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Abstract

Zero-range processes with jump rates that decrease with the number of particles per site can exhibit a
condensation transition, where a positive fraction of all particles condenses on a single site when the total
density exceeds a critical value. We consider rates which decay as a power law or a stretched exponential
to a non-zero limiting value, and study the onset of condensation at the critical density. We establish a
law of large numbers for the excess mass fraction in the maximum, as well as distributional limits for the
fluctuations of the maximum and the fluctuations in the bulk.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

The zero-range process is one of the interacting particle systems introduced in the seminal
paper [26]. The process has unbounded local state space, i.e. there is no restriction on the number
of particles per site, and the jump rate g(n) at a given site depends only on the number of particles
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n at that site. This simple zero-range interaction leads to a product structure of the stationary
measures [1,26] and further interest was initially on the existence of the dynamics under general
conditions [1] and on establishing hydrodynamic limits. These questions have been successfully
addressed in the case of attractive zero-range processes when g(n) is a non-decreasing function,
and results are summarized in [23]. For such processes with additional space dependence of the
rates gy, there is also a number of rigorous results regarding condensation on slow sites [2,18,24].

More recently, there has been increasing interest in zero-range processes with spatially
homogeneous jump rates g(n) decreasing with the number of particles. This results in an effective
attraction of the particles and can lead to condensation phenomena. A generic family of models
with that property has been introduced in the theoretical physics literature [14], with asymptotic
behaviour of the jump rates

b
g(n):l+n—)\ asn — oQ. (1.1)

For A € (0,1), b > 0 and for A = 1, b > 2 the following phase transition was established
using heuristic arguments: If the particle density p exceeds a critical value p., the system
phase separates into a homogeneous background with density p. and a condensate, a single
randomly located lattice site that contains a macroscopic fraction of all the particles. This type of
condensation appears in diverse contexts such as traffic jamming, gelation in networks, or wealth
condensation in macro-economies, and zero range processes or simple variants have been used
as prototype models to explain these phenomena (see [15] for a review).

The existence of invariant measures with simple product structure makes the problem math-
ematically tractable. Jeon, March and Pittel showed in [22] that for some cases of zero-range
processes the maximum site contains a non-zero fraction of all the particles. Condensation has
been established rigorously in [21] by proving the equivalence of ensembles in the thermody-
namic limit, where the lattice size L and the number of particles N = N (L) tend to infinity such
that N/L — p. This implies convergence of finite-dimensional marginals of stationary measures
conditioned on a total particle number N, to stationary product measures with density p in the
subcritical case p < p., and with density p. in the supercritical case p > p.. In the latter case
the condition on the particle number is an atypical event which is most likely realized by a large
deviation of the maximum component, and the problem can be described as Gibbs condition-
ing for measures without exponential moments. It turns out (cf. [3]) that a strong form of the
equivalence holds in the supercritical case, which determines the asymptotic distribution of the
particles on all L sites. A similar result has been established in [17] on a lattice of fixed size L
in the limit N — oo, and the local equivalence of ensembles result was generalized to processes
with several particle species in [20]. More recent rigorous results address metastability for the
motion of the condensate [5,6].

In this paper we study the properties of the condensation transition at the critical density p.
for the processes introduced in [14] with rates (1.1), to understand the onset of the condensate
formation. We consider the thermodynamic limit L, N = N(L) — oo where N/L — p,,
with the excess mass N — p.L is on a scale o(L). Our results are formulated in Section 2.2
and provide a rather complete picture of the transition from a homogeneous subcritical to
condensed supercritical behaviour. It turns out that the condensate forms suddenly on a critical
scale N — p.L ~ Ay, which is identified in Theorems 2.1 and 2.3 to be

oy (b—3)LlogL forr=1,b>3 and

e (02L) T for A € (0,1), b > 0.

(1.2)
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Our results imply a weak law of large numbers for the ratio My /(N — p.L) where M| is the max-
imum occupation number, which is illustrated in Fig. 1. The ratio exhibits a sudden jump from
0 to a positive value when the excess mass reaches the critical size Ay . At this point both values
can occur with positive probability depending on sub-leading orders of the excess mass, which
is discussed in detail in Section 2.3. For A = 1 the full excess mass is concentrated in the max-
imum right above the critical scale. On the other hand, for A € (0, 1) the excess mass is shared
between the condensate and the bulk, and the condensate fraction increases from 24 /(1 + A) to
1 only as (N — p.L)/A; — oo. Theorem 2.5 provides results for the bulk fluctuations, which
imply that the mass outside the maximum is always distributed homogeneously and the system
typically contains at most one condensate site. Theorems 2.1 and 2.3 also cover the fluctuations
of the maximum, which change from standard extreme value statistics to Gaussian. This is com-
plemented by Theorems 2.2 and 2.4 on downside deviations, which give a detailed description
of the crossover to the expected Gumbel distributions in the subcritical regime (o < p.), where
the marginals have exponential tails. In [16] the fluctuations of the maximum for A = 1 were
observed by the use of saddle point computations to change from Gumbel (p < p.), via Fréchet
(p = pc), to Gaussian or stable law fluctuations (p > p.), raising the question on how the
transition between these different regimes occurs. Our results around the critical point provide
a detailed, rigorous answer to that question, covering also the case A € (0, 1). We use previous
results on local limit theorems for moderate deviations of random variables with power-law dis-
tribution [13] for the case A = 1, and stretched exponential distribution [25] for A € (0, 1). In
the latter case we can also extend the results for p > p. (Corollary 2.6) to parameter values that
were not covered by previous results [3].

In general, the onset of phase separation and phase coexistence at the critical scale is a clas-
sical question of mathematical statistical mechanics. This has been studied for example in the
Ising model and related liquid/vapour systems in [8,9], where a major point is the shape of criti-
cal ‘droplets’. Here we treat this question in the case of zero-range condensation, where the main
mathematical challenges are related to subexponential scales and a lack of symmetry between
the fluid and condensed phase. The condensate turns out to always concentrate on a single lat-
tice site (even at criticality), and contains a positive fraction of the excess mass. In contrast to
liquid/vapour systems, this fraction is not ‘universal’, but depends on the system parameter A
(see also discussion in Section 2.3). From a mathematical point of view, the analysis includes in-
teresting connections to extreme value statistics and large deviations for subexponential random
variables, which in itself is an area of recent research interest (see [12,4] and references therein).
Our results also provide a detailed understanding of finite-size effects and metastability close to
the critical point, which are important in applications such as traffic flow and granular clustering
(see [10] and references therein).

2. Definitions and results
2.1. The zero-range process and condensation

We consider the zero-range processes on a finite set Ay of size L. Given a jump rate function
g: No=1{0,1,2,...} + [0,+00) such that g(n) = 0 & n = 0 and a set of transition
probabilities p(-, -) on Ay x Ay, a zero range process is defined as a Markov process on the state

AL . .
space X = Ny* of all particle configurations

n=@y:x€AL), 2.1
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Fig. 1. Illustration of the law of large numbers for the excess mass fraction Nf/IL[ 7 in the condensate on the critical scale

Ay (1.2). For A = 1 the results are given in Theorem 2.1 ((2.22) and (2.24)) and for A € (0, 1) in Theorem 2.3 ((2.33)
and (2.35)). The behaviour at 1 depends on the sub-leading terms in the excess mass, as detailed in (2.20) and (2.37).

where 1, € Ny is the local occupation number at site x. The dynamics is given by the generator

LEm= Y gm)pE »(for") - fm) 22)
x,yeA
. . x nx — 1, z=x and nx >0
using the notation nz’y =+l z=yandn >0
Nz, otherwise.

For a technical discussion of the domain of test functions f of the generator and the
corresponding construction of the semigroup we refer to [1]. The practical meaning of (2.2) is
that any given site x looses one particle with rate g(n,) and this particle then jumps to site y with
probability p(x, y). To avoid degeneracies p(x, y) should be irreducible transition probabilities
of a random walk on Ay. This way, the number of particles is the only conserved quantity of
the process, leading to a family of stationary measures indexed by the particle density. In the
following we are interested in the situation where these measures are spatially homogeneous.
This is guaranteed by the condition that the harmonic equations

> pxyie =4y yeApL 2.3)

)CEAL

have the constant solution A, = 1, and by the irreducibility of p(x, y) this implies that every
solution is constant. This is for example the case if Ay is a regular periodic lattice and p(x, y)
is translation invariant, such as A; = Z/LZ and p(x,y) = &y x4 for totally asymmetric or
px,y) = %‘sy,x-i-l + %ay,x—l for symmetric nearest-neighbour hopping.

