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Introduction

Vector fields in infinite-dimensional manifolds play an important role in differen-
tial topology-geometry. In particular the case when the manifolds are C®-map
spaces. The well developed theory modeled in Banach spaces does not apply here.
Instead a theory modeled in Frechet spaces is being considered. This is a theory
which seems to be a much less straightforward generalization of the finite-
dimensional case. The well adapted models of S.D.G. lead naturally to treat these
spaces. We investigate here the case of the ‘manifold’ R®, whose space of global
sections is C*(R). We prove that to integrate a vector field in RR is equivalent to
a certain differential problem in C”(RR). To do this, we previously characterize the
maps RR— RR RRx R— R% in the topos by means of the functions they induce in
the respective spaces of global sections.

Let B denote the category dual to that of finitely generated C*-rings C*(R")/I
presented by an ideal of local character. We recall that /¢ C*(R") is of local
character (or of local nature) if, fe C*(R") implies: fe I iff there exists an open
covering U, of R" such that f|, el|y =ideal generated by {h|y :hel} in
C*(U,). We consider in & the open cover (Grothendieck) topology that defines
the Dubuc topos, which we denote & (see [2-4]). This topology is sub-canonical,
ie. BCD.Call R=CZ(R)e B CD. R is a ring object of line type called the line.
Let D denote the subobject of R which consists of those elements of square zero:

D=[xeR:x*=0]=C™(R)/(x?).

As is well known, a vector field over a ‘manifold’ M is, from the Synthetic Differen-
tial Geometry point of view, an arrow

v:MXD—-M
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2 O.P. Bruno

such that v(x, 0)=x. To integrate such a vector field means to get an arrow
u=MxR-M
that makes the following diagram commutative:

MxR

MXRXD

M
(uxi(ip\ /

MXxD
and verifying u(x, 0)=x. In other words, an arrow u such that

{u(x, t+d)=v(ux, t), d),

1. u(x, 0)=x.

We will deal here with this problem in the case that the ‘manifold’ is M =RR.

The question of existence and uniqueness in the case M =R is easily solved since
it is equivalent to a problem of ordinary differential equations. As a matter of fact,
an arrow

RxD—R

corresponds (in a well known way) to a veC“(le)/( yz), that is, v;, vy, € C*(R)
such that v=wv,(x)+ v,(x)[y]. Since v(x, 0)=x, v,(x)=x, thus

v=x+0,(x)- [y].

On the other hand, u corresponds to a ueCm(l}?z). The validity of eqs. 1 is
equivalent to

2. {u,(xa t) = Uz(U(X, t))s

u(x, 0)=x

where u’ means differentiation with respect to the time ¢. In this situation we know
that a local solution exists: The Cauchy theorem of existence and smoothness with
respect to both variables implies that there exists an open neighborhood U,
Rx {0} cUCRXR and u defined in U verifying eqgs. 2. It follows that there is a
Penon open U, Rx{0} CRXR in @, and a v: U— R verifying egs. 1 (see [6, 1]).
In order to analyze the case M=RR we get a correspondence similar to the one
described above for arrows Rx D— R, etc., but this time for arrows of the type

RRxD—-RR,  RRxR-RE, RExXRxD-R®R

Since R (and so R®) is of line type, i.e. RP=RXR (see [2-4]), it suffices to study
arrows of the type

RRSRR (peN).
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Let us take a map U :RR>RF® and let I' be the global sections functor:
I'(F)=Hom(l, F). Since I'(R®)=C>(R), I'(R¥")=C>(R?), I induces a function
(in general not a morphism)

I'(u): C*(R)— C*(IRP)
such that for e C*(R), h:1— RX, the diagram

RR , RR"

s
I'(u)(h)

1
commutes. Now take a function
G:C*(R)— C*(RP).

We want to see that, if G is ‘conveniently smooth’ it ‘comes from the topos’, i.e.,
G =1I(u) for some u that we will show to be unique.

3. Definition. (i) A function c: R¥—~ C®(R®) is said to be C* iff the function

C(tl, ...,tk)(xl, ...,xp)

is a (k+ p)-variables C”-function.
(ii) A function G : C*(R")— C*(RP) is said to be C* iff for each ke N and for
every ¢ : R¥— C®(R") C* (in the sense of (i)) Goc is C* (in the sense of (i)).

Frolicher has already worked on C®-functions in the sense of (i). (He calls them
path-smooth. See [5].)

