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FINITE ELEMENT APPROXIMATIONS IN A NON-LIPSCHITZ
DOMAIN: PART II

GABRIEL ACOSTA AND MARIA G. ARMENTANO

ABSTRACT. In a paper by R. Durdn, A. Lombardi, and the authors (2007) the
finite element method was applied to a non-homogeneous Neumann problem
on a cuspidal domain ©Q C R2, and quasi-optimal order error estimates in the
energy norm were obtained for certain graded meshes. In this paper, we study
the error in the L? norm obtaining similar results by using graded meshes of
the type considered in that paper. Since many classical results in the theory
Sobolev spaces do not apply to the domain under consideration, our estimates
require a particular duality treatment working on appropriate weighted spaces.
On the other hand, since the discrete domain Qj verifies Q C Qp, in the
above-mentioned paper the source term of the Poisson problem was taken
equal to 0 outside (2 in the variational discrete formulation. In this article we
also consider the case in which this condition does not hold and obtain more
general estimates, which can be useful in different problems, for instance in the
study of the effect of numerical integration, or in eigenvalue approximations.

1. INTRODUCTION

The finite element method has been widely studied in several contexts involving
different kinds of differential equations; however, the domains under consideration
are in general polygons or smooth domains. In the recent paper [2], the piecewise
linear finite element method was applied to a non-homogeneous Poisson problem
in a domain with an external cusp. Despite its simplicity, this problem provides an
interesting starting point for the finite element analysis of more general equations
in non-Lipschitz domains. These kinds of problems have interesting applications in
fluid mechanics. For instance, the motion of rigid bodies immersed in a fluid can
lead to the presence of cusps as a result of collisions between bodies or between a
body and the boundary [18] 22].

An interesting feature related with problems in this kind of domain is that even
regular solutions may require some type of mesh adaptivity. Indeed, as it was
proved in [I], the solution of the proposed problem belongs to H? and, despite
of this fact, uniform meshes show a poor convergence rate. The reason for this
behavior is related to the fact that, in this context, classical extension theorems
do not apply [20, 23]. A solution for this drawback was also given in [2] and
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(quasi) optimal convergence order error in the energy norm was recovered by using
appropriate mesh adaptivity. Let us notice that, for problems in polygonal domains
with solutions having corner-like singularities, the use of graded meshes has been
widely studied (see [8] [IT], [12] [15] and the references therein) and optimal or quasi-
optimal convergence rates for numerical approximations are usually obtained by
using arguments based on weighted Sobolev spaces.

In this paper we continue the analysis of the finite element method for the same
problem considered in [2], focusing on L? convergence results. These estimates re-
quire a particular treatment, making it necessary to take into account the regularity
of the extended functions outside the non-Lipschitz domain under consideration.
We introduce two different kinds of auxiliary problems: one in the original domain
Q, and the other in the discrete domain . The first one leads us to standard
estimates of the error in €2, and the second one to estimates of the error between a
certain extension of the original solution and the discrete solution in €2;,. The latter
case is more general than the former, however, it is also much more technical and
relies on certain extra assumptions. In both cases quasi-optimal order of conver-
gence with respect to the number of nodes is obtained by using appropriate graded
meshes of the type considered in [2]. We present some numerical examples sup-
porting this analytical result, and in particular we show that uniform meshes lead
to poor L? convergence order (similar conclusions for the H' norm were obtained
in [2]).

Let Q C R? be defined by

Q={(z,y):0<z<1,0<y <z},
where a > 1. We denote the boundary of Q by I' =T'y UT's UT's, where
N ={0<2<1,y=0}, To={z=1,0<y <1} and I's={0<z<1l,y=2z%}

(see Figure ).
Our model problem is: find u such that

—Au=f, in ),
%:ga OHFg,
(1.1) v
@—0 onTI
8V7 ) 1,

u=0, only,

where v denotes the outside normal.

We will work along this paper with g = 0. This assumption partially simplifies
the treatment of the error and can be justified by recalling that H? regularity results
for (LT)) rely on the smoothness of g and its fast decay to zero, i.e., g ~ 0 near the
tip of the cusp [1J.

Let V ={v e HY(Q) : v|[r, = 0}. Then, the variational formulation of our model
problem (1)) is given by: find w € V such that

(1.2) a(u,v) = Lv) YvevV,

where a(u,v) = [, Vu-Vv and L(v) = [, fv. It is known that this problem
has a unique solution in H?(f)) and that there exists a constant C' such that (see
[T, 15, [19))

(1.3) lull 72y < Cllfllz2)-
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FIGURE 1. Cuspidal domain

The natural way to approximate the solution of (I.2)) is to replace €2 by a polygo-
nal domain €, and then use the standard finite element method. We will construct
Qp, in such a way that Q C Qj and the nodes of I'y,, the boundary of €2, are on I'.

Let {75} be a family of triangulations of €, verifying the maximum angle con-
dition. We can associate to {75} the finite element space

Vi ={ve H (Q) :v|r, =0and v|, € P1 VT € Tp},

where P; denotes the space of linear polynomials.
Then, the finite element approximation problem of (L2) is: find w, € V}, such
that

(14) ah(uh,vh) = Lh(uh) V?)hEVh,

where ap(u,v) = th Vu - Vv and Ly(v) = fgh fv. Observe that the discrete
problem corresponds to a boundary problem on €.

Since the solution of problem ([II)) depends on the values of f in 2 only, it seems
natural to assume that f vanishes outside €, in which case we have Lj,(v) = [, fv,
and so ([4) agrees with the discrete problem from [2]. In this paper we also
consider the case in which this assumption is dropped and obtain more general
error estimates for finite element approximations. This approach introduces an
extra difficulty that was not addressed in [2]; however, it provides more information
in different scenarios. Indeed, the contribution of terms such as th\Q fvh, with f
being a certain approximation of f defined on €25, can be useful to evaluate the
effect of numerical integration (see, for example, [24]). Moreover, since ) # Q, the
standard theory for eigenvalue approximations [9] does not apply straightforwardly.
In fact, the study of convergence for this problems leads to problems such as (4]
with f not necessarily equal to zero outside Q [I7, 24]. On the other hand, the
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study of the error between a certain extension of the solution u and wuj, analyzed
in Section 5, is also of interest in the context of eigenvalue approximations [17), [24].

Let us mention that, even when € is not regular enough, certain extension oper-
ators can be constructed. More precisely, the solution of (I.2]) can be extended to a
function in a weighted Sobolev space, with the weight being a power of the distance
to the cuspidal point (see [2, 20]). In fact, there exists a function u? € H2(R?)
such that u”|q = u, and

(1.5) [u? (|72 r2) < Cllull 20,

where the weighted Sobolev space H?2 is defined, for any domain D C R2, as follows:

(1.6) H2(D) = {u T Doy e L2(D) V4, [8| < 2}

with r = /22 + 92, and
a—1

||UH§J§(D) = Z ||7‘TD5UH2L2(D)~
[6]<2

This extension result will be useful to bound the approximation error in L2.

The rest of the paper is organized as follows. In Section 2 we present some
results involving the graded meshes that we will use in the remainder of the paper.
In Section 3 we obtain L? error estimates in 2 when f = 0 outside Q. Section 4
is devoted to obtaining H' and L? error estimates when f is not necessarily equal
to zero outside € in the discrete variational formulation. In Section 5 we introduce
and analyze an auxiliary problem on €2, which is the main tool to obtain L? error
estimates in 0, between u; and a certain extension of u. Finally, in Section 6
we explain how the graded meshes can be constructed, and we present numerical
approximations in which the error behaves according to our analytical results.