It is well known (see e.g. [1,26]) that under the above conditions the zero-range process has
a family of stationary homogeneous product measures vg. The occupation numbers n, are i.i.d.
random variables with marginal distribution

1 ; = 1
p¢[nx = n] = ——w)¢" where w(n) =

—_— 2.4
@) e @9
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The parameter ¢ of the stationary measures is called the fugacity, and the measures exist for all
¢ > 0 such that the normalization (partition function) is finite, i.e.

2(¢) =) w(n)¢" < oo. 2.5)

n=0
The particle density as a function of ¢ can be computed as
R(¢) :==E"[n,] = ¢ 95 log z(¢), (2.6)

and turns out to be strictly increasing and continuous with R(0) = 0.
In this paper we consider the family of models introduced in [14], where the jump rates have
asymptotic behaviour

b
gn) ~1+ vy asn — 00, 2.7

with b > 0 and A € (0, 1]. In (2.7) and hereafter we use the notation a, >~ b, as n — oo if
lim,—  a, /b, = 1. We will also write a,, ~ b, as n — oo if there is a constant C > 1 such
that C~! < a, /b, < C for sufficiently large n. With (2.4) this definition of jump rates leads to
stationary weights with asymptotic power law decay

wn) ~ Cin~? forr=1, (2.8)

and stretched exponential decay

w(n) ~ Cy exp(— nH> for 4 € (0, 1), (2.9

1—A
with constant prefactors Cj.

In the second case the distributions (2.4) are well defined for all ¢ € [0, 1] with finite maximal
(critical) density

pe = R(1) < 00 (2.10)
and finite corresponding variance
o2 =E"[n?] - p? < . (2.11)

If A = 1 the corresponding variance is finite if » > 3, which we will assume hereafter. The case
2 < b < 3is not covered by our main results, and we discuss it shortly in Section 2.3. In general,
(2.9) also contains terms of lower order nl=** k > 2 in the exponent, which may contribute to
the asymptotic behaviour for A € (0, 1/2] depending on the subleading terms in the jump rates
(2.7). To avoid these complications when A < 1/2, we focus on processes with rates (2.7) for
which (2.9) holds. The simplest way to meet this condition is to choose g(n) = w(n — 1)/w(n),
n > 1, with w(n) as in the right hand side of (2.9) with C = 1.

It has been shown in [14,21] that when the critical density is finite the system exhibits
a condensation transition that can be quantified as follows. Since the number of particles is
conserved by the microscopic dynamics for each N € N, the subspaces

Xpnv={neXr:S.) =N} whereSL()= ) n (2.12)

XEAL



1. Armendadriz et al. / Stochastic Processes and their Applications 123 (2013) 3466—-3496 3471

are invariant. The zero range process is irreducible over each of these subspaces and the unique
invariant measure supported on X, y is given by

pL.N =vg[- ISL = NJ. (2.13)

It is not hard to see that the measures puz ny are independent of ¢ on the right hand side.
A question of interest is the convergence of the measures py n in the thermodynamic limit
L,N =N(L) - oo, N/L — p. This is answered by the equivalence of ensembles principle,
which states that in the limit the measures .,y locally behave like a product measure vy for a
suitable ¢. Note that when p < p. there exists a unique ¢ = ¢ (p) such that p = R(¢), whereas
if p > p. no such ¢ exists. The equivalence of ensembles precisely states that if f is a cylinder
function, i.e. a function that only depends on the configuration 1 on a finite number of sites, then

uLN[f] = ve[f]. (2.14)
provided that (see [20] and Appendix 2.1 in [23])

R(@)=p and f € Lz(v¢) for p < p. and
¢ =¢.=1 and f bounded for p > p,. (2.15)

The behaviour described above is accompanied by the emergence of a condensate, a site which
contains O (L) particles. If p < p. one can easily check that the limiting measures vy, have fi-
nite exponential moments and the size of the maximum component My (7) = max,c 4, 7y is typ-
ically O(log L). If on the other hand p > p. it has been shown in [22] for the power law case that

1
ZMLM,O—,OC. (2.16)

The notation in (2.16), which we also use in the following, denotes convergence in probability
w.r.t the conditional laws py, n,i.e.

1
ZML —(p—pc)

LN [ > ej| — 0 foralle > 0. (2.17)
Eq. (2.14) has been generalized in [3] for p > p. to test functions f depending on all sites but
the maximally occupied one, and Eq. (2.16) is proved for stretched exponentials of the form (2.9)
with A > 1/2, as well. An immediate corollary is that the size of the second largest component is
typically o(L), which implies that the condensate typically covers only a single randomly located
site.

2.2. Main results

In the following we study the distribution of the excess mass in the system at the critical point
to fully understand the emergence of the condensate when the density increases from sub- to
supercritical values. We consider the thermodynamic limit

L,N=N(L) > o0, N/L— pcie.|N — p.L|=o0(L), (2.18)

and the excess mass is on a sub-extensive scale. For simplicity of notation we often denote this
limit simply by limj _, . Our first theorem on the power-law case (2.8) relies on a result of Doney
(Theorem 2 in [13]) for the estimation of vy, [S L =N ] Precisely, for z := (N—p.L)/ VL — o0,
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we get

Y
[ = N = S e 3 (1 0(D) + Lo [ = [VE] (1 00). 219)

It turns out that when N — p.L is close to the typical scale VL (case (a) in the theorem below)
the first term of the sum dominates the right hand side of (2.19) and the excess mass is distributed
homogeneously among the sites. On the other hand, when N — p.L is large enough (case (b))
it is the second term that dominates the right hand side of (2.19) and this implies the existence
of a condensate that carries essentially all the excess mass. Finally, there is an intermediate scale
(case (c)) where the two terms are of the same order and both scenarios can occur with positive
probability.

Theorem 2.1 (Upside Moderate Deviations, Power Law Case). Let A = 1 and b > 3, so that

02 < oo. Assume that N > p.L and define y; € R by

b loglog L
N:pCL+a\/(b—3)LlogL<1+ g0, M ) (2.20)

2(b—3) logL log L

(a) If yr — —oo the distribution under |1, of the maximum My, is asymptotically equivalent
to its distribution under vy, . Precisely, for all x > 0 we have in the limit (2.18)

) My ) M Apx!=?
lim pup N — <x|= lim vy, <x|=expy— . (2.21)
L—o0 ’ Lo=T L—o0 LT b—1
. . 1 My KL.N
In particular, if N — pcp, > Lb-1 then — 0. (2.22)
N — p.L

®) If yo — 400 the normalized fluctuations of the maximum around the excess mass under
WL, N converge in distribution to a normal r.v.,

My — (N — pcL) HLy

N, 1). (2.23)
Lo?
M
In particular, L ey, (2.24)
N — p.L

(©) If yo — v € R we have convergence in distribution to a Bernoulli random variable,

My py
L Y Bep,), 2.25
N — pcL e(py) (2.25)

where p, € (0, 1) is such that p, — 0 (1), as y — —00 (+00). An explicit expression for p,
is given in (3.20) and (3.21) in the proofs section.