Some examples of C*-functions C*(R")— C*(R?) are the following:

(1) Linear differential operators with C*-coefficients.

(2) Integral operators with a C*-kernel and of compact support.

(3) Morphisms of C*-rings induced by C*-mappings /: R’ = R" by composition.

(4) Maps of the form A, : C*(R")— C”(R") induced by a C*-mapping 4 : R— .

Moreover, any composite of C*-functions is a C”-function, thus any operator
constructed using (1), (2), (3) and (4) is so.

Recall now that for any ideal ¢ C*(R") there exists the local nature closure I of
I, i.e., the smallest local nature ideal which contains 7. In fact, fe I iff there exists
an open covering U, of R” such that f|y €l|y,.

We adopt now the following

4. Notation. (i) C”(R") will be understood as the ring of all C*-mappings of the
variable t= (¢, ...,%,) and C*(R"*P) as the ring of C*-mappings of the variables
O X)= (b eenslpy Xy enes Xp).

(i) Let 7C C™(R") be an ideal of local character. We will denote I(¢)=1I and
I(t, x)=1ocal nature closure of the ideal generated by 7 in C*(R"*P).
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(Notice that 7 ¢ C*(R" *#) since an n-variables C®-function is an (n + p)-variables
C*-function which does not depend on the last p variables.)
If u(t, s)e C*(R"*!) and G: C*(R)— C*(R?), for any fixed t e R” we may com-
pute G on u considered as a function of s:
G(u(t, -)) e C™(RP).
Since G is C®, we actually have

G(u(t, -))(x) € C*(R"*?)

as a function of (¢, x). This kind of abuse of notation will frequently occur, so we
warn the reader to be aware of the context in order to avoid misunderstandings. Of
course, C*(C®(R), C*(R”)) is the set of all C*-functions C*(R)— C*(R?).

5. Theorem. I induces a bijection

I': Hom(RR, R®)— C*(C™(R), C*(RP)).

Proof. Let us first show that if ve Hom(RR, R¥’), then I ) is C%=, i.e., if
c:R"=C*=(R) is C*®, then I'(u)(c(t))(x)e CZ(R"*?). Since c(t)(s)e C*(R"*?), it
defines a é: R"— RR. We have I'(u) o I'(u© &) : R"— C*(RP). At this point we need
the following.

6. Lemma. If w: R"—R?’, then I'(w): R"— C*(RP) equals the exponential adjoint
to w, say we C*(R"*P) (regarded as (n+ p)-variables functions).

Proof. Straightforward, using naturality of exponential adjunction. []

Returning to the proof of Theorem 5, I'(« © ¢) equals the exponential adjoint of
(u° &) and then it is in C¥(R"*?). But also by Lemma 6, I'(¢)=c; thus I'(u)oc=
TwoIl(®=Iucé&eCR"P).

Now we try to define an inverse E for I'. Let Ge C*(C™(R), C*(R”)) and
Y=C*(R")/Ie B CcD. We define

E(G)y: Hom(Y, R®)~Hom(Y, R®").
Since Hom(Y, R®)=C®(R"*)/i(t, s) and Hom(Y, R¥")=C>(R"*P)/I(t, x), this
means to define a function

E(G)y: C*(R**YY/I(t, s)— C*(R"*P)/I(¢, x).
We do this by the formula

E(G)y([cD) = [G(ct, -)(x)]

where the brackets mean equivalence class modulo (¢, s) and I(z, x) respectively.
Obviously we have to show that:
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(1) The last definition is independent of the choice of c,
(i1) E(G) actually is an arrow in the topos (i.e. is a natural transformation).
(iii) £ is the inverse of I
After we have proved (i), point (ii) reduces to a straightforward verification. As far
as point (iii) is concerned, I"© E obviously equals the identity, and E o I'=1id is essen-
tially Lemma 6. (c: Y— RR extends to R”

R" RR

Y
although not in a unique way.) Now, (i) is a property of C*-functions (naturality)
which is proved in Theorem 8 below. [J
Before, and in order to fix the notation, we recall the following fact:
7. Lemma. For every (n+ p)-variables C*-function h: R"*?—R and for every in-
teger m=0 there exist C™-functions
fi of n variables {k=(ky,...,k,)| ¥ ki=m},
I, of n+p variables {k=(k,,....k,)| ¥ ki=m+1}
such that the equality

ht,x)=Y fill)x*+ ¥ L, x)x*
k k

k_ Lk k
holds for every (t,X)=(tyy...sln X15--., X,) ER"™P where x*=xy",...,x,7. More-
over, we have