2. GRADED MESHES

We will assume that the family of meshes {7} satisfies the same properties as
those considered in [2]. More precisely, we take 1 < a < 3 and define v = (e —1)/2.
Let 75, be a triangulation of €2, where €2, is an approximate polygon of Q with all
its vertices belonging to I', and let & > 0 be a parameter that goes to 0. If for each
T € T, we denote by hp its diameter and by 67 its maximum angle, we assume
that there exist positive constants o and 0; < 7, independent of A, such that

(1) O < Opr, VT € Tp, (the mazimum angle condition,).
(2) hy ~ohT7, if (0,0) € T.
(3) hr < ohinfra?, if (0,0) ¢ T.

We denote by I‘;M 1 < j < n, the edges on the boundary of Qy,, by Pj_1 =
(zj-1,2§_ 1) and P; = (x;, %) their endpoints with 2o =0 and z,, = 1, and by I
the part on I's with the same endpoints (see Figure[Z). By Qﬁl we denote the region
bounded by I'j and I} ,.

In addition to the assumptions (1), (2) and (3) we will need for our error analysis
the following hypothesis on the meshes:

(Ha) For 1 < j < n the region Q?L is strictly contained in only one triangle
denoted by 7. We denote the diameter of T; by h;.
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FIGURE 2

Let us also notice that, for 2 < j < n,
z; < Cxj,

where C' can be taken independent of h. Indeed, from (Ha) we have z; — ;1 <
C|T} | for some constant depending only on a. Then z; —x;_1 < Ch;, and hence
from assumption (3) we get

z; < Tjq <1 + Chx}tf) .
Therefore, we have proved the following useful result.
Lemma 2.1. For2<j<mn,
zj1 Sa; < Cxjg,
with C depending only on a and o.

Remark 2.1. We will show in Section 6 that meshes verifying conditions (1), (2),
(3) and (Ha) can indeed be constructed.

We will assume that our family of triangulations satisfies conditions (1), (2), (3),
and hypothesis (Ha). The following result is obtained in the proof of Lemma 4.1
in [2]; we reproduce it here as a separate result for the sake of completeness.

Lemma 2.2. Let vy = O‘T_l with 1 < a < 3, and choose 0 < B and q¢ > 1 such that
Bq < min{2vy,1}.

/ z 2P0 < OR2.
Qp\Q

Then
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Proof.

N
(2.7) / z 2P = / 20,
Qn\Q ; 2,

Let us estimate each term on the right hand side of ([2.1]). Since
Q,IICT:{(x,y):nggxl,()gygx'fflx},

/ x—26q§/x—2ﬁq.
Q T

Hence, using now that h; <o AT and Bq < 1, we obtain
/ 27250 < CRROTIZ0D) < o2 R
T

we have

1
h

and, therefore,
/ x~ 2P < OR?
T

because 8q < 2.
On the other hand, we have
-2 -2 j
X [ S a el
i>17/a, j>1
but, by using the well known error formula for the trapezoidal rule, we obtain
j 3.0—2 _ 3, 2v—1
1] < Chyjzi—{ = C’hja:jz1 ,
where in the case when o > 2 we have used z; < Cz;_1. Therefore, since h; <
oh x}-_l we have

—208q —2Bq+2v—1;3 2 —2Bq+4v—1y
/j r < CZ:xj—l hj < Ch ij—l h;
Q;, j>1 j>1

1
< Ch2 / x72ﬁq+4fyfl’
0

j>1

where we have used again that x; < Cz;_;. But the last integral is finite because
Bq < 27. O

We will also need bounds for the measure of the set € \ Q in terms of the
parameter h.

Lemma 2.3. It holds that
194\ Q| < Ch%.

Proof. Tt follows by using similar arguments as those in the proof of Lemma 2.2
or as a corollary, taking into account that 1 < z=2P%, where 8 and ¢ are as in the
previous lemma. (Il

In order to obtain L? error estimates in the polygonal domains €, we will need
a careful estimate for the inner angles of €. This computation is carried out in
the following lemma.

Lemma 2.4. Let wy, be the maximum inner angle of Qp. Then:

el

i) ifa<?2, w,<rm+Cala- 1)}13:;}
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i) if 2<a<3, w,<wm+Cala—1)h,

where C is independent of o and h.

Proof. Assume first that j > 2 (the case j = 1 is treated below). If we denote by

wy, ; the inner angle between I} , and T'}%', we obviously have
%, — % & — %
1 —
(2.8) wp,; = T+ arctan (M) — arctan (4 .
’ Tjy1 — Ty Tj— Tj_
J+1 J J Jj—1
Tivr 7Y sa-1 Ty TT1 . ca-1
—— = adf ], ———— = aij
Tjp1 = Tj—Tj

for some Z;11 € [zj,241] T; € [zj_1,2;], and using the fact that the function
arctan(at®~1) is increasing, we get

whpj <T+ arctan(aaz?ﬁ:ll) - arctan(aaz?:ll).

By the mean value theorem and Lemma 2T]

a—1 a—1 a(a_ 1)‘%?72
arctan(axf, ;) — arctan(azi—;) = m(xﬂ_l —Z_1)
1+ otz
< Ca(a—1)a§ (241 — x51)
a=1
< Chala— l)x;’_Qajj 2

where in the last inequality we have used condition (3).
Now, if @ > 2, the result follows immediately. For the case a < 2 we use the fact
2 1
that 2; > x1 and that, by condition (2), 1 ~ h3=a = hT-7, so

ol o=y < © R = hi=a
arctan(axf, ;) — arctan(az ") < Ca(a —1)h 5= 7 = Ca(a — 1)hs==,

obtaining the desired result.
Let us now focus on the case j = 1. In this case (2.8)) takes the form

x(l _ « o _
w1 = 7 + arctan( =2 Ly —arctan(z¢™') = 7 + arctan(azy ') — arctan(z{ )
To — X1
with 25 € [.Il,l‘g], but
-1 z1 o=l ~a—1
x] 70[((341/('1*1)) aZf ™,
so
(29) 571 S T S Ci‘l
with C' depending only on o. Then
w1 < 7+ arctan(aiy ') — arctan(az ),
and the result now follows as in the case j > 2 using (2.9). O

In Theorem 2.4 from [l page 63] T. Apel obtained interpolation error estimates
for functions in weighted Sobolev spaces on tetrahedral elements under the maxi-
mum angle condition. However, we were unable to find analogous results for the
two dimensional case. The reason for this seems to be that corner singularities,
which lead to the kind of spaces considered in this work, do not require anisotropic
elements in the case of polygonal domains (see, for instance, [I5]). In our case,
the external cusp enforces the occurrence of flat elements, and, hence, we need to
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obtain the required error estimates for functions in H2 in dimension 2 under the
maximal angle condition. In order to do that, we prove the following Poincaré type
inequality for functions with zero average on a side of a triangle.

Lemma 2.5. Let T' be the following “reference” triangle, T = {(z,y) € R2 : 0 <
v <1,0<y<a}, andw be such that [|wl| 25y + [Vwa?| 25y < 00 for some
0<s<1. If féw = 0 where £ is a side of T, then there exists a positive constant
C, depending only on s and T, such that

||w‘|L2(T) < CHVWCUSHL?(T)‘
Proof. We observe that for any 0 < s < 1, there exists p > 1 such that
(2.10) ||”||LP(T) < OHUIS||L2(T)~

Indeed, since
1o = [ 1o,
T T

by applying Holder’s inequality with exponent % and its dual exponent % we
obtain ([ZI0) for any p such that p < Hil On the other hand, it is easy to see by
standard compactness arguments (see Lemma 2.2 in [3] for the case p = 2) that
functions with zero average on one side of 1" verify

(2.11) [wll o7y < CIVWI Lo
with C depending only on p and 7. Therefore,
||w||L2(T) < C”“’Hyylm(f) < CHVMHLP(T) = C||was||L2(T).

