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Precise QCD Predictions for Higgs Production at 
the LHC 

Daniel de Florian 

Dpto. de Fisica, FCEyN-UBA, Buenos Aires, Argentina 

Abstract. The status of QCD corrections to Higgs boson production in hadronic colliders is sum
marized. Results are presented for the transverse momentum distribution at the LHC including the 
resummation of the dominating logarithmic contributions to all orders in the coupling constant. 

HIGGS PRODUCTION AND QCD 

The search for the Higgs boson is among the highest priorities of the LHC physics 
program [ 1 ]. A significant amount of work has been devoted not only to build and design 
new accelerators and detectors but also to refining the necessary theoretical predictions 
for the various Higgs production channels and the corresponding backgrounds. 

Actually during the last decades, there has been an impressive improvement in per-
turbative QCD calculations. Several observables have been computed to next-to-leading 
order (NLO) accuracy and, forced by the precision achieved by the experiments, a great 
effort is being performed in order to reach the same status at one order higher, NNLO. 

For Higgs production, a full NNLO calculation is very complicated since it means 
counting, among other things, with a two-loop contribution on top of the heavy-quark 
loop coupling to the Higgs at the lowest order. Nevertheless, a great simplification can 
be achieved in the large-M^ approximation (Mt being the mass of the top quark), where 
the effective Lagrangian 

J?ggH = -^C(as)G%GZv (1) 

involving only a gluon-gluon-Higgs vertex, as depicted in Figure 1 can be introduced. 
The LO cross section factors out the dependence on the top mass and the Wilson 

P „, C(oc) 

1 \ ' u 
Q P> H 
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FIGURE 1. Hgg vertex in the large-M( approximation 

coefficient C(as) is known up to as
5 [3, 4]. 
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While the approximation is in principle expected to be accurate only for low Higgs 
masses, it has been found excellent to compute the relative contribution of the higher 
order QCD corrections, within a few percent. Within this approach, NNLO results for 
Higgs boson production in hadronic colliders have been obtained first for the total rate 
[5], and more recently for fully exclusive distributions [6]. Higher order contributions are 
found to be quite large for the total cross-section, with NLO corrections as large as the 
Born contribution and a non-negligible but more moderate increase at the NNLO level. 
For less inclusive observables, like the transverse momentum distribution, the size of the 
corrections can be drastically large, at the point of completely spoiling the perturbative 
expansion. 

This is actually a general feature in perturbative QCD: for some observables, at 
least under certain extreme kinematical conditions, fixed order expansions in the strong 
coupling constant as are bounded to fail. In order to have a reasonably convergent series, 
not only the coupling constant should be small, but also the higher order coefficients 
should be of 0(1)• A problem related to the last condition usually occurs in processes 
involving two or more energy scales at the boundaries of the phase space, where the 
scales take very different values. Typically a fixed order expansion for a cross section 
<T = (% + f i « s + f2«j2 + - ) depends on coefficients which contain terms proportional 
to logarithms of the energies involved % ~ log™ I 1 with m < 2n - 1. 

When E\ ~ E2~> A the coefficient is not affected by the presence of the logs &n ~ 
&{l)) and, at the same time, the coupling constant (evaluated at any of the scales) is 
small enough such that the pQCD series can converge. 

On the other hand, if one of the scales is much smaller than the other, the large logs 
in the coefficients can spoil the convergence of the expansion no matter how small as 

is, since the power of the logarithms grows twice as fast as the power of the coupling 
constant. The origin of these large logarithmic contributions is well known; they arise 
due to an non-complete cancellation of infrared singularities between real and virtual 
contributions due to restrictions in the emission of particles in the boundaries of phase 
space. The appearance of double logs is just related to the fact that the singularities can 
arise due to both collinear and soft gluon radiation. 

Typical examples of processes affected by such a problem are the threshold region 
for inclusive processes, like Drell-Yan, Higgs and event shape observables in e+e~ and 
the production of high mass systems with small transverse momentum in hadronic colli
sions. As an example of the serious consequences of the appearance of large logarithmic 
contributions, we show in Figure 2 the LO and NLO transverse momentum distributions 
of the Higgs boson with MH =125 GeV at the LHC. While at small qr the LO cross 
section increases without limit, diverging to +°°, the NLO becomes negative pointing 
to — oo, showing that the fixed order expansion makes no-sense at all at small transverse 
momentum. 

In order to allow for a precise QCD description for such a process, the large logarithms 
should be resummed to all orders in as- The situation is depicted in Table 1. There, 
a fixed order calculation corresponds to adding all possible terms corresponding to a 
given file, i.e. to a fix power of the coupling constant. When the logarithm involved in 
the process is large, say when as log ~ 1, each term in a file below the one considered 
can be larger by a factor of log ~ l/ccs than the one evaluated at the previous order, 
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FIGURE 2. LO and NLO Higgs qT distribution 

150 

TABLE 1. Structure of fixed order and resummed contributions 
^ («s ) LO 

e{al) NLO 

0(ug)N...LO 

even though they seem to be formally as suppressed! On the other hand, if all terms in 
a given column are added, the next column to the right contains terms that are actually 
1/log ~ as suppressed, allowing to define a convergent expansion (if those terms can 
be summed to all orders). 

