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0. Introduction

Holomorphy types were defined by Nachbin [45] in order to include in a single theory the most commonly used spaces
of holomorphic functions on infinite dimensional spaces, like the current, nuclear, compact or Hilbert-Schmidt type. Since
Pietsch’ definition of ideals of multilinear forms [47], the theory of holomorphy types began to interact with the concept of
normed ideal of homogeneous polynomials (see for example [34,8,7,12]). We follow this approach in this article incorporat-
ing them to the definition of holomorphy type.

A holomorphy type 2 at a Banach space E is a sequence {2(,(E)} of normed spaces of n-homogeneous polynomials with
the property that if a polynomial is in 2, then all its differentials also belong to 2l and such that their norms have con-
trolled growth. In [32], Harris deduced a tight bound for the usual norm of the differentials of a homogeneous polynomial.
Noticeably, we are able to show that every known (to us) example of holomorphy type satisfies the same bound (see the
examples of the first section).

A holomorphic function on an open set U of E is of type 2 if it has positive 2(-radius of convergence at each point of U
[45,23,1]. Similarly, entire functions of bounded 2A-type are defined as functions that have infinite 2(-radius of convergence
at zero [28,11,6], and it is immediate to generalize this definition to holomorphic functions of bounded 2-type on a ball.
We propose a definition of holomorphic function of bounded 2-type on a general open set U of E and on a Riemann
domain spread over E, and study some properties of the space Hpg (U) of this class of functions. When £ is the sequence
of all continuous homogeneous polynomials (i.e. for the current holomorphy type) we recover Hy(U), the space of bounded
type holomorphic functions on U. The space Hp(U) is a Fréchet algebra with the topology of uniform convergence on
U-bounded sets. On the other hand, the spaces of nuclear [23] (see also [25, Exercise 2.63]) and Hilbert-Schmidt [46,35]
polynomials were proved to be algebras, and thus the corresponding spaces of entire functions of bounded type are also
algebras. A more general approach was followed in [11,13], where multiplicative sequences of normed ideals of polynomials
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were studied. A sequence 2 of normed ideals of polynomials is multiplicative if a bound for the norm of the product of two
homogeneous polynomials in 2 can be obtained in terms of the product of the norms of these polynomials. It was shown
there that several spaces of entire functions of bounded type are algebras (with continuous multiplication). In Section 3,
we prove that for every previously mentioned example of holomorphy type the corresponding space Hpg (U), is actually a
locally m-convex Fréchet algebra with its natural topology. We also show that algebras Hpg (E) are test algebras for Michael’s
problem on the continuity of characters.

We study the spectrum of the algebra Hpg(U) and show in Theorem 4.3 that, under fairly general conditions on £,
it may be endowed with a structure of Riemann domain over the bidual of E, generalizing some of the results in [4,13].
We show in Section 5 that the Gelfand extensions to the spectrum are holomorphic and that the spectrum is a domain
of holomorphy with respect to the set of all holomorphic functions, as it was proved in [26] for the current holomorphy
type. We also characterize the Hpg-envelope of holomorphy of an open set U as a part of the spectrum of Hpg(U). The
envelope of holomorphy for the space of holomorphic functions of a given type was constructed by Hirschowitz in [33]. He
also raised the question whether the holomorphic extensions to the envelope of holomorphy are of the same type, see [33,
pp. 289-290]. We investigate this question for the case of holomorphic functions of bounded 2-type in the last section of
the article. We need to deal there with weakly differentiable sequences. The concept of weak differentiability was defined in
[13] and it was proved there that it is, in some sense, dual to multiplicativity (see also Remark 6.4). The importance of this
duality can be seen, for instance, in Examples 3.12 and 6.5, where we prove that the Hilbert-Schmidt norm of the product
of two homogeneous polynomials is bounded by the product of their Hilbert-Schmidt norms. When the sequence 2/ is
weakly differentiable we succeed to show that the extension of a function in Hpg(U) to the Hpg-envelope of holomorphy
of U is of type 2, thus answering in this case the question of Hirschowitz positively. On the other hand, it is known (see
[16, Example 2.8]) that the extension of a bounded type holomorphic function to the Hp-envelope of holomorphy may fail
to be of bounded type, thus, we cannot expect the extension of every function in Hpg (U) to be of bounded 2(-type on the
Hpg-envelope. We end the article with a version of the Cartan-Thullen theorem for Hpg (U).

We refer to [25,42] for notation and results regarding polynomials and holomorphic functions in general and to [21,
29-31] for polynomial ideals and symmetric tensor products of Banach spaces.

1. Preliminaries

Throughout this article E is a complex Banach space and Bg(x,r) denotes the open ball of radius r and center x in E.
We denote by PX(E) the Banach space of all continuous k-homogeneous polynomials from E to C.
We define, for each P € P¥(E), a € E and j <k the polynomial P,; € P*~J(E) by

\2 ] k*] \Y
Piix)=P (@), x V) =P (a,....,a,x,...,%),
—_— —
j k—j

where 1vJ is the symmetric k-linear form associated to P. For j =1, we write P, instead of P.

A Riemann domain spread over E is a pair (X, q), where X is a Hausdorff topological space and q: X — E is a local
homeomorphism. For x € X, a ball of radius r > 0 centered at x is a neighborhood of x that is homeomorphic to Bg(q(x),r)
through q. It will be denoted by Bx(x,r). When there is no place for confusion we denote the ball of center x and radius r
by Br(x) (where x can be in E or in X). We also define the distance to the border of X, which is a function dx : X — R.g
defined by dx(x) = sup{r > 0: B,(x) exists}. For a subset A of X, dx(A) is defined as the infimum of dx(x) with x in A. A
subset A of X is called an X-bounded subset if dx(A) > 0 and q(A) is a bounded set in E.

Let us recall the definition of polynomial ideal [29,30].
Definition 1.1. A Banach ideal of (scalar-valued) continuous k-homogeneous polynomials is a pair (2, || - [l2,) such that:

(i) For every Banach space E, i (E) = Ay NPX(E) is a linear subspace of PK(E) and | - l2, £y is @ norm on it. Moreover,
(Ak(E), Il - 91, ()) is @ Banach space.
(ii) If T € L(E1,E) and P € A, (E), then Po T € A, (E1) with

k
1P o Tl ) < P2y ITIF.

(iii) z > z¥ belongs to 2, (C) and has norm 1.
We use the following version of the concept of holomorphy type.

Definition 1.2. Consider the sequence A = {0 }2,, where for each k, 2l is a Banach ideal of k-homogeneous polynomials.
We say that {2y}, is a holomorphy type if for each I <k there exists a positive constant ci; such that for every Banach
space E, the following hold:

if PeA¢(E), ace E then Py belongs to 2, _;(E) and IPgllo,_ ) < Citll Pllst, (k) ||(1||l (1)
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Remark 1.3. (a) The difference between the above definition and the original Nachbin’s definition of holomorphy type [45]
is twofold. First, Nachbin did not work with polynomial ideals, a concept that was not defined until mid 80’s after the work
of Pietsch [47]. We think however that polynomial ideals are in the spirit of the concept of holomorphy type. Holomorphy
types defined as above are global holomorphy types in the sense of [7]. Second, the constants considered by Nachbin were
of the form ¢ = (’l‘)C" for some fixed constant C. In most of the results we require that the constants satisfy, for every k, I,

(k+ Dk k1
(k+D! Kk

These constants are more restrictive than Nachbin’s constants, but, as we will see below, the constants ¢, of every usual
example of holomorphy type satisfy (2).

(2)

Ckl S

Remark 1.4. In [12] we defined and studied coherent sequences of polynomial ideals. Any coherent sequence is a holomor-
phy type. In fact, a coherent sequence is a holomorphy type which satisfies the following extra condition: for each [,k e N
there exists a positive constant di; such that for every Banach space E,

if P QA (E), y €E' then y'P belongs to 2 y(E) and [[y'Pllay,,e) < dicillPllage Iy 1 (3)

The constants appearing in [12] were of the form ¢, = ¢! and dp1= D!. The extra condition asked for the coherence is very
natural since conditions (1) and (3) are dual to each other in the following sense: if {2};2; is a sequence of polynomial
ideals which satisfies (1) (respectively (3)) then the sequence of adjoint ideals {R4;};2; satisfies (3) (respectively (1)) with
the same constants (see [12, Proposition 5.1]). Thus we may think a coherent sequence as a sequence of polynomial ideals
which form a holomorphy type and whose adjoint ideals are also a holomorphy type.

We present now some examples of holomorphy types with constants as in (2).

Example 1.5. The sequence P of ideals of continuous polynomials is, by [32, Corollary 4], a holomorphy type with constants
as in (2). The same holds for other sequences of closed ideals as the sequence P, of weakly continuous on bounded sets
polynomials, and the sequence P4 of approximable polynomials.