Indeed, the first inequality follows by the classical embedding theorem, while the
second and third inequalities are consequences of (Z11)) and ZI0) with v = Vw.
O

Theorem 2.1. Let T be a triangle with a mazimum interior angle 01, and let
v, be the vertex corresponding to the minimum interior angle of T. We denote
by dy,,(z,y) the distance from (x,y) € T to v,,. Let v be such that ||v||2(ry +
Vllzz(ry + 321522 | Dovdy, |p2(r) < oo for some 0 < s < 1. Then, there eists a
positive constant C, depending only on 01, such that

(2.12) IV (0 = Tw) [ z2(ry < Chy* > | D%vds, |12y,
|5]=2
(2.13) v =TI L2ery < CRF* > ID%wds, ||z,
15]=2

where Ilv € V}, denotes the piecewise linear Lagrange interpolation of v.

Proof. Tt is clear that it is enough to show ([ZI2) and (ZI3) for a triangle obtained
from T after a rigid movement. Hence, we can assume that T is a triangle with
vm = (0,0) and with remaining vertices of the form vy = (hq,0) vz = (21, ha) with
hi,ha > 0 and hy > /2% + h3 > ho. Therefore, the angle 65 at vo = (hy,0) verifies
0y < 7/2 and, since it is not the minimum angle of T', 65 > r—0r

2
.y
(2.14) WTT <0, <2

, L.e.,
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Let us introduce a further linear transformation L given by the matrix

_ 1 w1h—2h1
A‘(o 1 )

It is clear that L transforms the right triangle Tr with vertices (0,0), (h1,0), (h1, ha)
into T. From (2I4), it is easy to see that % < C for some C' = C(0r) and, as
a consequence, ||A| < C and ||A7!|] < C. Since in both triangles T' and Tg the
minimum angle is placed at the origin, the inequalities ||(x,y)|| < [|A7|||| L(z, v)| <
Il AIA=|||(z, y)|| imply the equivalence between the distance dy, (x,y) and the
norm of L(xz,y). Therefore, changing variables, we have that it is enough to prove
EI2) and @I3) for T with hy > ho. On the other hand, in T it is clear that
dy, = |[(z,y)|| ~ z, and so in order to show that (2I2]) holds it is enough to prove
that

(2.15) IV (v = )| 27y < Chz* Y D02 || L2y
6]=2

We prove the previous inequality for W; the other derivative can be treated
in the same way. Taking w = w we have that fll w = 0, with £; being
the side joining the vertices (0,0) and (hq, ) Changing variables to the reference
element defined in Lemma 25 we get, taking L(m §) = (Zh1,ghe), that the function
W = w o L has zero average on the side of T joining the vertices (0,0) and (1,0).
Then, by Lemma applied to W we get

||wHL2 (Tr) — h1h2||wHL2(T) < h1h2c‘|vw§,'5||i2(f)7

and changing variables back to the original T

ow ((x\° ow ((x\°
s < (M5 () loscry + sl 5 () oser)

since hy > ha,
[wllz2 (1) < Chy [ Vwa® || L2z,
and (2I5) follows. As is usual when considering anisotropic elements, inequal-
ity @2.I3) is easier to prove than (ZI2), since its left hand side does not involve
derivatives. The estimate for T,
(2.16) o~ Toll gy < C 3 1D%00%]| oy
|6]=2

follows by using embedding results and standard Lagrange interpolation error esti-
mates in L? together with (ZI0). In fact,

[0 — HUHLZ(T) < O[]0 = 1o ||y, Py S ¢ Z |D6U||LP(T) Z ||D5@§3 HLz(T)

15]=2 15]=2
Now, (ZI3) follows on Tx from (ZIB) by using the change of variables L(,§j) =
(Zh1,ghe) and taking into account that IIo = v o L. O

We define a fixed (i.e., independent of h) domain Ty7, which contains our discrete
domain 2, in the following way:

(2.17) Ty ={(z,y) eR*:0<2<1,0<y<a}
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Although Ty agrees with 7', we use a different notation for both triangles for the
sake of clarity, since T plays the standard role of the reference element in interpo-
lation error estimates and Ty is the domain where the extension uZ of u will be
studied.

Lemma 2.6. If 1 < a < 3, there exists a constant C, which depends only on «,
such that
E E
[ llw2r (1) < Cllu”ll 2 (1)

4
forall1 <p< 5.

Proof. The proof follows by using (2I0), with s = “771 < 1, for u¥ and its deriva-
tives. 0

Remark 2.2. Conditions (1), (2) and (Ha), together with the fact that o > 1, imply
that there exists only one triangle T in the mesh such that (0,0) € T. Moreover,
its vertices are necessarily of the form (0,0), (0,hq), and (z1,z¢). Furthermore, if
hr — 0, the angle 6y placed at (0,0) tends to zero since % =271 < hgi_l — 0,
and, hence, condition (1) implies that for hr small enough 6y is in fact the minimum
interior angle.

Now we can prove the following “global” version of the interpolation error esti-
mates,

Theorem 2.2. There exists a constant C depending only on 0p;, o and « such

that
(2.18) 190 — 6P | 2y < ChIu® |2 )
and
(2.19) [u” = Tu|| 2 (q,) < CR?[u®|g2(q,),

where TIu? € V}, denotes the piecewise linear Lagrange interpolation of u¥ and
\uE|H3(Qh) denotes the usual semi-norm on H2,

Proof. We will only sketch the proof because it is standard (see [I5]). For (ZIJ)
we write

IV(W” =) Faq,) = IV@” =P oy + D IV@? =) Fa

TETh , T#Ty

We observe that, in view of Remark[2:2 the triangle T7 defined in (Ha) is the unique
triangle which contains (0,0). The first term can be bounded by using condition
(1), Theorem 2Tl with s = @51 < 1 (recall that o < 3), and noticing that Lemma
gives the necessary regularity for u” (use embedding results on Ty7). Finally,
condition (2) allows us to replace hy, by h. The second term can be handled using
error estimates for Lagrange interpolation for classical unweighted Sobolev spaces
under the maximal angle condition (see, for example, [6]), together with condition
(3). Indeed, since (0,0) is not in 7', we have

IV (u? = TTu®)| 21y < Chrlu® | g2y < Chiljl,flﬁ‘uE|H2(T) < Chlu®| gz (1)
The estimate ([2Z.19) is handled in the same way. O

We finish this section by recalling the following estimate that will be useful later
on.
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Lemma 2.7. If 1 < a < 3, then there exists a constant C, which depends only on
a,0y and o, such that

190”200 < Oh/Tog(L/h) [u] 220
Proof. See Lemma 4.1 in [2]. O

3. L? ERROR ESTIMATES IN {2 WHEN f = 0 OUTSIDE 2

In this section we obtain error estimates in L?({2) of quasi-optimal order (i.e.,
optimal up to a logarithmic factor) with respect to the number of nodes using
appropriate graded meshes, when f vanishes outside €.

The following error estimate in H'(Q) for the finite element approximation of
the Poisson problem ([2)) with f = 0 outside Q was obtained in [2].

Theorem 3.1. Let u be the solution of [(L2) and up, € Vi, be the solution of (L4).
Assume that 1 < o < 3 and that f € L*(Q) is extended by zero outside §).