The resummation can be formally achieved for a certain type of observables by 
showing that the large logarithms exponentiate in a Sudakov form factor such that the 
cross section can be written as a ~ C(as) exp{Sf (as,log)} Obom plus non-logarithmic 
contributions. 

The Sudakov exponent is then organized according to its logarithmic accuracy; at 
leading-logarithmic accuracy(LL) only the highest power of the logarithm is included 
(a<? log"+1). The second tower of logarithms in the Sudakov exponent a§ log" are taken 
into account at next-to-leading-logarithmic accuracy (NLL) and so on. 

Since the resummation is relevant in the region where the logarithms are large and, on 
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the other hand, the fixed order expansion is valid in the opposite kinematical region, it is 
convenient to match both predictions in order to count with the most general description 
of a given observable. The matching has to be done in a consistent way in order to avoid 
double counting. This is achieved by defining the matched cross-section as 

amatch = areS + af.o.(<) _ <7™_(e?) (2) 

i.e., adding the fixed order and resummed cross-section and subtracting the fixed order 
expansion of the resummed contribution, which has the same small qr limit as the fixed 
order contribution, therefore rendering a finite matched cross-section. 

TRANSVERSE MOMENTUM DISTRIBUTIONS 

An example were the resummation of the large logarithms is mandatory corresponds to 
the production of a Higgs boson with small transverse momentum, where the scales are 
the transverse momentum qT and the mass of the Higgs MH. 

In this contribution we focus on the dominant SM Higgs production channel, gluon-
gluon fusion. When the transverse momentum qT of the Higgs boson is of the order 
of its mass MH, the perturbative series is controlled by a small expansion parameter, 
as(Mfj), and the fixed order prediction is reliable. The leading order (LO) calculation 
[7] shows that the large-M^ approximation works well as long as both MH and qr are 
smaller than Mt. In the framework of this approximation, the NLO QCD corrections 
have been computed [8, 9, 10, 6]. 

The smaller region (qr <C MH) is the most important, because it is here where the 
bulk of events is expected. In this region the convergence of the fixed-order expansion 
is spoiled, since the coefficients of the perturbative series in ocs(MH) are enhanced 
by powers of large logarithmic terms, lnm (MH/qj.). To obtain reliable perturbative 
predictions, these terms have to be systematically resummed to all orders in as as 
discussed in the previous section. 

According to the QCD factorization theorem the corresponding transverse-
momentum differential cross section1 ddp/dqj- can be written as 

-pr (qT,M,s)=Y,J dxi j dx2 fa/hl (*i, \iF) fhjh% (x2, \iF) —p£-(qT,M, s; ccs(/x|)), 

(3) 
where fa/h(x^F) (fl = QfiQfiS) sre the partem densities of the colliding hadrons at 
the factorization scale jiF, d&pab/dq^ are the partonic cross sections, S = x\x2s is the 
partonic centre-of-mass energy, and JIR is the renormalization scale. 

To correctly enforce transverse-momentum conservation, the resummation has to be 
carried out in b space, where the impact parameter b is the variable conjugate to qj- The 
resummed component of the partonic transverse-momentum cross section in Eq. (3) is 

To be precise, when the system F is not a single on-shell particle of mass M, what we denote by 
d&p/dqj is actually the differential cross section ddp/dM2dqT. 
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then obtained by performing the inverse Fourier (Bessel) transformation with respect to 
the impact parameter b. We write 

f°° b 
/ db-J0(bqT)Wjb(b,M,S;as(^)), (5) 
Jo 2 

where /o(x) is the Oth-order Bessel function. 
The perturbative and process-dependent factor W^b embodies the all-order depen

dence on the large logarithms lnM2b2 at large b, which correspond to the ^r-space 
terms lnM2/qj. that are logarithmically enhanced at small qj (the limit qj <C M cor
responds to Mb ~> 1, since b is the variable conjugate to qr)- Resummation of these 
large logarithms is better expressed by defining the JV-moments W^ of W with respect 
to z = M2/s at fixed M: 

WalN(b,M;as(v2R)) = f'dzz"-1 Wa
F

h(b,M,$ = M2
H/z;as(Li2

R)). (6) 
Jo 

The logarithmic terms embodied in W^ N are due to final-state radiation of partons 
that are soft and/or collinear to the incoming partons. Their all-order resummation can be 
organized in close analogy to the cases of soft-gluon resummed calculations for hadronic 
event shapes in hard-scattering processes and for threshold contributions to hadronic 
cross sections. We write 

#tf(b,M;as(n%),nlnJ) = Jtfi (M,as(^);M2/^lM2/^2,M2/Q2) 

xexp{^v(as(JuI),L;M2/Ju|,M2/(22)} , (7) 