The next result connects the fluctuations of the maximum to the extreme value statistics
expected in the subcritical regime.
Theorem 2.2 (Downside Moderate Deviations, Power Law Case). Let . = 1 and b > 3 and
define 0 < wy, < LY/®=D py

b—

N = p.L —w oL, (2.26)

[N
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(@) If o — O the distribution under ju1, N of the maximum My, is asymptotically equivalent to
its distribution under vy . Precisely, for all x > 0 we get in the limit (2.18)

[ My, ] Alxlib
ML.N — <x|—>expy— . 2.27)
| 15—1 | b—1
(b) If wp — @ > 0 then there exists a positive constant v such that for all x > 0
(M 1 o0 dt
WL,N IL <x|—exp —A1/ e”—b} ) (2.28)
L [ b—T | X t
(©) If wp — oo then there exist sequences By — oo and s; = %(1 + o(1)) with
Brs; — oo, such that for all x € R
M; — B
prn | 2 < x| = exp{—e™"). (2.29)
’ 1/st

We return to a more detailed discussion of these results in Section 2.3 after stating the results
for the stretched exponential tail (A < 1). For this case the counterpart of estimate (2.19) was
obtained by A.V. Nagaev in [25], and is summarized in Theorems 1-5 in the Appendix. The size
of the maximum is also discussed in the same article (Remarks 1-5 in the Appendix). In fact, a
careful reading of his proofs reveals that Eq. (2.34) below is already contained there.

Theorem 2.3 (Upside Moderate Deviations, Stretched Exponential Case). Let A € (0, 1) and
1
= (1+ A)(Z)\)_ﬁ (%) " Assume that N > pcL and define t;, > 0 by

N = poL + 1, (02 L) . (2.30)

(a) If limsupt;, < cy the distribution under pup y of the maximum M| is asymptotically
equivalent to its distribution under vy, . Precisely, there exist sequences yy , by (3.25) such that

1—x = ;
v~ ( 1ogL>1 . b~ % as L — oo, 2.31)
and for all x € R we have in the limit (2.18)
. My —yL . My —yL ex
_— < = —_— < =
Lli)moo IL.N |: > < xi| Lli)moo V. |: » < xi| e . (2.32)
. ) My pew
In particular if N — p.L > y; then ———— — 0. (2.33)
N — p.L

(b) If t;, — t withc) <t < 400, there exists a sequence ay, and a function a(t), a; — a(t),
such that

My — (N — p.L 2
L—( pcLl)ag ML,NN 0, a (2.34)
VL 1 (1-a()
1 - 24
a(t)
M
In particular L &y a(r). (2.35)

N — p.L
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The sequence ay is implicitly defined by (A.7) in the Appendix (witha;, = 1 —a and y =
b/(1 — X)), and when N — p.L > L7 we may take ap = 1. The limit a(t) in the preceding
equation is an increasing function of t with

2)
li )= —— d i t) = =1. 2.36
tircr;a() Ta @ t%rgloa() a(+00) (2.36)
(c) If tp, — cy, assume that A > 1/2 and suppose
1+ X A
N = peL+ e = 0?1 (3log L + 1) (237)
Co

with yp — y € R. Then we have convergence to a Bernoulli random variable,
N — pcL 14+ A

where p, € (0, 1) is such that p,, — 0 (1) for y — oo (—00). An explicit expression for p,, is
given in (3.26).

Be(py), (2.38)

In (c) analogous statements also hold for the case A < 1/2, which can be derived from the
results in [25] summarized in the Appendix. However, the order of the sub-leading scale depends
on the first few Cramér coefficients of the distribution, and results cannot be formulated in an
explicit form as above.

Theorem 2.4 (Downside Moderate Deviations, Stretched Exponential Case). Let A < 1 and
1
define 0 < w;, K (log L)T=* by

N = peL —wL (log L)" 7%,
If w; — ¢ € [0, +0o0] there exist sequences v, and {1, both increasing to oo with L, such that
in the limit (2.18)

pLNIML <yL+xi]l—e*, xeR (2.39)

If wp — 0 the distribution under i, n of the maximum M| is asymptotically equivalent to its
distribution under vy.. Precisely, if yi and by, are the sequences introduced in Theorem 2.3(a),
we can take yp, = yr and {1, = by to get

wL N I[Mp <ypL+xbr] — e ¢, xeR.

Our final result focuses on the fluctuations of the bulk outside the maximum. Recall the critical
scales Ay defined in (1.2).

Theorem 2.5 (Fluctuations of the Bulk). Assume . € (0,1), or A = 1 and b > 3 so that
02 < 400 (2.11).

(a) In the subcritical regime, that is if AA/I—E N 0, the distribution under (1, N of the bulk
[fluctuation process converges in the Skorokhod space to a standard Brownian bridge conditioned
to return to the origin at time 1, i.e. in the limit (2.18)
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(b) In the supercritical regime, that is if N — p.L > Ay and 5=~ p NeeT ey K, with li—)‘k <k <1,

the distribution under [11. N of the bulk fluctuation process converges in the Skorokhod space to a
standard Brownian bridge plus an independent, random drift term. Precisely, if 7, = ny1{n, <
L'/*} then

R (ﬁ _N—a(N—pcl)
- X

where @ ~ N(O, l/(l - #)) is a normal random variable independent of the Brownian

)’“”BB 15O,

bridge BB.. When . = 1, or when . € (0,1) and N — p.L > L% we may take ap = 1.
Otherwise, ay, is defined by (A.7) in the Appendix (withay = 1 —a and y = b/(1 — X)), which
is the same as in Theorem 2.3(b).

The supercritical case (assertion (b) above) takes a particularly simple form when ¥ = 1: then
@ ~ N(0, 1) is a Gaussian variable independent of the Brownian bridge component, and hence
BB, + s 9 is a standard Brownian motion By. This is the case for the supercritical power law, or
for the stretched exponential law when N X;CL — +00.

2.3. Discussion of the main results

As is already summarized in the introduction, Theorems 2.1 and 2.3 imply a weak law of
large numbers for the excess mass fraction in the condensate My /(N — p.L). The critical scale
Ay for the excess mass, above which a positive fraction of it concentrates on the maximum and
forms a condensate according to (2.22), (2.24) and (2.33), (2.35), is summarized in (1.2). It is
of order /L log L for the power law case given precisely in (2.20), and the lighter tails in the

stretched exponential case lead to a higher scale of order LT given precisely in (2.30). At the
critical scale the excess mass fraction can take both values with positive probability (cf. (2.25)
and (2.38)), depending on sub-leading orders as detailed in (2.20) and (2.37). In the power law
case, the condensate always contains the full excess mass (2.24) as soon as it exists. On the
other hand, for stretched exponential tails the excess mass is shared between the condensate
and the bulk according to (2.35) as long as N — p.L ~ Aj, and the fraction a(z) of the
condensate gradually increases to 1. This behaviour is illustrated in Fig. 1 in the introduction.
The results on the bulk fluctuations in Theorem 2.5 imply that below criticality the excess mass
is distributed homogeneously in the system, and that the same holds above criticality in the bulk,
which completes the above picture. These results are illustrated in Fig. 2, where we show sample
profiles for a zero-range process which show exactly the predicted behaviour already at a rather
moderate system size of L = 1024.

The discontinuous formation of the condensate on the critical scale implies that it forms
‘spontaneously’ out of particles taken from the bulk of the system: when crossing the critical
scale by adding more mass to the system, the number of particles joining the maximum is indeed
of higher order than the number of particles that have to be added to the system in order to
form the condensate. A similar phenomenon has been reported for the Ising model and related
liquid/vapour systems in [8,9]. In contrast to these results, the condensed excess mass fraction
at criticality is not ‘universal’, but depends on the system parameter A according to (2.36). This
might seem surprising at first sight, but the rates of the form (1.1) introduce an effective long-
range interaction when the zero-range process is mapped to an exclusion model with finite local
state space (see e.g. [14,15]).
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Fig. 2. Results of Monte Carlo simulations of the zero-range process with rates (1.1) with A = 0.6 and b = 2, on a
one-dimensional lattice with L = 1024 sites and periodic boundary conditions. For these parameter values p. = 0.842,
02 =255and ¢, = 4.09, and we choose N = 1360 particles, which is very close to the leading order prediction of 1356
for the critical scale according to (2.37) with y = 0. We plot four realizations for the accumulated profile Sy = Zf(: 1 Mx
against k, and see that both, fluid and condensed realizations occur. In the condensed case, the mass is shared between
the condensate and the bulk according to the prediction (2.36) with % = 3/4, as is indicated by the dashed lines.

