
1
2 )‖.

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✳ ❋♦r s✉❜s❡ts C,D ⊆ P ❛♥❞ a ∈ P ✇❡ ❞❡✜♥❡ ❛s ✉s✉❛❧ dist(C,D) =

infx∈C,y∈Dd(x, y)✱ dist(a,D) = infx∈Dd(a, x) ❛♥❞ diam(D) = supx,y∈Dd(x, y)✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✷✳ ❚❤❡ s✐③❡ ♦❢ ❛ ❣r♦✉♣ H ⊆ G ✐s |H| = suph∈H‖h‖✳ ❚❤❡ s✐♠✐❧❛r✐t②

♥✉♠❜❡r ♦❢ H ✐s Sim(H) = inf{‖s‖‖s−1‖ : s ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ H}✳

❚❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❞❡✜♥❡❞ ❛❜♦✈❡ ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ s✐♠✐❧❛r✐t② ❞❡❣r❡❡ ❞❡✜♥❡❞
❛♥❞ ✉s❡❞ ✐♥ P✐s✐❡r✬s ❛♣♣r♦❛❝❤ t♦ s✐♠✐❧❛r✐t② ♣r♦❜❧❡♠s ✐♥ ❬✺✻✱ ✺✺❪✳ ❇② ❘❡♠❛r❦ ✸✳✷✳✷ ✐t ✐s
str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t

Sim(H) = inf{‖s‖‖s−1‖ : s ✐s ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r ♦❢ H}

✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸✳ ❋♦r ❛ ❣r♦✉♣ H t❤❡ ✐❞❡♥t✐t✐❡s

dist(OH(1), P
H) = dist(1, PH) = log(Sim(H))

❛♥❞

diam(OH(1)) = 2log(|H|)

❤♦❧❞✳
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Pr♦♦❢✳ ❲❡ ❞♦♥♦t❡ ❜② λmax(a) ❛♥❞ ❜② λmin(a) t❤❡ ♠❛①✐♠✉♠ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡
s♣❡❝tr✉♠ ♦❢ a ∈ P ✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✉♥✐t❛r✐③❡rs

Sim(H) = inf{‖s‖‖s−1‖ : s ✐s ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r ♦❢ H}

= inf
a∈PH

‖a
1
2‖‖a−

1
2‖ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸ ✭✸✳✶✮

= inf
a∈PH

(

λmax(a)

λmin(a)

) 1
2

.

❆❧s♦✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❢♦r a ∈ PH ❛♥❞ α > 0 ✇❡ ❤❛✈❡ αa ∈ PH

dist(1, PH) = inf
a∈PH

d(1, a) = inf
a∈PH

‖log(a)‖

= inf
a∈PH

max{log(λmax(a)),−log(λmin(a))}

= inf
a∈PH ,α>0

max{log(λmax(αa)),−log(λmin(αa))} ✭✸✳✷✮

= inf
a∈PH ,α>0

max{log(λmax(a)) + log(α),−log(λmin(a))− log(α)}

= inf
a∈PH ,c∈R

max{log(λmax(a)) + c,−log(λmin(a))− c}

= inf
a∈PH

1

2
(log(λmax(a))− log(λmin(a)))

= log

(

inf
a∈PH

(
λmax(a)

λmin(a)
)
1
2

)

.

❈♦♠❜✐♥✐♥❣ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ ✇❡ ❣❡t

dist(1, PH) = log(Sim(H)).

❆❧s♦

dist(OH(1), P
H) = infh∈Hdist(Ih(1), P

H)

= infh∈Hdist(1, Ih−1(PH))

= infh∈Hdist(1, P
H)

= dist(1, PH),

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t I ✐s ✐s♦♠❡tr✐❝✱ ❛♥❞ t❤❡ t❤✐r❞
❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t PH ✐s I ✐♥✈❛r✐❛♥t✳

❙✐♥❝❡
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d(1, hh∗) = ‖log(hh∗)‖ = max{log‖hh∗‖, log‖(hh∗)−1‖}

= max{log(‖h‖2), log(‖h−1‖2)‖}

✇❡ ❣❡t

diam(OH(1)) = sup
h∈H

d(1, hh∗)

= sup
h∈H

max{log(‖h‖2), log(‖h−1‖2)‖}

= sup
h∈H

log(‖h‖2)

= sup
h∈H

2log(‖h‖)

= 2log(|H|).

❘❡♠❛r❦ ✸✳✸✳✹✳ ◆♦t❡ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ dist(1, PH) = log(Sim(H)) t❤❛t ❛♥ a ∈ PH ✇❤✐❝❤

♠✐♥✐♠✐③❡s t❤❡ ❞✐st❛♥❝❡ t♦ 1 ❝♦rr❡s♣♦♥❞s t♦ ❛ ✉♥✐t❛r✐③❡r a
1
2 ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ q✉❛♥t✐t②

‖s‖‖s−1‖ ❛♠♦♥❣ ❛❧❧ ✉♥✐t❛r✐③❡rs✳ ❆❧s♦✱ ❛ ✉♥✐t❛r✐③❡r s s✉❝❤ t❤❛t ‖s‖‖s−1‖ = Sim(H) ❝❛♥

❜❡ s❝❛❧❡❞ t♦ ❤❛✈❡ s✐♠❡tr✐❝ s♣❡❝tr✉♠✱ ✐✳❡✳ log(λmax(s)) = −log(λmin(s)) ❛♥❞ t❤❡ r❡s✉❧t✐♥❣

s❝❛❧❡❞ ✜①❡❞ ♣♦✐♥t s2 ♠✐♥✐♠✐③❡s t❤❡ ❞✐st❛♥❝❡ t♦ 1✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸ ✇❛s ♣r♦✈❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❙❝❤❧✐❝❤t ✭s❡❡ ▲❡♠♠❛ ✺✳✷ ❛♥❞ t❤❡ ♣r♦♦❢
♦❢ ▲❡♠♠❛ ✺✳✻ ✐♥ ❬✺✾❪✮✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r♦✈❡❞ ❜② ❙❝❤❧✐❝❤t ✐♥ t❤❡ ❝❛s❡ ♦❢ B(H) ✭s❡❡
▲❡♠♠❛ ✸✳✹ ✐♥ ❬✺✾❪✮ s❤♦✇s t❤❛t ❝❧♦s❡st ♣♦✐♥ts t♦ t❤❡ ✐❞❡♥t✐t② 1 ✐♥ PH ❡①✐st✳ ❲❡ ✐♥❝❧✉❞❡ ❛
♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t ❜② Pr♦♣♦s✐t✐♦♥
✸✳✸✳✸ t♦ ♣r♦✈✐♥❣ t❤❛t ❢♦r ❛ ✉♥✐t❛r✐③❛❜❧❡ ❣r♦✉♣ H t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r s s✉❝❤ t❤❛t
‖s‖‖s−1‖ = Sim(H)✳

▲❡♠♠❛ ✸✳✸✳✺✳ ▲❡t A ❜❡ ❛ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ✇✐t❤ s❡♣❛r❛❜❧❡ ♣r❡❞✉❛❧ ❛♥❞ ❧❡t H ❜❡ ❛

s✉❜❣r♦✉♣ ♦❢ G✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ a ∈ PH s✉❝❤ t❤❛t dist(1, PH) = d(1, a)✳

Pr♦♦❢✳ ❋♦r a ∈ P

d(1, a) = ‖log(a)‖ = max{log(λmax(a)),−log(λmin(a))},

✇❤❡r❡ λmax(a) ❛♥❞ λmin(a) ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡s ♦❢ a ∈ P ⊆ As✳
❍❡♥❝❡ t❤❡ ♠❡tr✐❝ ❜❛❧❧s ❛r♦✉♥❞ 1 ❛r❡ ♦♣❡r❛t♦r ✐♥t❡r✈❛❧s✱ ✐✳❡✳

B[1, r] = {b ∈ P : d(1, b) ≤ r} = [e−r, er].
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❚❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ (an)n ⊆ PH s✉❝❤ t❤❛t d(1, an)→ dist(1, PH) = infb∈PH d(1, b)✳ ❙✐♥❝❡
t❤❡ s❡t

{a ∈ A : hah∗ = a ❢♦r ❛❧❧ h ∈ H} =
⋂

h∈H

{a ∈ A : hah∗ = a}

✐s ✇❡❛❦ ♦♣❡r❛t♦r ❝❧♦s❡❞✱ ❛♥❞ ❢♦r ❡✈❡r② r > 0 t❤❡ s❡t [e−r, er] ✐s ✐s ❛❧s♦ ✇❡❛❦ ♦♣❡r❛t♦r ❝❧♦s❡❞
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t PH ∩ [e−r, er] ✐s ✇❡❛❦ ♦♣❡r❛t♦r ❝❧♦s❡❞✳ ❆❧s♦✱ s✐♥❝❡ t❤❡ ✇❡❛❦ ♦♣❡r❛t♦r
t♦♣♦❧♦❣② ♦♥ ❝❧♦s❡❞ ❜❛❧❧s ✐s ♠❡tr✐③❛❜❧❡ ❛♥❞ ❝♦♠♣❛❝t ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ✐s ❛ s✉❜s❡q✉❡♥❝❡
♦❢ (an)n ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ ❛♥ a ∈ PH ✳ ❚❤✐s s✉❜s❡q✉❡♥❝❡✱ ✇❤✐❝❤ ✇❡ st✐❧❧ ❞❡♥♦t❡
❜② (an)n✱ ❛❧s♦ s❛t✐s✜❡s d(1, an) → dist(1, PH) = infb∈PH d(1, b)✳ ❋♦r ❡✈❡r② ǫ > 0 t❤❡r❡ ✐s
❛♥ nǫ ∈ N s✉❝❤ t❤❛t ❢♦r n ≥ nǫ ✇❡ ❤❛✈❡

an ∈ B[1, dist(1, PH) + ǫ] = [e−dist(1,P
H)−ǫ, edist(1,P

H)+ǫ].

❙✐♥❝❡ ♦♣❡r❛t♦r ✐♥t❡r✈❛❧s ❛r❡ ✇❡❛❦ ♦♣❡r❛t♦r ❝❧♦s❡❞ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ✇❡❛❦ ❧✐♠✐t a ♦❢ (an)n
✐s ✐♥ [e−dist(1,P

H)−ǫ, edist(1,P
H)+ǫ]✳ ❚❤❡r❡❢♦r❡ d(1, a) < dist(1, PH) + ǫ ❢♦r ❡✈❡r② ǫ > 0 s♦

t❤❛t d(1, a) ≤ dist(1, PH)✳ ❙✐♥❝❡ d(1, a) ≥ dist(1, PH) = infb∈PH d(1, b) t❤❡ ❝♦♥❝❧✉s✐♦♥
❢♦❧❧♦✇s✳

✸✳✸✳✷ ●❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s✐♠✐❧❛r✐t② r❡s✉❧ts

❙✐♠✐❧❛r✐t② r❡s✉❧ts ❢♦r ❤♦♠♦♠♦r♣❤✐s♠s ♦❢ C∗✲❛❧❣❡❜r❛s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② r❡str✐❝t✐♥❣ ❛t✲
t❡♥t✐♦♥ t♦ t❤❡ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s ✐♥ t❤❡ C∗✲❛❧❣❡❜r❛✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ▲❡♠♠❛ ✾✳✻ ✐♥ ❬✺✶❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻✳ ■❢ A ❛♥❞ B ❛r❡ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛s ❛♥❞ π : A → B ✐s ❛ ✉♥✐t❛❧

❤♦♠♦♠♦r♣❤✐s♠✱ t❤❡♥ π ✐s ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ π s❡♥❞s ✉♥✐t❛r✐❡s t♦ ✉♥✐t❛r✐❡s✱

✐✳❡✳ π(UA) ⊆ UB✱ ✇❤❡r❡ UA ❛♥❞ UB ❛r❡ t❤❡ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s ♦❢ A ❛♥❞ B r❡s♣❡❝t✐✈❡❧②✳

◆♦t❡ t❤❛t ❤♦♠♦♠♦r♣❤✐s♠s ❛r❡ ❛❧❣❡❜r❛ ❤♦♠♦♠♦r♣❤✐s♠ ✇❤✐❝❤ ♥♦t ♥❡❝❡ss❛r✐❧② ♣r❡s❡r✈❡
t❤❡ ∗✲♦♣❡r❛t✐♦♥✳