Slight modifications on the results of [12, Corollaries 5.2 and 5.6] (see also [44, Section 3.1.4]) show that if a sequence
{2k}, of ideals form a holomorphy type with constants ¢y the sequence of maximal ideals {Qlf(“ax},‘;’il and the sequence of
minimal ideals {Ql,‘j““};?o:l are also holomorphy types with the same constants ¢ ;. Also, as already mentioned in Remark 1.4,
if the sequence {2}p2, satisfies the condition of coherence (3) with constants di; then the sequence of adjoint ideals
{21F}e2, is a holomorphy type with constants dy ;. As a consequence we have the following.

Example 1.6. The sequence P; of ideals of integral polynomials is a holomorphy type with constants c,; = 1. Indeed, since
condition (3) is trivially satisfied by the sequence P with constants dy; =1 and since (P*y* = 77;‘, the result follows from
the above comments.

Example 1.7. The sequence Py of ideals of nuclear polynomials is a holomorphy type with constants c,; = 1 because
PIISJ — (zpf)min_

Example 1.8. Sequences of polynomial ideals associated to a sequence of natural symmetric tensor norms. For a symmetric tensor
norm By (of order k), the projective and injective hulls of By (denoted as \Bx/ and /B\ respectively) are defined as the
tensor norms induced by the following mappings (see [15]):

(®" 8o i) > (Q°E\8).
(e /80)) < (R tacBr, ).

In [15], natural tensor norms for arbitrary order are introduced and studied, in the spirit of the natural tensor norms of
Grothendieck. A finitely generated symmetric tensor norm of order k, By is natural if By is obtained from ¢i (the injective
symmetric tensor norm) and 7y, (the projective symmetric tensor norms) taking a finite number of projective and injective
hulls (see [15] for details). For k > 3, it is shown in [15] that there are exactly six non-equivalent natural tensor norms and
for k =2 there are only four.

Let 2, be an ideal of k-homogeneous polynomials associated to a finitely generated symmetric tensor norm oj. Small
variations in Lemma 3.1.34 of [44] show that if {2(;} is a holomorphy type with constants c,; then so are the sequences
of maximal (or minimal) ideals associated to the projective and injective hulls of «y. In particular, any of the sequences of
maximal (or minimal) ideals associated to any of the sequences of natural norms is a holomorphy type with constants as
in (2).
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Example 1.9. The sequence P, of ideals of extendible polynomials. Since the ideal of extendible polynomials P[; is the maximal
ideal associated to the tensor norm \é&y/, we have by the previous example that the sequence P, is a holomorphy type with
constants as in (2).

Example 1.10. The sequence M, of ideals of multiple r-summing polynomials. It was shown in [12, Example 1.13] that it is a
coherent sequence with constants equal to 1 thus, in particular, it is a holomorphy type with constants ¢, ; = 1.

Example 1.11. The sequence S, of ideals of Hilbert-Schmidt polynomials. It was shown in [27, Proposition 3] that it is a holo-
morphy type with constants ¢ ;= 1.

Example 1.12. The sequence Sy, of p-Schatten-von Neumann polynomials. Let H be a Hilbert space. Recall that for 1 < p < oo,
the p-Schatten-von Neumann k-homogeneous polynomials on H may be defined, using the complex interpolation method,
interpolating nuclear and approximable polynomials on H [18,11] as follows:

SE(H) == [PR (H), PL(H)],.

where p(1 —0) = 1. The space of Hilbert-Schmidt polynomials coincide (isometrically) with the space of 2-Schatten-von
Neumann polynomials. Since interpolation of holomorphy types is a holomorphy type (see [13, Proposition 1.2]), we can
conclude that {Sl’j} is a holomorphy type with constants

(k4 DR 1\
IS\ ——— 77 .
: ( (k+1)! Kk l’)

Moreover, using the Reiteration theorem [5, 4.6.1], we have that, for 1 < p < 2, S’;(H) = [P,’SJ(H), $§(H)]29, with
p(1—0)=1. Thus, for 1 < p <2, we can obtain ¢, ; = 1. Similarly, for 2 < p < co we have

(k + Dk k1 1\ 175
qu<[—2———) .
' ( (k+D! Kk l’)

2. Holomorphic functions of 2(-bounded type

There is a natural way to associate to a holomorphy type 2l a class of holomorphic functions on a Riemann domain (X, q)
spread over a Banach space E. This space, denoted by Hg(X), consists on all holomorphic functions that have positive -
radius of convergence at each point of X, see for example [23, Definition 2]. To give the precise definition, let us recall that
if f is a holomorphic function on X, then its k-th differential is defined by

dk d*[f o o)1
f® — [f o @lByx) ](q(x)).

k! k!

Definition 2.1. Let 2 = {2l }; be a holomorphy type; E a Banach space, and (X, q) a Riemann domain spread over a Banach
space E. A holomorphic function f is of type 2 on X if for each x € X, d* f(x) belongs to 2 (E) and
dkf(X) 1/k

k!

lim ‘

k— o0

Ak (E)
We denote by Hg (X) the space of type 2l functions on X.

We may also define a space of entire functions of bounded 2(-type [11,28,6] as the set of entire functions with infinite -
radius of convergence at zero (and hence at every point). Similarly we can define the holomorphic functions of 2(-bounded
type on a ball of radius r as the holomorphic functions which have 2(-radius of convergence equal r.

Definition 2.2. Let 2 = {2} be a holomorphy type; E a Banach space, x € E, and r > 0. We define the space of holomorphic
functions of 2(-bounded type on B;(x) by
17k 4
<i)
2, T

d* f (%)

dk
f® € A, (E) and lim sup 0

k! k— 00

Hpa (Br (%)) = {f € H(Br():

We consider in Hpg (Br(x)) the seminorms pg, for 0 < s <r, given by
et k
d* f(x)
ps(f) = Z‘
k=0

k!
for all f € Hpg(By(x)). Then it easy to show that (Hpg (B (%), F), {Ps}o<s<r) is a Fréchet space.
The following examples of spaces of holomorphic functions of bounded type on the unit ball B were already defined in
the literature and can be seen as particular cases of the above definition.

Sk ,
Ak
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Example 2.3.

(a) If A is the sequence of ideals of continuous homogeneous polynomials, then Hpg (Bg) = Hp(BE).

(b) If A is the sequence of ideals of weakly continuous on bounded sets polynomials, then it is not difficult to see that
Hpg (BEg) is the space Hy,y (Bg) of weakly uniformly continuous holomorphic functions on Bg-bounded sets.

(c) If A is the sequence of ideals of nuclear polynomials then Hpg (Bg) is the space of holomorphic functions of nuclear
bounded type Hyp(Bg) defined by Gupta and Nachbin (see also [38]).

(d) If & is the sequence of ideals of extendible polynomials, then by [10, Proposition 14], Hpg (Bg) is the space of all
f € H(BE) such that, for any Banach space G D E, there is an extension f € Hp(Bg) of f.

(e) If 2 is the sequence of ideals of integral polynomials, then Hpg (Bg) is the space of integral holomorphic functions of
bounded type Hp;(Bg) defined in [22].

Remark 2.4. In general, we have that Hpg C Hg N Hp. Indeed, Dineen found in [23, Example 9] an entire function of
bounded type on a Hilbert space E, f € Hyp(E), such that f is of nuclear type on E, f € Hy(E), but f is not an entire

1
function of nuclear bounded type because limy_, « || % Iy=1.

We now define holomorphic functions of 2-bounded type on a Riemann domain (X, q) spread over a Banach space. If f
is of type 2 on X, and it has 2(-radius of convergence greater than s > 0 at x € X, then we define

d* f (x)
k!

o0

piHr=) s

k=0

Ak (E)

The holomorphic functions of 2-bounded type on X are the holomorphic functions on X which are of the class Hpg on
every ball contained in X and, on each open X-bounded set A, the seminorms p¥ (with x € A and Bs(x) C A) are uniformly
bounded.

Definition 2.5. A holomorphic function f is of 2(-bounded type on (X, q) if:

(i) fo(qlBy) ™" € Hpar(q(Bs(x))) for every s <dx(x).
(ii) For each open X-bounded set A,

pa(f) == sup{pi(f): Bs(x) C A} < oo.

We denote by Hpg (X) the space of all holomorphic functions of -bounded type on (X, q).

When 2 is the sequence P of ideals of continuous homogeneous polynomials, by the Cauchy inequalities, Hpg (X) =
Hp(X). If 2 is the sequence of ideals of weakly continuous on bounded sets polynomials and U is a balanced open set then
Hpg(U) = Hyy (U) (see, for example [9, Proposition 1.1]).

Remark 2.6. Condition (i) in above definition states that f is a holomorphic function of 2(-bounded type on each ball con-
tained in X. The space of holomorphic functions on X that satisfy this condition is denoted by Hgg (X) in [44, Section 3.2.6].
This resembles much the definition given in [26, Section 3] of the space Hy(X) (indeed Hgg (X) = Hg(X) when 2( = P). The
seminorms {p}: 0 <s <dx(x), x € X} define a topology on Hgg (X) which is always complete but not necessarily a Fréchet
space topology unless E is separable. In that case we may follow the proof of [26, Proposition 3.2] to show that Hgg (X) is
a Fréchet space. Most of the results in this article remain true if we replace Hpy by Hgg.