In addition to a law of large numbers our results also include limit theorems for the fluctuations
of the maximum, which are Gaussian above the critical scale (cf. (2.23) and (2.34)), and given by
the extreme value statistics below criticality. As long as limy o (N — p.L)/ A < 1, the excess
mass does not affect the behaviour of the maximum. According to statements (a) of Theorems 2.1

1
and 2.3, M| scales as the maximum of i.i.d. random variables, which is proportional to L?-T and

(log L)ﬁ, respectively, with limiting Fréchet distribution for power law tails (2.21) (cf. [16])
and Gumbel distribution for stretched exponential tails (2.32). Theorems 2.2 and 2.4 describe the
crossover to the expected Gumbel distributions in the subcritical regime, where the marginals
have exponential tails. In the power law case, the change from Fréchet to Gumbel occurs at the
critical scale p.L — N ~ L(=2/(=D according to (2.28). In [16] the behaviour of the maximum
was predicted for N = pL with p smaller, equal, or bigger than p. for the power law case A = 1.
Our results provide a rigorous confirmation including the stretched exponential case A € (0, 1),
together with a full understanding of the crossover from subcritical extremal statistics to Gaussian
fluctuations in the supercritical regime.

We point out that at criticality the correlations introduced by conditioning on the total number
of particles shift from being entirely absorbed by the bulk to being entirely absorbed by the
maximum. Indeed, when N — p.L <« A; we know from Theorem 2.1(a) and 2.3(a) that the
maximum behaves as the maximum of i.i.d. random variables with distribution vg.. On the
other hand, if N — p.L > Ay, the bulk asymptotically behaves as i.i.d. random variables with
distribution vy, following from Theorems 1a and 1b in [3], and the discussion after Theorem 2.5.

In the stretched exponential case, there is another interesting point regarding the centring of
the bulk variables in the central limit theorem: when the excess mass exceeds Ay the typical
excess mass in the bulk is

o2bL

(I —ap)(N — pcL) ~ N =l

as follows from the implicit definition (A.7) of a; . This is of order at least /L unless N — p.L >>
L'/C* hence the special centring required in Theorem 2.5(b). In this case the equivalence of
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ensembles cannot be extended to the strong form of [3] (Theorem 2b). Note that for A < 1/2
this affects even supercritical densities, i.e. N/L — p > p.. This is why previous results did
not cover this case, which is summarized in the following simple Corollary of Theorem 2.3, and
completes the condensation picture for supercritical densities.

Corollary 2.6. If A € (0,1/2]and N/L — p > p. we have

1 LN
T My — p — pc,

and the fluctuations around this limit are given by (2.34), with (1 —ar) = O(L™).

A necessary condition for our results is the existence of finite second moments, and the case
A = land 2 < b < 3 is not covered by this article. The reason we cannot provide results
analogous to Theorems 2.1 and 2.2 is the lack of a precise estimate for the probability of a
moderate deviation of the sum in that case, similar to the result (2.19) by Doney [13] for square
integrable power-law tails. Nevertheless, when the excess mass is such that

P[S. = N] = LB[n = [N = pcL1|(1 +o(D),

we can still apply Theorem 1 in [3] to obtain a stable limit theorem for the fluctuations of the
maximum around N — p.L. For instance if 2 < b < 3, the preceding relation is true provided

1
N — p.L > L?-T, and under this condition we get that

M Mp — (N — p.L
L By and —- P’ ( ; peL) g Gp_1,
N — pcL Lo
where G,_ is a completely asymmetric stable law with index b — 1.
3. Proofs

Since the product measures vy and the conditional distributions w7,y are exchangeable and
independent of the jump probabilities p(x, y), the spatial structure of zero-range configurations
is irrelevant for our results. In the following we will therefore consider 751, 12, ... to be i.i.d.
integer valued random variables defined in a probability space ({2, F, P), where F is the o -field
generated by {n;};en and P = vy, . We further define

Pk = IP’[m = k]. 3.1

Note that p,, is directly proportional to the stationary weights w(n) in (2.4). Recall the notation
2 2 2 3

pe=E[n]. o*=E[n]-p;. Si= ;m, My = max (3.2)

i=1,...,

and that the conditional laws are given by u; y = P[- | S, = N]. We will denote by x* =
max{x, 0} the positive part of a real number x, and by x~ = (—x)™ its negative part.

3.1. Preliminaries

Our proofs mainly involve explicit estimates and standard large deviations methods. One
such technique consists in introducing a change of measure that renders the rare event typical.
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Precisely, given @« > 0 and s € R, define a new measure Py(s) on the o-field F; =
o, ...,nL) by

dPq(s)
dP

1

— 1 sSL 3.3
F o ZL(s) ML=l (3-3)

where the normalization above is given by
Zo(s) =) .
k<a

Note that under P, (s) the random variables {ny }xen are i.i.d., bounded above by «, their mean
value is given by

— w _ 1 sk
Pa(s) = Zo(s) = 72 () kszake Pk,

and their variance is given by o,f (s) = p(s). It is not hard to verify that

lim py(s) =inf{k > 0: pr >0} and lim py(s) = sup{k <« : pr > O}
§—>—00 §—>00

Since p,(-) is a continuous increasing function, it follows that if N /L is sufficiently close to the
mean p, of the distribution and « is sufficiently large, there exists an s, = sx(L, N, ) such that

N
Pa(S:) = T (3.4)

The following lemma can be applied to compute the exact asymptotics of the conditional maxi-
mum when the average is set to be a small perturbation of the mean, using an a priori estimate as
input.

Lemma 3.1. Consider the limit (2.18) with % — p¢, and suppose the following conditions are
satisfied:
(i) There exists a sequence oy, < oo such that

N +
[,LL’N[MLfaL]—)I and <z—,0c> ap — 0.

(i) There exists a sequence B, (-) such that for all x € R we have B (x) — +00, Br(x) < af,
for sufficiently large L, and the following limit exists

lim L Z e pr = B(x) € [0, +00),
L—o0
BL(x)<k=<arp
where s, = s(L) is defined as in (3.4) with o = .
Then

—Pd(x)

mwL N [Mp < Br(x)] — e as L — oo.

Proof. For ease of notation we may write « and § as shorthands for «; and By (x) respectively.
The idea of the proof is quite simple. By condition (i) in the statement of the lemma, we have

urn My =Bl P[Mp <B, SL=N]

urn ML <a] P[Mp <a, S =NI

mr N [Mp < Br(x)] =~
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In terms of the newly introduced probabilities Py (s+), Pg(s«), and normalization constants
Zo(s4), Zg(sx) we have

P[Mp =B, SL =N] (Z,fs(s*))L Pg(s:)[SL = N1 3.5)

P[My <o, SL =Nl \Zo(s0)) Pa(s)[SL=NI'

The second ratio can be seen to converge to 1 (see (3.13) and (3.15)), while the first can be
easily expressed in terms of the sum featuring in condition (ii). One thus obtains exponential type
asymptotics

L Y &p
1 B<k<a . k
pLNIML < Bl = |1 — — x —=———| , with ) ™ p~1
t k;x P k=a

yielding the assertion of the lemma (see (3.16)). We go through this plan in detail below.