1 8%lp !kl k!
t)=— h kl=), ki, = .
Ji®) k! ax* |¢ 0 where [k|= L. k; ox* axk‘,...,axll,‘*’

8. Theorem (Naturality of C®-functions). Let ICC*(R") be any ideal and
G e C*(C*(R), C*(RP)). Then, for ¢, c'CCZ(R"*!), we have:

c=c’ modulo (I(t, s)) implies
G(c(t, -))x)=G(c'(t, -))x) modulo (I(t, x))
where t, x, s are variables ranging over R", RP and R respectively.
Proof. Recalling that [(z, x) is the local nature closure of (I) ¢ C*(R"*?), we must

show that for any (Z,, x;) € R" *#, there exists an open neighborhood U3 (¢, x,) and
a linear combination of elements of I with coefficients in C”(U) equal to the dif-
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ference G(c’(z, -))(x) — G(c(z, -))(x) for x, ¢t in U. By hypothesis we know the latter
is true for c’(t, s)—c(t, s), i.e., if (t, Sp)€ R s given, there exists an open
neighborhood W of (&, sy), functions fie IC C*(R") and A;e C*(W) (1<i<r)
such that in W

c'(t, s)—clt, s)= Er: A;(t, $)f:(2). (1)
i=1

By taking an smaller W we can assume the functions A4; to be defined in all of
R"+1 that is A;(t, s) € C®(R"*!). The equation (1) makes sense in all of R"*!, but
it holds only in W. Let ge C*(R"*"*1) be the function defined by

*) £ 4,5 =G(ctt, )+ T A )
i=1
ge C*(R"*"*1) since G is C*.

By Lemma 7 with m =0, we have

gt 4, x)—g(t, 0, x)=izr:1 A H(t, A, X)
where H;e C*(R"*"*P). If 1;=f(¢t), if follows that

G(ctt, 9+ 3 4,6, 150) )= Glett, Ne) 1, ).
But at this point we apparently got stuck because

C(t, S) + Zr: Ai(t’ S)j;(t)z C’(ty S)
i=1

only in W, so that, for the moment we cannot conclude what we wanted. Do not
worry. We have:

G(e' &, -)x) — Glelt, )
='[G(c'(t, )~ G(._ilA,-(t, IO+l -))(x)]
+IG(E Ai(t, -)£,0) + ct, -))x) = G(elt, NI

The second bracket is in f(¢, x) as we have shown above. We will prove two facts:
(i) Given W R"*! open and relatively compact there exist fiel, A, C*(R"*})
such that (1) holds in W.
(i) If (1) holds in a large enough set W open and relatively compact, then the first
bracket vanishes in an open neighborhood of (¢, x;). Clearly this will finish the
proof. []

Point (i) and a more general version of (ii) will be Lemma 9 and Corollary 15
respectively. In the proof of Corollary 15 we will need either Lemma 14 or Lemma
12 and Corollary 13.
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9. Lemma. Let IC C*(R") be a local nature ideal, ce I(t,s) C C*(R"*!), Wc R**!
open and relatively compact. Then, there exist functions f.€l and A;e C*(R"*}),
1<i<r such that the equality

tt,5)= ¥ A,(t,9)(0)

holds in W.

Proof. Since cel(t, s), there exists an open covering {U,},., of R"*! fel,
A%e C*(R"*Y), 1<i<r, such that the equality

off; )= 3. A€ 70)

holds in U,. We may assume U, locally finite with a subordinate partition of unity
¢o- We have the equality

P C= 'El (A?¢a)-f;a
i=

which holds in all of R"*'. Since W is compact, the set J, of indices such that
supp(¢,) N W= is finite. Thus, in W we have

c=Y gyoc= Y YL Afa S O

aed aefyi=1

10. Definition. Recall that a sequence {f;},enCC™(R") is said to converge to
fe C*(R™) in the C*-compact open topology (C*-CO) iff for every compact set K,
de N and &> 0 there exists kye N such that k= k, implies |D*f, — D*f|<e¢ in K for
all & such that |a|<d, where a=(a),...,2,)€e(NU{0})" and |a|= ¥ «;.

11. Definition. We will say that a sequence {fi}ienCCT(R") converges to
fe C*(R") in the Stone topology iff for every compact set K< R” there exists kye N
such that k=k, implies f; =f in K.