Proposition 2.7. The seminorms {pa: A open and X-bounded} define a Fréchet space topology on Hpg (X).

Proof. It is clear that the topology may be described with the countable set of seminorms {px,}nen, Where X; = {x €
X: lgx)|| <n and dx (x) > %}, so we only need to prove completeness. Let ( fx)r be a Cauchy sequence in Hpg(X), then it is
a Cauchy sequence in Hp(X), so there exists a function f € Hp(X) which is limit (uniformly in X-bounded sets) of the f'’s.

Let x € X and r < dx(x). Then (fi o (qlgr(x))‘l)k is a Cauchy sequence in Hpg (Br(q(x))) which converges pointwise to
fo (Q|Br(x))71‘ Since Hpg(Br(q(x))) is complete we have that f o (q|3r(,())*1 belongs to Hpg (Br(q(x))), and thus f satisfies
(i) of Definition 2.5. Moreover, for each k, p{(f — fi) <limsup; p{(fj — fi) for every s < dx(x). Thus, if A is an X-bounded
set,

pa(f — fio= sup pi(fj— fi) <limsup sup pi(fj— fi) =limsuppa(fj— fi).
Bs(CA i Bsca j

which goes to 0 as k — oco. Therefore, f is in Hpg (X) and (fy) converges to f in Hpy(X). O
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3. Multiplicative sequences

In this section we show that under a condition on 2 which is satisfied by most of the commonly used polynomial ideals,
the space Hpg (X) is a locally m-convex Fréchet algebra.

Definition 3.1. Let {2(,}; be a sequence of polynomial ideals. We say that {2} is multiplicative at E if there exist constants
k. > 0 such that for each P € 2, (E) and Q € 2((E), we have that PQ € 24 (E) and

1P Q 2By < Ct PNl By 11 Q st E) -

If {*0} is a multiplicative sequence then the sequence of adjoint ideals {2(;} is a holomorphy type with the same
constants, and it is moreover a weakly differentiable sequence (see Remark 6.4).

In [13] we studied multiplicative sequences with constants ci; < M¥+! for some constant M > 1 and proved that in this
case the space of entire functions of 2(-bounded type is an algebra. To obtain algebras of holomorphic functions on balls or
on Riemann domains we need to have more restrictive bounds for ¢ ;. Actually, we impose the constants ¢y to satisfy the
inequality (2) for every k,l e N.

Remark 3.2. Stirling’s Formula states that e~ 1n"t1/2 < e 1n! < n"+1/2 for every n > 1, so we have that

m+MHmu<2<k1yﬂ

27 T« el 4
E T RAVEY )

As a consequence, if 2 is multiplicative with ¢ as in (2) then, for each & > 0 there exists a constant c¢; > 0 such that for
every k,l1e N, P e %, (E) and Q € 2,(E), we have,

IPQ ot 5y < e (1 4+ XTI P oy, 5 11Q 24, ) -

We will show below that every example of holomorphy type mentioned in Section 1 is a multiplicative sequence with
constants that satisfy (2). Let us see before that in this case Hpg(X) is a locally m-convex Fréchet algebra, that is, the
topology may be given by a sequence of submultiplicative seminorms. By a theorem by Mitiagin, Rolewicz and Zelazko [40],
it suffices to show that they are (commutative) Bg-algebras! and that functions in H(C) operate on Hpg (that is, if g(z) =
" axz* belongs to H(C) and f € Hypgy, then o ax f* belongs to Hpg ). We consider first the case of a ball and the whole
space.

Proposition 3.3. Suppose that 2l is multiplicative with ¢y ; as in (2), and E a Banach space. Then,

(i) foreach x € E and r > 0, Hpg (B (x)) is a locally m-convex Fréchet algebra.
(ii) Hpg((E) is a locally m-convex Fréchet algebra.

Proof. We just prove (i) because (ii) follows similarly. We will show this for r =1 and x =0, that is for B;(x) = Bg. The
general case follows by translation and dilation. We already know that Hpg(Bg) is a Fréchet space. Let us first show that it
is a Bg-algebra.

Let f =3, Px and g=)"; Qi be functions in Hpg (Bg). We must show that df;ég!(o) belongs to A, (E) and that ps(fg) =

Yol osl dnfn%((” lot, ey < oo for every s < 1. Since % =Y ko PxQn—k and 2 is multiplicative, dnfn—%(o) belongs to 2, (E).

On the other hand, by (4),

et oo n 1/2
d" fg(0) k(n — k)
an | <9225"Z —— | IPrllo e | Quokll2t,_y(E)
n=0 n An (E) n=0 k=0 n
00 00 n—k\1/2
2 K _kfn—
=e gﬁs‘llPkIImkai‘s" (T) 1 Qu—kllat, (B
K= n=k

o
<e’ps(@) Y Vks || Pellag k).
k=0

T Recall that a Bg-algebra is a complete metrizable topological algebra such that the topology is given by means of an increasing sequence ||-||; < || - ||l2 <
--- of seminorms satisfying that ||xy||; < Ci[lX|lj+1llyllj+1 for every x, y in the algebra and every j > 1, where C; are positive constants. It is possible to
make C; =1 for all i [52].
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Therefore, for each € > 0 there exists a constant ¢ = c(g, s) > 1 such that

d"fg(0)
n!

ps(fg)=) " < cps(@psie(f). (5)

2An (E)

Define, for each n>1, sp=1— 5 and ¢; = c(znlﬁ, 1— 5. Then, for every f, g € Hpa(Bg), we have

Ps, (f8) < cubsy (@) Ps,1 (F) < CnPspyr () Psyyq (8)- (6)

Since the seminorms ps determine the topology of Hpg (Bg), we conclude that Hpg (Bg) is a Bg-algebra. Note also that (6)
implies that ps, (f%) <& 1ps,,., (/) 1ps, (f) < ckps,.,, (f)X. Take now an entire function h € H(C), h(z) = 3" axz*z. Then for
f € Hpa(BE),

M M M
Ds;, < Z akfk> < Z Ak Ps, (fk) < Z al<(CnPsn+1 (f))k,
k=N k=N k=N

which tends to 0 as N, M increase because h is an entire function. This means that entire functions operate in Hpg (BEg).
Therefore [40, Theorem 1] implies that Hpg (Bg) is locally m-convex. 0O

Remark 3.4. Michael’s conjecture [39] states that on any Fréchet algebra, every character is continuous. Adapting some of
the ideas in [20,17,51], Mujica showed (see [42, Section 33] or [43]) that if every character on Hp(E) is continuous for
some infinite dimensional Banach space E then the conjecture is true for every commutative Fréchet algebra. As a corollary
of his results we may deduce that the same is true for the Fréchet algebra Hpg(E) for any multiplicative sequence 2L
with constants as in (2). We would like however to sketch an alternative proof of this fact as consequence of a result by
Ryan [48] on the convergence of monomial expansions for entire functions on ¢;. Theorem 3.3 in [48] states that for each
f € Hp(£1) there exist unique complex coefficients (am),ena such that f(z) =3, cyon Gmz™, where a multi-index m € N®™

is a sequence of are non-negative integers such that only a finite number of them are non-zero and where z™ = IT jeNZ; J
The convergence of the monomial expansion of f is absolute for every z € £; and uniform on bounded sets of £1. Moreover,

the coefficients satisfy

Vim o, 7)

lim_(jam|m™/m|"™)
|m|—o0

Conversely, any such coefficients define a function in Hy(¢1). Let A be a commutative, complete, Hausdorff locally m-convex
algebra which has an unbounded character . We may suppose that .A has unit e. Let x = (x;) be a sequence in A such
that >, p(xn) < oo for each continuous seminorm p on A, and that ((x,)) is unbounded. For m = (my, my,...) € N® | Jet
X" = HjeNx?j, where x = e for every x € A. Let T : Hy(¢1) — A be defined by Tf = > men® amX™, where (am) ey are
the coefficients of f. Note that g(z) =) ,,cym lam|z™ defines a function in Hp(£1) because its coefficients satisfy (7). Thus,
for a continuous seminorm p on A,

Y lamlp(x™) < Y lamlTjenpxp™ = g((p(x),),

meN® meN®

which implies that T is well defined. Clearly T is an algebra homomorphism.

Note also that T(e’j) = xj, where e; is the j-th coordinate functional in ¢1. Therefore iy o T is a discontinuous character
on Hy(41).

Let now E be any Banach space and let (y;), (y;) be a biorthogonal sequence in E with |ly;|l <1 and (y;.) bounded.
Let M be the closed space spanned by the y;’s and let (z;) be a dense sequence in the unit ball of M that contains the
sequence (y;). Say ¥j = zn;. Then the linear map which sends each ey € ¢; to z induces an isomorphism from a quotient
of ¢1 to M. Consider the following mapping R = R4R3R2R1 : Hy(E) — Hp(¢1)

R R R R
Hpou (E) —> Hp(E) —> Hp(M) —> Hp(£1) —> Hp(£1),

where R; is the inclusion, Ry is the restriction from E to M, R3 is the composition with the quotient map and R4 is the
restriction to the closed space spanned by the ep;’s (we identify this space with £;). Then R(y;.) is a linear functional on £1.