Pr♦♦❢✳ ■❢ π s❡♥❞s ✉♥✐t❛r✐❡s t♦ ✉♥✐t❛r✐❡s t❤❡♥ ❢♦r ❡✈❡r② u ∈ UA

π(u∗) = π(u−1) = π(u)−1 = π(u)∗

s♦ t❤❛t π ♣r❡s❡r✈❡s t❤❡ ∗ ♦♣❡r❛t♦r ♦♥ ✉♥✐t❛r✐❡s✳ ❙✐♥❝❡ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ A ✐s ❛ r❡❛❧ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢♦✉r ✉♥✐t❛r✐❡s ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✸✳✸ ✐♥ ❬✶✼❪✮ ❛♥❞ π ✐s ❧✐♥❡❛r ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t π ✐s ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠✳ ❚❤❡ ♦t❤❡r ✐♠♣❧✐❝❛t✐♦♥ ✐s ❝❧❡❛r✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✼✳ ❋♦r ❛ C∗✲❛❧❣❡❜r❛ A ❛♥❞ ❛♥ ✐♥✈❡r✐❜❧❡ s ∈ A ✇❡ ❞❡✜♥❡ t❤❡ ✉♥✐t❛❧ ❜♦✉♥❞❡❞

❤♦♠♦♠♦r♣❤✐s♠

Ads : A 7→ A, Ads(a) = sas−1 ❢♦r a ∈ A.
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❈♦r♦❧❧❛r② ✸✳✸✳✽✳ ■❢ A ❛♥❞ B ❛r❡ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛s ❛♥❞ π : A → B ✐s ❛ ✉♥✐t❛❧ ❤♦✲

♠♦♠♦r♣❤✐s♠✱ t❤❡♥ Ads ◦ π ✐s ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠ ❢♦r ❛♥ ✐♥✈❡rt✐❜❧❡ s ∈ B ✐❢ ❛♥❞ ♦♥❧② ✐❢

Ads(π(UA)) = s−1π(UA)s ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✾✳ ■❢ A ❛♥❞ B ❛r❡ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛s ❛♥❞ π : A → B ✐s ❛ ✉♥✐t❛❧

❤♦♠♦♠♦r♣❤✐s♠✱ t❤❡♥ |π(UA)| = ‖π‖✳

Pr♦♦❢✳ ❚❤❛t |π(UA)| ≤ ‖π‖ ✐s ❝❧❡❛r✳ ❚♦ ♣r♦✈❡ t❤❛t ‖π‖ ≤ |π(UA)| ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ✐♥ ❛
C∗✲❛❧❣❡❜r❛ t❤❡ ❝❧♦s❡❞ ✉♥✐t ❜❛❧❧ ✐s t❤❡ ❝❧♦s❡❞ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ✉♥✐t❛r✐❡s ✐♥ t❤❡ ❛❧❣❡❜r❛✱ s❡❡ ❬✷✹✱
❚❤❡♦r❡♠ ■✳✽✳✹❪✳ ■❢ a ∈ A ✐s s✉❝❤ t❤❛t ‖a‖ ≤ 1✱ ❢♦r ǫ > 0 t❤❡r❡ ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢
✉♥✐t❛r✐❡s

∑n
i=1 αiui ✐♥ A s✉❝❤ t❤❛t ‖a−

∑n
i=1 αiui‖ ≤ ǫ✳ ❍❡♥❝❡ ‖π(a)‖−‖π(

∑n
i=1 αiui)‖ ≤

‖π(a)−π(
∑n

i=1 αiui)‖ ≤ ‖π‖‖a−
∑n

i=1 αiui‖ ≤ ‖π‖ǫ ❛♥❞ ‖π(a)‖ ≤ ‖π(
∑n

i=1 αiui)‖+ǫ‖π‖✳
❙✐♥❝❡ ‖π(

∑n
i=1 αiui)‖ = ‖

∑n
i=1 αiπ(ui)‖ ≤

∑n
i=1 αi‖π(ui)‖ ≤

∑n
i=1 αi|π(UA)| = |π(UA)|

t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

■❢ ❛ C∗✲❛❧❣❡❜r❛ A ✐s r❡♣r❡s❡♥t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ♦♥❡✲t♦✲♦♥❡ ∗✲❤♦♠♦♠♦r♣❤✐s♠ ψ : A→

B(H)✱ t❤❡♥ ❢♦r n ∈ N ❛♥ n × n ♦♣❡r❛t♦r ♠❛tr✐① (ψ(ai,j))
n
i,j=1 ❛❝ts ♥❛t✉r❛❧❧② ♦♥ H(n) =

H ⊕ . . . ⊕ H ✭n t✐♠❡s✮ ❛♥❞ ❤❛s t❤❡r♦❢♦r❡ ❛ C∗✲❛❧❣❡❜r❛ ♥♦r♠ ✐♥❤❡r✐t❡❞ ❢r♦♠ B(H(n))✳ ■t
✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤✐s C∗✲❛❧❣❡❜r❛ ♦❢ n × n ♦♣❡r❛t♦r ♠❛tr✐❝❡s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ψ ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② Mn(A)✱ ♦r ✉s✐♥❣ t❡♥s♦r ♥♦t❛t✐♦♥
A⊗Mn(C)✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✵✳ ■❢ A ❛♥❞ B ❛r❡ t✇♦ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛s ❛♥❞ π : A → B ✐s ❛ ❧✐♥❡❛r

♠❛♣✱ t❤❡ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ♥♦r♠ ♦❢ π ✐s ‖π‖c.b. = supn∈N‖πn‖✱ ✇❤❡r❡

πn = π ⊗ IdMn(C) :Mn(A) = A⊗Mn(C)→ B ⊗Mn(C) =Mn(B)

(ai,j)
n
i,j=1 7→ (π(ai,j))

n
i,j=1.

■❢ ‖π‖c.b. <∞ t❤❡♥ π ✐s ❛ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ♠❛♣✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❞✉❡ t♦ ❍❛❛❣❡r✉♣✱ s❡❡ ❚❤❡♦r❡♠ ✶✳✶✵ ❬✸✷❪✳

❚❤❡♦r❡♠ ✸✳✸✳✶✶✳ ▲❡t A ❜❡ ❛ C∗✲❛❧❣❡❜r❛ ✇✐t❤ ✉♥✐t ❛♥❞ ❧❡t π : A → B(H) ❜❡ ❛ ❜♦✉♥❞❡❞

✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠✳ ❚❤❡♥ π ✐s s✐♠✐❧❛r t♦ ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠ ✭✐✳❡✳ t❤❡r❡ ✐s ❛♥ ✐♥✈❡rt✐❜❧❡

s ∈ B(H) s✉❝❤ t❤❛t Ads ◦π ✐s ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ π ✐s ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞✳

■❢ π ✐s ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ t❤❡♥

‖π‖c.b. = inf{‖s−1‖‖s‖ : Ads ◦ π ✐s ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠ }.

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✷✳ ▲❡t A ❜❡ ❛ C∗✲❛❧❣❡❜r❛ ✇✐t❤ ✉♥✐t ❛♥❞ ❧❡t π : A → B(H) ❜❡ ❛ ❝♦♠✲

♣❧❡t❡❧② ❜♦✉♥❞❡❞ ✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠✳ ❚❤❡♥

‖π‖c.b. = Sim(π(UA)) = exp(dist(1, P π(UA))).
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Pr♦♦❢✳

‖π‖c.b. = inf{‖s‖‖s−1‖ : Ads ◦ π ✐s ❛ ∗✲❤♦♠♦♠♦r♣❤✐s♠ } ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✶

= inf{‖s‖‖s−1‖ : s ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ π(UA)} ❜② ❈♦r♦❧❧❛r② ✸✳✸✳✽

= Sim(π(UA)) ❜② ❉❡✜♥✐t✐♦♥ ✸✳✸✳✷

= exp(dist(1, P π(UA))) ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸✳

P✐s✐❡r ✉s❡❞ ❜♦✉♥❞s t❤❛t r❡❧❛t❡ t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡ ♦❢ ❣r♦✉♣s t♦ ❝❤❛r❛❝t❡r✐③❡
❝❧❛ss❡s ♦❢ ❣r♦✉♣s ❛♥❞ ❛❧❣❡❜r❛s✱ s❡❡ ❚❤❡♦r❡♠ ✶ ✐♥ ❬✺✸❪ ❛♥❞ t❤❡ ❞✐s❝✉ss✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❛t
t❤❡♦r❡♠✳ ■❢ ✇❡ t❛❦❡ t❤❡ ❧♦❣❛r✐t❤♠ ✐♥ ✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❢♦r♠

Sim(H) ≤ K|H|α

❢♦r ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts K ❛♥❞ α ✇❡ ❣❡t ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸

dist(1, PH) ≤ log(K) +
α

2
DH(1).

❘❡❝❛❧❧ t❤❛t ❛ C∗✲❛❧❣❡❜r❛ A ✐s ♥✉❝❧❡❛r ✐❢ ❢♦r ❡✈❡r② C∗✲❛❧❣❡❜r❛ B t❤❡ t❡♥s♦r ♣r♦❞✉❝t
❛❧❣❡❜r❛ A ⊗ B ❤❛s ❛ ✉♥✐q✉❡ C∗✲❛❧❣❡❜r❛ ♥♦r♠✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✽✳✼ ✐♥ ❬✶✶❪✳ ❚❤❡♦r❡♠ ✶ ✐♥
❬✺✸❪ ❜❡❝♦♠❡s

❚❤❡♦r❡♠ ✸✳✸✳✶✸✳ ❆ C∗✲❛❧❣❡❜r❛ A ✐s ♥✉❝❧❡❛r ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② ✉♥✐t❛❧ ❝♦♠♣❧❡t❡❧②

❜♦✉♥❞❡❞ ❤♦♠♦♠♦r♣❤✐s♠ ψ : A→ B(H)

dist(1, Pψ(UA)) ≤ Dψ(UA)(1)

✇❤❡r❡ UA ✐s t❤❡ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s ♦❢ A✳ ❆ C∗✲❛❧❣❡❜r❛ A ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ c > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✉♥✐t❛❧ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ❤♦♠♦♠♦r♣❤✐s♠

ψ : A→ B(H)

dist(1, Pψ(UA)) ≤ c+
1

2
Dψ(UA)(1).

❘❡♠❛r❦ ✸✳✸✳✶✹✳ ❚❤❡ ♥❡✇ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✸ ❤❛s t❤❡r❡❢♦r❡ ❛ ❣❡♦♠❡tr✐❝ ✐♥✲

t❡♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r❜✐ts ♦❢ t❤❡ ❛❝t✐♦♥ I ◦ ψ ♦❢ UA ♦♥ P ✳

❆ s✐♠✐❧❛r tr❛♥s❧❛t✐♦♥ ♦❢ P✐s✐❡r✬s ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❛♠❡♥❛❜❧❡ ❛♥❞ ✜♥✐t❡ ❞✐s❝r❡t❡ ❣r♦✉♣s
✇❛s ♦❜t❛✐♥❡❞ ❜② ❙❝❤❧✐❝❤t✱ s❡❡ ❈♦r♦❧❧❛r② ✺✳✽ ✐♥ ❬✺✾❪✳
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✸✳✸✳✸ ●❡♦♠❡tr✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ❛♥❞ s✐③❡

♦❢ ❛ ❣r♦✉♣

■♥st❡❛❞ ♦❢ t❤❡ ❝♦♠♣❧❡① ✐♥t❡r♣♦❧❛t✐♦♥ t❡❝❤♥✐q✉❡s ✉s❡❞ ❜② P✐s✐❡r ❬✺✺✱ ▲❡♠♠❛ ✷✳✷ ❛♥❞ ▲❡♠♠❛
✷✳✸❪ ✇❡ ✉s❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣♦❧❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶✺✳ ❋♦r ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts H ✐♥ ❛ C∗✲

❛❧❣❡❜r❛ A ❧❡t DH : P → R+ ❜❡ ❞❡✜♥❡❞ ❜② DH(a) = diam(OH(a)) ❢♦r a ∈ P ✱ s♦ t❤❛t

DH(a) ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ t❤❡ ♦r❜✐t t❤❛t ❝♦♥t❛✐♥s a✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✻✳ ❚❤❡ ♠❛♣ DH : P → R+ ✐s ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ I✱ ❣❡♦❞❡s✐❝❛❧❧②

❝♦♥✈❡① ❛♥❞ 2✲▲✐♣s❝❤✐t③✳

Pr♦♦❢✳ ❚❤❛t DH ✐s ✐♥✈❛r✐❛♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t OH(h · a) = OH(a) ❢♦r a ∈ P ❛♥❞
h ∈ H✳

❚♦ ♣r♦✈❡ t❤❛t DH ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① ✇❡ s❡❡ t❤❛t ❢♦r ❛ ❣❡♦❞❡s✐❝ γa,b : [0, 1] → P

t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

DH(γa,b(t)) = suph∈Hd(γa,b(t), h · γa,b(t))

= suph∈Hd(γa,b(t), γh·a,h·b(t))

≤ suph∈H(td(a, h · a) + (1− t)d(b, h · b))

≤ tsuph∈Hd(a, h · a) + (1− t)suph∈Hd(b, h · b)

= tDH(a) + (1− t)DH(b)

✇❤❡r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐st❛♥❝❡ ❛❧♦♥❣ ❣❡♦❞❡s✐❝s ✐s ❝♦♥✈❡①✱
s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✻✳

❚♦ ♣r♦✈❡ t❤❛t DH ✐s 2✲▲✐♣s❝❤✐t③ ♦❜s❡r✈❡ t❤❛t

DH(a) = suph∈Hd(a, h · a)

≤ suph∈H(d(a, b) + d(b, h · b) + d(h · b, h · a))

= suph∈H(2d(a, b) + d(b, h · b))

= 2d(a, b) + suph∈Hd(b, h · b)

= 2d(a, b) +DH(b).