If the family of meshes satisfies (1), (2), (3) and (Ha), then there exists a con-
stant C' depending only on a, Oy and o such that

lu = unll ey < [0 —unllmi@,) < Chy1og(1/h) || f]lL2@)-

Our next goal is to obtain error estimates in the L? norm. In order to use the
Aubin-Nitsche duality arguments we introduce the following auxiliary problem: Let
® € H'(Q) be the solution of

—Ad =u—up, inQ,

0]

(3.20) 8—:0, on Ty UT;3,
v
=0, only,

where v denotes the outside normal. Applying the a priori estimate (L3]) to ®, we
have that ® € H?(Q) and that there exists a constant C' such that

(3.21) @[l z2(0) < Cllu — unllL2(0)-

Moreover, solutions of ([3.20) can be extended to R2. Indeed, the analogue of (L)
applied to ® shows that there exists a function ®F € H2(R?) such that ®F|q = &
and

(3.22) 197 | 12 m2) < Cl®| 2(0)-
On the other hand, applying Lemma 26 to ¥, we get
(3.23) 12 [lw2p (1) < ClIPF |12 (1)
for1 <p< %_H.

Theorem 3.2. Let u be the solution of (L2) and up be the solution of ().
Assume that 1 < o < 3 and that f € L?() is extended by zero outside Q. Then,

lu = unllzz(e) < Ch*log(1/h)|| fllL2(g)-
Proof. Let e = u — up, and ® be the solution of (3.20). We have that

(3.24) /Qez:/Q(—Acb)e:/wae:/QV@—H@)VH/QV(H@)W.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1960 G. ACOSTA AND M. G. ARMENTANO

From (L2) and (T4) we get

/ VeV = / VupVu Yv € Vj,.
Q Q\Q

Hence,
(3.25) /62:/V(<I>—H<1>)Ve+/ Vu, V(I ).
Q Q Qp\Q

From Theorem applied to ®¥ and (3:22), we have that
(3.26)
IV(® — 1) 12(0) < IV(®F = TIF)|| 120,y < ChII®F | 1120,y < Chl®| m2(q)-

Then, the first term of [B:25]) can be bounded by means of Theorem Bl and (321)).
Indeed,

/QV(cb —T1®)Ve < Ch*log(1/h)[| £l 2(e el 120y -

For the second term in ([B:25) we have that

(3.27) / vuhV(r@E)z/ V(uh—uE)V(thE)—i—/ VuPV(119F).
Q,\Q Q,\Q Q,\Q

The first term can be bounded using Theorem 3] by
/ V(up, — uf)V (1)
Q\Q

< Ch/log(1/h)[| Il 2@ {IVAIST — @)l 12(0,\0) + [VEZ|| 220,000},
while the second term can be bounded using Lemma 2.7 and (3] by

/ ViV (10F)
Qp\Q

< Ch/log(1/0)|| fll 22 () | VII®* | L2 (0,00

< Ch/log(1/h)||fl| L2 (@ {IV (@ — @F)[| 12, \0) + [VEZ| L2\ }-
Therefore, from (B27) we get

/ Vu, V(I10F)
Qn\Q

< Ch\/1og(1/h)[| 1| 22 {IV AT — @F)[| 12(0,\0) + [VEZ| 1200000

and using ([3:26), Lemma 7 applied to ®F, and ([3.21]), we obtain
[ Tuvame®) < crios(1/m)| el
Q,\Q

and the theorem follows. O
Remark 3.1. Whether or not the logarithmic factor log h in Theorem 3.1l and Theo-

rem [3.2] can be removed is an open problem, and it is not easy to obtain information
about either possibility from numerical experiments.
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4. ERROR ESTIMATES IN THE CASE IN WHICH f % 0 OUTSIDE {2

In this section we will obtain error estimates in H' norm and L2 norm when
f does not necessarily vanish outside €. This kind of estimate can be useful in
several situations. For example, even for simple sources such as f = 1 in 2, the
term th Xov in ([T4) is usually replaced by th 1v (i.e. as if f were defined as 1
over 1) in numerical computations when any standard quadrature rule is applied.
In general, the contribution of the terms such as fﬂh\ﬂ fon, with f being a certain
approximation of f defined on €2, may be useful in order to evaluate the effect of
numerical integration. On the other hand, in eigenvalue approximations the usual
approach (see [9]) is based on the convergence of appropriate operators T}, to the
limit operator T', with T being the inverse of the Laplacian. Since Qj # 2, the
operators T} are mesh dependent and the analysis leads to the study of problems
such as ([4) with f not necessarily equal to zero outside Q [17].

In order to analyze the contribution of the consistency term arising from the
integral th\Q fup, in equation (I4), we will need, in addition to assumptions (1),
(2), (3) and (Ha), the following hypothesis about the mesh:

(Hb) For each triangle T; with vertices P;_1, P;, and R;, and for h; small enough,

the triangle T; with vertices w, @, and R; (see Figure [3) does

not intersect Qil

P

FIGURE 3

Remark 4.1. Tt can easily be deduced that (Hb) holds for meshes with only regular
elements and for domains with smooth boundaries. Meshes for the domains under
consideration in this paper involve necessarily anisotropic elements (consider, for
instance, any element with a vertex at (0,0)), and this kind of element may fail to
verify condition (Hb). In fact, an easy example is given by taking o = 5 and the
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triangle T defined by the vertices (0,0), (h,0), and (h, h®). In Section 6 we will show
that meshes verifying conditions (1), (2), (3),(Ha) and (Hb) can be constructed (we
recall that 1 < a < 3).

In what follows we will assume that the family of triangulations under consider-
ation verifies (1), (2), (3), (Ha) and (Hb).

Our first goal is to obtain the H' error estimates for the solutions of (L2) and
([T3). In order to do that we will use the following result (let us recall that €y, is
not uniformly Lipschitz in h):

Lemma 4.1. For any vy € V}, there exists a constant C such that
lvnllLe@u) < Cllonllai )
2(at1)
for1<p< =75

Proof. Since 2 C Qy, and vy, € Vj,, we see that vy,|q € H'(Q2), and then, using the
imbedding result for cusps given in Theorem 5.35 of [4] (with v = a — 1), we get

lvnlle ) < Cllvnllmr @)

for1<p< % We now need to show that vy, can also be bounded on j, \ Q.

More precisely, since vy, is a piecewise linear function, we claim that

(4.28) lvnllLe @y < Cllvnlzr )

from which we can easily obtain the desired result. Inequalities such as ([@28]) for
Lipschitz domains have been obtained in different works (see, for example, [16]).

Let us introduce the notation M7 = T \Q% (i.e. M7 stands for QN Ty). All we
need is to show that the local estimates

(4.29) lvnllze ;) < Cllvnllpears)

hold with C' depending only on «. From (Hb) we have that Tj N Qfl = (), so
Tj C M7 C T;. On the other hand, calling T and T% the triangles of vertices
{(0,0),(1,0),(0,1)} and {(0,0), (%, 0), (0, %)} respectively, we have that there exists
an affine mapping F such that F(T) = T; and F (T% ) = T;. Now, since the space
of linear functions has finite dimension, we have

||7A}||LP(T) < CH@”LI’(Tl)
2

for any linear function ¢ (the constant C' depends only on T and T 1 ). Changing
variables we get

lonllLe(ryy < Cllonll Lo ey
from which ([@29) follows, since T; C MJ. O

Remark 4.2. Note that, since functions in Vj, vanish at I's, the previous lemma
implies, together with Poincaré inequality, that

(4.30) lvnllze (@) < Clonlw )
2(a+1)
for 1 <p < =54,

Theorem [£1] below is a generalization of Theorem B.1] and essentially says that
the contribution to the error of the consistency type term due to fact that f £ 0

outside € is at most ChaT 1122 n\0)-
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Theorem 4.1. Let u be the solution of (L2) and up be the solution of (LA). If
we assume that o < 3 and f € L?(R?), then there exists a positive constant C,
depending only on «, Oy, and o, such that