Let us begin by showing that under the conditions of the Lemma sa — 0. Using the

elementary inequality (x — y)(e® —e¥) > (x — y)? valid for all x, y > 0, we have for any s > 0

Za(s) (pa(s) = ) = S (k= M)eF pre = NS (k= M) pr 53 (k= XYy

k<a k<a k<a

By the elementary minimizing property of the variance o> < 3_ (k= ¢)’pr., ¢ € R, we have

Za(s) (pa(s) = ) = &N (pc —r=2 k- %)p/)

k>a
+s02—s2(k— %)zpk. (3.6)
k>a
If we set
s002 =2 (k= pe+2(% = pe) 3.7

k>a
it follows from (3.6) that p, (so) > N/L for sufficiently large L, and since p,, () is increasing we

have s, < sg. On the other hand, in view of condition (i) in the statement of the Lemma and the
finiteness of the second moment we have sooe — 0. Thus,

sfa— 0. (3.8)
When L is suitably large the case s, < 0 may only happen if % < pe, since
kZ (k = pc) pi N
pe = pa(0) + — 7.0 = pa(0) > po(sy) = T (3.9
Then,
D= )N E = e ) = eV (pe = 1) = 3 (k= P e
k k>a

= (Pc - %) — 0.
Since all terms of the leftmost sum in the preceding display are non negative, this implies

Sy

— 0. (3.10)



3480 1. Armendadriz et al. / Stochastic Processes and their Applications 123 (2013) 3466—-3496
The limits in (3.8), (3.10), together with the dominated convergence theorem and Fatou’s lemma

imply that

Za(s) =) ™ pp— 1 and Zg(s) =Y e p— 1 asL — oo (3.11)
k<a k<p

This in turn gives after another application of the dominated convergence theorem that

N\2
2 sxk 2
05(5y) = (k——)e*pk—>o and
“ Zy(8%) ksza L (3.12)
aé(s*) —> 0% asL — oo.
The local limit theorem for triangular arrays (Theorem 1.2 in [11]), (3.4) and (3.12) give
V2rLo? Py(se)[SL = N] — 1. (3.13)

In order to compute the asymptotics of Pg(sx) [S L =N ] in (3.5) we need to obtain estimates on
pp(sx) — N/L. Now

Soketkpe LS eshp — 3 ket py

( ) k<p k<« B<k<a
S = =
potss > ek > ek pr
k<B k=B
X (ke
_ E n B<k<a
T L Z es*kpk
k<p

and
2 > (% - k) es*kpk
N B<k<a

L (Pﬂ(s*) - Z) =L

Zﬂ(s*)
L Z es*kpk
< Pek=e 3 (N k)zes*kp (3.14)
e N T k- :
Zﬁ(s*) B<k<a L

It follows easily from (3.11), (3.12) and condition (ii) of the Lemma that

N 2
lim L -—] =0.
Jim 1 (o960~ )

By another application of the local limit theorem for triangular arrays, we get that

V2nLo? Pg(ss)[SL =N]—> 1 as L — oo, (3.15)
which, by condition (ii), (3.5), (3.11) and (3.13) in turn gives
> et
Zg(s)\ " pka iy
My < ~ =|l1-= YO (.16
L NIML < Br(x)] (Za(s*)) S e e — e (3.16)

k<o
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3.2. The power law case

3.2.1. Proof of Theorem 2.1
Here N > p.Land N/L — p. as L 1 oo.
We will use that if A = 1 then by (2.8) we have p, >~ A 1n~?, and the decomposition (2.20)

b loglog L
N:,oCL+0~/(b—3)L10gL<1+ 0g08% VL)

2(b—3) logL log L

that holds for b > 3.
The proof of the theorem relies on the following two lemmas, that can also be inferred from
the proof of (2.19) in [13]. We include a short proof below for completeness.

Lemma3.2. Let b > 3 and N > p.L be such that the sequence yy in (2.20) has a limit

limyp ooy =y € [—00,00). If ap = 1S§L then

_ (N —peL)?

1
P[MLSO(L;SL:N]z\/ﬁCXp{ 2021

} (14 o(1)).

Lemma 3.3. Suppose b > 3and N —p.L > 91~/L, for a sequence 91 — 00. Thenas L — 0o
IP[ML >N —pL —0,VL: S = N] = AIL(N = peL) (1 4 o(1)).

Proof of Lemma 3.2. The argument follows the standard approach used for moderate deviations

of the sum of i.i.d. random variables. Consider s, € R such that pg, (s4) = % Notice that since

we assume here that N > p.L we have s, > 0 for sufficiently large L by (3.9). On the other

hand, by the argument following (3.7) we must have s, < so = o(logL /ﬁ), because we

assume y < +oo. In particular, we have Ls}%+€ —- 0 for_all € > 0. Just as in the proof of

Lemma 3.1, we may write

P[My <ar; Sp = N1 = Z% (s2) eV Py, (s.)[SL = N]
S
= Z(SL(O) exp {—L/O t,o(;L(t)dt} Py, (s:)[SL = N1, (3.17)
where we have used the identity
Zy, (54) $ S
os( Z0y 0) ) Z/o Pen (01 = 5Py (52) _/0 P, (0 1

We now determine the asymptotic order of each term in (3.17). Observe that

L
ZOL(L(O)ZV@[ML 50@]:(1— Zpk> — 1 asL — oo.

k>ar

Furthermore, if we define Ay, (t) = po, (1) — po; (0) — tO’O%L (0) we have
Sk 1 S
/ /
/O W= /O (Par () = Pay (0) = hay, (D), (1) dit

(P50 = £ (0)°
B 202, (0)

1 S+ )
P~ /O hay ()pl, (¢) dt. (3.18)
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Using elementary estimates one can show that

L(pay (52) = pur (0)° (N = pcL)?
ZO'O%L ) 202L

— 0. (3.19)

For the rightmost term in (3.18) notice that for all s € [0, s,] we have

0< Y k(™ = 1)pr < Cs°,

k<ar

for some € > 0, which implies that |%2L (s) — UrfL (0)| < Cs¢€. Therefore,

S t
L f ( / o, (s) — a2, (0) ds> o, (dt
0 0

= O(Lsf“) — 0,

L/o ha, (1) py, (1) dt

where in the first equality we used that p), . ) = O’O%L (t). Together with (3.18), (3.19) this gives

s. 2
* (N —pcL)
—L tp/ (1) dt} ~ - L — oo.
eXp{ /0 Py, () } eXp{ Y as

The assertion now follows recalling that , /27 LO’O%L (54) Py, (s*)[SL = N] —> 1by(3.13). O
Proof of Lemma 3.3. Consider a sequence ¥, as in the statement of the lemma. Then

Py i=P[My >N —p.L —9~L; S, = N]

~ Z kaP[SL_l =N—k; M;_ Sk].
k>(N—pcL)—9.~/L

Using the central limit theorem we can see that the contribution to the sum of the terms outside
theset Uy = {k € Z: [N — p.L — k| < 91~/L} is negligible, that is

Py = Z LpcP[Sc—1 =N —k; My <k]+o(L(N — ,OcL)_b)-
keUp,

Recall now that by (2.8) we have p; ~ A1k to get

PL= AIL(N — ch)"’( S B[S =Nk My < K]+ o(l)>.
keUy,

The last sum converges to 1 again by the central limit theorem and the fact that IP’[M -1 < k] —
1, uniformly for k € Uy, so
Pp = AiL(N = pcL) " (1 + o(1),

as asserted. [

We proceed now with the proof of Theorem 2.1. (a) The case y; — —oo.
By Lemma 3.2 and (2.19) if N — p.L > V'L or the local limit theorem otherwise, condition
(1) of Lemma 3.1 is satisfied by oy = \/Z/ log L. Consider sy > 0 such that py, (sx) = N/L
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1

and let B (x) = xL?T1, x > 0. Then

L Y *p=L Y m+L Y, (M-)p

BrL(x)<k=<ay BrL(x)<k=<ayp BrL(x)<k=<ayp,

- LF(belTI) ~LF@p+L Y. (eMF-1),

BrL(x)<k=<ap

where F(t) = D i~ Px. Using (2.8) it is easy to see that the first term above converges to
bA—_llxl_b , the second vanishes in the limit, and so does the third since s,a; < soary — 0. That is

A
L Z es*kpk—> 5 1]x1_b as L — oo,
BL(x)<k=<ap o

which is condition (ii) in Lemma 3.1.

(b) The case y;, — +o0.

This case is essentially treated in [3]. It is shown there (cf. Theorem 1b) that when the second
term on the right hand side of (2.19) dominates the probability of the event {S; = N}, the
variables {7;} aside from their maximum become asymptotically independent with distribution
Vg, - This entails that for all y € R

My — (N — p.L) 1 /y X2
KL, [— < ] — — e dx,
LN NG Y Nz .
which is (2.23).

(¢) The case y; — y € R.

Here N — p.L >~ o,/(b — 3)Llog L, and the two terms in the right hand side of (2.19) are of
the same order. Precisely,

1 (N—pcL)* b
R — — 2 hez) b—1 [
V2rLo? exp| 20°L ) 0" (b —-3)2 03y _.

