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Introduction

G reen’s functions are widely used in vari-
ous branches of mathematics and theoretical

physics. Despite its rather long history, the method
of the Green function continues to develop. This
development concerns the application of this tech-
nique to statistical mechanics. This is probably the
most significant area which the method of Green’s
functions has been applied to. The literature in this
direction is too extensive to be cited here [1 – 4]. It is
just the complexity of statistical mechanics that per-
petually forces us to develop the method of Green’s
functions. Green’s functions are a natural general-
ization of correlation functions [5, 6], some partic-
ular and important examples of which become the
reduced density matrices [7 – 9] or distribution func-
tions of many body systems that opened a new fun-
damental branch in many body physics. In fact, the
dynamical behavior and properties of these systems
(atoms, molecules, nuclei, and crystals, etc.) can be
completely described in terms of Green’s functions
or propagators [10, 11]. All these possibilities are
available because the method of two time quantum
mechanical propagators combines the most effec-
tive techniques of quantum field theory [12] and
therefore its close connection with the correlation
functions admits us to introduce the description
of composite particles like fermion pairs or trios
and/or bosonic excitations like magnons, plasmons,
etc., in both closed and open quantum systems [13].
The interest in such distributions becomes clear be-
cause of the growing field of application of such
objects in a large variety of problems ranging from
the quasiparticle excitation concept to Cooper pairs
as particular examples that need to be described in
terms of composed particles [14].

The present work deals with the application of
the Green’s function method to the concept of com-
posite particles. This technique has been introduced
some time ago by several authors in order to de-
scribe atomic systems composed by nucleons and
electrons [15, 16]. However, not too much atten-
tion has been devoted to p-particles composed by
the same kind of particles in a general manner.
This goal has been central in our recent works
concerned with many electron molecular systems
showing that lower order densities (particle den-
sity) hides some information that enables us to
understand some phenomena such as complex pat-
terns of bonding [17, 18]. This difficulty can be
overcome by using higher order densities such as

pair (two-particle), i.e., normal bonds in molecular
systems or trios (three-particle) densities [17], i.e.,
nonclassical three center bonds in these kind of sys-
tems. In order to completely understand the many
body system structure the hidden information must
be recovered [18], a task that may be performed
by means of the correlation functions as part of the
propagators. When the p-particle distributions are
considered, these functions are called reduced density
matrices (RDM) [19].

In the present work we will exploit the rela-
tions between correlation functions associated to
the particle distributions derived from the propaga-
tors. This provides the dynamical information of the
system from which the meaning and nature of the
intensive properties involved in the description of
many body systems can be analyzed by means of
composed p-particles.

The work is organized as follows: in the second
section the notation and the basic relations are es-
tablished. The third section is devoted to derive an
expression for the chemical potential of a pair or
two-particle and its generalization to a composite
p-particle. The fourth section deals with the general-
ization of the previous idea to an arbitrary intensive
property. Finally, a brief discussion about the phys-
ical meaning and comparison with other works in
order to support the physical idea of the chemical
potential is given in the last section.

Basic Relations and Notation

The time-independent Hamiltonian of many
body systems with an arbitrary interaction poten-
tial V may be written as H = Ho + V, being Ho an
independent or a Hartree–Fock quasi-independent
ensemble particle Hamiltonian defined by

Ho =
∑

k

εkc+
k ck (1)

where {εk, k = 1, 2, . . .} the set of individual particle
energies of the system.

The two time propagators of two arbitrary oper-
ators A and B are defined by [3]〈〈

A(t); B(t′)
〉〉 = −i

〈
τ̂
{
A(t)B(t′)

}〉
(2)

where the symbol 〈. . .〉 indicates an ensemble aver-
age operation. Here, τ̂ stands for the chronological
or time-ordering superoperator whose action is de-
fined by

τ̂
{
A(t)B(t′)

} = θ (τ )
〈
A(t)B(t′)

〉 + ηθ (−τ )
〈
B(t′)A(t)

〉
(3)
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with τ = t − t′ and η = ±1 depending on the fermi-
onic or bosonic character of the operators [3, 21] and
θ stands for the “step” function with values 0 or 1 if
τ < 0 or τ > 0, respectively.