Moreover, if Z denotes the class of z € ¢4 in the quotient of £1 isomorphic to M, then ey, = zy, = yi. Thus R(y;)(e,<) =
R3R2R1(¥))(en) = RaR1 (Y} (€n,) = ¥ (yi) = &;, that is, R(y)) =e/.

Since (y/j) is a bounded sequence in Hpgy(E) and R is an algebra homomorphism, ¥ o T o R is a discontinuous character
on Hpg (E).

We will now prove that Hpg (X) is a locally m-convex Fréchet algebra, for (X, q) an arbitrary Riemann domain over E.
We first need the following.



S. Muro /. Math. Anal. Appl. 389 (2012) 792-811 799
Lemma 3.5. Let A be an X-bounded set with dx(A) > 6. If Bs(x) C A then Bsys5(x) exists.

Proof. Suppose that we can show that Bs+§ (x) exists. Then Bs+§ (x) is contained in the X-bounded set A% =Uyen B% (%),
and dx(As, > 2. Applying the result proved to B_, s (x) and A5 we have that B_ s, 3, (x) exists. Applying the same
7) 4 stz i s+7(+7)

process n+ 1 times, we have that B (x) exists. Clearly |, B (x) is Bsys(x). Thus, it suffices

sHEA+F+-+GM s+ (143443

to prove that B, +2 (x) exists.
Let C= Uyegs(x) B%(y). Then q(C) = Uyegs(x) B%(q(y)) = BH%(q(x)). If we show that q|c is injective then C = BS+% (x).
Take xo # x1 in C. Then there exist yo, y1 € Bs(x) such that x; € B%(yj), j=0,1.1f B%(yo) al B%(yl) # (), then xp and xq
are in Bs(yp). Since q is injective on Bs(yp), we have that q(xo) # q(x1). On the other hand, if B%(yo) n B%(yl) =, then
Bs(q(x)) N B%(q(yo)) N B%(q(y1)) =, because q is injective on Bg(x). But, since q(yo) and q(y1) are in Bs(q(x)), we can
conclude that B%(q(yo)) N B% (q(y1)) =¥ and thus q(xg) Zq(x1). O

Theorem 3.6. Suppose that 2 is a multiplicative sequence with constants as in (2) and let (X, q) be a Riemann domain over E. Then
Hpg (X) is a locally m-convex Fréchet algebra.

Proof. We know from Proposition 2.7 that Hpg (X) is a Fréchet.

Let X, denote the set {x € X: [q(x)|| <n and dx(x) > 1}. If Bs(x) is contained in X, and &, < i — 715 then By, (x) C
Xn+1 (note that Bs, ¢, (x) exists by Lemma 3.5). Proceeding as in Proposition 3.3, we can show that for every f, g € Hpg(X),
pi(fg) < CnP§+5n (f)pi(g), which implies that pyx,(fg) < caPx,,,(f)Px,(g). Thus, Hpy(X) is a commutative Bo-algebra.
Moreover, we also have that pxn(f") < cﬁpxm (f)%, which implies that entire functions operate on Hpg (X). Therefore by
[40, Theorem 1] we conclude that Hpg (X) is a locally m-convex algebra. O

To finish this section we present some examples of multiplicative sequences with constants ¢ as in (2).

Example 3.7. It is clear that the following sequences are multiplicative with constants ¢ ;= 1.

(i) P, of continuous homogeneous polynomials,

(ii) Pw, of weakly continuous on bounded sets polynomials,
(iii) P4, of approximable polynomials,
(iv) Pe, of extendible polynomials.

Example 3.8. The sequence P; of integral polynomials.
It was shown in [13, Example 2.3 (c)] that if P, Q are homogeneous integral polynomials then PQ is integral with

kDK et
1PQIr < S5 B HIPIIQI

Example 3.9. The sequence Py of nuclear polynomials.

Proposition 2.6 in [13] implies that if {2(;} is a multiplicative sequence then the sequences of maximal and minimal hulls,
{207} and {Ql,‘(“i“}, are multiplicative with the same constants. Since nuclear polynomials are the minimal ideal associated
to integral polynomials (see for example [29, 3.4]), we have that they form a multiplicative sequence with constants as
in (2). See also [25, Exercise 2.63].

Note that, as a consequence of Proposition 3.3, the space of nuclearly entire functions of bounded type is a locally
m-convex Fréchet algebra.

The sequences P, Py, P, P; and P, are particular cases of the following.

Example 3.10. Let {cy}, be any of the sequences of natural symmetric tensor norms. Then the sequences {Ql,‘:‘ax}k and {Ql,‘j‘i“}k of
maximal and minimal ideals associated to {o }x are multiplicative with constants ci  as in (2).
This follows from the inequalities

k + Dk ey 1y
k(0 (s® 1) < ﬁ TR ($)mi (1), k(0 (s ®1)) < ex(s)er(t)

for every s € ®k's E te ®"5 E’ together with Proposition 2.6 and Lemma 2.9 of [13].

Example 3.11. The sequence M, of multiple r-summing polynomials is multiplicative with constants c; = 1.
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Proof. Let P € MK(E), Q € ML(E), then

k+1
k! v v

PQ)V(x1,...,Xpe)) = —— P (x1,5175 x Xsi, ... X
(PQ)Y (1, Xe) = s > P(u k1) Q (xs, 5)

S1seees s51=1

S17 7S]
\2

where p ();1,51.'.":9', Xk+1) means that coordinates x;,, ..., X are omitted.
Take (x;j)Ti] CE, for j=1,...,k+1 such that Wr((xljj)) = 1. Then, using the triangle inequality for the ¢,-norm,

mi,..., M4l ) . %
( > |<PQ>V(><?,--~,XL"$§>V)
1

i1yl =1
k! k+1 my,...,Mg v PV . r
S &t D! > ( D P (x| |Q(Xs1~--7><s,)|)
$1 11,eeey lk+[=1

k! k+1 Msyseeey 1y . 1/r
- r
<(k_}_[)! Z < Z |Q(Xs17~--,xs,)| ”P”M’r‘>
$1 = is

S17eAs)

k! k+1
<G D Pl Qg = IPH e Q1L

S15eeey 51:1

S17eESy

Hence, PQ is multiple r-summing with ||PQHM¢+1 < ”P”M’f Q HMIY. a

Example 3.12. The sequence S, of Hilbert-Schmidt polynomials.

It was proved in [46] that the ideals of Hilbert-Schmidt polynomials form a multiplicative sequence with ¢y < 2k,
Shortly after, Lopushansky and Zagorodnyuk showed in [35] that actually cx; = 1. We will give an alternative proof of
this fact in Example 6.5 based on the duality between multiplicativity and weak differentiability (see Remark 6.4 and [13,
Proposition 3.16]).

Example 3.13. The sequence S, of p-Schatten-von Neumann polynomials.
Using the Reiteration theorem for the complex interpolation method and the previous examples we deduce that {Sﬁ} is
a multiplicative sequence with constants cx; =1 for 2 < p < co and

(k4 DR e 11y 5!
Ck,l < N kil
(k+D! kel

for1<p<2.

4. Analytic structure on the spectrum

Let (X, q) be a Riemann domain over a Banach space E. In this section we prove that, under fairly general conditions,
the spectrum of the algebra Hpg (X) may be endowed with a structure of Riemann domain spread over the bidual E”. This
will extend some of the results in [4,13].

As in the case of Hj studied in [4] or entire functions in Hpg (E) studied in [13], extensions to the bidual will be crucial,
so we will need them to behave nicely. Indeed, we will need the following two conditions which were already defined
in [13].

Definition 4.1. Let 2 be a sequence of ideals of polynomials. We say that 2 is AB-closed if for each Banach space E, ke N
and P € 2 (E) we have that AB(P) belongs to 2(E”) and ||AB(P)||s "y < IIPll2, (), where AB denotes the Aron-Berner
extension [2].

Recall that an Arens extension of a k-linear form A on E is an extension to the bidual E” obtained by w*-continuity on
each variable in some order.
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Definition 4.2. We say that a sequence of ideals of polynomials 2 is regular at E if, for every k and every P in 20 (E), we

\
have that every Arens extension of P is symmetric. We say that the sequence I is regular if it is regular at E for every
Banach space E.

All the examples given in Section 3 are known to be AB-closed (see [13,14]). All the examples given in Section 3 but
P and M, are known to be regular at any Banach space. Any sequence of polynomial ideals is regular at a symmetrically
regular Banach space.

We proved in the previous section that if 2( is multiplicative with constants as in (2), then Hpg(X) is a Fréchet algebra.
We denote by Mpg(X) its spectrum, that is, the set of non-zero multiplicative and continuous linear functionals on Hpg (X).
Note that evaluations at points of X are in Mpg(X). Following [3,26], we define 77 : Mpg(X) — E” by m(¢)(x') = @(x' 0 q).

The main purpose of this section is to prove the following result.

Theorem 4.3. Let 2 be a multiplicative holomorphy type with constants as in (2) which is regular at E and AB-closed. Then
(Mpg(X), ) is a Riemann domain over E”.