—
LA{[N — p.L]™? V2w Ay
It follows by (2.19) and Lemma 3.2 that

6. (3.20)

V4
lim inf [M < ]> L
iminf iy v| ML < oL “1+¢,

On the other hand, applying Lemma 3.3 with 9 <« ,/log L we have that

1
liminf g, N[ML zN—pCL—ﬁL«/Z] - .
L—o00 ’ l—i-Zy

Using a similar argument to the one in the proof of Lemma 3.3 we have
—b
AL (N — peL + zm/f)

P[S. = N]
xP[Sp-1 < pcL — 0,VL] — 0,

ML,N[ML >N —p.L+ z‘/‘L\/Z] <
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by (2.19) and the central limit theorem. As v1vL < N — p.L when yr — ¥ € R the last three
relations together imply that

My KL,N .
— = =% Be with =
N — oL (Py) Py

Note that p,, as given above satisfies

. 3.21

_)1 if y —> o0
Py =0 ify - —oo.

This finishes the proof of Theorem 2.1.  [J

3.2.2. Proof of Theorem 2.2

Here N < p.L and N/L — p. as L 1 oo.

We take oy = 00, so that (i) in Lemma 3.1 is automatically satisfied. It remains to identify the
sequence f; — oo and the limit @ in condition (ii) for each case (a), (b) or (c¢) in the theorem.
Note that since

N x
— = p(84) = P¢ +/ az(s) ds, with az(s) 29 a2,
0

L
we have
N — p.L
Sy = T’Z‘(l +0(1)) as L — oo. (3.22)

(a) The case w; — 0.
1
Let B (x) = xL5T1. Then

L Y e*p=LFBL®]+L > (" =1)ps.

k>Br(x) k>pBr(x)
where
0=L Y (™ =Dpe=Lse > kpi=0(wr) —>0.
k>pBr(x) k>Br(x)
That is,
Ay
L es*k s l—b'
2,
k>Br(x)

(b) The case w;, — w > 0.

1
As in the previous case, let S (x) = xL 5T . By the regular variation of the probabilities py,

1
MLb—T

1 il
L Y efpe~aL Y et aL Y et
k>p1.(x) k=BL(x)+1 k 1 k

k>MLb-T
We compute the limits of both terms on the right hand side above:
1
im lim L e — =0

1 b
M—o00 L—00 1 k
k>MLb-T
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and by (3.22)

1
MLb-1 MLbT

1 . . k 1
lim lim L e’*k—b = lim lim L exp {—a) - } -
M—00 L—00 k=fr O+ 1 k M—00 L—00 k=f 41 L5=T
M 1
= lim e"‘”—h dt.
M—oo J, t
(c) The case w;, — o0.
Define now a sequence By by the equation
(15| BL)” 1Pt = A L]sy "7, (3.23)

and note that (3.22) implies that the right hand side of (3.23) is of order a)lz_l. Thus, w;, — oo
implies that |s,|Br — oo as well. Let 81 (x) = Br + ﬁ . Then

L Z es*kkaLe‘S*BL Z es*(k_BL)pk
k>Br (x) k>Br,(x)

_ _ 1
~ ALe [s«|BL Z Sxk BL)k_b
k> B (x)

e B\’
Sl X e (%)

k>Br(x)
b )
/ S B
= 8] Z et ) (%) —>/ e ldt=e"
K >x /]l |sx k" + |s«|BL X

as L — oo, using dominated convergence with |s,|Br — oo. The third line above follows from
the second one by (3.23). This concludes the proof of the theorem. [

3.3. The stretched exponential case

b 1-x
Here we have p, >~ Aje T-*" . The proofs in this case use results from [25], which are
summarized in the Appendix.

3.3.1. Proof of Theorem 2.3
We recall the notation from Eq. (2.30)

1
N = p.L + t; (c?L) 7.

(a) The case limsup; _, ., 1, < Cx.

The second equation in (2.32) that gives the limit theorem for M; without conditioning is a
standard computation in extreme value theory. The appropriate scales y; , by (see (2.31)) have to
be chosen so that

LF(y+xb)=L Y pi—e” xekR (3.24)
k>yr+xbp,
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From standard asymptotics we have that
A
__b_jl-2 Xt _ b 1-a
Ze kT~ T T T as x — 00,
£ b
>X
and it is straightforward to see that (3.24) is satisfied so long as

o L (A 2 g (Lt 02 ) 401y ana 22 o
= (0] —_— — 10, (0] an —_— > —.
YL b g b b g b g o yh b

For later convenience we fix

- =2 AL A 1—2
vy = log| — +Zlog 3 log L and

e (3.25)

Let ¢ > 1. According to (A.4)
P[ML <cyL; SL = N] ZP[SL = N]

We thus set the sequence oy = cyr, and item (i) in Lemma 3.1 is satisfied. Recall that s,, > 0
since N > p.L. If we define 81 (x) = yp + xby, we obtain

L Z K py =LF(y. +xb.) — LF(az)+ L Z (es*k_l) Dk-

BL(x)<k<ap BL(x)<k=<ar

In view of (3.24), the first term on the right hand side converges to ¢™*, the second one
vanishes in the limit since for all x € R we eventually have o;, > B (x), and the rightmost term
also converges to zero by (3.8) and (3.24). This provides condition (ii) in Lemma 3.1.

(b) The case t;, — t > c.

When N — p.L > Lﬁ this can be deduced by Theorem la in [3], since in that case the
L — 1 smallest variables become asymptotically independent. In fact, we can then take a;, = 1.
For smaller values of N — p.L, even though it is not stated explicitly, this is essentially proved
in [25]. Note that by Remarks 2, 3 and 5 in the Appendix for any 6;, — oo we have

uLw[IML = (=N = pel)| < 0.VL] — 1

where o is implicitly defined by (A.7). This implies that the conditional distribution of

W is tight. To identify the limit distribution we make use of Theorems 2, 3 and

5 in the Appendix, which give asymptotic expressions for P[S; = N] and show that they are
dominated by events with a single large component and uniform distribution of the rest of the
mass. Then, using the shorthand &, = [(1 — «)(N — p.L)],

4myl—+ PlSL—1 =N —§ —m]

b
M; — = = A, L 717)»(‘511
ur NIMp — &L =m] aLe P[S; = V]

(1+o(1),

where m = 0(\/3). The definition of o implies that the term P[S;_; = N—&; —m]is dominated
by configurations which do not exhibit a large component and an asymptotic expression is given
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in Theorem 1 in the Appendix. A lengthy but straightforward explicit computation then yields

1 — 2 2
np NIML — & =m] =/ =% exp | — - (1 - A—0[> (1+o0(D)
' 2wl 202L l—a

for all m up to order /L, which implies the statement. Note that the sequence ;. in the statement
of Theorem 2.3 is given by 1 —«. The properties of its limit a(¢) can easily be deduced from (A.7).

(c) The case t;, — c;..

This case can be treated analogously to the third part of Theorem 2.1. By (A.11), the leading
order of IP[SL =N ] is the sum of two explicit terms, and one has to find the precise subscale

around N — p.L — ¢ (UZL)ﬁ where these two terms are of the same order. Using (A.12) for
A > 1/2 and (A.7) we find that on the scale (2.37)

1 e_zllfzz/ A}VL e_g:éi_y(l_a)lf}»klf)»
oN27L [ _ oL
kl+A(1_a)l+A
V14X
— —————e¢" =1 4,. (3.26)
2A;ma?

Combining Remark 4 in the Appendix with the arguments applied to deduce Theorem 2.1(c), we
obtain (2.38) with p, = (1+¢,)"'. O

3.3.2. Proof of Theorem 2.4

As for the downside deviations in the power law case, we here set ¢y = oo. Then (i) in
Lemma 3.1 is satisfied, s, < 0, and satisfies (3.22). Now the limit in (ii), Lemma 3.1 is given by
@(x) = e~ ¥ in all cases, so we just need to prove that the proposed values of the sequence S, (x)
do the job. The proofs are all based on the following computation, with simple adjustments to
match each situation.

