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This paper describes the movement of biological systems on different 
kinds of environments, which was simulated with the aid of a digital 
computer plotter. The biological system is represented by two areas A, 
and Ad, called the feeding and discard areas respectively, and separated by 
a constant distance d. Each triplet (A,, Ad, d) determines the position of 
M with respect to f, and the consecutive positions determine the move- 
ment of the biological system. The possible movements of the biological 
system vary according to the areas, the spaces to be covered, the rules 
that govern the succession of states, etc. The plotter makes it possible to 
visualize these motions, so that many different interactions between M 
and f may be studied. It also becomes possible to determine other impor- 
tant parameters, such as the general direction taken by the system M, the 
width of its path, the distance between successive states, the possibility of 
environmental regeneration, etc. Therefore, this line of work contributes 
not only to theoretical biomathematics, but also to a wide variety of 
practical applications. 

Introduction 

The mathematical theoretical background to this work is 
given elsewhere 1,2 where an environmental theory is formu 
lated, and where the consequences of environmental 
stability3 are determined for a biological system defined 
as being environmentally static.’ 

In the present work, some of the previous mathe- 
matical developments are shown, and then, from the 
method provided by the plotter itself, new elements for 
the analysis of biological and environmental systems are 
found. 

The new analysis criteria may be applied to an inter- 
esting array of widely differing problems: tissue growth, 
the spreading of plagues, feeding strategies, problems in 
areography, genesis of movement in animals, evolution of 
societies, etc. 

We wish to mention that these applications of the 
digital computer plotter were inspired by the enlightening 
paper by Ulam.4As it is noted there, we would emphasize 

that there is an endless number of rules and possibilities, 
which may only be tested with the aid of a computer, 
making it possible to infer the real circumstances of the 
behaviour of the system being studied. 

Theoretical background 

One of the elements used to develop the environmental 
theory l is the so-called environmental unity. Each of these 
unities is defined by a Cartesian product: 

Y.x II Eyi (J=1,2,...,n-1) I I 
jEJ 

where Yf is a set representing a well defined quantity of 
matter in a definite physical state (material physical 
nature), and each Ep is a one-point set which represents 
a given value of extrinsic energy linked to the material 
physical nature yi. This linkage is represented mathematic- 
ally by means of the Cartesian product operation shown 
above. 
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Energies are considered to be either extrinsic or intrin- 
sic’ (hence the qualification of ‘extrinsic’ given to the 
energy represented by EzTi above). The intrinsic energy is 
strictly equivalent to a given matter in a definite physical 
state (material physical nature) represented by the set Yf; 
and, therefore, the intrinsic energy is mathematically 
undefinable. The extrinsic energy is not considered to be 
strictly equivalent to the material, physical nature but only 
inherent to it. This is due to the fact that in some cases 
certain kinds of energy may be associated with a given 
matter which, however, depend on the particular state 
of that matter. In fact, a given material physical nature 
may have many kinds of extrinsic energies associated with 
it. Moreover, the respective values of these extrinsic energies 
can vary. Also, the linkage between matter and these extrin- 
sic energies may itself be of a labile nature. 

In environmental theory,’ different kinds of environ- 
mental unities are defined. One such environmental unity 
is given by the domain and range of transfers between the 
biological system M and the environment E. These unities, 
together with the concept of cardinality of: 

Yi X n Eli I 
iG.l 

have led to the idea that a biological system M may be 
identified by means of two areas A, and Ad, and a distance 
‘d’ between them. Thus, A, and Ad are drawn by the 
plotter within a given region representing the environment 
E. The area A, represents the transfers from E to M, and 
the area Ad represents the transfers from M to E; for this 
reason, they are called the ‘feeding area’ and ‘discard area’ 
respectively. Thus, each triplet (Aa, Ad, d) drawn by the 
plotter represents a certain position of M in the region that 
defines E. The respective values of each A, and Ad corre- 
spond to the cardinality of the original unities of the form: 

k;: x n Ei” 
jEJ 

The criteria used to obtain the successive positions of 
M arise from the principle of adequate design,5 which 
states that ‘the design of an organism is such that the 
organism performs its necessary function adequately and 
with a minimum expenditure of energy and material, both 
in the performance of the function and in the construction 
of the organism’. Therefore, we may infer that two suc- 
cessive positions of the triplet (Aa, Ad, d) are determined 
by minimizing the amount of energy required to carry out 
the movement and the amount of matter consumed in 
order to reproduce that very energy. 

In special cases, or when particularly complex systems 
interact, additional factors may be involved that restrict 
the rules derived from the above principle. 