❚❤❡r❡❢♦r❡ DH(a)−DH(b) ≤ 2d(a, b)✳ ❇② s②♠♠❡tr② DH(b)−DH(a) ≤ 2d(b, a) s♦ t❤❛t
|DH(a)−DH(b)| ≤ 2d(a, b)✳
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❘❡♠❛r❦ ✸✳✸✳✶✼✳ ❋♦r ❛ ❣❡♦❞❡s✐❝ γ ✐♥ P t❤❡ q✉♦t✐❡♥t

fγ(t) =
DH(γ(t))−DH(γ(0))

d(γ(t), γ(0))

✐s ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ♦❢ t ❜❡❝❛✉s❡ DH ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡①✳ ■t ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 2 ❛♥❞

❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② −2 ❜❡❝❛✉s❡ DH ✐s 2✲▲✐♣s❝❤✐t③✳ ❚❤❡r❡❢♦r❡ t❤❡ ❧✐♠✐t ♦❢ fγ(t) ✇❤❡♥ t→∞

❡①✐sts ❛♥❞ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t❡ t❤✐s q✉❛♥t✐t② ❛s ❛ s❧♦♣❡ ♦❢ DH ❛t ✐♥✜♥✐t②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✽✳ ❋♦r ❛ ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① s✉❜s❡t C ⊆ P t❤❡ ♠❛♣

P → R+, a 7→ dist(a, C)

✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① ❛♥❞ ✶✲▲✐♣s❤✐t③✳

Pr♦♦❢✳ ▲❡t ǫ > 0 ❛♥❞ ❧❡t e, f ∈ C s✉❝❤ t❤❛t d(a, e) < d(a, C)+ ǫ
2
❛♥❞ d(b, f) < d(a, C)+ ǫ

2
✳

❙✐♥❝❡ γe,f ❧✐❡s ✐♥ C ✇❡ ❤❛✈❡ ❢♦r t ∈ [0, 1]

dist(γa,b(t), C) ≤ dist(γa,b(t), γe,f (t)) ≤ (1− t)d(a, e) + td(b, f)

≤ (1− t)dist(a, C) + tdist(b, C) + ǫ.

❚❛❦✐♥❣ ǫ > 0 ❛r❜✐tr❛r② s♠❛❧❧ ✇❡ ❣❡t t❤❡ ✐♥❡q✉❛❧✐t②✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t

d(a, C) ≤ infc∈C(d(a, b) + d(b, c)) = d(a, b) + d(b, C),

s♦ t❤❛t ❜② s②♠♠❡tr② ✇❡ ❣❡t t❤❡ ▲✐♣s❝❤✐t③ ❜♦✉♥❞✳

❚❤❡♦r❡♠ ✸✳✸✳✶✾✳ ■❢ H ✐s ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❣r♦✉♣✱ γt = γr2,s2(t) ✐s t❤❡ ❣❡♦❞❡s✐❝ ❝♦♥✲

♥❡❝t✐♥❣ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡ts r2 ❛♥❞ s2 ❛♥❞ Ht = γ
− 1

2
t Hγ

1
2
t ✐s t❤❡ ♦♥❡✲♣❛r❛♠❡t❡r

❢❛♠✐❧② ♦❢ ❣r♦✉♣s ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♣ r−1Hr ❛♥❞ t❤❡ ❣r♦✉♣ s−1Hs t❤❡♥

|Ht| ≤ |r
−1Hr|1−t|s−1Hs|t

■❢ H ✐s ❛ ✉♥✐t❛r✐③❛❜❧❡ ❣r♦✉♣✱ γt = γr2,s2(t) ✐s t❤❡ ❣❡♦❞❡s✐❝ ❝♦♥♥❡❝t✐♥❣ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡

❡❧❡♠❡ts r2 ❛♥❞ s2 ❛♥❞ Ht = γ
− 1

2
t Hγ

1
2
t ✐s t❤❡ ♦♥❡✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ ❣r♦✉♣s ❜❡t✇❡❡♥ t❤❡

❣r♦✉♣ r−1Hr ❛♥❞ t❤❡ ❣r♦✉♣ s−1Hs t❤❡♥

Sim(Ht) ≤ Sim(r−1Hr)1−tSim(s−1Hs)t

■❢ H ✐s ❛ ✉♥✐t❛r✐③❛❜❧❡ ❣r♦✉♣✱ ❛♥❞ s ✐s ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r s✉❝❤ t❤❛t d(1, PH) = d(1, s2)

✭❛♥❞ t❤❡r❡❢♦r❡ ‖s‖‖s−1‖ = Sim(H) ❜② ❘❡♠❛r❦ ✸✳✸✳✹✮✱ t❤❡♥ t❤❡ ❢❛♠✐❧② ♦❢ ❣r♦✉♣s (Ht)t∈[0,1]
✇✐t❤ Ht = s−tHst s❛t✐s✜❡s

|Ht| ≤ |H|
1−t

❛♥❞

Sim(Ht) = Sim(H)1−t.
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Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ ❢♦r f ∈ G ❛♥❞ b ∈ P

Df−1Hf (b) = diam(Of−1Hf (b)) = diam(f−1OH(fbf
∗)f−1∗)

= diam(OH(fbf
∗)) = DH(fbf

∗).

◆♦✇✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t γt = γr2,s2(t) ✐s ❛ ❣❡♦❞❡s✐❝ ❛♥❞ t❤❡ ❣❡♦❞❡s✐❝ ❝♦♥✈❡①✐t② ♦❢ DH

DHt
(1) = D

γ
−

1
2

t Hγ
1
2
t

(1) = DH(γt)

= DH(γr2,s2(t)) ≤ (1− t)DH(r
2) + tDH(s

2)

= (1− t)Dr−1Hr(1) + tDr−1Hr(1).

❊①♣♦♥❡♥t✐❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸ ✇❡ ❣❡t

|Ht|
2 ≤ |r−1Hr|2(1−t)|s−1Hs|2t

❛♥❞ t❤❡r❡❢♦r❡
|Ht| ≤ |r

−1Hr|1−t|s−1Hs|t.

❇② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ ❢♦r f ∈ G ❛♥❞ b ∈ P

Df−1Hf (b) = diam(Of−1Hf (b)) = diam(f−1OH(fbf
∗)f−1∗)

= diam(OH(fbf
∗)) = DH(fbf

∗)

❛♥❞
dist(b, P f−1Hf ) = dist(b, f−1pHf−1∗) = dist(fbf ∗, PH).

❙✐♥❝❡ PH ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① ✇❡ ❝❛♥ ✉s❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ♠❛♣ a 7→ d(a, )✱
t❤❡r❡❢♦r❡

dist(1, PHt) = dist(1, P γ
−

1
2

t Hγ
1
2
t )

= dist(γt, P
H) = dist(γr2,s2(t), P

H)

≤ (1− t)d(r2, PH) + td(s2, PH)

= (1− t)dist(1, P r−1Hr) + tdist(1, P s−1Hs).

❊①♣♦♥❡♥t✐❛t✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✇❡ ♦❜t❛✐♥

Sim(Ht) ≤ Sim(r−1Hr)1−tSim(s−1Hs)t.

◆♦✇✱ ✐❢ t❤❡ ❣❡♦❞❡s✐❝ ✐s γ1,s2(t) = s2t✱ t❤❡♥ s✐♥❝❡ H1 = s−1Hs ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r②

|Ht| ≤ |H|
1−t.
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■♥ t❤❡ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ s✐♠✐❧❛r✐t② ♥✉♠❜❡r ✇❡ ❝❛♥ ❣❡t ✐♥st❡❛❞ ❛♥ ❡q✉❛❧✐t②✳ ❙✐♥❝❡ s2 ✐s ❛
♣♦✐♥t ✐♥ PH ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ 1 t♦ PH ❛♥❞ ❣❡♦❞❡s✐❝ ❤❛✈❡ ♠✐♥✐♠❛❧ ❧❡♥❣❤t✱
s2 ♠✐♥✐♠✐③❡s ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥ts ✐♥ PH t♦ ❛♥② ♣♦✐♥t ✐♥ t❤❡ ❣❡♦❞❡s✐❝ γ1,s2(t) = s2t✳
❚❤❡r❡❢♦r❡

dist(1, PHt) = dist(1, P γ
−

1
2

t Hγ
1
2
t ) = dist(γt, P

H) = (1− t)dist(1, PH).

❊①♣♦♥❡♥t✐❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸ ✇❡ ❣❡t

Sim(Ht) = Sim(H)1−t.

❈♦r♦❧❧❛r② ✸✳✸✳✷✵✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♠♣❧❡t❡❧② ❜♦✉♥❞❡❞ ✉♥✐t❛❧ ♠❛♣ π : A→ B(H) ✇❡ ❝❛♥

❞❡✜♥❡ ❛ ❢❛♠✐❧② ♦❢ ♠❛♣s πt = Adst ◦ π s✉❝❤ t❤❛t

‖πt‖ ≤ ‖π‖
1−t ❛♥❞ ‖πt‖c.b. = ‖π‖

1−t
c.b. .

❚❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✇❛s ✜rst ♦❜t❛✐♥❡❞ ❜② ❙❝❤❧✐❝❤t ✭s❡❡ ▲❡♠♠❛ ✸✳✻✱ ❈♦r♦❧❧❛r② ✸✳✼
❛♥❞ ▲❡♠♠❛ ✺✳✸ ✐♥ ❬✺✾❪✮ ✇✐t❤♦✉t ✉s✐♥❣ ❡①♣❧✐❝✐t❧② t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥
DH ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❡♦❞❡s✐❝ γ1,s2(t) = s2t✳

❘❡♠❛r❦ ✸✳✸✳✷✶✳ ■❢ H ✐s ❛ ✉♥✐t❛r✐③❛❜❧❡ ❣r♦✉♣ t❤❡♥ ❢♦r h ∈ H ❛♥❞ ❛ ♣♦s✐t✐✈❡ ✉♥✐t❛r✐③❡r s

♦❢ H

‖h‖ = ‖s(s−1hs)s−1‖ ≤ ‖s‖‖s−1hs‖‖s−1‖ = ‖s‖‖s−1‖

s✐♥❝❡ s−1hs ✐s ✉♥✐t❛r②✳ ❚❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r h ∈ H ❛♥❞ t❤❡ ✐♥✜♠✉♠ ♦✈❡r ♣♦s✐t✐✈❡

✉♥✐t❛r✐③❡rs s ✇❡ ♦❜t❛✐♥

|H| ≤ Sim(H).

■❢ ✇❡ t❛❦❡ ❧♦❣❛r✐t❤♠s ✇❡ s❡❡ t❤❛t t❤✐s ✐♥❡q✉❛❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦

DH(1) ≤ 2dist(1, PH).

❚❤✐s ✐♥❡q✉❛❧✐t② ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t DH ✐s 2✲▲✐♣s❝❤✐t③✳ ■❢ a ∈ PH

✐s s✉❝❤ t❤❛t dist(1, PH) = d(1, a)✱ t❤❡♥ s✐♥❝❡ DH(a) = 0

DH(1) = |DH(1)−DH(a)| ≤ 2d(1, a) = 2dist(1, PH).