Suppose there exist sequences y7 and {7 and £1 and ¢, € R such that

2
lim f—LH =0, lim ¢r|ss| =€, and
L—oo YL L—o0 (3 27)
Y
lim —A:KZ, L1+ bty =1.
L—o0 yL
Then
yLtylL ovLtyiL _ _
ALY P = L S = 1A 3 stk =15 (K4 =)
k=yrL+x{L k=yL+x¢L
b 1y VLIYIL — b (k—yp)
_ A;LLeS*yL_llijl * Z S+ k=vL) o vy VL (1 +0(1))
k=yL+xtL
k=yL=ylr _ by (h—
b 1-h (Isxl+—)k—yL)
ZA)LLeS*VL_ﬂyL Z e vi (1_|_0(1))

k—yL=xtL

SVLTEYL T pyi+bey)

~a—— | el dr.
X

Iss| + V% (€1+bt3)
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We now let y — oo and apply (3.27) to get

1-x

amL Y et T gL g e e (3.28)
k>yL+x¢r
We will work on this limit case by case.
Recall the sequences yr, by, from (3.25) and note that

ALbre T =1. (3.29)

(a) The case sxyp — 0 < wp — 0.
Here y; = yr and ¢, := by satisfy (3.27) with £; = 0 and ¢, = 1/b. It is straightforward
from (3.28) and (3.29) that

Lli_)m L S pr = e,
o k>yp+xbyp,
(b) The case s*yé — 0.

Here we may again take ¢{; = by, but we may need to make lower order corrections on y to
get a suitable 7, when s,.y;, - 0. Precisely, let yz be the solution to

b (1o _ 1 : y_ b (i _n
SeVL = m(yL —y; ") orequivalently s,y; = Ti\y ) (3.30)

By the condition s yz — 0, and the fact that necessarily y; < yr, this implies that )y/—i ~ 1, and
(3.27) holds with £; = 0 and €, = 1/b. Also (3.28)—(3.30) imply

Lli_)m L S pr = e,
o0 k>yr+xbr,
(¢c) The case s*yﬁ —c¢c<0,ceR.

The scahng in the sequences yr and ¢r is preserved, but the limits limz_, yi and

hrnL_,oo H need to be chosen so that £; and ¢ in (3.27) satisfy €1 + bfy = 1. We set {1 = kb,
for a constant k > 0 to be determined and we define y; as the solution to

AL £ TN — 1, 3.31)

The preceding equation and (3.29) together imply

b e br
SxYL — m()’ -y ) log <§L> (3.32)

which in turns gives that y; /yp, — g where g € (0, 1) solves cq — %(ql_A —1) =0.We
finally choose « so that

. b lel |
G+bly=1im ¢ s+ — | =«|—-+q¢ ") =1
L—o0 i b
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(d) The case |s*|y£ — o0. Letnow ¢; = ﬁ and set y7, as the solution to (3.31). From (3.32)
we now obtain that, to leading order,

1—2 = 1—h  ,\™
3 log L ~yL 1+T|S*|VL ,

from where we conclude that necessarily |s*|)/LA — 00. Then (3.27) holds with £; = 1 and
{> = 0, and the assertion follows from (3.28). [

3.4. Proof of Theorem 2.5

(a) The assertion will follow from Theorem 24.2 in [7] provided we check the validity of the

following three conditions for the exchangeable random variables EXL N = %

ZX 1 SXL N LY () This is trivial since the sum of all $x Nis equal to zero (g n-a.s.
2. |max1§x5L gx N| “LY 0. This follows from part (a) of Theorems 2.1 and 2.3 when
N > p.L, or from Theorems 2.2 and 2.4 when N < p.L.

BL, . .
3. Zle(éxL ‘N)2 L we prove it for the power law and stretched exponential cases
simultaneously.

Lete > 0 and set oy = %, which is an upper bound for the typical size of the maximum
for the power law case as well as for the stretched exponential case. Then

1 & N\?2
P e2) -

x=1
1 & N\’
i3 > (Wx - Z) —0%|>€ ML < OlL:| +nLnIMp > ar]. (3.33)

x=1

Ry, N = uL.N |:

=< HULN |:

By Theorem 2.1(a) and Theorem 2.2 in the power law case, or Theorem 2.3(a) and Theorem 2.4
in the stretched exponential case, the second term on the right side above tends to 0 as L — oo.
Let us now write

1 <& N\?
ZZ(nx_z) _02

2
%Z(nx_%) —o?

>e€, Mg EOIL]

L
> €, MLS“LaZnXZN]

x=1

[Eeer

%Z (e = §)" = o?| >

x=1

E[es:St Ly —w]

L & N2 2
Y

x=1

ZéL (54) ]PaL (54) |:

“ 5]

]P)OlL (S*) |:

, (3.34)
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where we recall that given parameters o > 0 and s € R, the measure Py, (s) is defined by (3.3).
From (3.33), (3.34) and (3.13) we conclude that

1 & N\?
RLN <V2762L Py, (s4) | |- Z (nx — —> —o?|>e|4o(D).
L —~ L
The result will thus follow if we show that
r e -
VL Py, (s:) 7 (’“‘Z) >o2+e|l—0 asl — oo (3.35)
L x=1 m
and
1 N\? o, ]
x/ZIP’aL(s*) ZZ Ny ——) <0“°—€|—0 asL — oo. (3.36)
L x=1 m
Let us start with the former. If ¢ > 0 then
L N2
Pa, (s:) ; (nx - Z) > (0" + oL
2 L N\?
et el (- )
x=1
2 1 oL N2 t
_ _—t(oc“+e)L Ck—F)° sxk
=e —_— e L e pr | , (3.37)
(ZO(L (S*) ]; >
where E** denotes expectation with respect to the measure Py, (s«).
Now set ¢ = % so that Ca% — 0. Apply next the elementary inequality e* < 1+ xyr(h)

for x € [0, k], ¥ (h) = €L to get

1 N2 N\2
k—T)" sk 2 sk
e L e pg < E 1+§(k——) Y (Ga )]e Pk
Zay () &5, Zay (5) &, [ L L

= 140 (s)¥ ().
From (3.12) we can make O’O%L (s*)tﬁ(g“a%) <o+ €/2 for large enough L, so (3.37) becomes

L
Pa (54) [Z(nx - %)2 > (o7 + e)L}

x=1

IA

L
eEHL (141 02 (supcad))

o—S@*HOL Lo (s)¥(Caq)

IA

e=5log? L (3.38)

IA

from where (3.35) is easily obtained. The limit (3.36) can be derived by similar estimates.

(b) In the power law case (A = 1), or when A < 1 and N — p.L > Lﬁ, the assertion follows
immediately (with a; = 1) from the asymptotic independence of the bulk variables proved in
Theorems 1b, 1a in [3], respectively.
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1
Let us then consider the stretched exponential case A < 1 when N — p.L = 1 (azL)m,
and t; — t € (cy, +00] (we refer to the statement of Theorem 2.3 for notation). The case

N —p.L > L7 discussed in the previous paragraph clearly belongs to this family as well.
We first observe that in this situation

N —a()(N = peL) < poL + c,(a*L) . (3.39)
Indeed, according to (A.7), a(t) satisfies

1 (I—a@®)a@) i D
R T R A P

Let x; = t(1 — a(t)). Then it follows from Theorem 2 in the Appendix that x; is the smallest
positive root of the equation

b=x(t —x;)", (3.40)

and it is easily checked that

1—A
I+

limx; =0 and limx, =c, <.
t1oo tlc

In order to conclude (3.39) it will therefore be enough to show that x; is decreasing. Differenti-
ating in (3.40) we get, after a couple of operations, that the derivative x; satisfies

AR A
X - — | = .
d — Xt Xt t— X

Now
A 1 A
< — &&= A <t—x = M —a@l)) <ta(t) & —— <a(t).
t— X Xt 14+ A
But a(¢) is increasing on the half-line (cy, oo) with lim, ., a(t) = %, lim;yo0 a(t) = 1, and
hence a(t) > ﬁ

Inequality (3.39) allows us to decompose the random walk Y}, into two components: the first
term will be easily shown to converge to a Brownian bridge via the same arguments applied to
prove the first statement in the theorem, while the second one is a drift term determined by the
Gaussian limit specified in Theorem 2.3(b). Precisely, write

[sL]
LMy —ar(N — p.L 1 N-M
YSL — SL + [S ] L aL( pC )’ urL _ <7’;]'X _ TL> i (3.41)

L o?L T oVL ;

11—
Next, consider the interval A; = { X € R, m — 1‘ < 61 associated to §; = L_Z:Ti,
chosen so that Theorem 2.3(b) implies limz .o i1 v M1 € ArL] = 1. Notice that by (3.39) the
occupation variables {7, }x=1,....r are in the subcritical regime when M}, € A, they are clearly

exchangeable, and moreover when properly centred they satisfy conditions (1), (2) and (3) of
Theorem 24.2 in [7].
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N _ ixa—(N-Mp)/L

o~ . Then, provided M| € Ay, we can easily show that

Namely, let .;ng ’

1. Z EL NN I fact, the sum equals 0 except in the rare event that the second order
statistic of the sample {ny}1<x<ris greater than L4,

2/, |max|<y<f, §){"N| Ly 0. This is trivial, as 7, < LY* and N — M; < Lﬁ when
M; e Ar.