First we will need some preliminary lemma.

~~~~~~

k l
Bty (Q=Q (W', W),
1 h

where, wi,...,wy € E and kq, ...,k € N are such that ki + --- + ky = k. Then for any P € Ax4(E), the polynomial R(x) :=

S(W;;l YYYY wﬁ“)(P"’) is in 2, (E) and

(k -+ D kq ! ke 0!
(k+DWET kgl

If A is also AB-closed and regular at E then the above statements hold for any wq, ..., wy € E”, where 6(Wk1 W) € A (E) is
1 Wy

k k
IR ll2 By < Iwill™ - IWR I TPl 2ty (E)-

~~~~~~

Proof. We proceed by induction on h. For h =1, this is a consequence of 2l being a holomorphy type. Suppose that it holds
for h=n and let Q (x) = s(w"l (P jp1+1)- Then Q belongs to 2, ., +1(E) and

1 R
(k+DFtkp k! (kg + D!
(k+ DU K (e 1 + D+

kns1. (Py) belongs to 2 (E) and
W1 )

! k
[[ORDNTI IS Wl Iwn Pl (- (8)

Thus, x SWZTYI (Qu) = 8(w'1‘1

(kn+1 -+ DFre1Hi, g0 I [
kn+1
(kns1 + DI v

Putting (8) and (9) together, we obtain our claim. The last statement follows similarly. O

%~ 5Wml (Q,) ”91,(5) < 1Q M2, 1B 9)

Lemma 4.5. Let 2 be a holomorphy type with constants as in (2), k € N, wq,...,wy € E and kq,...,kp € N such that

If A is AB-closed and regular at E then the same holds for any wy, ..., w, € E”.

Proof. We prove the case w1, ..., w, € E”. The other case is similar. By [45, §10, Proposition 2], d f € H(X, 2 (E)). Since
Q= a(wkl W) is a continuous linear form on 2 (E), ¢ o d f is in H(X).

,,,,,,

Let Bs(xp) C X and denote ‘{;—!f(xo) by Qm. Then, for y € Bs(xg) we have, by [45, p. 41 (1)],

dk f m
W= ( k) (Qum) (q(y)—gixg)ym—+-

m=>=k

This series is absolutely convergent in 2, (E). Indeed, for §,& > 0 such that (1 4+ &)(§ + ||g(¥) — q(x0)|l) < s and using
Remark 3.2 we have,
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j m i m m m—j
281 ) @m g -quonm i laye < D28 30 (5 ) A+ 1@l 4 — a0
>0 m>j ) >0 m>j
— X0
= CeP (1 1e)6+lg(y)—quxn ) < 00
Then ¢ o k,f ) =Yk (1)@ 0 (Qm)(q(y)—qixgym—+ and therefore,

d" g o %)
#(Xo) = x> (T)*” o (Qum) gt

By the above lemma, the differentials of ¢ o ‘jl,t—!f are in 2.
Let A be an open X-bounded set and o < dx(A). Let Bs(xp) C A. Then, by (4) and Lemma 4.4, we have

O[kp;‘o ((,0 ° _) < Olk Z §M— —k
A1 (E)

| m\ .., /m—k
<Mk k) 2wl wplfrek Y <k>sm Rl LRI EWE

m>k

dm- k( k_f)

m—n! ————(X0)

K k I my m—k
<G w1l Y <k>sm 1Qum 24 By

m>=k
K K
< Cellwa |- ||wh||‘hZal > (1) SN Qullt (k)
= m2j
k kp X K k
= Crllwa I+ lwa ¥ p3% g () < Cellwa ¥ - [lwp ¥ p 4 (f).

where A = (Uyea Ba (%) is an open X-bounded set (note that by Lemma 3.5, Bs4« (o) exists and is contained in ;\). Therefore

pa(f) < oo and thus ¢ o d,’:—f isin Hpy(X). O

The following corollary states that, for h =1 or h =2 in the previous lemma, we obtain bounds which are independent
of k.

Corollary 4.6. Let 2l be a holomorphy type with constants as in (2) and f € Hpg (X). Let A be an open X-bounded set and o < p <
dx(A). Define the open X-bounded set A =, 4 By (x). Then there exists a positive constant C depending only on o and p, such that:

(i) foreachk e Nand w € E, 8 o d,t—!f belongs to Hpg (X) and
k

d
f) < Clwl*p; ().

o pA<6Wo i

ii) foreachl<keNandv,w € E, § k1 ,odk—fbelongstpogl(X) and
(vehwh) = Tk

akpals dk—f <cviiwi'p;
PalSwktwh 0 ) < IvIFwi pz ().

If A is AB-closed and regular at E then the above statements hold for any v, w € E”.

Proof. We prove (ii) for v, w € E”. Let ¢ > 0 such that «(1+¢) < p and let Bs(xp) C A. By the bound obtained in Lemma 4.5
for h=2 and ¢ = §(yk-1 1), we have

dkf 1 _ m . Im—k
o p® (goo k—,) < (k=D wlivi e 3 (,{)s’" o 1Qmllan )
: m>k

_ m _
e+ wll'vi*a* Y (k)sm “I1Qm ()

m>=k
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<cellwll'Ivi* ’Z(l +e)al Z( ) "1 Qullem ey

m2j
=cellwl'Iv]* ’p;‘i(1+g)a(f) <celwl'Ivi'pa (),

where ¢, is chosen so that e3j < cs(1+¢)/ for every jeN. O

For ¢ € Mpg(X) and A an open X-bounded set, we will write ¢ < A whenever there is some ¢ > 0 such that ¢(f) <
cpa(f) for every f € Hpg(X).

Lemma 4.7. Let 2 be a multiplicative holomorphy type with constants as in (2). Let ¢ € Mpg(X) and A an open X-bounded set such
that ¢ < A. Let w € E with ||w| < dx(A). Then ¢V belongs to Mpg (X), where

o0

d"f (-
¢" () 2=Z§0< r{‘()(w))
n=0 .

Moreover, T (¢") = 7w (¢) + w. If A is also AB-closed and regular at E then the above statements hold for w € E” with ||w|| < dx(A),

where,
0" () :=Z¢<AB( S ))< ))
n=0

Proof. We prove the case w € E”. Suppose that Bs(xg) C A. Let ||w]l <o < p <dx(A). We can take ¢ > 0, such that
(1+&)a < p. By Corollary 4.6, for the open X-bounded set A = (J,c, By (%), we have

k
a"pA<AB< S )>(w)> cellwl*p;(f). (10)

Thus, the series ), pA(AB(d f())(w)) is convergent. Then,

o0 k o0 k
3 (p(AB(d JC )>(w)>’ <CZPA<AB<d f“)( )) acﬁ;||pA(f)
k=0 k=0

Therefore ¢V is continuous and ¢" < A. The multiplicativity of @Y and the last assertion follow as in [4, p. 551]. O

In the case of entire functions " may be defined translating functions by w, see [13,25]. We show next that, this
is also true for arbitrary Riemann domains when we complete Hpg (X) with respect to the topology given by the norm
pa, if ¢ < A. Given an open X-bounded set A and w € E” with |w| < dx(A), we define T,,(f) on A as Ty (f)(x) =
AB(f o (q|3x)*1)(q(x) + w), where By denotes the ball Bg, () (X).

Lemma 4.8. Let 2 be a multiplicative holomorphy type with constants as in (2) which is regular at E and AB-closed. Let A be an open
X-bounded set, ¢ € Mpg (X) such that ¢ < A and w € E” with ||w|| < dx(A). Then:

(a) the series Zﬁo:o AB(d f0) )(w) converges in Hyg (X)PA to Ty, (f) and the mapping T : Hy (X) — Hpo (X)P4 is continuous,
(b) @ may be extended to Hbm(X)pA and ¥ (f) = @(Tw f).

Proof. (a) We have already proved in Lemma 4.7 that the series ), pA(AB(d f( ))(W)) is convergent and that
pa(X, AB(HL ) (w)) < 225 p;(f).

The equality Tw (f)(x) =D nop AB(%)(W) is clear for each x € A since the Taylor series of f at x converges absolutely
on B;(x), for each r < dx(A).

(b) The first assertion is immediate since ¢ (f) < cpa(f) for every f € Hpg(X). The second assertion, is a consequence

of the equality 7, (f) = ano AB(d r{!())(w) as function in Hpg (X)P4, the continuity of ¢ with respect to the norm p4 and
the definition of V. O

Lemma 4.9. Let 2 be a multiplicative holomorphy type with constants as in (2) which is regular at E and AB-closed. Let A be an open
X-bounded set, ¢ € Mpg (X) such that ¢ < A and v, w € E” with ||v|| + ||w| < dx(A). Then:

(@) Twiy f = Tw+v f forevery f € Hpo (X),
(b) (@) is a well-defined character in Mpg(X) and (p")" = "V *tV.
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Proof. (a) We must prove that T, Ty f (x) = Tw+yv f () for x € A. Write g, for AB(d f( ))(v) Then

fwfv<f>=2fw<gn>=ZZAB<d g"“)( ). (1)
n nk

Since 2 is regular at E, we may proceed as in [4, p. 552] to show that

d'gn() _ (ktn\ o (dHFO)

ko \Un k+m! )
Thus again by regularity,
dk k+n dk+n A\ VY k+n dk+n
AB g”() w) = ) aB 0 (v",wk) — (¢t Sy why © 7f.
n (k +n)! n ’ (k+n)!