The function J0ff does not depend on the impact parameter b and, therefore, it contains 
all the perturbative terms that behave as constants in the limit b —> °°. The function 
Sf includes the complete dependence on b and, in particular, it contains all the terms 
that order-by-order in as are logarithmically divergent when b —• °°. This factorization 
between constant and logarithmic terms involves some degree of arbitrariness, since 
the argument of the large logarithms can always be rescaled as lnM2&2 = lnQ2&2 + 
lnM2/Q2, provided that Q is independent of b and that lnM 2 /Q 2 = &(1) when&M> 1. 
To parametrize this arbitrariness, on the right-hand side of Eq. (7) we have introduced 
the scale Q, such that Q ~ M, and we have defined the large logarithmic expansion 
parameter, L, as 

Q2b2 

L = l n ^ - , (8) 

where the coefficient bo = 2e~yE (JE = 0.5772... is the Euler number) has a kinematical 
origin. 

, ~ (res.) 

-gfM^M^asGuI)) 
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Finally, the Sudakov form factor is given by 

Jb, 2 Ibllb^ q 

where A (as) and BN(OCS) are perturbative functions 

' a s \ 2 A(2\ , ( as \ 3 

A(as(q
2)) \n — +BN(as(q

2)) 

(9) 

The coefficients A^"' and By, free of large logarithms, are related to the customary 
coefficients of the Sudakov form factors and of the partem anomalous dimensions. 

In the case of the Higgs boson, the calculation of the coefficients needed to perform 
the resummation has been explicitly worked out at leading logarithmic (LL), next-to-
leading logarithmic (NLL) [13], [14] and next-to-next-to-leading logarithmic (NNLL) 
[15] level. 

In the following we present predictions for the Higgs boson qr distribution at the 
LHC within the formalism described above. In particular, we include the most accurate 
description that is available at present: NNLL resummation at small qr and NLO calcu
lation at large qr- An important feature of our formalism is that a unitarity constraint on 
the total cross section is automatically enforced, such that the integral of the spectrum 
reproduces the known inclusive results at NLO [17] and NNLO [5]. More details can be 
found in Refs. [18] and [19]. 

For the sake of brevity we concentrate on the quantitative results at NLL+LO (re-
summed+fixed order) and NNLL+NLO accuracy. At NLL+LO (NNLL+NLO)the NLL 
(NNLL) resummed result is matched to the LO (NLO) perturbative calculation valid at 
large qr- As for the evaluation of the fixed-order results, the Monte Carlo program of 
Ref. [8] has been used. The numerical results are obtained by choosing MH =125 GeV 
and using the MRST2002 set of partem distributions [21 ]. At NLL+LO, LO partem densi
ties and 1-loop as have been used, whereas at NNLL+NLO we use NLO partem densities 
and2-loop as-

The NLL+LO results at the LHC are shown in Fig. 3. In the left panel, the full 
NLL+LO result (solid line) is compared with the LO one (dashed line) at the default 
scales JIF = J1R = MH- We see that the LO calculation diverges to +°° as qr —»• 0 while 
the matched cross-section remains finite in the same limit. The effect of the resummation 
starts to be relevant below qj ~ 100 GeV. In the right panel we show the NLL+LO band 
obtained by varying jip = JIR between \/2MH and 2MH • 

The corresponding NNLL+NLO results are shown in Fig. 4. In the left panel, the full 
result (solid line) is compared with the NLO one (dashed line) at the default scales JIF = 
JIR = MH. The NLO result diverges to — °° as qr —>• 0 and, at small values of qr, it has 
an unphysical peak that is produced by the numerical compensation of negative leading 
and positive sub-leading logarithmic contributions. Notice mat at qr ~ 50 GeV, the qr 
distribution sizably increases when going from LO to NLO and from NLO to NLL+LO. 
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FIGURE 3. LHC results at NLL+LO accuracy. 

This implies that in the intermediate-^ region there are important contributions that 
have to be resummed to all orders rather than simply evaluated at the next perturbative 
order. The qj distribution is (moderately) harder at NNLL+NLO than at NLL+LO 
accuracy while the height of the NNLL peak is a bit lower than the NLL one. This 
is mainly due to the fact that the total NNLO cross section (computed with NLO parton 
densities and 2-loop as), which fixes the value of the qr integral of our resummed result, 
is slightly smaller than the NLO one, whereas the high-^r tail is higher at NNLL order, 
thus leading to a reduction of the cross section at small qr- The resummation effect 
starts to be visible below qr ~ 100 GeV, and it increases the NLO result by about 40% 
at qj = 50 GeV. The right panel of Fig. 4 shows the scale dependence computed as 
in Fig. 3. Comparing Figs. 3 and 4, we see that the NNLL+NLO band is smaller than 
the NLL+LO one and overlaps with the latter at # r < 100 GeV. This suggests a good 
convergence of the resummed perturbative expansion allowing to reach a theoretical 
accuracy of the order of 10% for Higgs boson production at the LHC. 
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