In order to deal with p-particle distributions it
is necessary to identify the operators involved in
Eq. (2) with the p-particle annihilation and creation
operators as

A(t) = ψ(x1, t)ψ(x2, t) · · ·ψ(xp, t)

B(t′) = ψ†(x′
p, t′) · · ·ψ†(x′

2, t′)ψ†(x′
1, t′)

where ψ and ψ† represent the annihilation and
creation field operators of individual particles, re-
spectively, and the variables xi stand for the set of
spatial ri and spin si coordinates of the ith parti-
cle. Therefore the hierarchy of particle distributions
in terms of the 1−, 2−, . . . , p-particle propagators
reads as follows [22]:〈〈

ψ(x, t);ψ†(x′, t′)
〉〉

one-particle propagator〈〈
ψ(x1, t)ψ(x2, t);ψ†(x′

1, t′)ψ†(x′
2, t′)

〉〉
two-particle propagator〈〈

ψ(x1, t)ψ(x2, t) · · ·ψ(xp, t);ψ†(x′
1, t′)ψ†(x′

2, t′) · · ·
ψ†(x′

p, t′)
〉〉

p-particle propagator.

Equation (2) has two terms both of which exhibit
the well-known correlation functions defined by

FAB(t, t′) = 〈
A(t)B(t′)

〉
(4)

and

FAB(t, t′) = 〈
B(t′)A(t)

〉
(5)

representing the propagator for t > t′ and for t′ > t,
respectively.

Making use of a simple property expressed
as [22, 24]

ψN = (N + I)ψ (6)

where N is the particle number operator defined by

N =
∫
ψ†(u)ψ(u) du

and I is the identity operator, and taking into ac-
count the Heisenberg picture for the operators and
the grand canonical ensemble for the distribution,
a master relation for the correlation functions of
field operators [22] can be written as

Fψ†ψ (0, τ ) = zFψψ† (−iβ, τ ). (7)

Here, iβ stands for an imaginary time (Wicks ro-
tation) [22] with β = (kT)−1, k is the Boltzmann
constant, and T the absolute temperature. It may be
noted that the fugacity z of the system defined as

exp(βµ) with µ the chemical potential, relates the
one-particle correlation functions Fψ†ψ to its associ-
ated one-hole counterpart Fψψ† [19, 24].

Chemical Potential for Two-Particle
(Pairs) and Generalization

In order to obtain the chemical potential of pairs
of particles, let us now inspect the case of two-
particle distributions. The central idea is to prove
a similar relation to that of Eq. (7) for the present
distributions.

The pair correlation functions are defined by
(1Cψψ†(t, t′) ≡ Fψψ† )

2Cψψ†(t, t′) ≡ Fψψψ†ψ†(t, t′)
= 〈
ψ(x1, t)ψ(x2, t)ψ†(x′

2, t′)ψ†(x′
1, t′)

〉
(8)

2Cψ†ψ (t, t′) ≡ Fψ†ψ†ψψ (t, t′)
= 〈
ψ†(x′

1, t′)ψ†(x′
2, t′)ψ(x2, t)ψ(x1, t)

〉
. (9)

Therefore, explicitly writing the average in Eqs. (8)
and (9), making use of the grand canonical ensemble
for which our central property, the chemical po-
tential, plays a fundamental role, and taking into
account Eq. (6) for an arbitrary function defined as
a power series of N, it follows that [24]

2Cψ†ψ (0, τ ) = exp(2βµ) 2Cψψ† (−iβ, τ ). (10)

Furthermore, a similar and simple expression for
the associated p-particle distributions
pCψ†ψ (t, t′) = 〈

ψ†(x′
1, t′)ψ†(x′

2, t′) · · ·
ψ†(x′

p, t′)ψ(xp, t) · · ·ψ(x2, t)ψ(x1, t)
〉

is obtained as
pCψ†ψ (0, τ ) = exp(βpµ) pCψψ†(−iβ, τ ) (11)

which relates both p-particle and p-hole correlation
functions [6].