❚❤❡r❡❢♦r❡✱ t❤❡ ❢❛❝t t❤❛t |H| ≤ Sim(H) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣❡♦♠❡tr✐❝ ❢❛❝t t❤❛t t❤❡

❞✐❛♠❛t❡r ♦❢ t❤❡ ♦r❜✐t ♦❢ t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ✐s ❧❡ss ♦r ❡q✉❛❧ t❤❛♥ t✇✐❝❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥

t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ❛♥❞ t❤❡ ✜①❡❞ ♣♦✐♥t s❡t ♦❢ t❤❡ ❛❝t✐♦♥✳
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✸✳✸✳✹ ▼✐♥✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ❝❛♥♦♥✐❝❛❧ ✉♥✐t❛r✐③❡rs

■♥ ❬✷❪ ❛♥❞ ❬✹❪ ❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ❛♥❞ ❙t♦❥❛♥♦✛ st✉❞✐❡❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ♦❢ s♣❛❝❡s
♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ s♦♠❡ ❝❧❛ss❡s ♦❢ C∗✲❛❧❣❡❜r❛s ❛♥❞ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s✳ ▲❡t A ❜❡
❛ ✉♥✐t❛❧ C∗✲❛❧❣❡❜r❛ ❛♥❞ B(H) t❤❡ ❛❧❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ ❛ s❡♣❛r❛❜❧❡
❍✐❧❜❡rt s♣❛❝❡ H✳ ❉❡♥♦t❡ ❜② R(A,B(H)) t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞ ✉♥✐t❛❧ ❤♦♠♦♠♦r♣❤✐s♠s ❢r♦♠
A t♦ B(H) ❛♥❞ ❜② R0(A,B(H)) t❤❡ s✉❜s❡t ♦❢ ∗✲r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡ ❣r♦✉♣ G ♦❢ ✐♥✈❡rt✐❜❧❡
♦♣❡r❛t♦rs ✐♥ B(H) ❛❝ts ♦♥ R(A,B(H)) ❜② ✐♥♥❡r ❛✉t♦♠♦r♣❤✐s♠s ❜② t❤❡ ❢♦r♠✉❧❛

(g · π)(a) = (Adg ◦ π)(a) = gπ(a)g−1

❢♦r a ∈ A ❛♥❞ g ∈ G✳ ❚❤❡ ❣r♦✉♣ ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs U ❛❝ts ♦♥ R0(A,B(H)) ✐♥ t❤❡ s❛♠❡
✇❛②✳ ■♥ t❤✐s ✇❛② R(A,B(H)) ❛♥❞ R0(A,B(H)) ❛r❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛♥
❛❝t✐♦♥ ♦❢ U ♦♥ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❞❡✜♥❡❞ ✐♥ B(H) ❣✐✈❡♥ ❜② u ·E = Adu ◦E ◦Adu−1 ✳

●✐✈❡♥ π0 ∈ R0(A,B(H)) ❛♥❞ ❛ ✜①❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ Eπ0 : B(H)→ π0(A)
′ ♦♥❡

♦❜t❛✐♥s✱ ❜② t❤❡ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ♦❢ P♦rt❛ ❛♥❞ ❘❡❝❤t ✐♥ ❬✺✼❪ ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✾✮✱ t❤❛t ❢♦r
❡✈❡r② π ✐♥ t❤❡ G✲♦r❜✐t ♦❢ π0 ✐♥ R(A,B(H)) t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✇❛② ♦❢ ❝❤♦♦s✐♥❣ ❛ ✉♥✐q✉❡
♣♦s✐t✐✈❡ ♦♣❡r❛t♦r s ∈ G s✉❝❤ t❤❛t Ads ◦ π ✐s ❛ ∗✲r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ✐❢
g ∈ G ✐s s✉❝❤ t❤❛t π1 = Adg ◦ π0 t❤❡ P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣ ❛ss❡rts t❤❛t t❤❡r❡ ❛r❡ u ∈ U ✱
Y0 = Y0

∗ ∈ π0(A)
′ ❛♥❞ Z0 = Z0

∗ ∈ Ker(Eπ0) s✉❝❤ t❤❛t g = ueZ0eY0 ✳ ❚❤❡♥ ❢♦r a ∈ A

π1(a) = ueZ0eY0π0(a)e
−Y0e−Z0u∗

= ueZ0π0(a)e
−Z0u∗

= euZ0u∗uπ0(a)u
∗e−uZ0u∗

= eAduZ0(u · π0)(a)e
AduZ0 .

■❢ ✇❡ ❞❡✜♥❡ ρ = u ·π0 = Adu ◦π0✱ X0 = Adu(Z0) ❛♥❞ Eρ = u ·Eπ0 = Adu ◦Eπ0 ◦Adu−1 ✱
t❤❡♥ Ade−X0 ◦ π1 = ρ ∈ R0(A,B(H)) ❛♥❞ X0 ∈ Ker(Eρ)✳ ❆❧s♦ X0 ❛♥❞ ρ ❛r❡ ✉♥✐q✉❡ ✇✐t❤
t❤✐s ♣r♦♣❡rt✐❡s✿ ✐❢ ρ′ = v · π0 ❢♦r ❛ ✉♥✐t❛r② v ❛♥❞ X ′

0 ∈ Ker(Eρ′)✱ ✇❤❡r❡ Eρ′ = v · Eπ0 ✱
t❤❡♥ Ad

e−X′
0
◦ π1 = ρ′ ∈ R0(A,B(H)) ✐♠♣❧✐❡s X0 = X ′

0 ❛♥❞ ρ = ρ′✳ ❙❡❡ ❘❡♠❛r❦ ✺✳✼✳ ❛♥❞
❚❤❡♦r❡♠ ✺✳✽ ✐♥ ❬✷❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳

❆♥❞r✉❝❤♦✇✱ ❈♦r❛❝❤ ❛♥❞ ❙t♦❥❛♥♦✛ ❛s❦❡❞ ❜❡❢♦r❡ ❘❡♠❛r❦ ✺✳✾ ✐♥ ❬✷❪ ❛♥❞ ✐♥ ❬✹✱ ❙❡❝t✐♦♥
✶✳✺❪ ✐❢ e−X0 ✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r s✉❝❤ t❤❛t Ade−X0 ◦ π1 ✐s ❛ ∗✲
r❡♣r❡s❡♥t❛t✐♦♥✱ s❛t✐s✜❡s ‖eX0‖‖e−X0‖ = ‖π1‖c.b.✳ ❚♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r ❛♥❞ ❛ ❣❡♦♠❡tr✐❝❛❧
✐♥s✐❣❤t t♦ t❤✐s q✉❡st✐♦♥ ✇❡ r❡❝❛❧❧ ❛ t❤❡♦r❡♠ ♣r♦✈❡❞ ❜② ❈♦♥❞❡ ❛♥❞ ▲❛r❛t♦♥❞❛ ✐♥ ❬✶✻✱
❈♦r♦❧❧❛r② ✹✳✸✾❪ st❛t❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s✳
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❚❤❡♦r❡♠ ✸✳✸✳✷✷✳ ▲❡t A ❜❡ ❛ C∗✲❛❧❣❡❜r❛ ❛♥❞ B ❛ C∗✲s✉❜❛❧❣❡❜r❛ ♦❢ A✳ ▲❡t E : A→ B ❜❡

❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ❧❡t

(As ∩Ker(E))× Bs → P

(X, Y ) 7→ eY eXeY

❜❡ t❤❡ ❈P❘ s♣❧✐tt✐♥❣ ♦❢ P ✳ ❚❤❡♥ ‖(I−E)|As
‖ = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② X ∈ As∩Ker(E)

❛♥❞ Y ∈ Bs ❛ ❝❧♦s❡st ♣♦✐♥t ✐♥ exp(Bs) t♦ eY eXeY ✐s e2Y ✱ ✐✳❡✳

dist(exp(Bs), e
Y eXeY ) = d(e2Y , eY eXeY ) = ‖log(eX)‖ = ‖X‖.

❚❤❡♦r❡♠ ✸✳✸✳✷✸✳ ❆ss✉♠✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝❛♥♦♥♦♥✐❝❛❧ ✉♥✐t❛r✐③❡rs ♦❢

t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥

‖π1‖c.b. = exp(dist(e−2X0 , P ρ(UA))) = exp(dist(e−2X0 , exp(ρ(UA)
′ ∩ B(H)s))).

■❢ ‖I − Eπ0‖ = 1 t❤❡♥ ‖eX0‖‖e−X0‖ = ‖π1‖c.b.✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t

‖π1‖c.b. = Sim(π1(UA))

= exp(dist(1, P π1(UA))) ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✷

= exp(dist(1, P eX0ρ(UA)e−X0 )) s✐♥❝❡ Ade−X0 ◦ π1 = ρ

= exp(dist(1, eX0P ρ(UA)eX0)) ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹

= exp(dist(1, IeX0 (P
ρ(UA)))) = exp(dist(Ie−X0 (1), P

ρ(UA)))

= exp(dist(e−2X0 , P ρ(UA)))

= exp(dist(e−2X0 , exp(ρ(UA)
′ ∩ B(H)s))) ❜② ❘❡♠❛r❦ ✸✳✷✳✻ .

❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ❡q✉❛❧✐t②✳
■❢ ‖I − Eπ0‖ = 1✱ s✐♥❝❡

Eρ : B(H)→ Adu(π0(UA)
′) = Adu(π0(UA))

′ = ρ(UA)
′

❛♥❞
‖I − Eρ‖ = ‖Adu ◦ (I − Eπ0) ◦ Adu−1‖ ≤ ‖I − Eπ0‖ = 1,

✇❡ ❣❡t ‖I − Eρ‖ = 1✳ ❚❤❡r❡❢♦r❡ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✷✷

dist(exp(ρ(UA)
′ ∩ B(H)s), e

X) = d(1, eX) = ‖X‖
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❢♦r X ∈ Ker(Eρ)✳ ❍❡♥❝❡✱ s✐♥❝❡ X0 ∈ Ker(Eρ)

‖π1‖c.b. = exp(dist(e−2X0 , exp(ρ(UA)
′ ∩ B(H)s))) = e‖2X0‖.

❙✐♥❝❡ e−X0 ✐s ❛♥ ♦rt❤♦❣♦♥❛❧✐③❡r ♦❢ π1 ✇❡ ❣❡t ‖π1‖c.b. ≤ ‖eX0‖‖e−X0‖✳ ❆❧s♦ ‖eX0‖‖e−X0‖ ≤

e2‖X0‖ ❛❧✇❛②s ❤♦❧❞s✱ ❤❡♥❝❡ ✇❡ ❣❡t t❤❡ ❡q✉❛❧✐t② st❛t❡❞ ✐♥ t❤❡ t❤❡♦r❡♠✳

❲❡ ♥❡①t ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E s❛t✐s❢②✐♥❣ ‖I − E‖ = 1✳

❊①❛♠♣❧❡ ✸✳✸✳✷✹✳ ▲❡t A = B(H) ❜❡ t❤❡ C∗✲❛❧❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ ❛

❍✐❧❜❡rt s♣❛❝❡ H✳ ▲❡t p ∈ B(H) ❜❡ ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦②❡❝t✐♦♥✱ s♦ t❤❛t q = 2p − 1 ✐s ❛

s❡❧❢✲❛❞❥♦✐♥t ✉♥✐t❛r②✱ ✐✳❡✳ ❛ s②♠♠❡tr②✳ ❚❤❡♥

E : B(H)→ B(H), X 7→
1

2
(X + qXq) = pXp+ (1− p)X(1− p)

✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦♥t♦ t❤❡ s✉❜❛❧❣❡❜r❛ A = {X ∈ B(H) : pX = Xp}✳ ❙✐♥❝❡

‖X − E(X)‖ = ‖X −
1

2
(X + qXq)‖ = ‖

1

2
(X − qXq)‖ ≤ ‖X‖

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ‖I − E‖ = 1✳ ■❢ H1 ✐s t❤❡ r❛♥❣❡ ♦❢ p ❛♥❞ H2 ✐s t❤❡ r❛♥❣❡ ♦❢ 1− p t❤❡♥

✇❡ ❤❛✈❡ t❤❡ ♦rt❤♦❣♦♥❛❧ s✉♠ H = H1 ⊕ H2✳ ■❢ ✇❡ ✇r✐t❡ t❤❡ ♦♣❡r❛t♦rs ✐♥ B(H) ❛s 2 × 2

♠❛tr✐❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♥

E : B(H)→ A,





X11 X12

X21 X22



 7→





X11 0

0 X22



 .

