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LIMITS FOR MONGE-KANTOROVICH MASS
TRANSPORT PROBLEMS.

JESUS GARCIA-AZORERO, JUAN J. MANFREDI, IRENEO PERAL AND
JULIO D. ROSSI

ABSTRACT. In this paper we study the limit of Monge-Kantorovich
mass transfer problems when the involved measures are supported
in a small strip near the boundary of a bounded smooth domain,
Q. Given two absolutely continuos measures (with respect to the
surface measure) supported on the boundary 912, by performing a
suitable extension of the measures to a strip of width £ near the
boundary of the domain {2 we consider the mass transfer problem
for the extensions. Then we study the limit as € goes to zero of
the Kantorovich potentials for the extensions and obtain that it
coincides with a solution of the original mass transfer problem.
Moreover we look for the possible approximations of these prob-
lems by solutions to equations involving the p—Laplacian for large
values of p.

1. INTRODUCTION.

The main goal of this article is to obtain a solution to the Monge-
Kantorovich mass transport problem for some measures supported on
surfaces, as a limit when € — 0 of solutions to usual solid mass trans-
port, the masses being supported on small strips of width e. We will
also analyze approximations involving the p—Laplacian of these trans-
port problems and its viscosity limits.

First, let us briefly present what are the main features of the problem
under consideration. Assume that we have a bounded domain 2 C R¥
with smooth boundary 02 and a continuous funtion g : 9€2 — R with

/ gdcf:/ g+d0—/ g—do =0,
1)9) o0N{g>0} o0N{g<0}

where do denotes the area measure on 0€2. Hence, we have two subsets
I'y =00Qn{g >0}, I'_=00n{g <0} and two positive functions

Key words and phrases. Mass transport, quasilinear elliptic equations, Neumann
boundary conditions.
2000 Mathematics Subject Classification. 35J65, 35J50, 35J55 .
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2 J. GARCIA-AZORERO, J. J. MANFREDI, I. PERAL AND J.D. ROSSI

(densities) g4 and g_ such that

/g+d0:/ g_do.
ry _

Our aim is to solve the following Monge-Kantorovich mass transfer
problem: among all mappings 7" : I';, — I'_ that preserve the measures
given by the two densities choose one that minimizes the transport cost

O(T) = / & — T(a) g4 () do.

Applying the Kantorovich optimality principle to the mass trans-
fer problem for the measures g™ HN 1L 9Q and g~ HN 1L 9Q that are
concentrated on 0f) we obtain the maximization problem

(1.1) max{/ wgdo: w e WhHe(Q), /w =0, || Dw|o < 1}.
) 0

The maximizers of (1.1) are maximal Kantorovich potentials, see [1]
and [15]. Note that one usually defines Kantorovich potentials as max-
imizers of (1.1) without imposing that [,w = 0. Here we use this
normalization to gain compactness.

As first noticed in [8] (see also [6]), a natural approach to the max-
imization problem (1.1) is to consider limits of optimization problems
involving the p-Laplacian. That is, we consider u, o the solution of the
maximization problem

(1.2) max{/ wgdo: w € WH(Q), /w =0, [|Dw||rr) < 1}.
o0 Q

In [9] the limit as p — oo of the family w, is studied. It is proved
there that a uniform limit of a subsequence {u,, o}, pi = 00, Vs, is a
solution to (1.1). Since we are interested in large values of p we will
assume throughout this paper that p > N.

These variational problems can be studied as a singular limit of mass
transport problems where the measures are supported in small strips
near the boundary. In this sense we get a natural Neumann problem
for the p-Laplacian while in the paper [8] the relevant problem is of
Dirichlet type.

More precisely, consider the subset of €2,
ws ={x € Q : dist(x,00) < d}.

Note that this set has measure |ws| ~ §HY () for small values of &

(here HN~1(£2) stands for the N —1 dimensional measure of 9€2). Then
for sufficiently small s > 0 we can define the parallel interior boundary
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[y = {z — sv(2), z € 092} where v(z) denotes the outwards normal
unit at z € 0N). Note that I'y = 9€2. Then we can also look at the set
ws as the neighborhood of T'y defined by

ws ={y=2—sv(2), z€09Q, s€(0,0)} = U T,

0<s<d

for sufficiently small §, say 0 < 6 < dp. We also denote Q, = {z € Q :
dist(z,0Q) > s} and for s small we have that 09, = T';.

Let us consider the transport problem for a suitable extension of g.
To define this extension, as we have mentioned, let us denote by do and
do, the surface measures on the sets 02 and I'y respectively. Given a
function ¢ defined on €2, and given y € I'y (with s small) , there exists
z € 0N such that y = z — sv(z). Hence, we can change variables:

o(y)dos = (z —sv(z))G(s, z)do
rs o9

where G(s, z) depends on ) (more precisely, it depends on the surface

measures do and dog), and by the regularity of 02, G(s,z) — 1 as

s — 0 uniformly for z € 0€.