Let us interpret the new results given by Eqs. (10)
and (11). We have remarked that Eq. (7) can be writ-
ten by means of the fugacity z = exp(βµ) as

1Cψ†ψ (0, τ ) = z 1Cψψ†(−iβ, τ )

and also it may be noted from Eq. (10) that
2Cψ†ψ (0, τ ) = z2 2Cψψ† (−iβ, τ )

holds for pairs, where z2 = exp(2βµ). Thus from
Eq. (11), it can be written as

pCψ†ψ (0, τ ) = zp pCψψ†(−iβ, τ ).
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Therefore the p-particle distribution representing
the correlation functions allows one to identify the
proportionality pz factor as

pz ≡ exp(βpµ) = zp; 1z ≡ z (12)

and may be interpreted as the fugacity of the
p-particle distribution. Thus, Eq. (11) in conjunction
with the definition in Eq. (12) lead to

zp = exp(βpµ) = 1z(pµ) (13)

where 1z(pµ) indicates the fugacity of the one-
particle distribution as a function of the argu-
ment pµ. On the other hand, from the definition of
fugacity it follows that

pz = exp
(
β pµ

)
(14)

where pµ indicates the chemical potential of the
p-particle distribution, i.e., for p = 1, 1µ means
1µ = µ; thus, a direct comparison of Eqs. (13)
and (14) yields the simple relation

pµ = pµ (15)

which is completely valid within the nonrelativis-
tic quantum statistical physics. It means that the
p-particle distribution possess a p-chemical poten-
tial that is p-times that of the 1-particle distribution.
We will return to this result in order to give it a more
realistic basis from its physical meaning.

Intensive Properties: Generalization

Let us consider an effective Hamiltonian H of the
type usually used in statistical physics such that it
can be written as

H = H − λ� A (16)

where H is composed of the kinetic energy and the
particle interaction and the second term on the rhs
of Eq. (16) is the coupling between an operator A as-
sociated to an extensive thermodynamic magnitude
and its associated response magnitude λ (intensive
thermodynamic property). Here, the symbol � in-
dicates a generalized product; i.e., a c-number in the
case that the product is between λ as pressure and
volume as the extensive magnitude; scalar product
in the case of electric field and electric dipole mo-
ment associated with polarizabilty of the system;
etc. For the sake of simplicity, this symbol will be
dropped from the equations from now on.

In order to generalize the previous results to any
intensive property let us follow a procedure closely
related to that used to derive the chemical potential.

The correlation function for the one-particle distri-
bution at t = 0 in the Gibbs distribution is defined
by
1Cψ†ψ (0, t′) = Z−1 Tr

[
ψ(x, 0)

× exp
(−β(H − λA)

)
ψ†(x′, t′)

]
(17)

where the cyclic property of the trace has been used.
Introducing the identity exp(−β(H−λA)) exp(β(H−
λA)), we get
1Cψ†ψ (0, t′) = 〈

exp
(
β(H − λA)

)
ψ(x, 0)

× exp
(−β(H − λA)

)
ψ†(x′, t′)

〉
. (18)

To proceed further we consider the general case
in which [H; A]− �= 0. Therefore, regarding that
the exponential of noncommuting operators may be
written as shown in Appendix B, it follows that the
correlation function may be expressed as
1Cψ†ψ (0, t′) = 〈

F−βλA(H) exp(−βλA)ψ(x, 0)

× exp(βλA)FβλA(−H)ψ†(x′, t′)
〉

(19)

where all commutator effects are recasted into the
F−βλA(H) and FβλA(−H) functionals.