Let |[v| + |w|l <& < p < dx(A). By Corollary 4.6, if A® = (Uxea B (), then there exists a constant C > 0 such that,

ktn dny k+n ||v|| i

n=0k>0 n=0k>0

=Cpa:(f) Z (Wﬂ)

m>0

Therefore we may reverse the order of summation in (11) to obtain

Twiv(f) = ZZ() (df()> Zi() (dlf()> (v", wi)

n>=0 I>n >0 n=0

Lfo.
= ZAB(d {!( )>(v +w) = Fypw(f).

=0

(b) We continue using the notation of part (a). First note that & — ||v|| (resp. 0 — ||v||) may play the role of « (resp. p)
in the proof of Lemma 4.7, thus if A = Uxea Bs—vi ), then ¢ and 7,, may be continuously extended to (Hpat(X)P4, p3).
Moreover, the formula ¢" (f) = ¢(Tw f) holds for every f in Hpg (X)Pa.

Second, since ¢ < A and dx (A) > dx(A)— (5 —|[v]) > dx(A) —|w]| > || v|, then by of Lemma 4.7, (¢")" is well defined
and by part (a) of Lemma 4.8, T, : Hpg (X) — Hpg(X)P4 is continuous.

Therefore, for every f € Hpg (X), we have that (V)" (f) =V (T f) =@ty f) =0 @wv f) ="V (f). O

The equality (¢"¥)" = @" ™V in the above lemma is the key property to show Theorem 4.3. Indeed, once this equality is
proved, the rest of the proof can be almost entirely adapted from [4, Theorem 2.2 and Corollary 2.4]. We just point out the
only difference.

Proof of Theorem 4.3. For ¢ € Mpg(X), ¢ < A and 0 < & < dx(A), define Vy . ={p": w e E”, ||w|l <e&}. Then the collec-
tion {Vye: @ € Mpo(X), € > 0} define a basis for a Hausdorff topology in Mpg (X). The fact that it is a basis of a topology
follows as in [4, Theorem 2.2]. We prove that it is Hausdorff. Let ¢ # ¢ € Mpg(X) and suppose that 7 (¢) # (). Let A, D
be open X-bounded sets such that ¢ < A and ¥ < D, and take r < min{dx(A),dx(D)}/2. We claim that Vy,,NVy ,=0.
Indeed, if ||v||, |w]| <1 are such that ¢ =", then w(¢) + w =7 (¥) + v and thus v = w. Moreover, by Lemma 4.9(b),
0 = (@)Y = (")) = . The case 7 (p) = 7 () follows as in [4, Theorem 2.2]. Now, we may finish the proof of the
theorem proceeding as in [4, Corollary 2.4]. O

5. Holomorphic extensions

In this section and in the next one we are concerned with analytic continuation. We show first that the canonical
extensions to the spectrum are holomorphic and then we characterize the Hpg-envelope of holomorphy of a Riemann
domain in terms of the spectrum.

Proposition 5.1. Let 2 be a multiplicative holomorphy type with constants as in (2) which is regular at E and AB-closed. For each
f € Hpg(X), its Gelfand transform f is holomorphic on Mpg (X).
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Proof. Let ¢ € Mpy(X), A an open X-bounded set such that ¢ < A and r < dx(A). We prove that f is holomorphic on V1,

or equivalently that ]‘o (71|vw_r)*1 is holomorphic on 7 (V) = Ber (7 (@), 1). It suffices to show that it is uniform limit of
polynomials on rBg» (7 (¢)). Note that for |w] <,

00 k
~ _ ~ d f
Fo@lv, ) Mm@ +w)=F(e")=¢" (=) <p<6w o 7)
By Lemma 4.5, for wq,..., wg € E”, AB(d,’:—!f)V(wl, ce WE) = 8wy, wy) © k, belongs to Hpg (X) and clearly, AB(dkf)v i

clearly k-linear. Thus w +— &y o dli—!f is in P,’,‘(E”, Hpo (X)) (the space of algebraic k-homogeneous polynomials). It is also

continuous since, by Corollary 4.6, for each open X-bounded set D, and 8 < dx(D), there exists C > 0 and an open X-
bounded set D (which do not depended on k) such that g%pp (8w o d;:—f) < Cllwl*pp (f) < oo.
Therefore, if Qx(w)=¢(w o d,t—f) then Qy is in PX(E”). Now, for |w| <r <& <dx(A) and using again Corollary 4.6,

sup " (f) - ZQH(W) sup Z (p<8wo f)‘
werBgn n—0 werBpr| | = m+1
oo
dk
<c sup Z pA<8Wo]—'f>‘
werBgn k=m1

<cC Z( >pA(f)—>0 asm — oo. O

k=m+1

Remark 5.2. We know that the canonical extensions to Mpg (X) need not be in Hpg (Mpg (X)) (see [16, Example 2.8] and [44,
Proposition 4.3.22]). We do not know whether these extensions belong to Hg (Mpg (X)). When 2 is weakly differentiable
(see Section 6) and f is a polynomial, then it is possible to show that its extension to Mpg (X) is of type 2.

Definition 5.3. Let /7 C H(X) and let (Z, p) be another Riemann domain over E. An F-extension is a morphism 7 : X — Z
such that for each f € F there exists a unique function f holomorphic on Z, such that f o7 = f. If F = H(X), we call it a
holomorphic extension of X.

Corollary 5.4. Let 2A be a multiplicative holomorphy type with constants as in (2) which is regular at E and AB-closed. Then Mpg(X)
is a domain of holomorphy, that is, any holomorphic extension of Mpg (X) is an isomorphism.

Proof. We may follow the steps of [26, Proposition 2.4]. By [42, Theorem 52.6] it suffices to prove that Mpy(X) is holo-
morphically separated and that for each sequence {¢;} in Mpg(X) such that dp,, (x)(@;) — O, there exists a function F
in H(Mpg (X)) such that sup;|F(¢;)| = co. Since Mpg(X) is separated by Hpg(X), it is holomorphically separated by the
above proposition. If {¢;} C Mpg (X) is such that sup; |F(p;)| < oo for all F € H(Mpg(X)), then if 7(f) :=sup;lg;(l, T
defines a seminorm on Hpg (X). Thus the set V = {f € Hp(X): t(f) < 1} is absolutely convex and absorbent. It is also
closed because V is the intersection of the closed sets {f € Hpo(X): |@;(f)| < 1}. Since Hpg(X) is a barreled space, V is
a neighborhood of 0 and thus 7 is continuous. Therefore, there are an X-bounded set D and a constant ¢ > 0 such that
T(f) <cpp(f) for every f e Hpg(X), which implies that ¢; < D for every j e N. By Lemma 4.7, dy,,, (x)(¢j) > dx(D). O

Let (X, q) be a connected Riemann domain over E. The envelope of holomorphy of X is an extension which is maximal
in the sense that it factorizes through any other extension.

Definition 5.5. The Hyg-envelope of X is a Riemann domain Epg(X) and an Hpg-extension morphism 7 : X — Epg(X) such
that if v: X — Z is another Hpg-extension, then there exists a morphism @ : Z — Epg(X) such that vou =1.

In [33], Hirschowitz proved, using germs of analytic functions, the existence of Eyg(X) (in a more general framework)
and asked whether the extended functions f are also of type 21 on Epg(X), [33, p. 290]. We will give a partial positive
answer to this question in the next section (Corollary 6.9).

We now characterize the Hpg-envelope of holomorphy of X in terms of the spectrum of Hpg (X). We sketch the proof
which is an adaptation of [16, Theorem 1.2]. First note that the conditions that 2 be AB-closed and regular at E were used
in Theorem 4.3 only to deal with Aron-Berner extensions. Thus, it is not difficult to show the following.

Lemma 5.6. Let (X, p) be a Riemann domain spread over a Banach space E and let I be a multiplicative holomorphy type with
constants as in (2). Then (;w ~V(E), ) C (Mpg((X), ) is a Riemann domain spread over E.
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Proposition 5.7. Let (X, p) be a connected Riemann domain spread over a Banach space E, let 2 be a multiplicative holomorphy type
with constants as in (2) and let Y be the connected component ofn‘l (E) C Mpg(X) which intersects §(X). Then § : (X, p) — (Y, ),
8(x) = 8y is the Hpg-envelope of X.

Proof. Let o : X — &pg(X) be the Hpg-extension from X to the Hpg-envelope of X. By Proposition 5.1, § : X — Y is an
Hpg-extension. Moreover, for each point y € Y, the evaluation 8y : Hye (X) — C, 8,(f) = f(y) is continuous. Then there is
a morphism v :Y — &g (X) such that 0 =v o 4.

We show that v is an isomorphism. v(Y) is open in g (X) because v is a morphism.