As an example, notice that Lemma 9 says exactly that fe I(z, s) iff there exists a
sequence of linear combinations of elements of 7 Stone-converging to f. On the
other hand, with the same idea as in Lemma 9 one may easily prove that the local
nature closure of any ideal equals to its closure in the Stone topology. Then, I is
of local nature iff it is closed in the Stone topology, as was noted by J. Penon.

12. Lemma (Glueing Lemma, see [7, lemma below Theorem 3]). If
{fitken S CT(R") converges to f in the C*-CO topology, then, there exists a
subsequence f;, and Fe C*(R"*") such that

F@, 1/r)=f; F(t, s)=f(@) ifs<O.
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In other words, if f,—f in the C*-CO topology, then there exists a subsequence
J, and a C®-curve F:R—C*(R") that passes along f, at s=1/r and F=f for
5s<0.

Proof. We may assume that f=0. Let K,=[—r, r]" C R be the n-dimensional closed
cube. By hypothesis, there exists k, such that
|D°fy |<e™" in K, Vas.t. |a|<r.

Now take gpe C*(R) such that supp{p}c(—1,1) and ¢(0)=1. Let us write
P (s)=0Qr(r+1)(s—1/r)).

< 1 1 1 1
supp ¢, ¢

- , -+ d ¢(1/r)=1.
r 20+ r 2r(r+l)> and ¢, (1/r)

Let us define

_(fe,(t) - 9(s) if sesupp(e,),
i, 5)= {0 otherwise.

Obviously F(t, s)=f; at s=1/r. The reader may easily check that Fe cC*(R*™YH. O

13. Corollary. Any C*®-function G : C*(R")— C*(RP) is continuous in the C*-CO
topology.

Proof. Suppose {f;}rcn € C*(R") converges to fe C*(R") in the C*-CO topology
and that G(f;) does not C”-CO converge to G(f). This means that there exist a
compact set KCRP, >0, ae(NU {0})°, a subsequence f;, and X,€ K such that

3lal 3l
Py G(fe)x) — Py

G(f)x)|ze.

By compactness, we may assume x;— X, for some x, € K. Now, by Lemma 12, there
exists a subsequence, that we also call f;, and Fe C™(R"*') such that F(, 1/])=
S (1), F(t, s)=f(t) for s<0. For any fixed 8 R we may compute G(F(-, 8))(x)
and since G is C®, we get a C”-function of both variables # and x. Thus

glel ||

GF(-, 1/D)x) 152 gxa

o G(F(-, 0))(xo)-
X

But this is a contradiction. [
14. Lemma (Reordering Lemma). Let {fi}x-;CC™(R"). Then {f,} Stone-
converges to f iff for every subsequence f,, and for any decreasing sequence £;—0,

& €R, there exists an Fe C*(R"*!) such that F(t, &)= Jit) and F(t, s) = f(t) for
s=<0.

Proof. We may assume f=0. Suppose f; Stone-converges to 0. Take a subsequence
Jx and a decreasing sequence £,—0 in R. Consider functions ¢,e C*(R) such that
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@& =1, with supp(e,) N supp(e;) =@ for /#/, and

1 1
cl1/1- /04 :
supp(¢;) € < A1+ 1) 211+ 1)>

Let

Ft, s)= | 210) - Jul®) 1T L€supp(e)),
’ 0 otherwise.

Since f; Stone-converges to 0, it is trivial to see that F(z, s)e C*(R" ).

Conversely, suppose that f, does not Stone-converge to 0, i.e., there exists a
compact set K and a subsequence fi, such that £, does not vanish identically in XK.
Let &,=max,_, |/ (¢)]. Since by hypothesis { f;};-; may be glued with an F, we
may assume &, converges decreasingly to O (taking another subsequence if
necessary). Let us take ¢ a point of K such that | Jo(8)| =& #0. By compactness
we may assume ¢,— ¢, for some ¢, € K (again, taking another subsequence if need-
ed). By hypothesis, there exists Fe C*(R"*!) such that F(¢, &) = Ji(t), F(t,5)=0
for s<0. Then

F(t, §)—F(t, 0) &—0

=+ =+1

& &

and by Lagrange’s mean value theorem, there exists a real number 6,, 0<6,<¢,
such that

F@, ) —F(,0) _oF
é[ ds (4, 6)
Then (3F/3s)|, ¢y= £ 1. Now, since (¢, 6) (%, 0) and since Fe C*(R"*"), we

get (9F/0s) |, o=+ 1. But since F=0 for s<0, we actually have (3F/ds) |, 0)="0
which is a contradiction. [