Now we will go further by considering that the
operator A can be split into diagonal and off diago-
nal parts as

A = Ad + Aod

where [Ad; Aod]− �= 0 is assumed; thus by appli-
cation of the noncommutative expression for the
exponentials containing A in Eq. (19) as

exp(±βλA) = exp(±βλAd ± βλAod)

= exp(±βλAd)F±βλAd (±βλAod)

= F±βλAd(±βλAod) exp(±βλAd)

and by inserting such expression into Eq. (19) yields
the rather complex expression

1Cψ†ψ (0, t′)

= 〈
F−βλA(H) exp(−βλAd)ψ(x, 0)

× exp(βλAd)FβλA(−H)ψ†(x′, t′)
〉

+ 〈
F−βλA(H) exp(−βλAd)ψ(x, 0) exp(βλAd)

× δFβλAd (βλAod)FβλA(−H)ψ†(x′, t′)
〉

+ 〈
F−βλA(H)δFβλAd(βλAod) exp(−βλAd)ψ(x, 0)

× exp(βλAd)FβλA(−H)ψ†(x′, t′)
〉

+ 〈
F−βλA(H)δFβλAd(βλAod) exp(−βλAd)ψ(x, 0)

× exp(βλAd)δFβλAd(βλAod)

× FβλA(−H)ψ†(x′, t′)
〉
. (20)
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Finally, it may be noted that the action of the field
operator ψ on Ad in the exponential functionals in
Eq. (20) furnishes a factor 1(λ) which is common
to all terms of the correlation functions, i.e.,
1Cψ†ψ (0, t′) = 1(λ)

{1Cψψ† (0, t′) + 1Pcorr
ψψ† (λA, H, t′)

}
(21)

with

1(λ) = exp(βλa(x))

where a(x) stands for the diagonal part or density of
the operator A and 1Pcorr

ψψ†(λA, H, t′) the term collect-
ing all commutators between the operators H and A
and nondiagonal effects of the operator A as shown
above.

Such a result allows us to find an explicit way
of defining the generalized pλ property in the same
way we associated the chemical potential to a p-on
particle. By looking at the succesive action of the
field operators on the operator A, it follows that
the p-particle correlation function may be written
as
pCψ†ψ (0, t′) = p(λ)

{pCψψ† (0, t′) + 1Pcorr
ψψ† (λA, H, t′)

}
(22)

which is a covariant expression of Eq. (21). Here,
p(λ) is the proportionality factor common to
all functionals which relates the correlation func-
tions and which becomes defined [cf. Eq. (22)]
by

p(λ) = 1(pλ) ≡ 1
( pλ

)
with

pλ = pλ.

Analogously to the chemical potential we define
the λ− fugacity, pz(pλ) as

pz(pλ) = 1z(pλ) (23)

which generalizes the previous result on the chemi-
cal potential. Therefore we have found a simple and
powerful relation between the correlation functions
which is valid to any time. It appears to be very
striking because of its possible application of statis-
tical distribution of p-particles for the elucidation of
the role of compound particles in the onset of super-
phenomena in physics [25].

Discussion and Final Remarks

The result on the chemical potential is central
to determine the correlation functions and, because