Let us see that v(Y) is closed in &g (X). Suppose that y € v(Y) \ v(Y). Let W, ={p € Y: ¢ < X,}, where X, = {x € X:
IpColl <n, dx(x) > %}. Then by Lemma 4.7, dy (W,) > % Therefore we can get a subsequence of integers (ny), and a se-

quence (Y)x C Y such that y, € Wy, \ Wy, and y, — y. Thus there are functions f, € Hpg (X) such that DX, (fr) < 217 and
|]‘k(yk)|~> l<+Z’]‘;} |fj(yk)|. Then the series Z;’il fj converges to a function f € Hpg (X) and moreover \(Zjoi1 D"l =
|Zj-’il fi(yi)| because 8y, is Hpg (X)-continuous. Therefore

> Fivo

j=1

k—1

ij(}’k)
=1

so we have that |]‘(yk)| — oo and then f cannot be extended to y. This is a contradiction since y belongs to the Hpg-
envelope of X, Epg(X). Thus v(Y) is closed in Eyy (X). O

-1 > fiw

Jj=k+1

|f | = > | fev)| - >k—1,

6. Type 2( extensions

It is also natural to consider extensions where the extended functions are not only holomorphic but also of type 2. As
mentioned in Remark 5.2, we cannot expect in general that the extensions be of 2(-bounded type, since even for the current
type, the extension of a bounded type function to the Hj-envelope of holomorphy may fail to be of bounded type. We may
ask instead if, at least, they are in Hyg.

Definition 6.1. A Riemann domain morphism 7 : (X,q) — (Y,q) is an Hpg—-Hg-extension if for each f e Hpg (X) there
exists a unique f € Hy(Y) such that fot = f.

For the current type, Hg is the space of all holomorphic functions, thus in this case, every extension of a function in
Hpo = Hp belongs to Hg = H. On the other hand, Dineen found (see [23, Example 11]) an entire function f of bounded
type that has nuclear radius of convergence r > 0 and such that there exists x € E for which d? f(x) ¢ P,%,(E). This means
that f belongs to Hyn(rBg) and it extends to an entire function in Hy(E), but this extension is not in Hy(E). Thus, the
extension of a single function in Hpgy need not be of type . In this section we show, under the additional hypothesis
of weak differentiability, that when all functions in Hpg are extended simultaneously (that is, when one deals with Hpg-
extensions), the extended functions are of type 2.

Remark 6.2. There is also a corresponding notion of Hyg—Hg-envelope of holomorphy. This was considered by Moraes
in [41], where she proved, using germs of analytic functions, that the Hpg—Hg-envelope of holomorphy always exists.
Thus, a positive answer to the question of Hirschowitz whether the extensions to the Hpg-envelope are of type 2 is
equivalent to the coincidence of the Hpg-envelope with the Hpg—-Hg-envelope. This will be proved in Corollary 6.9 for
weakly differentiable sequences.

Definition 6.3. Let 2( be a sequence of polynomial ideals and let E be a Banach space. We say that 2 is weakly differentiable
at E if there exist constants c; > 0 such that, for [ <k, P € A(E) and ¢ € 2x_;(E)’, the mapping x — ¢(P,) belongs to
A;(E) and

[% = @(P) g,y < Cltll@llong ey 1Pl -

Remark 6.4. Weak differentiability, a condition which is stronger than being a holomorphy type, was defined in [13] (see
also [28,6], where a holomorphy type satisfying a similar condition is called a 2-holomorphy type) and is dual to multi-
plicativity in the following sense: if {2}, is a weakly differentiable sequence then the sequence of adjoint ideals {2} is
multiplicative (with the same constants); and if {2}, is multiplicative then the sequence of adjoint ideals {24}, is weakly
differentiable (with the same constants), see [13, Proposition 3.16].

All examples appearing in Section 1 but M; and S, were shown in [13] to be weakly differentiable sequences. It is
not difficult to see that the constants satisfy (2) in all those cases. We don’t know if the sequence of multiple r-summing
polynomials is weakly differentiable. We prove now that the sequences of Hilbert-Schmidt and Schatten-von Neumann
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ideals of polynomials are weakly differentiable. Moreover, the duality between multiplicativity and weak differentiability
allows us to show that they are also multiplicative.

Example 6.5. The sequence S, of ideals of Hilbert-Schmidt polynomials is weakly differentiable and multiplicative with
constants ¢x ;= 1.

Proof. Let H be a Hilbert space with orthonormal basis (e;);. Recall that S’Z‘(H) is the completion of finite type k-
homogeneous polynomials on H with respect to the norm associated to the inner product

Vv A\
(P.Q)ssn = D Plei. ..o €i)Q (eiy. ... e5).

Let P € PX(H). It is not difficult to deduce (see [27, Lemma 1]) that P belongs to S’z‘(H) if and only if it is (uniquely)
expressed as a limit in the Sk(H)-norm by

P= Z iy...ix€ '1 : ;k (12)

.....

with symmetric coefficients a;,. j, € C and

2 il = 1P, < 00

..e}, € Sy(H) be such that ¢ = (-, Q) g - Then

..... lH],..., ,...,l[ ll+1,...,lk
<ll? Z S daai P DD iy -
X SI (H) i1...0k Ugq === Mg
..... lHl,..., l(+1,....ik
2(k=1)

< IIQIISQ(H)IIPIIS?H) Il

Thus reversing the order of summation we obtain,
/ /
X (Pt Qg = Y ( DI ,>e,.m .
Note that this representation is as in (12) and since

2
> Z ai, i, i) < ) (Z |ai1...ik|2>( > |bﬁ...i,|2> P 1y 1 QU 1y

[T R SR TSR IS ST 1 i1,..0)

we conclude that x — (P, Q)SI(H) is in S (H) and has S’ (H)-norm < ”P”Sk(H) IIQIISz(H), that is, Sy is weakly differen-
tiable with ¢ =1.

Moreover, since the adjoint ideal of S’z‘ (as a normed ideal of polynomials on Hilbert spaces) is again Sg‘ and since the
sequence of adjoint ideals of a weakly differentiable sequence is multiplicative with the same constants by [13, Proposi-
tion 3.16], we conclude that S, is multiplicative with c,;=1. O

Example 6.6. The sequence S, of Schatten-von Neumann polynomials.
Using the Reiteration theorem for the complex interpolation method, or by duality with Example 3.13, we deduce that
Sp is weakly differentiable with constants ¢,;=1if 1 <p <2 and

(kD R\ 1p
Ckl< — L7
’ ( k+D! Kk l’)

for 2 < p < oc.

We prove now that for weakly differentiable holomorphy types every Hpg-extension is an Hpg —Hg-extension.
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Lemma 6.7. Let 2 be a weakly differentiable holomorphy type with constants as in (2) and f € Hpg(X). Then for each open X-bounded
set A and o < dx(A), there exist a positive constant C and an open X-bounded set A such that for every k € Nand ¢ € Ay (E), ¢ o ‘i—f

belongs to Hpg (X) and

k S
a'pa o < CllgllayEypa ().
Proof. Since 2( is weakly differentiable, the proof of Lemma 4.5 with the bound obtained in Corollary 4.6 works here for
any ¢ € 2 (E). O

Proposition 6.8. Let (X, q) be a connected Riemann domain spread over a Banach space E, let 2 be a weakly differentiable holomorphy
type with constants as in (2). Let e : (X, q) — (Y, p) be an Hypg-extension. Then for each y € Y there exists a connected open subset
Z,e(X)U{y} C Z CY such that for every f € Hpg (X), the extension f to Y isin Hpg (Z2). In particular, f isoftypeAonY.

Proof. Note first that the evaluation at each point y in Y defines a continuous character on Hpg(X), 8y (f) := f(y). Indeed,
define the set V C Y consisting in all points yo for which there is an open connected subset Z such that yg belongs to Z
and every point in Z induce a continuous evaluation. Clearly V is an open nonempty set (e(X) is contained in V). Moreover,
if (yn) CV and yn, — yo, then since 8y, is continuous, the seminorm defined by f +> suppcn|18y,(f)| is continuous (the
sets {f € Hpo(X): suppey |8y, ()| <1} are closed, absolutely convex and absorbent and Hpg(X) is a Fréchet space, thus
they have nonempty interior). Therefore there are an open X-bounded set A and a constant ¢ > 0 such that |f(y0)| <
SUPnen 18y, ()] < cpa(f) for every f € Hpg(X). Thus V is closed and since Y is connected, we have V =Y.

Take a point y € Y and let y : [0, 1] — Y be a curve such that y(0) € e(X) and y (1) = y. By compactness, it follows that
there is some open X-bounded set A such that §, ) < A for every t € [0, 1], that is, for each ¢, there exists ¢ > 0 such that
1&(y (t)] < cpa(g) for every g € Hpo(X).