2
= unll @) < llw” —unllm @,y < Chylog 1/h|fllL2) + ChaT || fll 2 u0)-
Proof. Since Q2 C Qj, by Poincaré inequality and ([[3]) we observe that it is enough

to prove that

(4.31) P — wp| 1y < Cha/log 1/h]|ul| 20y + CRFT || £ L2 0\)-
Now,
(4.32)
[ —unlip o) = / V(u? —up) - V(u” ~TuP) + [ V(W —up) V(I —up),
Qh Qh

but we know from (LH) and (2I]) that
[ =TI |10,y < Cl[u® |20, < Ol m2()-

Thus, for the first term in ([£32), by Young’s inequality, we have

@39 [ VP <) V(= TP) < el = i,y + Ol
h
with € to be chosen below.
For the second term of (£32) we proceed as follows. Let us introduce the notation
wy, := Hu? — uyp,. From (L2) and (L4) we have

V(uE —up) - Vw, = Vol - Vuwy, — Vuy, - Vwy,
Qp Qpn Qp

(4.34) = / Vu¥ - Vwy, — / fwp,.
Qr\Q Qp\Q

From Lemma [277] using Young’s inequality again we obtain

/ V’U,E . th
Qr\Q2

while for the second term in ([{.34), if we take % + % =1as

1 1
g=22 <o p=22d

a+3 a—1’
we can write

ootz (L) (hwrt) = (L) ()

Again applying Holder’s inequality and Lemma 1] to the limit case p = 2§—ﬂ
(wp, € Vi; see also ([A30), we get

/ Jun
Qn\Q

and by Young’s inequality, Lemma 2.3 and replacing g = 2

/ fwp,
Qr\Q

(435) < Cahz log(l/h)HuH%{g(Q) +€‘U}h|%{1(gh),

Q=
<=

2-¢g
<Ol \ Q2 | fll 2o [wr a1 (2,)5

a+1

a3, We obtain

_4
< Ch™1 || fl1 2200 T lwnlin o,
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This inequality, together with (@34]) and (L35)), gives

(4.36) A V(uf —up) - V| < C.h? log(l/h)HuH%{z(Q)
h
_4
+ Cchavt ”f”%P(Q;L\Q) + 25|wh|ip(m)-
By @I8)
(4.37) \whﬁﬁ(szh) < 2(|HUE - UE@II(szh) + ‘UE - Uhﬁ{l(szh))

< CR?||ullz(qy + 210 — unlin o)

and replacing ([{37) in (£30) we get (C. may change from line to line)

/QV(UE—WL)'VW < Ceh?log(1/h)||ullfe ) + Coh T || 172 (0,00
h

(438) —+ 45|ﬂ — uhﬁ{l(ﬂh)'
Finally, taking e small enough, by ([@32), ({33) and [@38) we obtain (@31]), and
the theorem follows. O

Our next goal is to obtain error estimates in L?(£2).

Theorem 4.2. Let u be the solution of (L2) and up be the solution of (LA).
Assume o < 3 and f € L*(R?). Then

lu = unllz2(a) < Ch?log(1/h)||fllz2() + ChIfll L2 (0,\0)-
Proof. Let e = u — u;, and ® be the solution of (320). Then

/Qez:/Q(—Atb)e:/QV@Vez/QV(‘I)—ch)Ve+/QV(H<IJ)Ve.
From (L2) and (T4) we get

/VeVU :/ Vuth—/ fv Yv eV,
Q Qp\Q Qp\Q2

hence,

4.39 2= [ V(@ -1I®)V Vu, V(IF) — neF).
( ) /Qe /Q ( ) e+/ﬂh\sz " ( ) /Qh\Qf( )

The first term of (£39) can be bounded by means of Theorem HT] (28] and
the a priori estimates (B:21]). Indeed,

| 9@ —1@)ve < on {n/oglTR 120y + 1 iz | el o
For the second term in ([@39), using Lemma 27 and Theorem 1] we know that
/ Vu, V(1)
Q\Q
= /Q . V(up — uf)V(IIF) +/ VuP Vv (11eF)
h

Q;L\Q
< Ch/log(1/h) || fll L2 { IV (2" = @) 1200 0) + VR |20\ }-
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Then, using (3:26), Lemma 27 applied to ®¥, and [B21)), we get
[ Twv1eE) < o og(1 /)| e el 2o
Qp\Q
Therefore, we only have to estimate the third term in ([@39):

Ey _ E _&E E
(4.40) /Qh\ﬂ Jlac: )_/Qh\Q fa1ef — @ )JF/Q’L\Q for.

Now, the L? interpolation error estimate given in Theorem says that
D" — 7|12, ) < CR*(|97] g2 (q,),
and then, using (32])) and (3:22)) we get
| ek - a8) < Crlel szl @
Q\Q

Now, for the second term in (L40) we use (3:23) and the fact that for p > 1,
functions in WP (Ty;) are bounded, together with ([3.21), (3.22) and Lemma 23]

to obtain
1
RS S P A I TIPS
Q\Q
< Ch|@% w2 1 fll 2 ) < CRIfI L2 llell L2 @),
and the theorem follows. O

5. L? ERROR ESTIMATES BETWEEN u® AND uj IN Qp

In this section we obtain L2 error estimates between the extended function u?

and the numerical solution uj, in the polygonal domain €2;,. The results given below
allow us, in particular, to obtain a precise computation of terms like |lus[z2(q,\0)
which, for example, provides an optimal bound for the error between |[ul|z2(q) and
[unllz2(0,)- On the other hand, estimates for the error between u” and uy, are
useful in the analysis of the error of eigenvalue problems [I7].

The approach follows the lines of the previous sections, however, several extra
complications arise since the dual problem is posed over the polygonal domain €2j,.
The main result of this section is Theorem [B.1] which is more general than Theorem
However, we want to remark that Theorem [B.I] relies on Assumption 1 below,
which is not necessary for the estimates in L?(£2) obtained in the previous sections.

We recall that error estimates between the extended function u” and the nu-
merical solution u;, in the H'(Q;) norm have been obtained in Theorem 11

We want to use duality arguments similar to those in the previous section. For
this reason we introduce the following auxiliary problem closely related to (3:20):

For any h let ®, € H(Qy) be the solution of

—Aq)h = ’LLE — Up, in Qh7
P
(541) h = O, on Fl U F3,ha
ov
®;, =0, only,

where v denotes the outside normal.
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A priori estimates for (B41l) in fractional and weighted Sobolev spaces are well

known. Calling w; the maximum inner angle of €2, and taking
(5.42) rp,=1—Cala— 1)h%, for «a <2,
rp=1—Cala—1)h, for a>2

for a suitable C, we can assume, from Lemma [24] that r;, < 7/wp. Hence, we have
that @, € H*™(Qy,) [15] (with r, = 1 if Qy, is convex) and that [I5, page 388] ®},
belongs to the weighted Sobolev space H%7"(Qy,) defined by

H2n Q) = {’U P DBy € L2(Qh) V3,8l < 2}7
where

(5.43) = min r;

1<j<n

with r; = \/(l” — )+ (y — x%)? and

(5.44) {Wh:Cah%, for a <2,

Y = Coh for a > 2.
The following a priori estimates also holds:
(5.45) 1Pnll g2 4en 0y < Cullu” = unllL2(an),
(5.46) 1 @all 2 () < Cnlle® = unllzz(0,)-

For (B.45]) we refer the reader to [15], while (5.46]) can be found in [7] [10].

The constants Cj, in (0.45]) and (5.46) may change with the number of vertices
of the polygonal domain €, (and hence with k). On the other hand, as mentioned
n [16], the classical proof for ([B45]) provides very poor control of the constant
Ch (see Remark 4.3.2.6 in [I5]). However, in [16] it is also mentioned that for
Lipschitz domains ) with piecewise C? boundary, the uniform boundedness of Cj,
with respect to h is a plausible hypothesis for reasonable triangulations, since the
constants C}, could be bounded [16, page 141] via a boundary integral formulation.
As far as we know, there is not an explicit proof of this fact in the literature, even
for regular domains ).