of its validity to any order in the statistical de-
scription of the system and also for any interaction
potential, it seems to be very interesting for its ap-
plication in statistical physics of p-particles such as
electron pairs and trios in condensed matter in or-
der to understand the onset of superphenomena in
physics [25, 26] from the behavior of compound
particles. The generalization of the chemical po-
tential appears to be the most adequate tool to
interpret prior results about pair distributions. In
order to add some further understanding on this
topic let us now discuss the pair chemical poten-
tial concept; i.e., the chemical potential of a fermion
pair within the statistical distribution of such two-
particles and compare our present approach with
early results. The physical meaning of the chemical
potential suggests that there exists some limit for
the occupied levels described by the p-state func-
tions that house the p-particles (p = 1, orbitals;
p = 2, geminals; . . . ; p-ons). At zero temperature
(T = 0) we know from the ideal Fermi gas that
the particles occupy the N lowest energy levels in
which the Fermi level is coincident with the chem-
ical potential µ. In the case of fermion pairs we
expect this formalism to provide a similar physical
interpretation. Let us consider the particular case
of an ideal pair gas, i.e., a gas of noninteracting
fermions (V = 0; interaction potential between the
individual fermions) described in terms of pair dis-
tributions. It is well known that the pair population
as a function of the pair energy defined as the sum
of the individual energies of both particles in a given
configuration represented by a geminal state func-
tion (two-particle state function) |λ〉 = |λiλj〉 with
λi > λj [27, 28]

Eλ = ελi + ελj (24)

can be obtained from propagator’s methods [29].
Thus, the pair occupancies 2n(ε) in terms of the
two-reduced density matrices (diagonal elements
of the correlation functions of the field operators)
may be defined as

2n(ε) =
∑

λiλj(ελi
+ελj

= Eλ)

2Dλλ. (25)

Such occupancies are shown in Figure 1 from
which it follows that

2n(ε) = 1 0 < ε < µ

0 < 2n(ε) < 1 µ < ε < 2µ
2n(ε) = 0 2µ ≤ ε.

We may note from this figure that such occupa-
tions or populations indicate that the distribution
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FIGURE 1. Populations (occupation) of free fermion
pairs for T = 0 (solid line) and T �= 0 (dashed lines).

exhibits a cutoff at ε = 2µ for T = 0. This re-
sult is in complete agreement with the interpretation
of the chemical potential, an independent result
that supports our conjecture. It is worthwhile to
make some comments on the fermion pair popula-
tion curve in order to interpret its behavior and to
note the meaning of the chemical potential within
this context. The first characteristic to be noted is
that its shape does not seem to represent a typical
Fermi system. However, if we accept the so-called
Bopp’s conjecture [30] which asserts the existence of
an abrupt cutoff which ensures the correct pair nor-
malization (the sum over states gives the number
of pairs

(N
2

)
while retaining the Fermi shape for

free particle fermions), i.e., uniform pair population,
it implies the existence of a chemical potential for
pairs whose value is ζµ with 1 < ζ < 2. Thus,
the results provided by this conjecture are wrong
because the fermion pairs are not fermions [25, 26]
as is imposed by Bopp’s approach. An other way
to understand such failure is that there are several
two-particle configurations with the same energy
and therefore all of them contribute to the popula-
tion in Eq. (25). Therefore, such condition (Eλ = ε)
introduces an additional physical consequence: the
contributing pairs come from different configura-
tions ranging from those composed by a particle of
very low energy and other of high energy [27] to
those formed by similar individual energies in order
to keep the pair energy level fixed. Thus, the prob-
ability that the outer energy levels (ε > µ) become
appreciably populated is rather low because of the
energy constraint, i.e., lower number two-particle
fermion configurations are available for a given en-
ergy as it approaches the cutoff, and therefore the
pairon occupation begins to decrease to zero as ε

reaches µ. It means that there are low configura-
tions with the same energy that contribute to the
population until ε = 2µ, from which no compatible
pair configurations are possible. Thus, the popula-
tion for this energy, i.e., the cutoff, vanishes and
therefore, the chemical potential concept is retained.
We have used the same methodology to derive the
free fermion trios distribution and a similar result
has been found leading to an energy cutoff equal to
3µ at T = 0 as expected from the above considera-
tions.