✸✳✹ ●r♦✉♣s ♦❢ ✐s♦♠❡tr✐❡s ♦❢ ❈❆❚✭✵✮ s♣❛❝❡s ✐♥ t❤❡ ❝♦♥✲

t❡①t ♦❢ ♦♣❡r❛t♦r ❛❧❣❡❜r❛s

■❢ G ✐s ❛♥ ❛♠❡♥❛❜❧❡ ❣r♦✉♣ ✇✐t❤ ✐♥✈❛r✐❛♥t ♠❡❛♥ φ ❛♥❞ π : G → B(H) ✐s ❛ ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡♥ ✉s✐♥❣ ❛❜✉s✐✈❡ ♥♦t❛t✐♦♥

s =

(∫

G

π(g)π(g)∗dφ(g)

) 1
2

✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ H = π(G)✱ s♦ t❤❛t t❤❡ ✉♥✐t❛r✐③❡r ✐s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss
♦❢ {hh∗}h∈H ✱ s❡❡ ❬✷✺✱ ✷✻✱ ✹✼❪✳ ■♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✱ ❊❤r❡♥♣r❡✐s ❛♥❞ ▼❛✉t♥❡r ❬✷✾❪
❝♦♥str✉❝t❡❞ ❛ ♥♦♥✉♥✐t❛r✐③❛❜❧❡ ❜♦✉♥❞❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SL2(R) ♦♥ H✱ ❛♥❞ t❤❡ ❣r♦✉♣
SL2(R) ✇❛s ❧❛t❡r r❡♣❧❛❝❡❞ ❜② ❛♥② ❝♦✉♥t❛❜❧❡ ❣r♦✉♣ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❢r❡❡ ❣r♦✉♣ F2✳

❲❡ ♣r❡s❡♥t ❛ ♣r♦♦❢ ♦❢ t❤❡ ❢❛❝t t❤❛t ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❣r♦✉♣H ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts
✐s s✐♠✐❧❛r t♦ ❛ ✉♥✐t❛r② ❣r♦✉♣ ✐♥ t✇♦ ❝❛s❡s✿
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• ❚❤❡ ❣r♦✉♣ H ❧✐❡s ✐♥ ❛ ✜♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛✳

• ❚❤❡ ❣r♦✉♣ H ✐s ❝❧♦s❡ t♦ t❤❡ tr✐✈✐❛❧ ❣r♦✉♣ ✐♥ t❤❛t suph∈H‖h− 1‖2 <∞✱ ✇❤❡r❡ ‖ · ‖2
✐s t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠✳

❚❤❡ ♣r♦♦❢s ✐♥✈♦❧✈❡ ♥❡✇ ♠❡tr✐❝ ❣❡♦♠❡tr✐❝ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♥♦♥✲♣♦s✐t✐✈❡❧② ❝✉r✈❡❞ s♣❛❝❡
♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ♦❢ t❤❡ ❛❧❣❡❜r❛ ✇❤✐❝❤ ②✐❡❧❞ ❛♥ ❡①♣❧✐❝✐t ✉♥✐t❛r✐③❡r✳ ■♥ t❤❡s❡
❝♦♥t❡①ts ✇❤❡r❡ t❤❡ ♠❡tr✐❝ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❛ ❍✐❧❜❡rt✐❛♥ ♥♦r♠ t❤❡ ❇r✉❤❛t✲❚✐ts ✜①❡❞ ♣♦✐♥t
t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❝✐r❝✉♠❝❡♥t❡r ♦❢ {hh∗}h∈H ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢
H✳

■♥ ✶✾✼✹ ❱❛s✐❧❡s❝✉ ❛♥❞ ❩s✐❞♦ ♣r♦✈❡❞ t❤❡ ✉♥✐t❛r✐③❛❜✐❧✐t② ♦❢ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❣r♦✉♣s
♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ ✜♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s ✉s✐♥❣ t❤❡ ❘②❧❧✲◆❛r❞③❡✇s❦② ✜①❡❞
♣♦✐♥t t❤❡♦r❡♠ ❬✻✹❪ ❛♥❞ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r ❛❧❣❡❜r❛✳

✸✳✹✳✶ ❈❆❚✭✵✮ s♣❛❝❡s ❛♥❞ ❣r♦✉♣s ♦❢ ✐s♦♠❡tr✐❡s

❲❡ r❡❝❛❧❧ s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ❢r♦♠ ♠❡tr✐❝ ❣❡♦♠❡tr②✳ ❆ ❣❡♥❡r❛❧ r❡❢❡r❡♥❝❡ ✐s ❬✶✸❪✳ ❋♦r
t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ t❤❡ r❡❛❞❡r ✇❡ ✐♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❇r✉❤❛t✲❚✐ts ✜①❡❞ ♣♦✐♥t
t❤❡♦r❡♠✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✶✳ ❆ ♠❡tr✐❝ s♣❛❝❡ (X, d) s❛t✐s✜❡s t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇ ✐❢ ❢♦r ❛❧❧

x, y ∈ X t❤❡r❡ ✐s ❛ w ∈ X s✉❝❤ t❤❛t ❢♦r ❛❧❧ z ∈ X t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s

d(x, y)2 + 4d(w, z)2 ≤ 2[d(x, z)2 + d(y, z)2].

❆ ❈❆❚✭✵✮ s♣❛❝❡ ♦r ❇r✉❤❛t✲❚✐ts s♣❛❝❡ ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡ s❡♠✐✲

♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇ ❤♦❧❞s✳

■❢ ✇❡ s❡t z = x ❛♥❞ z = y ✐♥ t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇ ✐t ❢♦❧❧♦✇s t❤❛t

2d(w, x) = 2d(w, y) ≤ d(x, y).

❯s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✇❡ s❡❡ t❤❛t

d(x, y) ≤ d(w, x) + d(w, y) ≤
1

2
d(x, y) +

1

2
d(x, y) = d(x, y)

s♦ t❤❛t
d(z, x) = d(z, y) =

1

2
d(x, y).

❚❤❡ ♣♦✐♥t w ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜❡❝❛✉s❡ ✐❢ w′ ✐s ❛♥♦t❤❡r s✉❝❤ ♣♦✐♥t✱ ✇❡ ♣✉t z = w′ ✐♥
t❤❡ ❧❛✇ t♦ ❣❡t

d(x, y)2 + 4d(w,w′)2 ≤ 2[d(x, w′)2 + d(y, w′)2] ≤ 2[(
1

2
d(x, y))2 + (

1

2
d(x, y))2] = d(x, y)

s♦ t❤❛t d(w,w′) = 0✳
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❘❡♠❛r❦ ✸✳✹✳✷✳ ❚❤❡ ✉♥✐q✉❡ ♣♦✐♥t z ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s❡♠✐✲♣❛r❛❧❧❡♦❣r❛♠ ❧❛✇ ✐s ❝❛❧❧❡❞

t❤❡ ♠✐❞♣♦✐♥t ❜❡t✇❡❡♥ x ❛♥❞ y ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② m(x, y)✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ❢✉♥❝t✐♦♥

m : X ×X → X ❝❛❧❧❡❞ t❤❡ ♠✐❞♣♦✐♥t ♠❛♣✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❙❡rr❡✬s ▲❡♠♠❛ ❬✸✻✱ ❈❤✳ ❳■✱ ▲❡♠♠❛ ✸✳✶❪✳

▲❡♠♠❛ ✸✳✹✳✸✳ ▲❡t (X, d) ❜❡ ❛ ❈❆❚✭✵✮ s♣❛❝❡ ❛♥❞ S ❛ ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ X✳ ❚❤❡♥ t❤❡r❡

✐s ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ ❜❛❧❧ Br[x] ♦❢ ♠✐♥✐♠❛❧ r❛❞✐✉s ❝♦♥t❛✐♥✐♥❣ S✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ ✉♥✐q✉❡♥❡ss s✉♣♣♦s❡ t❤❡r❡ ❛r❡ t✇♦ ❜❛❧❧s Br[x] ❛♥❞ Br[y] ♦❢ ♠✐♥✐♠❛❧ r❛❞✐✉s
❝♦♥t❛✐♥✐♥❣ S✳ ▲❡t z ∈ S s♦ d(z, x) ≤ r ❛♥❞ d(z, y) ≤ r✳ ▲❡t w ❜❡ t❤❡ ♠✐❞♣♦✐♥t ❜❡t✇❡❡♥ x
❛♥❞ y✳ ❇② t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇

d(x, y)2 + 4d(w, z)2 ≤ 2[d(x, z)2 + d(y, z)2] ≤ 4r2

❛♥❞ t❤❡r❡❢♦r❡
d(x, y)2 ≤ 4(r2 − d(w, z)2).

❋♦r ❡❛❝❤ ǫ > 0 t❤❡r❡ ✐s ❛ z ∈ S s✉❝❤ t❤❛t d(z, w) ≥ r− ǫ s✐♥❝❡ ♦t❤❡r✇✐s❡ t❤❡r❡ ✐s ❛♥ ǫ > 0

s✉❝❤ t❤❛t d(z, w) < r − ǫ ❢♦r ❛❧❧ z ∈ S s♦ t❤❛t S ⊆ Br−ǫ[w] ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ♠✐♥✐♠❛❧✐t②
♦❢ t❤❡ ❜❛❧❧s Br[x] ❛♥❞ Br[y]✳ ■t ❢♦❧❧♦✇s t❤❛t d(x, y) = 0✱ t❤❛t ✐s x = y✳

❚♦ ♣r♦✈❡ ❡①✐st❡♥❝❡✱ ❧❡t (xn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ❝❡♥t❡rs ♦❢ ❜❛❧❧s ♦❢ r❛❞✐✉s
rn ✇❤✐❝❤ ❝♦♥t❛✐♥ S✱ ✇✐t❤

rn → r0 = inf{r : t❤❡r❡ ✐s x ∈ X s✉❝❤ t❤❛t S ⊆ Br[x]}.

■❢ t❤❡ s❡q✉❡♥❝❡ (xn)n ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡✱ t❤❡♥ ✐t ❝♦♥✈❡r❣❡r❣❡s t♦ ❛ ♣♦✐♥t x0 ❛♥❞ s✐♥❝❡
S ⊆ Brn [xn] ❢♦r ❛❧❧ n ∈ N ✇❡ s❡❡ t❤❛t Bro [x0] ✐s t❤❡ ✉♥✐q✉❡ ❝❧♦s❡❞ ❜❛❧❧ ♦❢ ♠✐♥✐♠✉♠ r❛❞✐✉s
❝♦♥t❛✐♥✐♥❣ S✳

▲❡t wmn ❜❡ t❤❡ ♠✐❞♣♦✐♥t ❜❡t✇❡❡♥ xn ❛♥❞ xm✳ ❇② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ r0✱ ❣✐✈❡♥ ǫ > 0 ✐t
❢♦❧❧♦✇s t❤❛t S * Br0−ǫ[wmn] s♦ t❤❡r❡ ✐s ❛♥ x ∈ S s✉❝❤ t❤❛t

d(x, wmn)
2 ≥ r2 − ǫ.

❲❡ ❛♣♣❧② t❤❡ s❡♠✐✲♣❛r❛❧❧❡♦❣r❛♠ ❧❛✇✳ ❚❤❡♥

d(xm, xn)
2 + 4d(wmn, x)

2 ≤ 2[d(xm, x)
2 + d(xn, x)

2]

s♦ t❤❛t

d(xm, xn)
2 ≤ 2[d(xm, x)

2 + d(xn, x)
2]− 4d(wmn, x)

2

≤ 2[d(xm, x)
2 + d(xn, x)

2]− 4r2 + 4ǫ

≤ 2r2m + 2r2n − 4r2 + 4ǫ

t❤✉s ♣r♦✈✐♥❣ t❤❛t (xn)n ✐s ❈❛✉❝❤②✳
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❉❡✜♥✐t✐♦♥ ✸✳✹✳✹✳ ❚❤❡ ❝❡♥t❡r y ♦❢ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ Br[y] ✐♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✐s ❝❛❧❧❡❞

t❤❡ ❝✐r❝✉♠❝❡♥t❡r ♦❢ t❤❡ ❜♦✉♥❞❡❞ s❡t S✳

❯s✐♥❣ ❙❡rr❡✬s ❧❡♠♠❛ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❇r✉❤❛t✲❚✐ts ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ ❬✶✷❪✳

❚❤❡♦r❡♠ ✸✳✹✳✺✳ ■❢ (X, d) ✐s ❛ ❈❆❚✭✵✮ s♣❛❝❡ ❛♥❞ I : G → Isom(X) ✐s ❛♥ ❛❝t✐♦♥ ♦❢ ❛

❣r♦✉♣ G ♦♥ X ❜② ✐s♦♠❡tr✐❡s ✇❤✐❝❤ ❤❛s ❛ ❜♦✉♥❞❡❞ ♦r❜✐t✱ t❤❡♥ t❤❡ ❝✐r❝✉♠❝❡♥t❡r ♦❢ ❡❛❝❤

♦r❜✐t ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❛❝t✐♦♥✳

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❛❝t✐♦♥ ❜② g · x ❢♦r g ∈ G ❛♥❞ x ∈ X✳ ❙✐♥❝❡ t❤❡ ❛❝t✐♦♥ ✐s ✐s♦♠❡tr✐❝
❛♥❞ t❤❡r❡ ✐s ❛ ❜♦✉♥❞❡❞ ♦r❜✐t ❛❧❧ ♦r❜✐ts ❛r❡ ❜♦✉♥❞❡❞✳ ❋♦r x ∈ X ❧❡t Br[y] ❜❡ t❤❡ ✉♥✐q✉❡
❝❧♦s❡❞ ❜❛❧❧ ♦❢ ♠✐♥✐♠❛❧ r❛❞✐✉s ✇❤✐❝❤ ❝♦♥t❛✐♥s G · x✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s ❜❛❧❧ ✐s ❣✐✈❡♥ ❜②
▲❡♠♠❛ ✸✳✹✳✸✳ ■❢ g ∈ G t❤❡♥ G ·x = g · (G ·x) ⊆ g ·Br[y] = Br[g ·y] ✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t②
❢♦❧❧♦✇s s✐♥❝❡ t❤❡ ❛❝t✐♦♥ ✐s ✐s♦♠❡tr✐❝✳ ❋r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❝❧♦s❡❞ ❜❛❧❧s ♦❢ ♠✐♥✐♠❛❧
r❛❞✐✉s ❝♦♥t❛✐♥✐♥❣ G · x ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t g · y = y✳ ❚❤❡r❡❢♦r❡✱ g · y = y ❢♦r ❡✈❡r② g ∈ G
❛♥❞ y ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❛❝t✐♦♥✳

✸✳✹✳✷ ❋✐♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛s

❚❤❡ ♠❡tr✐❝ ❣❡♦♠❡tr② ♦❢ t❤❡ ❝♦♥❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs ✐♥ ❛ ✜♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥
❛❧❣❡❜r❛ ✇❛s st✉❞✐❡❞ ✐♥ ❬✺✱ ✶✻❪✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ s♦♠❡ ❢❛❝ts ❢r♦♠ t❤❡s❡ ♣❛♣❡rs✳

▲❡t A ❜❡ ❛ ✈♦♥ ◆❡✉♠❛♥♥ ❛❧❣❡❜r❛ ✇✐t❤ ❛ ✜♥✐t❡ ✭♥♦r♠❛❧✱ ❢❛✐t❤❢✉❧✮ tr❛❝❡ τ ✳ ❉❡♥♦t❡ ❜②
As t❤❡ s❡t ♦❢ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs ♦❢ A✱ ❜② G t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs✱ ❜② U t❤❡
❣r♦✉♣ ♦❢ ✉♥✐t❛r② ♦♣❡r❛t♦rs✱ ❛♥❞ ❜② P t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs

P = eAs = {a ∈ G : a > 0}.