Although our domain €2 is not Lipschitz, it has a C? piecewise boundary and,
in view of ([[L3)), the a priori estimate for Q, we consider the following assumption
also plausible:

Assumption 1. Our family of triangulations {Tp} is such that the constants Ch,
in (45 and in (B40) are uniformly bounded with respect to h. For this reason
we will drop the subindex h in Cy, in further references to (B.45]) and ([240]).

In order to obtain L? error estimates using the auxiliary problem (G.41), we will
need some embedding results in €2, for the solution ®;. Since )}, is not uniformly
Lipschitz in h (in fact, Q; — Q, and Q is not a Lipschitz domain), the classical
embedding theorems for Lipschitz domains do not apply, neither do the general
results for cusps given in [20]; since ®;, belongs to a weighted Sobolev space. As a
consequence, we will extend ®j, to some fixed Lipschitz domain in a certain weighted
Sobolev space (we recall that the extension results given in [20] do not apply in our
case), and then we will get proper embedding results. Therefore, we will follow the
approach given in Lemma 3.1 of [2].
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We first extend @, from 2, to the following domain Dy, (see Figure Hl):
Dy, = {(z,y) e R?: —z <y < gn(x),0 < z < 1},

where g, : [0,1] — I'sj, is a parametrization of I'sj, := Uj I’g , and we show that

FIGURE 4. Left: Domain Dj,. Right: Triangle Ty .

the extension belongs to the space

H2 0 (Dn) = {o s "7+ 52 Py € L2(Dy) vB,18] <2},
where A(h) = 6y, r = /22 + y? and
(5.47) p= min {rjd;},

with vy = /(@ —2;)? + (y - 29)? and d; = /e = 2)7 + (y + ;)"
In the next lemma we find equivalent expressions for the distances involved in
the weights.

Lemma 5.1. Let us denote by dr,(z,n) the distance from (x,n) € Q to I's. Then
(5.48) dry(z,m) < 2% —n < Cdp,(x,n),

with C' depending only on .

What is more, a similar discrete version of this property holds. Indeed, for any
sequence 0 = zg < &1 < -+ < xn = 1, if we define Q; = {(z,n) : zj1 <z <
z;,0 <np < 2%}, 1 <j <N, then for any (x,n) € Q; there exists a constant C
depending only on « such that

(5.49) pla,n) < min {ri(z,n)} < Cp(z,n),

where r;(x,n) stands for the distance from (x,n) to (x;,z%), and p(z,n) =
min; <;<n {ri(z,n)}.

Proof. Tt is clear that dr,(z,n) < z® —n. On the other hand, denoting by P, € I's,
P, = (x4,2¢) the point for which dr,(z,n) = ||P. — (z,7n)|, and by L the line
joining the point P, with (z,z%) € I's, we get that dr,, the distance from (z,7) to
L, verifies d(z,n) < dr,(z,n) (since P, € LNT3).

Let us consider the point Q. € L such that di(z,n) = ||Q« — (z,7)], and let us
also consider the triangle given by the points Q., (z,n) and (x,2). This triangle
has a right angle at @, and the angle 6 placed at (z,2%) is clearly bounded by
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below by some fixed 6y > 0 depending only on a. Now (548) follows because of
the following inequalities:

dry(z,n) = dp(z,n) = (@« — (z,7)[ = [[(z,2%) — (z,71)| sin(0)
> [z, z%) = (x,n)[|sin(6o) = sin(6o)(z — 7).

Let us now consider (549). A direct calculation shows that the function A :
(0,1) = R, h(t) = (t — x)? + (t* — n)?, decreases before its global minimum and
increases after that. Indeed, if x, verifies h'(x,) = 0, with A'(t) = 2(¢t — x) +
2a(t* — n)t*~ 1, hence x, € [n'/*,z] since obviously h/(t) < 0 for t < 5/ and
h' >0 for t > z. On the other hand, h”(¢) > 0 for n'/® <t < z, which shows the
existence of a unique z, € [/, z] global minimum of A.

For (z,n) € Q; and P, = (x,,2¢), the point for which dr,(z,n) = ||P. —
(x,n)|]| = v/h(xx), we consider the index ! such that P, € ;. If I = j, then
min;_1<;<;{ri(z,n)} = mini<;<n{r;(z,n)} (since h is increasing for ¢ > =z, and
decreasing if ¢t < x,). If | # j, then, without loss of generality, we may assume
l < 7, and we write

p(x777) = 1£ISHN{Ti(m7"7)} = l—rflgl?gz{ri(x’n)} < \% h(.T) =z —n< Cdrs(x’n)7

where we have used the fact that x > =, the point (x,2*) € T's, h is increasing
in the range [x;,z], and (548). Now, ([£.49) follows from the fact that dr,(x,n) <
min;_1<i<;{ri(z,n)}. O

Remark 5.1. It is easy to see that for (z,n) € Q) C Dy, p =7, where 7 and p are
defined in (0.43) and (547T), respectively.

We are now ready to extend ®;, to Dy,.
Lemma 5.2. Givenv € H*7(Qy,) such that g—z =0 on I'y, there exists a function
NS Hi’_:’;‘(h)(l)h) such that ¥)q, = v and
||ﬁ||Hij:Z(h)(Dh) < C”UHHQ*'Yh (2)»
where A(h) = 67y, and, in particular, A(h) — 0 when h — 0.

Proof. The proof follows the ideas given in Lemma 3.1 of [2]. We extend v by
reflection in the following way.

For any (z,y) € Dp, with y < 0, let us define n = —x*~1y. Observe that the
function (z,y) — (x,n) maps Ty, onto Q C U, (see Figure ), and therefore, calling
Tr :=Dp\Q ={0<z <1, —z <y <0}, we can define

o(x,y) =v(z,y), for (x,y)€ Qp,
o(x,y) =v(x,n), for (x,y)€TL.

We notice that for (z,y) € Tr, we have r = y/x2 + y? ~ x, and, therefore, we
can replace the weight r®~1tA4M) by za—1+AM) in our estimates.
Now, it is clear that

(5.50) / 52 (z, )z~ AP 20 (2 ) dady < A+ B
TL
with

(5.51) A= 5% (z, y)z® AN (2 — 21)% + (y + 21)?] " dady
Try
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and
N
(5.52) B=> B,
=2
By= [ #w)e A min [ ) 4 (g )] dody
Ty, i=j—1,j

where Ty ; = {z;_1 <2 <, —x <y <0} (notice that we have used the fact that

p<d; =/ —2,)7 + (y+ ;)7 for any j).
Changing variables, and taking into account that o < 3, we get for j > 1

Bj:/ v?(z,n)z* ™ min {(x—xi)z—l—(— L —l—xi)z}% dzdn
Q

i=j—1,j ro—1

J

<c / Pl mat P min {(e = a5)? + (<0 +agat 2 dady,
Q; i=j—1,

where Q; = {z;_1 <z <z;, 0<n<z*}. Similarly,
A< C/ 02 (2, )zt W4 {(z—21)* + (—n+ xlxafl)Q}% dxdn.
Q

Since

(=1 +z;2°71)? < Cl(n — 2§)? + (af — 2;2°71)%],
using the mean value theorem, Lemma 2.T] the fact that z,z; <1, and 1 < a, we

obtain for j > 1
(xf —za )2 < C’ac?ﬁ(o‘*z) (z—1;)% < Cmax{z*@=2 1} (z—1z;)? < 2 %(z—=;)?,

and, hence,

B; < C/ v (@, a0 min {ri(e,n)?}" dedn,
Q, i=j—1,j

where 7;(z,m) = /(z — ;)% + (n — 22)2. Using the fact that A(h) = 6v, and
Lemma B we get

(5.53) B;<C / v (x, n)p? " dxdn.
Q;

Similarly, for j = 1 we have that

(2§ — 212°7Y)? < Cmax{2?@™2 1}z — 21)? < Ca2(z — 1) %
As a consequence,

A<C | WP,z Ly (2,0)? )" dadn.
Q

Let us notice that, for (z,n) € Oy, it is clear that ri(x,n) = p(z,n); then

A<C | vz, n)p(x,n)* " dwdn.
Q4

From the previous inequality, (5.50) and (E53]), we have

/ 7 (2, y)a AW g2 (g, y)dady < /Q v® (2, m) pla, m) > dad.
TL
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Bounds for the first and second derivatives of v follow similarly using the same
ideas given in Lemma 3.1 of [2] and the estimates given above. Therefore, we have

proved that o € Hiﬂi&(h) (T1) and that

o2y < Cllellmnney.