Another theoretical element applicable to the present 
work is the environmentally static biological system 
criterion,’ which may be expressed as: ‘given the whole 
life of a biological system M, where each consecutive time 
period determines each system M,, Mz, . . , M, respec- 
tively, and such that these systems are related with their 
respective environmental systems E,, E2, . . . , E, , then the 
biological system M will be environmentally static if each 
system Ei (j E I, I = 1,2, . . . , n) has the unities defined 
by transfers from Mi to Ei for every i G j, i E I, and Ei 
has the unities which must be used by transfers from Ek 
to Mk, for every k >i, k E I’. 

Thus, with the criteria mentioned above, starting from 
an initial triplet (A,, Ad, d) representing M, the plotter 
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may draw the subsequent positions of M in the region E 
representing the environment. These positions are drawn 
following a general strategy which is given not only by the 
movement law, but also by the values of A,, Ad and d, 
their relative values, their possible variability, the general 
shape of the limit of E, the starting position of M with 
respect to this limit, and many other factors depending on 
the particular problem under study. 

In this way, the number of triplets (A,, Ad, d) will 
determine the temporal magnitude of the staticity of M, 
and also enable us to study the strategy to follow in order 
that M may become infinitely static in the region defined 
byE. 

Method 

The biological system is drawn by the plotter as two areas 
A, (feeding area) and Ad (discard area), with their respec- 
tive centres joined by a line representing the distance d. 
For example, Figure 1 shows the movement of a bio- 
logical system defined by a feeding radius R, = 1 cm, a dis- 
card radius Rd = 0.5 cm and a distance d = 3 cm. 

The environmental system is enclosed by a limit which 
can have different configurations. In Figure 1, the limit is 
a circumference of radius RE = 16 cm. The movement of 
M within E is obtained by applying the principle of 
adequate design, considering that the successive positions 
where the system is placed are determined by expending 
a minimal amount of energy between them. 

Although the examples do not include the concept of 
matter, it can be introduced, for instance, by varying the 
areas A, and Ad according to the distances covered be- 
tween two previous successive states of M. 

It should be noted that the area A, is a measure of the 
quality of the environment E for the given biological 
system M. For example, if A, represents food for M, we 
can make the areas A, smaller in regions of the environ- 
ment where the food concentration is greater. In fact, the 
triplet (A,, Ad, d) is considered to remain in each position 
for constant time periods At. Thus, as the region repre- 
senting E is finite, the number of times that A, can be 
inscribed in the region adopted for E will also be finite, 
unless a criterion for the repair of E is adopted, as in the 
case shown in Figures 4- 7. 

Figure 7 System E; RE = 16 cm. System M; (R, = 1 cm, 
Rd = 0.5cm; d= 3cm). A = 7.65cm (constant);a = 58.5”;S= 3, 5, 
7. 12, 5 mm 



Movement of biological systems: C. A. Leguizambn and S. M. Kfuri 

As for the discard area&, it may be taken to represent 
the action of M on all E. 

Another matter for consideration are the surfaces 
occupied by A, and Ad. In certain cases, depending on the 
problem, the surface occupied by Ad may not be used for 
placing& in subsequent times (e.g. when Ad represents 
contaminating products). Again, in other cases, the surface 
occupied by Ad may yield food of better quality or greater 
concentration so that for the subsequent states of M, the 
area A, may be placed on a previous Ad, and the relative 
value of A, may change in accordance with the improve- 
ment in the quality of the food. 

Partial overlapping of A, areas on previous Ad areas is 
also possible. 

As we do not deal with any particular problem in this 
paper, the only criterion we have used to determine the 
movement of M in E is the principle of adequate design. 
Therefore, the following rule has been adopted for 
successive positions of the triplet (A,, Ad, d): Rl : ‘The 
inscription of every new state i of M, (Aai, hi, di), is such 
that Aai does not overlap other previous areas A,i_j and 
&i-j(j=1,2,..., m), and Aai is inscribed immediately 
beside&i so that the distance between the centres of 
Adi- and Adi is minimal’. 

Analysis of the examples 

Figure 1 illustrates many of the technical conditions previ- 
ously pointed out. In this, as in other figures, the areas A, 
are identified by a number written inside which refers to the 
state of M. A straight line joining the centres of A, and Ad 
determines d, and the triplet thus obtained represents M 
in the corresponding state. 

Comparing two successive states, it is possible to see 
how the rule Rl works. For example, in Figure 1, Aa, is 
drawn beside Aa1 and the distance from Ad, to Ad, is null 
because the two areas coincide. In certain cases, the new 
area is positioned at random by means of an instruction in 
the simple computer program that was used, because there 
are two or more positions for which the rule Rl is valid. 
This is the case of Aax, which could have been drawn to 
the left of A,,. 

Continuing with the analysis of Figure I, when M 
arrives at its state number 10, it is possible to recognize 
the first motion of the discard area (Ad,,) from the place 
where the previous ones were drawn. 