❙✐♥❝❡ P ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ As ✐♥ t❤❡ ♥♦r♠ t♦♣♦❧♦❣② ✐t ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ As ❛♥❞ ✐ts
t❛♥❣❡♥t s♣❛❝❡s ✇✐❧❧ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ As ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ‖ · ‖✳

❲❡ ♠❛❦❡ ♦❢ P ❛ ✇❡❛❦ ❘✐❡♠❛♥♥✲❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ❜② ❛ss✐❣♥✐♥❣ ❢♦r ❡❛❝❤ a ∈ P t❤❡
❢♦❧❧♦✇✐♥❣ 2✲♥♦r♠ t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ Ta(P ) ≃ As

‖X‖a,2 = ‖a
− 1

2Xa−
1
2‖2, ❢♦r X ∈ As ≃ Ta(P )

✇❤❡r❡
‖X‖2 = τ(X2)

1
2 ❢♦r X ∈ As.

◆♦t❡ t❤❛t ‖X‖2 = τ(X2)
1
2 ≤ ‖X‖ ❢♦r ❛❧❧ X ∈ As✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ M > 0 s✉❝❤

t❤❛t‖X‖2 = τ(X2)
1
2 ≥ M‖X‖ ❢♦r ❛❧❧ X ∈ As ✇❡ s❡❡ t❤❛t t❤✐s t❛♥❣❡♥t ♥♦r♠ ✐s ♥♦t

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ♦❢ P ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✺✳✶✳
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❖♥❡ ♦❜t❛✐♥s ❛ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡ d ♦♥ P ❜② ❝♦♥s✐❞❡r✐♥❣ ❢♦r a, b ∈ P

d(a, b) = inf{Length(γ) : γ ✐s ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❝✉r✈❡ ❥♦✐♥✐♥❣ a ❛♥❞ b},

✇❤❡r❡ s♠♦♦t❤ ♠❡❛♥s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ ♥♦r♠ ✐♥❞✉❝❡❞ t♦♣♦❧♦❣② ❛♥❞ t❤❡ ❧❡♥❣❤t ♦❢ ❛ ❝✉r✈❡
γ : [0, 1]→ P ✐s ♠❡❛s✉r❡❞ ✉s✐♥❣ t❤❡ ♥♦r♠ ❛❜♦✈❡✿

Length(γ) =

∫ 1

0

‖γ̇(t)‖γ(t),2dt.

■❢ A ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ✐✳❡✳ ❛ s✉♠ ♦❢ ♠❛tr✐① s♣❛❝❡s✱ t❤✐s ♠❡tr✐❝ ✐s ✇❡❧❧✲❦♥♦✇♥✿ ✐t ✐s t❤❡
♥♦♥ ♣♦s✐t✐✈❡❧② ❝✉r✈❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ♦♥ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ❬✹✻❪✳

■❢ A ✐s ♦❢ t②♣❡ II1✱ t❤❡ tr❛❝❡ ✐♥♥❡r ♣r♦❞✉❝t ✐s ♥♦t ❝♦♠♣❧❡t❡✱ s♦ t❤❛t P ✐s ♥♦t ❛ ❍✐❧❜❡rt✲
❘✐❡♠❛♥♥ ♠❛♥✐❢♦❧❞ ❛♥❞ (P, d) ✐s ♥♦t ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✱ s❡❡ ❘❡♠❛r❦ 3.21 ✐♥ ❬✶✻❪✳

❇② ❬✺✱ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ ❘❡♠❛r❦ ✸✳✷❪ t❤❡ ✉♥✐q✉❡ ♠✐♥✐♠✐③✐♥❣ ❣❡♦❞❡s✐❝ ❜❡t✇❡❡♥ a ❛♥❞ b
❢♦r a, b ∈ P ✐s ❣✐✈❡♥ ❜②

γa,b(t) = a
1
2 (a−

1
2 ba−

1
2 )ta

1
2

❛♥❞ ❤❛s ❧❡♥❣❤t ❡q✉❛❧ t♦

d(a, b) = Length(γa,b) = ‖log(a
− 1

2 ba−
1
2 )‖2.

❚❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ P ❣✐✈❡♥ ❜② Ig(a) = gag∗ ✐s ✐s♦♠❡tr✐❝✱ ✐✳❡✳ d(Ig(a), Ig(b)) = d(a, b)✱ ❛♥❞
s❡♥❞s ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts t♦ ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts✱ ✐✳❡✳ Ig ◦ γa,b = γIg(a),Ig(b) ❢♦r ❛❧❧ a, b ∈ P

❛♥❞ g ∈ G✳ ❙❡❡ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❬✺❪✳
❇② ❬✺✱ ▲❡♠♠❛ ✸✳✺❪ P ❤❛s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❡tr✐❝ ✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt②✱ ✐✳❡✳ ❢♦r X, Y ∈

As ≃ T1P

‖X − Y ‖2 ≤ d(exp1(X), exp1(Y ))

❛♥❞
‖X‖2 = d(exp1(X), exp1(0)) = d(exp1(X), 1).

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✻✳ ▲❡t a ∈ P ❛♥❞ γ : [0, 1]→ P ❜❡ ❛ ❣❡♦❞❡s✐❝✳ ❚❤❡♥

d(γ(0), γ(1))2 + 4d(a, γ(
1

2
))2 ≤ 2(d(a, γ(0))2 + d(a, γ(1))2)

s♦ t❤❡ ♠❡tr✐❝ s♣❛❝❡ (P, d) s❛t✐s✜❡s t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✸✳✹✳✶ ❛❜♦✈❡✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ❛❝t✐♦♥ I ✐s tr❛♥s✐t✐✈❡ ❛♥❞ s❡♥❞s ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts t♦ ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts
✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t γ(1

2
) = 1✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❛r❡ X, Y ∈ As ≃ T1P s✉❝❤ t❤❛t

exp1(−X) = γ(0), exp1(X) = γ(1), exp1(Y ) = a.
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❙✐♥❝❡ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇ ❤♦❧❞s ✐♥ T1P ✇❡ ❤❛✈❡

2‖Y ‖22 + 2‖X‖22 = ‖Y −X‖
2
2 + ‖Y +X‖22,

✇❤✐❝❤ ♠✉❧t✐♣❧✐❡❞ ❜② t✇♦ ②✐❡❧❞s

4‖Y ‖22 + ‖X − (−X)‖22 = 2‖Y −X‖22 + 2‖Y − (−X)‖22.

❯s✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❡tr✐❝ ✐♥❝r❡❛s✐♥❣ ♣r♦♣❡rt②

4d(exp1(Y ), 1)2 + d(exp1(X), exp1(−X))2

≤ 2d(exp1(Y ), exp1(X))2 + 2d(exp1(Y ), exp1(−X))2.

❙✉❜st✐t✉✐♥❣ ✇❡ ❣❡t

4d(a, γ(
1

2
))2 + d(γ(0), γ(1))2 ≤ 2(d(a, γ(1))2 + d(a, γ(0))2).

❊①✐st❡♥❝❡ ♦❢ ✉♥✐t❛r✐③❡rs ♦❢ ❜♦✉♥❞❡❞ s✉❜❣r♦✉♣s

❆ s✉❜s❡t C ⊆ P ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① ✐❢ γa,b(t) ∈ C ❢♦r ❡✈❡r② a, b ∈ C ❛♥❞ t ∈ [0, 1]✱ ❛♥❞
✐s ♠✐❞♣♦✐♥t ❝♦♥✈❡① ✐❢ γa,b(12) ∈ C ❢♦r ❡✈❡r② a, b ∈ C✳ ◆♦t❡ t❤❛t ❛ ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① s❡t
✐s ♠✐❞♣♦✐♥t ❝♦♥✈❡①✳

▲❡♠♠❛ ✸✳✹✳✼✳ ■❢ C ⊆ P ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① t❤❡♥ ✐ts ❝❧♦s✉r❡ C ✐♥ (P, d) ✐s ❣❡♦❞❡s✐❝❛❧❧②

❝♦♥✈❡①✳

Pr♦♦❢✳ ❇② ❬✺✱ ❈♦r✳ ✸✳✹❪ t❤❡ ❞✐st❛♥❝❡ ❛❧♦♥❣ t✇♦ ❣❡♦❞❡s✐❝s ✐s ❝♦♥✈❡①✱ ✐✳❡✳

[0, 1]→ [0,+∞) t 7→ d(γa1,b1(t), γa2,b2(t))

✐s ❝♦♥✈❡① ❢♦r ❛❧❧ a1, b1, a2, b2 ∈ P ✳ ❍❡♥❝❡✱ ❢♦r t ∈ [0, 1] ✜①❡❞✱ (a, b) 7→ γa,b(t) ✐s d✲❝♦♥t✐♥✉♦✉s✳
■❢ a, b ∈ C ❛♥❞ t ∈ [0, 1] ❧❡t (an)n, (bn)n ❜❡ s❡q✉❡♥❝❡s ✐♥ C s✉❝❤ t❤❛t an → a ❛♥❞

bn → b✳ ❙✐♥❝❡ C ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① γan,bn(t) ∈ C ❢♦r ❛❧❧ n ∈ N✳ ❚❤❡ d✲❝♦♥t✐♥✉✐t② ♦❢
(a, b) 7→ γa,b(t) ✐♠♣❧✐❡s t❤❛t γan,bn(t)→ γa,b(t)✱ s♦ t❤❛t γa,b(t) ∈ C✳

▲❡♠♠❛ ✸✳✹✳✽✳ ❋♦r 0 < c1 < c2 t❤❡ ✐♥t❡r✈❛❧ Pc1,c2 = {a ∈ P : c11 ≤ a ≤ c21} ✐s

❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡①✳
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Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✽ ❛♥❞ ❊①❝❡r❝✐s❡ ✹✳✻✳✹✻ ✐♥ ❬✸✺❪ ✐❢ t ∈ (0, 1] ❛♥❞ a ❛♥❞ b ❛r❡
♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ✐♥ ❛ C∗✲❛❧❣❡❜r❛ A s✉❝❤ t❤❛t a ≤ b t❤❡♥ at ≤ bt ✭t❤✐s ✐s t❤❡
▲♦❡✇♥❡r✲❍❡✐♥③ ✐♥❡q✉❛❧✐t②✮✳ ■t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t ❢♦r c ∈ A ✐❢ a ≤ b t❤❡♥ cac∗ ≤ cbc∗✳
❚❤❡r❡❢♦r❡✱ ✐❢ a, b ∈ P s✉❝❤ t❤❛t

c11 ≤ a, b ≤ c21.

t❤❡♥

c1a
−1 ≤ a−

1
2 ba−

1
2 ≤ c2a

−1

❛♥❞ ❡①♣♦♥❡♥t✐❛t✐♥❣ ✇✐t❤ t ∈ [0, 1] ✇❡ ❣❡t

ct1a
−t ≤ (a−

1
2 ba−

1
2 )t ≤ ct2a

−t.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

c11 ≤ ct1c
1−t
1 1 ≤ ct1a

1−t ≤ a
1
2 (a−

1
2 ba−

1
2 )ta

1
2 ≤ ct2a

1−t ≤ ct2c
1−t
2 1 ≤ c21.