On the other hand, using that % = 0on I'y, it is easy to see that v € Hiﬂfa(h) (Dr),
concluding the proof. O

From the previous lemma we conclude that any &, € H2" () has an extension
®F belonging to HZZZZ(h) (D). Since Dy, is uniformly Lipschitz and the weights
involved belong to the Muckenhoupt class As, we can use Chua’s results [13] with
the same arguments given in [2], and then ®¥ (and hence ®5,) can be extended to

R2. More precisely, there exists a function ®F belonging to

(5:54)  Hy(®) = {o:r 55Dl € L2R?) V8,15 < 2f
such that
(5.55) 1082, xy < Bl

Remark 5.2. The extension result given in (B.53]) agrees with (IH]), in the sense
that when h goes to zero, v, — 0, A(h) — 0, and Q; — Q . We emphasize the
fact that this sort of extension cannot be obtained in a direct way from the results
given in [20] due to the weights involved in the space of functions.

In what follows we will make use of ®F restricted to the domain Ty, (see (ZI7)
and Figure [)). Let us notice that Qp C Ty for any 0 < h, and, for (x,y) € Ty,
we have that mini<;<, r; < mini<;<, d;, and r ~ x. Therefore, we can state the
following result (see (B.46) and Assumption 1).

Lemma 5.3. There exists an extension ®F of ®, (the solution of (5.411)) belonging
to the space
A(h)

H2 0 (T) = {o 1277455 Dy € 12(Ty) ¥8,18] < 2},

where
Ty ={(z,9) eER*:0<y<z 0<z<1}

and p = mini <<, {r;}, with r; = \/(x — ;)% + (y — 25)%. Moreover,
E E
198 N2y < 1Bz @y < Ol = unllzacen.

Lemma 5.4. Let ®), be the solution of [B.AT) and ®F be the extension defined in
Lemma B3l For h small enough we have:

(1) ®F e W2P(Ty) for 1 <p < 1-%4' Moreover,

E E
(5.56) 190 Tw=n(ze) < CI®Y Il gzon

with a constant C independent of h.
(2) V@ua? € WhH(Ty) for B> 251, and s = 2 — € with € > 4~;,. Moreover,
E_B E
(5.57) Ve, 2" |wrs () < C||Pp, ”Hi’ll(h,)(TU)

with a constant C independent of h.
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(3) With 8 and s as in (2), we have that V®Fz’ € L*" (Ty), with s* = 25 =
@. Moreover,

C

E
Lo (Ty) < g”‘bh ||H:—:Z(h)(TU)

(5.58) |[VOEA|

with a constant C independent of h.

Proof. Let us write
/ |U|p:/ |v|pxwpp%$_%p_m
TU TU

for some p < 0%-1 < 2 fixed. Applying Holder’s inequality with exponent 2/p and
its dual exponent we obtain
(5.59)

2—p

/ loP < (/ |v|2x<a71+A<h>>p2wh)f(/ x—rz(a—HA(h))p—i—mh)T.
T Ty Tu

Calling s, = ;Tppfyh, and applying Holder’s inequality again with 1_128} (its dual
1

exponent is 57— ), we have

2Sh
Cplac1tAM)) _ 2p N\ 3P
(5.60) (/ T =rp 2"’%) < L,
Tu

where

2-p(1_9g

I = (/ I*(afHA(h))(z—p)(pm)T(l 25n)
Ty

and

1 (2*17)5}1
_[2 = (/ p_i) .
Tu
_4

Now, since 1 < p < 175, for h small enough we can assume that 1 < p <
and using the fact that A(h) = 6+, one can easily check that

p
@ (1 _2s) ~ 7

which is precisely the condition that implies

4
1+a+14~?

(a =1+ A(h))

L <C
with C' = C(a).
On the other hand, since
(5.61) p> dr,,

where dr, is the distance function to I's, and taking into account that fTU % <C
for any s < 1 (see for instance [15]), we get that fTU p~2 < C. As a consequence,

we have proved that for any function v and 1 < p < m,

a—1+A(h)
[vllLe(ryy < Cllvx™ = p"[|2(1y,)-

Thanks to Lemma 5.3} we conclude that ®F € W2P(Ty;), and (1) follows.
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Our next goal is to prove (2). Take 8 > O‘Tfl; then, for h small enough, we also

have g > w. Let s = 2 — ¢, with € to be chosen below. Following similar
arguments as those of Lemma 4.1 of [2], we have that

D2oF 2P € L27<(Ty).

Indeed, since D2<I>Exﬁp7h € L*(Ty), we can write for fixed e,

2—e €

D2(I>E s,..s8 < DQq)E B Yn 2 2 _2m )\ ?

D@72 < (D* @y 2" p) P ;
Ty T Tu

and the last integral in the previous inequality is finite, taking for instance
(5.62) 4y, < €
and using (561). On the other hand,

VoLt ¢ L2(Ty).

In fact, from (E50), and embedding results for the planar Lipschitz domain Ty,
VoE ¢ LP*(Ty),

with p* = ;Tpp and 1 <p< %_H. Now, by Hélder’s inequality with exponent p* /2
and its conjugate exponent % we get
2(p=1)

2
/ |V<I>E|2x2<ﬁ1>s</ |v<1>fp*>p < / WD/@D) ’
Ty Tu Ty

A straightforward computation shows that the condition for the last integral to be
finite is

p(B-1)/(p—1)+2>0
or, equivalently,

Choose p such that
m < p< —
which is possible since 8 > 271; (2) follows.
The proof of (3) is now direct using the imbedding L* (Tyy) € W (Ty), s* =
22;: = 2(26_6) , the explicit dependence on s of the constant (see the proof of Theorem
1 in [I4] page 277]), and the result obtained in (2).

In fact,
C C
B B E
V@R 2P| o= (1) < m”vq)h 2|l (ry) < :H‘I’h Il r2m (1)
for s = 2 — ¢, with € verifying (5.62]). O
Lemma 5.5. Let Oy, be the solution of (&A41Il). Then there exists a constant C' such
that
V@20 < Chlog(1/h)|[u” — unl L2,
and

1@l 20 < Chllu® —upll2(a,)-
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Proof. Let 3, s, and € > 4y, as in lemma [5.4l Applying Holder’s inequality with

s*/2 = 2;6 and its dual exponent ¢ = — = 22_—;, we have

2 1
(563) / |V(I)h|2 < (/ |vq)}El]|s* lﬁs*)s (/ x—25‘1>q7
Qr\Q Qr\Q Qr\Q

and, therefore, from (3) in Lemma [5.4] we obtain

C i
(5.64) / Vo < 5 1952 ( / w2
Q0 2 T ) (T0) Q\Q

From Lemma we get (observe that the constant given in that lemma remains
bounded when ¢ — 1, and in the present context q = 22_—’266, while € will be chosen
such that € — 0 when h — 0)

c 2
5.65 Vo2 < < |98 )2 2 ha
(5.65) L 7o S G0 e
: 1 2-2¢ __ €
and, since 1T e = 1-35%,
pioes
Vo2 < C ) 1eE )R ., .
[ e < ( : ) LR
Let us now take € = —m. It is clear that for A small enough, € verifies € > 4~y