15. Corollary. Any C®-function G:C%(R")— C*(R") is continuous in the Stone-
topology.

Proof. Suppose { f;},- Stone-converges to f, but G(f;) does not Stone-converge
to G(f). Let us apply Lemma 14 to G(f;): there exists a decreasing sequence &,— 0,
a subsequence f;, of f; such that no FeC%(RP *1y verifies F(x, &)= G( Je)(x),
F(x, s)=G(f)(x) for s<0. But again by Lemma 14, since f; Stone converges to f,
there exists He C*(R"*') such that H(t, &)=/ (¢), H(t, s)=f(t) for s<0. Let
F(x, s) = G(H(-, s)(x), we have: F(x, &)= G(f )x), F(x, s)=G(f)(x) for s<0 and
F(x, s)e C*(RP* ), which is a contradiction. [

Let us present an alternative proof of Corollary 15.
(i) About the differential of a C™-function. Let us define the differential

dG : C*(R") x C*(R")— C*(R")
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by
G(h + Ak)(®) — G(h)(®)
- .

Since G is C*, we know that this limit exists, and, setting H(4, x)=G(h + Ak)(x) it
follows from Lemma 7 that dG, (k) € C*(RP). Similarly, it may be seen that dG is
a C”-function of both variables # and k (i.e. preceded by a pair of C*-curves as
in Definition 3(i) it yields a C*-curve) and then, with the same proof as the one
given for Corollary 13, it follows that dG is a C®-CO continuous mapping from
C*(R") x C*(R™) to C*(IR*). Moreover dG),: C*(R")— C*(R*) is R-linear. To see
this take k, k' € C*(R"), consider the function

K@, u, x)=G(h, Ak + uk’)

dGy(k)(x) = lim

and use Lemma 7 with m=0.

The interested reader can see [5] where the definition of dG as well as some of
the result developed here in point (i) can be found. However the context is much
more general and the proofs to be found there less elementary.

(ii) Alternative proof of Corollary 15. Take f, he C*(R") and let H(A, X)=
G(f+ Ah)(%). By Lagrange’s mean value theorem, we have

G(f+ h(x) - G(f)x)=H(1, x) - H(0, x)

S =dGgli) for some 0<E<1,E=¢(x).
(& x)

For /e C*(R), K C R* compact, r€ N U {0} denote

le|

ox*

I(x)

||x= sup
laj=r

xek

Since dG is C*-CO continuous, we have that, given £¢>0 and a compact set
K’ C R? there exist >0, a compact set K=K(e, K’) (that may be assumed to be an
n-cube) and re NU {0} such that |h|k<d and |/—f|x<d imply |dG,(h)|% <e.
Now, if h vanishes in the cube K=K(g, K’), then |h|x=0<J and |f+Eh—f|k=
0< 9 for all £. Thus, if 4 vanishes in K, we have

MdGy, Wz =1dGs, W) <e  for all g, 4.

It follows that |dG,, Ah(h)ll‘,’(::O for all &, so G(f+h)(x)— G(f)(x)=dGy, s (h)(x)
vanishes for xe K’.
In short: given a compact set K’ C R? and fe C”(R") there exists a compact set
K ¢ R” such that A |x=0 implies G(f+ h)|x-=G(f)|x
This exactly means that G is Stone-continuous. [l

Remark. Theorem 5 says that an arrow RR— R® in the topos is actually the same
thing as a C®-function C*(R)— C*(R?).
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At this point we are able to deal with the main problem presented at the start.
Setting M =RR, and given an arrow

v:RRxD— RR
such that v(h, 0)=h, we must find u:R®xR—RR which makes the following

diagram commutative:

RRXR

(idg x /‘ X‘
RR

RRxRxD

(“Xi% /

RRxD
and verifying u(h, 0)=h. In other words, an arrow such that

uh, t+d)=v(u(h, t), d), :
{u(h, 0)=h. (0

Let us explore what the commutativity of diagram (*) means. Notice that since
RP=R xR, (R®P=RRxRR, we have that the exponential adjoint to v, say
0 : RR—> (RR)P = RR x RR is a pair (v, v,) of arrows RR— R, Call i: RR— RR*R the
exponential adjoint of u.

16. Lemma. (i) If h: 1 RX, then the exponential adjoint of the composite map

(h XideD) (uXidD)

(7]
RExXRxD——REXD

RxD=1xRxD RR

(getting R down) is the map RX R X D— R that corresponds to
T @)=, Y)(X) + T )T @H)-, y)E) - [2]1€ CT(RTINZ).