▲❡♠♠❛ ✸✳✹✳✾✳ ❋♦r 0 < c1 < c2 t❤❡ ✐♥t❡r✈❛❧ Pc1,c2 = {a ∈ P : c11 ≤ a ≤ c21} ❡♥❞♦✇❡❞

✇✐t❤ t❤❡ ♠❡tr✐❝ d ✐s ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡✳

Pr♦♦❢✳ ■♥ Pc1,c2 t❤❡ ❧✐♥❡❛r ♠❡tr✐❝ ❛♥❞ t❤❡ r❡❝t✐✜❛❜❧❡ ❞✐st❛♥❝❡ ❛r❡ ❡q✉✐✈❛❧❡♥t ❬✶✻✱ Pr♦♣✳
✸✳✷❪✱ ✐✳❡✳ t❤❡r❡ ❛r❡ C,C ′ > 0 s✉❝❤ t❤❛t ‖a − b‖2 ≤ Cd(a, b) ❛♥❞ d(a, b) ≤ C ′‖a − b‖2 ❢♦r
❛❧❧ a, b ∈ Pc1,c2 ✳

❙✐♥❝❡ ‖ · ‖2 ✐♥❞✉❝❡s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ ♦♥ s✉❜s❡ts ♦❢ A ✇❤✐❝❤ ❛r❡ ✇❡❛❦❧② ❝❧♦s❡❞ ❛♥❞
❜♦✉♥❞❡❞ ✐♥ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠✱ ❛♥❞ Pc1,c2 ✐s ✇❡❛❦❧② ❝❧♦s❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ✐♥ t❤❡ ✉♥✐❢♦r♠
♥♦r♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (Pc1,c2 , d) ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✳

❆❧s♦✱ (Pc1,c2 , d) ✐s ❛ ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡ ❜❡❝❛✉s❡ d(a, b) ≤ C ′‖a− b‖2 ≤ C ′‖a− b‖ ≤

2C ′c2 ❢♦r ❛❧❧ a, b ∈ Pc1,c2 ✳

❚❤❡♦r❡♠ ✸✳✹✳✶✵✳ ■❢ H ⊆ G ✐s ❛ s✉❜❣r♦✉♣ s✉❝❤ t❤❛t suph∈H ‖h‖ = |H| < ∞ t❤❡♥ t❤❡r❡

✐s ❛♥ s ∈ P|H|−1,|H| s✉❝❤ t❤❛t s−1Hs ⊆ U ✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ✐s♦♠❡tr✐❝ ❛❝t✐♦♥ I : H → Isom(P ) ❣✐✈❡♥ ❜② Ih(a) = hah∗ ❢♦r h ∈ H
❛♥❞ a ∈ P ✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❛❝t✐♦♥ ❜② h ·a = Ih(a)✳ ❚❛❦❡ X1 = H ·1 ❛♥❞ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧②
Xn+1 = {γa,b(t) : a, b ∈ Xn, t ∈ [0, 1]} ❢♦r n ≥ 1✳ ▲❡t

conv(H · 1) =
⋃

n∈N

Xn.
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❙✐♥❝❡ P|H|−2,|H|2 ✐s ❣❡♦❞❡s✐❝❛❧❧② ❝♦♥✈❡① ❛♥❞ t❤❡ ❛❝t✐♦♥ s❡♥❞s ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts t♦
❣❡♦❞❡s✐❝ s❡❣♠❡♥ts✱ ✐❢ Xn ⊆ P|H|−2,|H|2 t❤❡♥ Xn+1 ⊆ P|H|−2,|H|2 ❢♦r ❛❧❧ n ∈ N✳ ❚❤❡r❡✲
❢♦r❡ conv(H · 1) ⊆ P|H|−2,|H|2 ❢♦❧❧♦✇s ❢r♦♠ X1 = H · 1 = {hh∗}h∈H ⊆ P|H|−2,|H|2 ✳ ❆❧s♦✱
✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t P|H|−2,|H|2 ✐s ❝❧♦s❡❞ ✐♥ (P, d) ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t conv(H ·1) ⊆ P|H|−2,|H|2 ✳

❙✐♥❝❡ t❤❡ ❛❝t✐♦♥ s❡♥❞s ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts t♦ ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts✱ ✐❢ Xn ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r
t❤❡ ❛❝t✐♦♥ I t❤❡♥ Xn+1 ✐s ✐♥✈❛r✐❛♥t ❢♦r ❛❧❧ n ∈ N✳ ❙✐♥❝❡ X1 = H ·1 ✐s ✐♥✈❛r✐❛♥t✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t conv(H · 1) ✐s ✐♥✈❛r✐❛♥t✳ ❚❤❡ ❛❝t✐♦♥ ✐s ❛❧s♦ ✐s♦♠❡tr✐❝✱ ❤❡♥❝❡ conv(H · 1) ✐s ✐♥✈❛r✐❛♥t
❛♥❞ ✇❡ ❝❛♥ r❡str✐❝t t❤❡ ❛❝t✐♦♥ I t♦ t❤✐s s✉❜s❡t✳

❚❤❡ s♣❛❝❡ (conv(H · 1), d) ✐s ♠✐❞♣♦✐♥t ❝♦♥✈❡① ❛♥❞ t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇ ❤♦❧❞s ✐♥
P ✱ ❤❡♥❝❡ t❤✐s ❧❛✇ ❛❧s♦ ❤♦❧❞s ✐♥ (conv(H · 1), d)✳ ❙✐♥❝❡ conv(H · 1) ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ t❤❡
❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ (P|H|−2,|H|2 , d) t❤❡ s♣❛❝❡ (conv(H · 1), d) ✐s ❝♦♠♣❧❡t❡✳ ❲❡ ❝♦♥❝❧✉❞❡
t❤❛t (conv(H · 1), d) ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❤♦❧❞s✳

❙✐♥❝❡ (P|H|−2,|H|2 , d) ✐s ❛ ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡ conv(H ·1) ✐s ❛ ❜♦✉♥❞❡❞ s❡t✳ ❚❤❡r❡❢♦r❡
t❤❡ r❡str✐❝t❡❞ ❛❝t✐♦♥ ❤❛s ❜♦✉♥❞❡❞ ♦r❜✐ts✱ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✹✳✺ st❛t❡s t❤❛t t❤❡r❡ ✐s ❛♥ a ∈
conv(H · 1) s✉❝❤ t❤❛t Ih(a) = hah∗ = a ❢♦r ❛❧❧ h ∈ H✳ ❚❤❡r❡❢♦r❡ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸
a−

1
2Ha

1
2 ⊆ U ✱ ✐✳❡✳ s = a

1
2 ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ H✳

❇❡❝❛✉s❡ t❤❡ sq✉❛r❡ r♦♦t ✐s ❛♥ ♦♣❡r❛t♦r ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ ❛♥❞ a ∈ P|H|−2,|H|2 ✱ ✇❡ s❡❡
t❤❛t s = a

1
2 ∈ P|H|−1,|H|✳

❚❤✐s ❧❛st r❡s✉❧t ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ❬✹✸❪✳

■♥✈❛r✐❛♥ts ❣✐✈❡♥ ❜② ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥

❲❡ ✇❛♥t t♦ ❢✉rt❤❡r ❛♥❛❧②③❡ t❤❡ ♦r❜✐t str✉❝t✉r❡ ♦❢ t❤❡ ❛❝t✐♦♥ I✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹
✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t H ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳ ❇② ❛ t❤❡♦r❡♠ ♦❢ ❚❛❦❡s❛❦✐ ❬✻✶❪ t❤❡r❡ ✐s ❛
❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ E : A→ H ′ ∩ A ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ tr❛❝❡✱ ✐✳❡✳ E(τ(x)) = E(x)

❢♦r ∈ A✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♣r♦✈✐❞❡s ❛♥ ♦rt❤♦❣♦♥❛❧ s♣❧✐tt✐♥❣

A = (A ∩H ′)⊕τ Ker(E)

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈x, y〉 = τ(y∗x)✳ ❚❤❡♦r❡♠ ✺✳✹ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✺ ✐♥ ❬✺❪
✐♥ t❤✐s ❝❛s❡ ✐♠♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✶✳ ❆ss✉♠✐♥❣ t❤❡ ❝♦♥t❡①t ♦❢ t❤✐s s❡❝t✐♦♥✱ ❧❡t

(As ∩Ker(E))× (As ∩H
′)→ P

(X, Y ) 7→ eY eXeY

❜❡ t❤❡ ❜✐❥❡❝t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣✳ ■❢ a = eY eXeY ✐s t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢

a ∈ P t❤❡♥ t❤❡ ❝❧♦s❡st ♣♦✐♥t ✐♥ exp(As∩H
′) t♦ a ✐s e2Y ✱ ❛♥❞ t❤✐s ♣♦✐♥t ✐s ✉♥✐q✉❡ ✇✐t❤ t❤✐s

♣r♦♣❡rt②✳
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Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✷✳ ❚❤❡ s❡ts eY e(As∩Ker(E))eY ❛r❡ ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥ I✳ ❚❤❡ ❝✐r✲

❝✉♠❝❡♥t❡r ♦❢ ❛♥② ♦r❜✐t ✐♥ eY e(As∩KerE)eY ✐s e2Y ✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡

Ker(E) = (A ∩H ′)⊥ = {X ∈ A : τ(XY ∗) = 0 ❢♦r ❛❧❧ Y ∈ H ′ ∩ A}.

❚❤❡♥ Ker(E) ✐s AdH✲✐♥✈❛r✐❛♥t ❜❡❝❛✉s❡ ✐❢ X ∈ Ker(E)✱ Y ∈ A ∩H ′ ❛♥❞ h ∈ H t❤❡♥

τ(Adh(X)Y ∗) = τ(hXh−1Y ∗) = τ(hXY ∗h−1) = τ(h−1hXY ∗) = τ(XY ∗).

■❢ a = eY eXeY ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ a ❣✐✈❡♥ ❜② t❤❡ P♦rt❛✲❘❡❝❤t s♣❧✐tt✐♥❣ t❤❡♥

Ih(a) = hah−1 = heY eXeY h−1 = eAdh(Y )eAdh(X)eAdh(Y ) = eY eAdh(X)eY

s♦ t❤❛t t❤❡ s❡ts eY e(As∩KerE)eY ❛r❡ ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥ I✳
❆♥ ♦r❜✐t ✐♥ eY e(As∩KerE)eY ✐s ♦❢ t❤❡ ❢♦r♠ {eY eAdh(X)eY : h ∈ H} ❢♦r s♦♠❡ X ∈

As ∩Ker(E)✱ ❛♥❞ ✐ts ❝✐r❝✉♠❝❡♥t❡r ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❛❝t✐♦♥ ✇❤✐❝❤ ✐s ❝❧♦s❡st t♦ ❡❛❝❤
❡❧❡♠❡♥t ✐♥ t❤❡ ♦r❜✐t ❜② ▲❡♠♠❛ ✸✳✹✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✹✳✺✳ ❚❤✐s ♣♦✐♥t ✐s e2Y ❜② Pr♦♣♦s✐t✐♦♥
✸✳✹✳✶✶✳

✸✳✹✳✸ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ✐❞❡♥t✐t②

❲❡ ♥❡①t ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❣r♦✉♣ ✐s ❝❧♦s❡ ✐♥ s♦♠❡ s❡♥s❡ t♦ t❤❡ tr✐✈✐❛❧ ❣r♦✉♣ T1✳
❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ✉♥✐t✐③❡❞ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs ✇❛s st✉❞✐❡❞

✐♥ ❬✸✼❪✳ ▲❡t B2(H) st❛♥❞ ❢♦r t❤❡ ❜✐❧❛t❡r❛❧ ✐❞❡❛❧ ♦❢ ❍✐❧❜❡rt✲❙❝❤♠❞✐t ♦♣❡r❛t♦rs ♦❢ B(H)✳
❘❡❝❛❧❧ t❤❛t B2(H) ✐s ❛ ❇❛♥❛❝❤ ❛❧❣❡❜r❛ ✇✐t❤♦✉t ✉♥✐t ✇❤❡♥ ❣✐✈❡♥ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠

‖a‖2 = tr(a∗a)
1
2 ❛♥❞ t❤❛t ‖a‖ ≤ ‖a‖2 ❢♦r a ∈ B2(H)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❧❡①

❧✐♥❡❛r s✉❜❛❧❣❡❜r❛ ♦❢ B(H)

B2(H) + C1 = {a+ λ1 : a ∈ B2(H), λ ∈ C}

❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♣❡rt✉r❜❛t✐♦♥s ♦❢ s❝❛❧❛r ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ✐❞❡♥t✐t②✳
❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❍✐❧❜❡rt s♣❛❝❡ str✉❝t✉r❡ ❢♦r t❤✐s s✉❜s♣❛❝❡✱ ✇❤❡r❡ t❤❡ s❝❛❧❛r ♦♣❡r❛t♦rs
❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

〈a+ λ, b+ β〉2 = tr(ab∗) + λβ̄.