From previous results [31], we may say that no
concrete evaluations of pair populations associated
to the RDM concept are easily found, except that
of Coleman [26]. This author gets a similar curve
to Figure 1 but which has been obtained from a
different point of view. In this work the fermion
pair chemical potential appears naturally as a con-
sequence of the convoluted individual energies of
the pair and which turns out to be a particular
case of (25). Therefore we conclude that this result
is a strong support for our example and the inter-
pretation of this curve is a convincing argument
for a future generalization to other intensive prop-
erties. Atomic condensate systems are nowadays
the most striking field connected with these results
because of the condensation phenomena and there-
fore experimental evidence on chemical potential of
composed p-particles is expected from it. However
no fermion pair condensation but ordinary boson
like is considered for explanation of the related phe-
nomena [31 – 33].

Finally we want to remark an important point
about the validity of our results. Thus far the rela-
tion of the chemical potential of a p-particle to that
of their components is also valid for any interact-
ing system in a stationary state, which is strongly
supported by few examples in the literature [34].
The extension of our conjecture to any other inten-
sive property is based on the evaluation of operators
of nondiagonal character leading to nonlocal (non-
diagonal) contributions to the action of the p-field
operators on the associated extensive magnitude.
However, the definitions of the so-called gener-
alized λ-fugacity is supported by the covariance
structure of the correlation function relations to any
order p in the reduced description. We may also note
that the intensive properties mainly depend on the
diagonal or density of the operator describing the
extensive property. Lines along this direction are be-
ing explored in our laboratory.
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Appendix A: Master Relation for the
Correlation Functions of
Field Operators

The correlation functions defined in the text are
explicitly written as

Fψ†ψ (t, t′)

= Z−1 Tr
[
exp

(−β(H − µN)
)

exp(iHt′)ψ†(x′, 0)

× exp
(−iH(t′ − t)

)
ψ(x, 0) exp(−iHt)

]
(A1)

where Z stands for the partition function in the
grand canonical ensemble.

Assuming that the Hamiltonian of the system,
H, commutes with the particle number operator N,
i.e., particle conserving Hamiltonian, and suppos-
ing absolute convergence on the argument of the
trace operation in Eq. (A1) in order to use the cyclic
property of the trace, it is obtained that

Fψ†ψ (t, t′) = Z−1 Tr
[
exp

(−β(H − µN)
)

× exp
(
iH(t′ − t)

)
ψ†(x′, 0)

× exp
(−iH(t′ − t)

) × ψ(x, 0)
]

(A2)

and thus particularly (t′ ≡ τ )

Fψ†ψ (0, τ ) = Z−1 Tr
[
exp

(−β(H − µN)
)

× ψ†(x′, τ )ψ(x, 0)
]
. (A3)

Applying the cyclic property again and introduc-
ing the identity operator expressed as the product
exp(−β(H − µN)) exp(β(H − µN)), it may be fol-
lowed that

Fψ†ψ (0, τ )

= Z−1 Tr
[
exp

(−β(H − µN)
)

× [
exp

(
β(H − µN)

)
ψ(x, 0)

× exp
(−β(H − µN)

)
ψ†(x′, τ )

]]
(A4)

or

Fψ†ψ (0, τ ) = 〈
exp

(
β(H − µN)

)
ψ(x, 0)

× exp
(−β(H − µN)

)
ψ†(x′, τ )

〉
. (A5)

Application of the property expressed as
ψ(x) f (N) = f (N + I)ψ(x) leads to

Fψ†ψ (0, τ ) = exp(βµ)
〈
exp(βH)ψ(x, 0)

× exp(−βH)ψ†(x′, τ )
〉
. (A6)

Therefore, the master property for the one-
particle distribution or correlation function is

Fψ†ψ (0, τ ) = exp(βµ)Fψψ†(−iβ, τ ). (A7)

The same procedure may be followed on the
two-particle correlation functions. It will lead us to
obtain a similar relation for these objects which may
be written as

2Cψ†ψ (t, t′)

= Z−1 Tr
[
exp

(−β(H − µN)
)