€

for any choice of y, in (5.44). Taking into account that 1 — 5=

we get by standard arguments

) 2 < 2 2 E 2
(5.66) J T S ORI

~1—%efore—>0,

and the first estimate of the lemma follows from Lemma [5.3]
The estimate for fﬂh\ﬂ |®1,]? follows immediately. Since for p > 1 functions in

W?2P(Ty) are bounded, using (5.56) we can write

|1 < I8 eyl \
Q,\Q
B2 B2
< CIOF s 1\ 9 < CIOF Iy [0\ 2
and the proof concludes using Lemma [5.3] and Lemma 23] O

Now we are ready to obtain error bounds in the L? norm. Mainly due to Lemma
B35 it will not be possible (at least with the present approach; see Remark [3.T])
to improve the logarithmic factor logh in the estimates. For this reason, in the
intermediate computations we will replace terms such as h™, with r, given by

B42), by C/log(1/h)h. This can be done thanks to the bound

(5.67) " < Cy/log(1/h)h,
that holds for r,, ~ 1 — Ch® with any 0 < s < 1, as one can easily check from the

fact that

lim A" = 1.
h—0

Our next goal is to obtain error estimates in L?(£y,).
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Theorem 5.1. Let u be the solution of ([L2) and up be the solution of (LA).
Assume o < 3 and f € L*(R?). Then,

[u® = unllr2(,) < CR*log(L/M)| fllL2(0) + ORI fll2@0\0)-

Proof. Let e = u” — uy, and @), be the solution of (B.41]). We have that
(5.68)

/ e? = / (—Ady)e = V®,Ve = V(®y, —11®,)Ve+ [ V(II®y)Ve.
Qh Qh Qh Qh Qh,
From (L2) and (T4) we get

VeVv = / Vulvy — / fv Yv eV,
Qn Q\Q Q\Q

Hence,

2 _ _ E _
(5.69) /Qhe /Q V() chh)veJr/Qh\Q VuP Vv (11,) /Qh\ﬂ F(IID,).

From standard estimates for the Lagrange interpolation using finite triangular ele-
ments verifying the maximal angle condition, and (5.67), we get

V(@ — @) L2,y < CA ™| Pall grrn ) < Chy/1og(L/ ) Pwl| grisrn ()5
which under Assumption 1 for (5:45) yields

(5.70) V(@5 — )| L2(0,) < Chy/log(1/h)]|e]| L2(q,)-
Therefore, the first term of (B.69)) can be bounded using Theorem F1] Indeed,

(5.71) V(® — 1) Ve
Qp

< Ch/log(17h) { /1B L)1 20 + BT [l 2 } el

For the second term in (5:69), using the estimates given in Lemma 27 and (I3),
we know that

/ VuP vV (11d;,)
Qp\Q

< Chy/log(1/R)|| fll 2@ {IIVII®y — @p)[[L2(\0) + IV L2(0)\0) }-
Using (B.70), Lemma 5.5 and Assumption 1 for (543]), we get

6 [ ) < OR s/l
Qp\Q

Therefore, we only have to estimate the third term in (E.69]),

(5.73) /Q e - /Q RSO /Q L

Now, L? interpolation error estimates give
[T®), — @4 120,y < CHT @] grvm ()
and then, (0430 with Assumption 1 and (B.67) give

/Q T = 21) < R Aog (UM el sl
h
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Now, for the second term in (573, by using Lemma we have
(5.74) / fen < Chfllzzunollellzz(o,)-
Qp\Q

So, from (&69), (G171, (B72) and (7)) we get the estimate of the theorem,

taking into account that the term arising from (&7T]),

2
RS\ /log(1/R)|| fll 2(0u\0)»

is bounded, up to a multiplicative constant, by the term

Al fll L2\
given in (5.74]). O

6. NUMERICAL EXAMPLES
Now we show that meshes verifying hypotheses (1)-(3) and (Ha)-(Hb) can be
constructed by the same method given in [2].
(1) Introduce the partition of the interval (0,1) given by

_2
_ .7 3—a O< <

(2) Take the points (z;,0) in I'1, (z;,2§) in I's, and, for j > 1, divide each of
the vertical lines {(x;,y) : 0 <y < 2§} uniformly into subintervals such
that each of them has length ~ z; —x;_;.

Figure [Bl shows an example of one of these meshes.

FIGURE 5. Graded mesh with o =2 and n =3

We observe that is clear that the meshes constructed in this way satisfy hypothe-
ses (1), (2), (3) and (Ha). Moreover, these meshes satisfy the additional condition
(Hb). Indeed, the first triangle T; has vertices (0,0), (z1,0) and (21, z$), and so
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the triangle 7} has vertices (%,0), (21,0) and (z1, ﬁ) Then, in order to check

that this triangle does not intersect Q,IL, we analyze the function

T1

a—1 _
(&=

glw) = a® — af ).
Hence, the hypothesis holds if we prove that g(z) > 0 for 0 < & < z1. An easy
calculation shows that g is convex and has a minimum in z* = —%— and

(11 1
g(I ):Il §+ o T 1 )
oa—1 a1

which is positive for 1 < o < 3.

Similar arguments can be used for the rest of the triangles T}, 2 < j < n.

If N is the number of nodes in the partition 7y, it can be proved that h? ~ 1/N
[15, page 393], [2I]. Therefore, if f is assumed to be zero outside €2, we have the
following error estimate in terms of the number of nodes:

aa—1

log N
lu —unL2) < C N Il L2

Observe that this estimate is quasi-optimal. Indeed, up to the logarithmic factor,
the order with respect to the number of nodes is the same as that obtained for a
smooth problem using quasi-uniform meshes.

We end this section by considering the same example presented in [2]. Here,
we compare the L? order obtained by using uniform and graded meshes. Let us
notice that we take a non-homogeneous Neumann condition, for which we know
the analytical solution, and hence, the exact error. However, similar results are
obtained for the same source term f taking g = 0 and by computing an estimated
order of convergence from successive refinements.

Example 6.1. Consider the problem (1) with
flz,y) =s(s—1)(1+y?/2)z" 2 +2° — 1

and
—sat® ST (1 4+ 429 /2) + (1 — %)t
1+ a2t2(e—1)

g(t,t%) =

Then, the solution is
u(z,y) = (1—2°)(1+y%/2),

and an easy calculation shows that u € H?(Q) whenever s > 352

We solve this using quasi-uniform meshes and graded meshes. Table 1 and Table
2 show the order of the error in the L? norm, in terms of the number of nodes and in
terms of the mesh size for both kinds of meshes. Although the solution is in H?(12),
for all the values of s considered, the order of convergence is not optimal when quasi-
uniform meshes are used. On the other hand, the optimal order of convergence is
recovered by using appropriate graded meshes according to our theoretical results.
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TABLE 1. L? order using quasi-uniform meshes for oo = 2

value of s | order in number of nodes | order in A
0.55 0.769 1.497
0.6 0.785 1.528
0.65 0.801 1.561
0.7 0.820 1.597
0.75 0.842 1.640
0.8 0.869 1.693
0.85 0.904 1.761
0.9 0.949 1.847
0.95 1.001 1.951

TABLE 2. L? order using graded meshes for o = 2

value of s | order in number of nodes | order in A
0.55 1.090 2.024
0.6 1.086 2.018
0.65 1.084 2.013
0.7 1.081 2.009
0.75 1.080 2.006
0.8 1.078 2.003
0.85 1.077 2.001
0.9 1.076 1.999
0.95 1.076 1.999
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