In the 16th state, a definite orientation of M may be 
observed, so that the width of the path followed by M, A, 
the orientation angle with respect to the original starting 
position, 01, and the sequence of final distances S between 
successive hi can be obtained from the drawing. (In this 
case, the values of S between states 20, 21, 22, 23 and 24 
are 3, 5, 7 and 12.5 mm, and these values are repeated for 
other subsequent distances between states ). 

Figure 2 shows the same system, but the distance d has 
now been increased to 5 cm. It is possible to see the 
changes in A, (Y and the different distances between suc- 
cessive areas 4 when the movement became uniform 
(e.g. from 30 to 37). 

The initial configurations of the figures, with ‘feeding 
areas’ turning about the position of successive ‘discard 
areas’ (see, for instance, states 1 to 9 in Figure l), are not 
always relevant to the general process of M-E interaction. 
Regarding the latter, other parameters may be obtained 
from the drawings besides A, (11 and S, by applying the 

Figure 2 System E; Rg = 12.5 cm. System M; R, = 1 cm; 
Rd=0.5cm;d=5cm.A^13cm;a~48.5” 

present method. To mention some, it may be interesting 
to consider the distance between any two feeding areas 
(compare the distances between states 1 and 32 in Figures I 
and 2), the sequential movement of the discard areas 
(which is approximately regular), or the number of states 
before the environmental limit is reached (32 in the case 
of Figure 1 with the environmental radius RE = 16 cm and 
37 in the case of Figure 2 with RE = 12.5 cm). 

Figure 3 illustrates the theoretical objective pursued 
in earlier developments.2 There, the system M moves 
according to the principle of adequate design, within the 
entire region E, inscribing a total of 36 states, when M 
is a system that is defined as environmentally static. There 
M is determined by a transfer from E to M with R, = 1 cm. 
(R, = radius of feeding area), a transfer from M to E with 
Rd = 0.5 cm (Rd = radius of discard area) and the distance 
between the two areas, d = 2 cm. 

Figure 3 System E; Rg = 7.5 cm. System M; R, = 1 cm; 

Rd=O,5cm;d=2cm 
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The staticity of M is lost for the states after 36, when 
the system goes beyond the environmental limit. 

The same system is analysed introducing an interesting 
variation given by ‘environmental regeneration’ in the 
sectors occupied by areas Ai_ra and &_ a (i is the last 
state in the sequence). Figures 4,5 and 6 s h ow the 
regeneration of the environment in the places where previ- 
ous states were inscribed, and how the system orients 
itself differently compared with Figure 3. In Figure 7, the 
movement of the system is shown up to its 52nd state, 
which is not, however, the last state for which M is 
environmentally static. 

Discussion 

This work gives rise to interesting comments from many 
points of view, because of the diversity of the disciplines 
to which it is relevant. 

From the point of view of theoretical biomathematics, 
in which this work was originally inspired, it is a useful 

Figure 4 First 13th steps (same case as Figure 31 

Figure 5 Steps previous to step 4 are erased (same case as 

Figure 3) 
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figure 6 Steps previous to step 17 are erased (same case as 
Figure 3 ) 

figure 7 Movement of environmentally static M on a regenerative 
environment (same case as Figures 4, 5 and 6) 

tool for the study of feeding area regeneration strategies, 
so that the system remains enclosed within the geo- 
graphical limits of its original environment. This would 
involve the relative variation of A,, Ad and d, the rules for 
erasing A, and Ad, the environmental limit, the position of 
M’s initial state with respect to the limit, etc. In this line 
of analysis, it is interesting to see how the principle of 
adequate design may be applied in order to explain the 
tendency of many different biological systems to turn in 
the same direction in a repeated sequence (e.g. in FiYre 2, 
M turns, moving several times in the same direction from 
state 24 to state 29, and then to the other side from state 
31 to state 36). This problem is found in areographical 
studies. 

Many new and more complex analyses are now possible 
due to the visualization afforded by the use of the digital 
computer plotter. The drawings have led to new criteria 



of analysis regarding, for example, the width of the path A 
the orientation angle (Y, the distance between a state and 
the initial state, and the sequence S between areas Ad. 
It is worth noting that S may or may not be related to 
the definitive movement of M. The ‘learning of different 
and larger movements’ due to environmental variations is 
also connected with this criterion for movement. (This is 
the case in Figure 3, where the limit of E provokes a 
change from state 13 in sequence S obtained between 
states 7 and 12.) 

From the point of view of the biological applications, 
many practical cases may be analysed with the aid of the 
method described in this paper or another similar one 
(e.g. working only with areas A,). 

We may also mention the possibility of agricultural 
studies, by linking the parameters a! and A with the areo- 
graphic development of plagues in crops. The study of 
a possible strategy for maintaining M permanently within 
the bounds of E could be useful for cattle raising, with the 
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variables given by the number of animals, kind and quan- 
tity of food, rainfall, etc. 

On another biological level, we may also mention 
studies concerning the generation and destruction of 
cellular tissues. 
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