Let I denote the set of all tg € [0, 1] such that there exists a connected open subset Z C Y which contains e(X) and
satisfies that y (t) € Z for every t < to and that g|; belongs to Hpy(Z) for every g € Hpg(X). To prove the proposition it
is enough to show that I = [0, 1]. Since I is clearly open, it suffices to prove that if [0, ty) C I then ty belongs to I. Take
t1 < to such that y ((t1, to]) is contained in some ball B of center y(t1) and radius r <dx(A) in Y. Let Z be the subdomain
which exists for t; in the definition of I. Note that e: (X, q) — (Z, p|z) is an Hpg-extension.

k ~
Let ¢ € Ax(E) and f € Hpg(X). By Lemma 6.7, ¢ o % € Hpy(X), and since the extension of f to Z, f|z, belongs to

Hpo(Z), we also have that ¢y o dJlz € Hpo(2).

k!
Moreover, @y o f‘z is an extension of ¢y o k!f to Z. Indeed if x € X and (Vy, q) is a chart at x in X such that (Vew, p) =
(e(Vy),p) is a chart at e(x) in Z, then

dkro o)1 0, dUfo -1
Fo(Dlvey) ((()))() [fo(qlv,)™']

k
f|z
Pro =y (W)= k! k!

(a(x)
k
=@io k—!f(x),

where (%) is true because f o (Plv, >) 1 = fo(qlv,)~ T since e is an Hps-extension.

Since (g o kf)w is also an extension of ¢y o k—,f to Z, we must have that

kf dkﬂ
(wk k,) =pro— (13)
Therefore for r < @ < dx(A),
d F| d“f|
LG KO S DI I T Lt
AW(E) T ekSBo ey :

k

= Zrk sup

K By

(o) 00

dk
ng" sup CPA(‘/)kO_f)

Kk PBaey k!

Oirp/;(f)<oo,
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where A and C are, respectively, the X-bounded set and the constant given by Lemma 6.7. Thus f belongs to Hpg(Z U B).
Since this holds for every f € Hpg(X) and [0, to] is contained in Z U B, we conclude that tg isin I. O

As a corollary we have the following partial answer to a question of Hirschowitz (see comments after Definition 5.5).

Corollary 6.9. If 2 be a weakly differentiable holomorphy type with constants as in (2), then the extensions to the Hpg-envelope of
holomorphy are of type 2.

The following result can be proved as Corollary 5.4, but using the above corollary instead of Proposition 5.1.

Corollary 6.10. Let 2 be a multiplicative and weakly differentiable holomorphy type with constants as in (2). Then the Hpg-envelope
of holomorphy is an Hy-domain of holomorphy, that is, any Hg-extension is an isomorphism.

The Cartan-Thullen theorem characterizes domains of holomorphy in C" in terms of holomorphic convexity. It was
extended for bounded type holomorphic functions on Banach spaces by Dineen [24]. Shortly after, Cartan-Thullen type
theorems were proved for very general classes of spaces of holomorphic functions on infinite dimensional spaces by Coeuré
[19], Schottenloher [49,50] and Matos [36,37]. Despite the generality of this theorems,? the fact that any holomorphically
convex domain is a domain of holomorphy was only proved for spaces of analytic functions which one may associate to the
current holomorphy type (spaces of analytic functions which are bounded on certain families of subsets, with the topology
of uniform convergence on these subsets). We guess that this may be due to the fact that the concept of holomorphic
convexity considered there make use of the seminorms associated to the current type. We propose instead a concept of
Hpg-convexity which uses the seminorms associated to the corresponding holomorphy type, and show then that a Riemann
domain is an Hpg-domain of holomorphy if and only if it is Hpg-convex.

Definition 6.11. For each open X-bounded set A, we define its Hpg (X)-convex hull as

AHM(X) := {x € X: there exists ¢ > 0 such that ‘f(x)‘ <cpa(f) forevery f € Hpo(X)}.

Remark 6.12. If the seminorms p4 are submultiplicative (as in the case of Hp) then the constant in above definition may
be taken c =1.

Definition 6.13. We say that a Riemann domain (X, q) is Hpy-convex if for each open X-bounded set A, its Hpg (X)-convex
hull Ay, (x) is X-bounded.

Definition 6.14. We say that a Riemann domain (X, q) is an Hpg -domain of holomorphy ( Hyg -Hg-domain of holomorphy)
if each Hpg-extension (Hpg —Hg-extension) morphism is an isomorphism.

We are now ready to prove the Cartan-Thullen theorem for Hpg.

Theorem 6.15. Let 2 be a holomorphy type with constants as in (2). Let (X, q) be a Riemann domain spread over a Banach space E.
Consider the following conditions.

(i) X is Hpg-convex and dx(AHm x)) =dx(A) for each open X-bounded set A.
(ii) X is Hpg-convex.
(iii) For each sequence (xn) C X such that dx (x,) — O, there exists a function f € Hpg (X) such that sup, | f (xn)| = oo.
(iv) X is an Hpg-domain of holomorphy.
(v) For each open subset A of X which is not X-bounded there exists a function f € Hpg(X) such that pa(f) := sup{p¥(f): Bs(x)
contained in A and X-bounded} = oc.
(vi) X isan Hpg—-Hg-domain of holomorphy.

Then (i) = (ii) < (iii) < (iv) = (V) = (vi).
Moreover, if 2 is also weakly differentiable with constants as in (2), then all the above conditions are equivalent.

Proof. The implications (i) = (ii), (iii) = (v) and (iv) = (vi) are clear. The equivalence (iii) and (iv) is contained in [19,
Theorem 4.9].

2 The natural Fréchet spaces considered by Coeuré include, by Corollary 4.6, the spaces Hpg and so do the regular classes studied by Schottenloher when
the holomorphy type is multiplicative.
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Let us prove equivalence between (ii) and (iii). Suppose that dx(x,) — 0 and that t(f) = sup, |f(x;)| < oo for every
f € Hpg (X). Then the set V ={f € Hp(X): T(f) < 1} is absolutely convex and absorbent. Moreover V is closed since it is
the intersection of the sets {f € Hpg(X): |f(xn)| <1} which are closed because evaluations at x, are continuous in Hpg (X).
Since Hpg (X) is a barreled space, V is a neighborhood of 0 and thus 7 is a continuous seminorm. Therefore, there are an
X-bounded set C and a constant ¢ > 0 such that t(f) < cpc(f) for every f € Hpy(X). That is, (xp) C CHM(X), and thus X
is not Hpg-convex. Conversely, if A is an X-bounded set such that AHbQl (x) is not X-bounded, then there is a sequence (x;)
in AHM(X) such that dx (x,) — 0. This sequence satisfies that sup, | f (x)| < co.

We prove now that (v) implies (vi). Let 7 : X — Y be a morphism which is an Hpg—Hg-extension but is not surjective
and take y in the border of X. Let (x;) be a sequence contained in X converging to y and let B, be the ball of center x, and
radius dxg‘"). Since A =, Bx is not X-bounded, there is some f € Hpg(X) such that pa(f)=oc. Let Ay = Un>k B, then

clearly pa,(f) = oo for every k > 1. Since f extends to f € Hyg(Y), there is some r > 0 such that pgr(y)(f) < oco. Moreover,

if k is large enough then Ay C B;(y). Thus, for k large enough, we have that ps, (f) = pAk(f) < pBr(y)(f) < 0o, which is a
contradiction.
It remains to prove that (vi) implies (i) when 2( is weakly differentiable.

Claim. If 2 be a weakly differentiable holomorphy type with constants as in (2), A an open X-bounded set and y € AHM(X) and
f € Hpgy(X), then f o (q|By)‘1 extends to a function f € Hpg(Bay (4)(@(¥)))-

Proof of the claim. Let o < g < dx(A). Then by Lemma 6.7, there exists a constant C (independent of k) such that
dk
o SUPgyeny o, PAK 0 ) < Cp5(f). Thus,

d*f k d* f
YW =Y o sup g (y) Za sup cpa(gro -
P < Ak (E) « PrEBoy, ey Pr€B oy, ey <

o
< — ] C = C
6%3(%) pA(H =2 p(f) < oo

Since this is true for every o < dx(A), we have that the Taylor series of f o (q|3y)*1 at q(y) converges on Bg, (4)(q(y)) and
that f o (qlgy)‘1 belongs to Hpg(Bay(a)(q(y))), and the claim is proved. O

Suppose now that dX(AHbm(X)) <dx(A). Take y € AHM(X) such that dx(y) < dx(A). We define a Riemann domain X ad-
joining to X the ball By, (4)(q(y)) as follows. First define a Riemann domain (Xg, qo) as the disjoint union X U By, a)(q(¥)),
and qo(xo) = q(xo) if X0 € X; qo(X0) = Xo if X0 € Bg,(4)(q(¥)). Then define the following equivalence relation ~ on Xo: each
point is related with itself and two points xo € By, (4)(q(¥)), x1 € X are related if and only if q(x;) =xp and x; may be

joined to y by a curve contained in q‘l(B,ix(A) @())). Let X be the Riemann domain Xg/~. By the claim the inclusion
X <> X is an Hpg—Hgy-extension morphism, and it is not an isomorphism. O

Remark 6.16. By [19, Theorem 4.9] we also have that if 2 is a holomorphy type with constants as in (2) and (X, q) is
a domain over a separable Banach space E, then X is an Hpg-domain of holomorphy if and only if X is the domain of
existence of a function f € Hpg (X).
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