× exp(iHt′)ψ†(x′
1, 0)ψ†(x′

2, 0)

× exp
(−iH(t′ − t)

)
× ψ(x2, 0)ψ(x1, 0) exp(−iHt)

]
. (A8)

Assuming the conditions imposed on the one-
particle correlation function for the present case, it
may be obtained that

2Cψ†ψ (t, t′)

= Z−1 Tr
[
exp

(−β(H − µN)
)

× exp
(
iH(t′ − t)

)
ψ†(x′

1, 0)ψ†(x′
2, 0)

× exp
(
iH(t′ − t)

)
ψ(x2, 0)ψ(x1, 0)

]
(A9)

and particularly,

2Cψ†ψ (0, τ ) = Z−1 Tr
[
exp

(−β(H − µN)
)
ψ†(x′

1, τ )

× ψ†(x′
2, τ )ψ(x2, 0)ψ(x1, 0)

]
. (A10)

Using the cyclic property of the trace and intro-
ducing the identity as exp(−β(H − µN)) exp(β(H −
µN)) the correlation function may be rewritten in
terms of the average

2Cψ†ψ (0, τ ) = 〈
exp

(
β(H − µN)

)
ψ(x1, 0)ψ(x2, 0)

× exp
(−β(H − µN)

)
ψ†(x′

2, τ )ψ†(x′
1, τ )

〉
(A11)

and thus

2Cψ†ψ (0, τ ) = exp(2βµ)
〈
exp(βH)ψ(x1, 0)ψ(x2, 0)

× exp(−βH)ψ†(x′
2, τ )ψ†(x′

1, τ )
〉

(A12)

or

2Cψ†ψ (0, τ ) = exp(2βµ)
〈
ψ(x1, −iβ)ψ(x2, −iβ)

× ψ†(x′
2, τ )ψ†(x′

1, τ )
〉

(A13)

where succesive application of the property
ψ(x)f (N) = f (N + I)ψ(x) has been used.

Finally we obtain the master relation

2Cψ†ψ (0, τ ) = exp(2βµ) 2Cψψ†(−iβ, τ ). (A14)
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Appendix B: Structure of Exponential
of Noncommuting Operators

In most of the problems of theoretical quantum
physics it is neccesary to evaluate a function like
f (A + B) when the form of f is given, the spectra of
the operator A is known and the commutator [A, B]
is not null.

This paragraph is devoted to write out briefly
the formulas for the expansions of a function of this
type as a Taylor series as was done in Ref. [35].

Let A and B as described above, then

f (A + B) =
∞∑

n = 0

C(n)(A, B)
n!

f (n)(A)

=
∞∑

n = 0

f (n)(A)
C

(n)
(A, B)
n!

(B1)

where C(n)(A, B) and C
(n)

(A, B) become defined
through the recursion relations

C(n) = (A + B)C(n−1) − C(n−1)A (B2)

and
C

(n) = C
(n−1)

(A + B) − AC
(n−1)

(B3)

with special values C(0) = I, C
(0) = I, and f (0)(A) ≡

f (A), where I stands for the identity operator.
In our particular case we deal with exponential

functions whose argument is the sum of operators
as exp(A+B) and therefore the relation (B2) and (B3)
leads to express these functions as

exp(A + B) =
{ ∞∑

n = 0

C(n)(A, B)
n!

}
exp(A)

or
exp(A + B) = FA(B) exp(A) (B4)

and similarly we also may write

exp(A + B) = exp(A)

{ ∞∑
n = 0

C
(n)

(A, B)
n!

}

or
exp(A + B) = exp(A)FA(B) (B5)

and viceversa.
Note that all commutator effects between A

and B are recasted into the functionals FA(B) and
FA(B) which are different from one another. Fur-
thermore it is straightforward to note that both
functionals may be split into

FX(Y) = I + δFX(Y) FX(Y) = I + δFX(Y) (B6)

which is used in the central part of the work.
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