❚❤✐s ♣r♦❞✉❝t ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❲❡ s❡❡ t❤❛t B2(H)+C1 ✐s ❝♦♠♣❧❡t❡
✇✐t❤ t❤✐s ♥♦r♠ s✐♥❝❡ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ✐♥♥❡r ♣r♦❞✉❝t ✐♥❞✉❝❡s ❛ ❝♦♠♣❧❡t❡ ♥♦r♠ ♦♥ t❤❡
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✐❞❡❛❧ ♦❢ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✹✳✾ ✐♥ ❬✺✷❪✮✳ ❚❤❡ ♠♦❞❡❧ s♣❛❝❡ ✇❡ ❛r❡
❝♦♥s✐❞❡r✐♥❣ ✐s t❤❡ r❡❛❧ s♣❛❝❡ ♦❢ B2(H) + C1✱ ✇❤✐❝❤ ✐s B2(H)s + R1✳ ❚❤✐s s♣❛❝❡ ✐♥❤❡r✐ts
t❤❡ str✉❝t✉r❡ ♦❢ ❛ r❡❛❧ ❇❛♥❛❝❤ s♣❛❝❡✱ ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ✐♥♥❡r ♣r♦❞✉❝t ✐t ❜❡❝♦♠❡s ❛ r❡❛❧
❍✐❧❜❡rt s♣❛❝❡✳ ■♥s✐❞❡ B2(H)s+R1 ❝♦♥s✐❞❡r t❤❡ ♦♣❡♥ s✉❜s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs

P = {a : a ∈ B2(H)s + R1, a > 0}.

❋♦r a ∈ P ✇❡ ✐❞❡♥t✐❢② TaP ✇✐t❤ B2(H)s + R1 ❛♥❞ ❡♥❞♦✇ t❤✐s ♠❛♥✐❢♦❧❞ ✇✐t❤ ❛ r❡❛❧
❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ❜② ♠❡❛♥s ♦❢ t❤❡ ❢♦r♠✉❧❛

〈X, Y 〉a = 〈a
−1X, a−1Y 〉2.

❚❤❡ ✉♥✐q✉❡ ❣❡♦❞❡s✐❝ γa,b : [0, 1]→ P ❥♦✐♥✐♥❣ a ❛♥❞ b ✐s ❣✐✈❡♥ ❜②

γa,b(t) = a
1
2 (a−

1
2 ba−

1
2 )ta

1
2

❛♥❞ r❡❛❧✐③❡s t❤❡ ❞✐st❛♥❝❡✱ ✐✳❡✳

d(a, b) = Length(γa,b) = ‖log(a
− 1

2 ba−
1
2 )‖2,

s❡❡ ❚❤❡♦r❡♠ ✸✳✽ ❛♥❞ ❘❡♠❛r❦ ✸✳✾ ✐♥ ❬✸✼❪✳
❲✐t❤ t❤✐s ♠❡tr✐❝ P ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✳ ❇② ❘❡♠❛r❦ ✷✳✹ ✐♥ ❬✸✼❪ t❤❡ ❡①♣♦♥❡♥t✐❛❧

♠❛♣ ♦❢ P ❛t a ∈ P ✐s ❣✐✈❡♥ ❜② expa : TaP ≃ B2(H)s + R1→ P

expa(X) = a
1
2 ea

−
1
2Xa−

1
2 a

1
2 = aea

−1X = eXa
−1

a ❢♦r X ∈ B2(H)s + R1 ≃ TaP.

❚❤❡ ♠❡tr✐❝ ✐♥ P ✐s ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts✿ ✐❢ g ✐s
❛♥ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r ✐♥ B2(H) + C1 t❤❡♥ Ig : P → P ✐s ❛♥ ✐s♦♠❡tr②✱ s❡❡ ▲❡♠♠❛ ✷✳✺ ✐♥
❬✸✼❪✳

❇② ▲❡♠♠❛ ✸✳✶✶ ✐♥ ❬✸✼❪ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ✐♥❝r❡❛s❡s ❞✐st❛♥❝❡ ❛♥❞ ♣r❡s❡r✈❡s ❞✐st❛♥❝❡
♦❢ ❣❡♦❞❡s✐❝ r❛②s✱ ✐✳❡✳

‖X − Y ‖2 ≤ d(eX , eY ) ❛♥❞ ‖X‖2 = d(1, eX).

❋r♦♠ t❤✐s ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞✐st❛♥❝❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ I ✐t ❢♦❧❧♦✇s ✐♥ t❤❡ s❛♠❡
✇❛② ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✻ t❤❛t t❤❡ s❡♠✐✲♣❛r❛❧❧❡❧♦❣r❛♠ ❧❛✇ ❤♦❧❞s ✐♥ P ✳

❚❤❡♦r❡♠ ✸✳✹✳✶✸✳ ■❢ H ✐s ❛ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ✐♥ B2(H)+C1 s✉❝❤ t❤❛t suph∈H‖hh
∗−

1‖2 = C <∞ t❤❡♥ t❤❡r❡ ✐s ❛♥ s ✐♥ P s✉❝❤ t❤❛t s−1Hs ✐s ❛ ❣r♦✉♣ ♦❢ ✉♥✐t❛r✐❡s✳
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Pr♦♦❢✳ ❙✐♥❝❡ suph∈H‖hh∗ − 1‖2 = C <∞✱ ❢♦r h ∈ H

‖hh∗‖ − ‖1‖ ≤ ‖hh∗ − 1‖ ≤ ‖hh∗ − 1‖2 ≤ C,

s♦ t❤❛t
(C + 1)−11 ≤ hh∗ ≤ (C + 1)1.

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t diam(OH(1)) = suph∈H‖log(hh
∗)‖2 ✐s ✜♥✐t❡✳ ❋♦r h ∈ H✱ s✐♥❝❡

hh∗− 1 ✐s ❝♦♠♣❛❝t hh∗ ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ❛♥❞ ❤❛s ❡✐❣❡♥✈❛❧✉❡s (sj)j ⊆ [(C +1)−1, (C +1)]✳
❚❤❡♥

‖hh∗ − 1‖22 =
∑

j

(sj − 1)2 ≤ C2.

❲❡ s❡❡ t❤❛t log(hh∗) ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ❛♥❞ ❤❛s ❡✐❣❡♥✈❛❧✉❡s (log(sj))j✳ ▲❡t D ❜❡ ❛ r❡❛❧
♥✉♠❜❡r s✉❝❤ t❤❛t |log(x)| ≤ D|x− 1| ❢♦r ❛❧❧ x ∈ [(C + 1)−1, (C + 1)]✳ ❚❤❡♥

‖log(hh∗)‖22 =
∑

j

log(sj)
2 ≤

∑

D2(sj − 1)2 ≤ D2C2.

❙✐♥❝❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛❧❧ h ∈ H ✇❡ s❡❡ t❤❛t diam(OH(1)) ≤ D2C2✳ ❙✐♥❝❡
OH(1) ✐s ❜♦✉♥❞❡❞✱ ❜② ❚❤❡♦r❡♠ ✸✳✹✳✺ t❤❡ ❝✐r❝✉♠❝❡♥t❡r a ∈ P ♦❢ t❤✐s s❡t ✐s ❛ ✜①❡❞ ♣♦✐♥t
❢♦r t❤❡ ❛❝t✐♦♥ I r❡str✐❝t❡❞ t♦ H✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸ s = a

1
2 ✐s ❛ ✉♥✐t❛r✐③❡r ♦❢ H✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✶✹✳ ■❢ H ✐s ❛ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts s✉❝❤ t❤❛t suph∈H‖h− 1‖2 =

M <∞✱ t❤❡♥ H ✐s ❛ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ✐♥ B2(H)+C1 s✉❝❤ t❤❛t suph∈H‖hh
∗−

1‖2 <∞ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✉♥✐t❛r✐③❛❜❧❡✳

Pr♦♦❢✳ ❚❤❛t H ⊆ B2(H) + C1 ✐s ❛♣♣❛r❡♥t✳ ❙✐♥❝❡ ‖h‖ − ‖1‖ ≤ ‖h − 1‖ ≤ ‖h − 1‖2 ≤ M

❢♦r ❛❧❧ h ∈ H ✇❡ s❡❡ t❤❛t ‖h‖ ≤M + 1 ❢♦r ❛❧❧ h ∈ H✳ ❙✐♥❝❡

hh∗ − 1 = hh∗ − h+ h− 1 = h(h∗ − 1) + h− 1

❢♦r ❛❧❧ h ∈ H ✐t ❢♦❧❧♦✇s t❤❛t

‖hh∗ − 1‖2 ≤ ‖h‖‖h
∗ − 1‖2 + ‖h− 1‖2 ≤ (M + 1)M +M

❢♦r ❛❧❧ h ∈ H s♦ t❤❛t suph∈H‖hh∗− 1‖2 = (M + 1)M +M <∞. ❇② ❚❤❡♦r❡♠ ✸✳✹✳✶✸ H ✐s
✉♥✐t❛r✐③❛❜❧❡✳
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❙❡❝♦♥❞ ❡❞✐t✐♦♥✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✼✺✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱
✶✾✽✽

❬✷❪ ❊✳ ❆♥❞r✉❝❤♦✇✱ ●✳ ❈♦r❛❝❤✱ ❉✳ ❙t♦❥❛♥♦✛✱ ❆ ❣❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♥✉❝❧❡❛r✐t②

❛♥❞ ✐♥❥❡❝t✐✈✐t②✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✶✸✸ ✭✶✾✾✺✮✱ ♥♦✳ ✷✱ ✹✼✹✕✹✾✹✳

❬✸❪ ❊✳ ❆♥❞r✉❝❤♦✇✱ ●✳ ❈♦r❛❝❤✱ ❉✳ ❙t♦❥❛♥♦✛✱ ●❡♦♠❡tr✐❝❛❧ ❙✐❣♥✐✜❝❛♥❝❡ ♦❢ ▲ö✇♥❡r✲❍❡✐♥③

✐♥❡q✉❛❧✐t②✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✷✽ ✭✷✵✵✵✮✱ ♥♦✳ ✹✱ ✶✵✸✶✲✶✵✸✼✳

❬✹❪ ❊✳ ❆♥❞r✉❝❤♦✇✱ ●✳ ❈♦r❛❝❤✱ ❉✳ ❙t♦❥❛♥♦✛✱ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s

♦❢ ❛ ♥✉❝❧❡❛r C∗✲❛❧❣❡❜r❛✳ ❍❛r♠♦♥✐❝ ❛♥❛❧②s✐s ❛♥❞ ♦♣❡r❛t♦r t❤❡♦r② ✭❈❛r❛❝❛s✱ ✶✾✾✹✮✱
✸✼✕✺✸✱ ❈♦♥t❡♠♣✳ ▼❛t❤✳✱ ✶✽✾✱ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✶✾✾✺✳

❬✺❪ ❊✳ ❆♥❞r✉❝❤♦✇✱ ●✳ ▲❛r♦t♦♥❞❛✱ ◆♦♥♣♦s✐t✐✈❡❧② ❈✉r✈❡❞ ▼❡tr✐❝ ✐♥ t❤❡ P♦s✐t✐✈❡ ❈♦♥❡ ♦❢

❛ ❋✐♥✐t❡ ✈♦♥ ◆❡✉♠❛♥♥ ❆❧❣❡❜r❛✱ ❏✳ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ✭✷✮ ✼✹ ✭✷✵✵✻✮✱ ♥♦✳ ✶✱ ✷✵✺✲✷✶✽✳

❬✻❪ ❉✳ ❇❡❧t✐➭➔✱ ❏✳❊✳ ●❛❧é✱ ❍♦❧♦♠♦r♣❤✐❝ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧s ❢♦r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ C∗✲

❛❧❣❡❜r❛s✳ ❏♦✉r♥❛❧ ♦❢ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ✷✺✺ ✭✷✵✵✽✮✱ ♥♦✳ ✶✵✱ ✷✽✽✽✕✷✾✸✷✳

❬✼❪ ❉✳ ❇❡❧t✐➭➔✱ ❏✳❊✳ ●❛❧é✱ ▲✐♥❡❛r ❝♦♥♥❡❝t✐♦♥s ❢♦r r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ♦♥ ✈❡❝t♦r ❜✉♥❞❧❡s✳

▼❛t❤❡♠❛t✐s❝❤❡ ❩❡✐ts❝❤r✐❢t ✷✼✼ ✭✷✵✶✹✮✱ ♥♦✳ ✶✲✷✱ ✷✾✕✻✷✳

❬✽❪ ❉✳ ❇❡❧t✐➭➔✱ ❚✳ ❙✳ ❘❛t✐✉✱ ❙②♠♣❧❡❝t✐❝ ❧❡❛✈❡s ✐♥ r❡❛❧ ❇❛♥❛❝❤ ▲✐❡✲P♦✐ss♦♥ s♣❛❝❡s✳ ●❡♦♠✳
❋✉♥❝t✳ ❆♥❛❧✳ ✶✺ ✭✷✵✵✺✮✱ ♥♦✳ ✹✱ ✼✺✸✕✼✼✾✳

❬✾❪ ❉✳ ❇❡❧t✐➭➔✱ ❙♠♦♦t❤ ❍♦♠♦❣❡♥❡♦✉s ❙tr✉❝t✉r❡s ✐♥ ❖♣❡r❛t♦r ❚❤❡♦r②✳ ❈❤❛♣♠❛♥ ❍❛❧❧
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