(i) If h: 1> RR, then the exponential adjoint of the composite map

(hxideD)RRxR (idgx +)

x D RRXR——RR (2)

RxD=1XRXD

(getting R down) is the map R X R X D— R that corresponds to

F@h)x, ) + ?—r%)@ x »)- 2] € CRHAZD).

(iii) The condition v(h, 0)=h is equivalent to v,=idgxr, or, by Theorem 5, to
F(Ul) =ldC°°(IR)'
(iv) The condition u(h, 0)=h is equivalent to I(@@)(h)(x, 0) = h(x).
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Proof. As an illustration we prove (ii). The other statements follow in a similar way.
The arrow (2) equals the composite

+ (hxidg) u
RxD >R A RRX R———— RR. 3)

Now the exponential adjoint of the composite

hxid
LM’RRXR " RR
1S
1 h _;RR u *RRXR

or, in other words, I(if)(h). Then, getting R X R down, we obtain precisely
) (h)(x, y) € C*(R?). So, the exponential adjoint of (3) corresponds to

@) (h)(x, y+[z]) e C*(RH/(Z?).
Now, by Lemma 7, since [Z]2=0, this equals to

@) (h)
a

I@(h)x, y) + xy)-kzl. O

17. Theorem. (i) Let v:REx D—RR be such that v(h, 0)=h and u: R x R— RX.
Then we have

(1) uh, t+d)=v(u(h, 1), d),
e
iff
ar@)(h)

-_—a—)—)_— (x,y)= F(Uz)(r(a)(h)(_’ Nx),

I(a)(h)(x, 0) = h(x).

(ii) Conversely, let U: C*(R)— C*(R?) be a C™-function which satisfies the dif-
ferential problem
 (aUh)
) ay
U(h)(x, 0) = h(x).

(x, ¥) = (0 )(UI)(=, y))x),

Let ii=E(U)e Hom(RR, RR*®) (see Theorem 5) and u:R®xR—RR be its ex-
ponential adjoint. Then u verifies (1).

Remark. Theorems 17 and 5 say that to integrate a vector field in R is actually the
same as to solve the differential problem (2).
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Proof of Theorem 17. (i) Let A and B be the composite maps

(idgr X +)
REXRXD— "SRR« R—2  RR

and

(u xidp) v

RRXRxD R¥xD RE

respectively. With this notation, (1) means A =B. Now, this happens iff the ex-
ponential adjoints of A and B (getting R x D up), say 4 and B, coincide.

But, since (RF)R*P = (RP)R*R= RRXR RRXR ' 1 and B are pairs of arrows from
RR to RR*R_ S0, by Theorem 5, they coincide iff preceded by all possible global
sections they are equal. So take a global section A: 1-R® and consider A A,
Boh. They are the same iff their exponential adjoints (getting R X D down again)
are the same.

But the exponential adjoints of Aok and Boh are Ao (hxidg,p) and
Bo(hXidgy p). Now use Lemma 16.

(ii) Use Theorem 5 and (i). [

Easy examples and discussion
By Lemma 16 (iii), an arrow v: REx D RF such that v(h, 0)=h is defined by an
arrow v, : RR—> R and, by Theorem 5 this v, can be identified with a C*-function
G:C*(R)— C*(R),
G=1(vy), v, =E(G).

(1) Take for G:C*(R)— C*(R) the C®-function G(h)=~h. The solution of the
problem

ﬁ%ﬂ (%, 3) = GUB)- M),

U(h)(x, 0) = h(x)

is U(h)(x, y) =e”h(x), which is C*. In this case, the corresponding arrow v is given
by: v(h, d)=h+ hd. So the problem:

W u(h, t+d)=v(u(h, 1), d),
{u(h, 0)=h

has the (uniqﬁe) solution
u = exponential adjoint to E(U).

(2) Suppose now that G(h)(x)=h'(x). G is C*. In this case, the solution of the
corresponding problem (1) is given by u=exponential adjoint of E(U), where
Uh)(x, y) = h(x + y).
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We do not know yet a theorem of existence for our problem. It should be a local
existence, for some topological notion that must be found. For example, consider-
ing the C”-compact open topology, this theorem seems to be false in general. For
the moment, we content ourselves by saying that, as we did in (1) and (2), and in
cases even less simple than these, one can find some examples where global existence
and uniqueness hold.
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