3. Zﬁzl (§XL ’N)2 “U8 1. This can be shown following the arguments applied to prove
condition (3) in the first statement of the theorem, the difference being that it is now necessary to
condition on M|, before applying Chebyshev’s inequality: for € > 0,

1 & /. N-M\* ,
ML,N|:ZZ<TIx—T) — 0
x=1
1 &/, N-M\?
= EALN |:ML,N|:ZZ<nx_—L ) —o?

x=1
The estimates leading to the bound (3.38) hold uniformly for N=N-M 1 when My € A, and
hence can be applied to the conditioned expectation in the right side of (3.42) to conclude that

1 & /. N-M\* ,
M,N[zz(m-T) o
ML.N

x=1
as required. Conditions (1”), (2") and (3") imply that Wf —= BB, the standard Brownian
bridge on [0, 1] conditioned to return to the origin at time 1. On the other hand, we know

> €, ML €./4Li|

= ML:| ]l{MLeAL}] . (342

> €, MLGAL:|—>O,

form Theorem 2.3(b) that w ELY . a zero mean Gaussian variable with variance

1/(1 — )»(]a(?(t)))

Our assertion will follow once we prove the convergence of the finite dimensional marginals
plus tightness for the laws of the sequence Y!‘ The former is easily derived by first conditioning
on My ; the fact that the limit of the first term in (3.41) is independent of the value of the
second implies that the finite dimensional marginal distributions converge to those of BB, + s 9.
Tightness is also straightforward: by the linearity of the second term in (3.41), it suffices to show

that the modulus of continuity of the first term tends to O,

@) = sup |[WE—wE| 2L 0 ass— o0,

’
|s—r|<é

which is a direct consequence of the Arzela—Ascoli Theorem.  [J
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Appendix

Theorem 2.3 for the stretched exponential case relies heavily on the asymptotics for the
probability of moderate deviations in [25]. An English translation of this article can be found in
Selected Translations in Mathematics, Statistics and Probability (1973), Volume 11. The purpose
of this appendix is to provide the main results of this difficult to access article, as they apply in
our model.

We use the same notation as in Section 3, introduced in (3.2), and write the stretched expo-
nential tail of the law IP of the independent integer random variables n;, j=1,2,..., L as

P[n; =n] ~ Ae " asn — oo,
where A, y are positive constants and 0 < A < 1. We are interested in the asymptotic behaviour
of the probabilities P, (N) = P[S, = N]as L — oo, where N = p.L + k, and k deviates
from the typical behaviour k = O(+/L). This is done in [25] when A = y = 1 in a series of five
theorems and remarks, where the asymptotics are obtained for five different ranges of k-values.
In the following, we transcribe these theorems for arbitrary values of A and y, which are applied
in the proofs of Theorems 2.3 and 2.4 with A = A, and y = b/(1 — A).

We will denote by 67 a sequence that increases to infinity arbitrarily slowly. Let rz (m) be a
sequence such that

L Z et 50 as L — oo, (A.1)

n=rr (m)

1
Note that we may take ry (m) = (,8 log L) 1=+ for any 8 > y_l. We will use A1(z) to denote
the sum of the first ¢ terms of the Cramér series (see e.g. [19], Chapter 8), where

1
‘= [X] 1 and AM() =g+ Az e+ deog2 L (A2)

In particular, A//(z) = 0 when A > 1/2. The coefficients A j depend on the cumulants of the
distribution. Finally, we define

cx = (1 4+ A)(24) Ty .
Case 1°

SVI <k =N — p.L < (c;, — 8)(0>L) 7, (A.3)

where 6 > 0 is any sufficiently small fixed number.

Theorem 1. If k is as in (A.3), then
2 k3

1 k
PLN) = ——exp|—57— + 75
L) = T P e T 12

x[f](%)}(l +o(l)) asL — oo,
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Remark 1. Under the conditions of Theorem 1
P[SL = N]
P[SL = N; nj <re(m), 1 <j <L]

— 1, (A.4)

where m can be taken as the smallest positive integer such that N (%)mﬂ =o(1).
Case 2°
L1/2%

(e, +8)(0 L) <k < (A.5)

L
Theorem 2. If k is as in (A.5), then
AL

1 oyr(1-ML
Tk (=)

PL(N) =

2k2 3k3 k
R [T

as L — oo, where o is the smallest positive root of the equation

X exp[—

oL a(l —a)* o
PRI (1 - Ri(%)). (A7)

The term R), in the preceding equation is given by

2 1—1
o d ;
R = — (3] — 52 Ai(i+3 J+1’
2 (X) E dx(x (X)) =0 j;) i(j+3)x

and in particular Ry, =0if A > 1/2.

Note that the fraction of excess mass on the condensate in Theorem 2.3 is a; = 1 — « with
y =b/(1 —A). 1

Relation (A.6) takes a particularly simple form for A > 1/2 and OLLﬁ <k < %. In this
case
2k2

Pr(N) = ALexp {_;azL

—y( - a)HkH} (1+o(D)).
Remark 2. Under the conditions of Theorem 2
]P’[SL = N]
LP[S, =N; nj <rp(m), 1 <j<L—1; [np — (1 —a)k| < 0,vL]

— 1, (A.8)
where m can be taken as the smallest positive integer such that Lk ~*""*+D = (1) as L — oo.
Case 3°
k> L%6y. (A.9)

Theorem 3. If k is as in (A.9), then
P (N)=AL exp{—ykl_)‘}(l + 0(1)) as L — oo.
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Remark 3. Under the conditions of Theorem 3
P[S, = N]

—> 1 asL — oo.
LP[Sp=N; nj <rp(2, 1<j<L—1; [n. —k| < 0.VL]

Case 4°

(e, — 8)(02L)TT < k < (¢34 8)(02L)TH. (A.10)

Theorem 4. If k is as in (A.10), then
AL

1 o2yr(1-A)L
- K2 (1—) T2

PL(N) =

a2kr K3 NG (ock

6L T2 _> —rd- a)HkH} (1+0M)

X exp{— 2

- + 73 E)}(1+o(1)) as L — oo, (A.l1)

1 SN
exp | —
oN2rL 2Lo? L
where, as before, o is the smallest positive root of Eq. (A.7).

Relation (A.11) takes a simple form for A > 1/2. In this case

1 2
PL(N) = ———expl———t (1 + 01
) = e =575 | (o)
AL a?k?
— —ya - (1 D). (A.12
O - TEvatl R ST (1+0(D). (A1)
k1+x(1_a)1+x

Remark 4. This case is intermediate between cases 1 and 2. Under the conditions of Theorem 4
we can only state that

IP’[SL . N]
— 1,
L]P’[SL =Ninj<rim), j<L—1; In.— (1 — k| < eLﬁ] +IP’[SL =N:n; < rL(m),Vj]
where m =t + 2.
Case 5°
Lﬁ 1
— <k < L20;. (A.13)
oL
Theorem 5. If k is as in (A.9), then
L(1 —2)202

PL(N) = ALexp {—ka + } (1+0(1)) asL — oo.

2k2A

Remark 5. In this case the picture is the same as in Remark 3.
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