Using these ideas, we define the following extension of g in 2. Con-
sider 7 : [0, 00) — [0, 1] a C* function such that n(s) =1if 0 < s < 1,
0<n(s) <1lwheni<s<1n(s)=0ifs>1 and [ n(s)ds = A.
Defining 7.(s) = =1 (£), we get [;°n.(s)ds = 1. For ¢ < §, consider
I’y and let

9:-(y) = ng(S)Gg(f)Z), y =z —sv(z), for 0 < s < e,

extended as g.(y) = 0 in the rest of €; that is, in Q \ w..
We have g. € C(2). Moreover,

[t =[] 0.(0)do s

:/05 /Emgg(z—sy(z))G(&z) do ds

:/0 775(5)/899(2)610615:0.

Associated to this extension we could consider the following two
variational problems. First, the maximization problem in W?((2),

(1.3) max{/ wg.: w € Wl’p(Q),/w =0, [|Dw|| ey < 1} ,
We Q
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and the maximization problem in W1>(Q),

(1.4) max{/ wg.: w € Wl’OO(Q),/w =0, || Dw|| =) < 1} -
We Q

We call u, . a solution to (1.3) and un . a solution to (1.4).

Remark 1.1. Notice that the extremal functions ., Upo, Usoes Uoo,0
satisfy

| Dupellre@) = | Dupollzr@) = [|Dtcocllzo(@) = [[DUsoollLo@) = 1,
unless g = 0.

Our first result says that we can take the limits as ¢ — 0 and p — oo
in these variational problems. With the above notations we have the
following commutative diagram

Uoo,e ? Uoo,0

(1.5) p—o T T

Up,e > Uppo
e—0

This diagram can be understood in two ways, either taking into
account the variational properties satisfied by the functions, or consid-
ering the corresponding PDEs that the functions satisfy.

From the variational viewpoint, we can state our first result:

Theorem 1. Diagram (1.5) is commutative in the following sense:

(1) Mazimizers of (1.3), wu,., converge along subsequences uni-
formly in §2 to u,o a mazimizer of (1.2) ase — 0.
2) Maximizers of (1.3), wu,., converge along subsequences uni-
'S D, 9 g
formly in 2 to U a mazimizer of (1.4) as p — oo.
3) Maximizers of (1.4), u converge along subsequences uni-
(3) r's y Uoose; g g q
formly in € to ux o a mazimizer of (1.1) as e — 0.
4) Mazximizers of (1.2), wu,q, converge along subsequences uni-
d P, g g q
formly in € to ux o a mazimizer of (1.1) as p — oo.

We turn now our attention to the PDE verified by the limits in the
viscosity sense (see Section 3 for the precise definition) or in the weak
sense.
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When p — oo we find the oo-Laplacian, a well known nonlinear
operator, given by

N
ou 0*u Ou
At = g —

see [5], [13]. The oco-Laplacian appears naturally when one considers
absolutely minimizing Lipschitz extensions of a boundary function f,
see [2], [3], and [12].

Up to a Lagrange multiplier A, the functions wu,( are viscosity (and
weak) solutions to the problem,

{—ﬁ%u:o in Q,

1.6 ]
(1.6) |DuP28% = X, g on 0f).

Let us to point out that it is easily seen that )\,13/ P~ 1asp— oo (see
the remark at the end of Section 2.)

In [9] (see also [10]) the limit as p — oo of the family u, ¢ is studied
in the viscosity setting. It is proved that the problem that is satisfied
by a uniform limit u o in the viscosity sense is as follows,

Asju=0 in €,
(1.7)
B(x,u, Du) =0, on 0,
Here
min {|Du| — 1, % if g >0,
B(z,u,Du) =< max{1l — |Dul, % if g <0,
H(|Dul) 22 it g =0,
and H(a) is given by
1 ifa>1,
H(a) = .
0 if0<a<l1.

Moreover, the function u. o satisfies the inequalities
|Du| <1 and —|Du| > —1

in the viscosity sense.

On the other hand, when we deal with the problems in the strips, the
functions u, . are weak (and hence viscosity) solutions to the problem,

{ —Apu =g, in €,

| DufP~2%% = 0 on 0.

(1.8)
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Passing to the limit as p — oo in these problems we get that the
function u. . satisfy the following properties in the viscosity sense:

|Du| <1 in €,
(1.9) —|Du| > -1 in Q,
% =0 on 0,
and, in the different regions determined by g¢.:
(( —Au=0 in Q\ w,
|Du| =1 in {g. > 0},
(1.10) —|Du| = -1 in {g. < 0},
—Asu >0 in QN o{g. >0} \ 9{g. <0},
L —A,u <0 in QN o{g. <0} \ {g. > 0}.

Theorem 2.

(1) The limit u,o of a uniformly converging sequence u,. of weak
solutions to (1.8) as ¢ — 0 is a weak solution to (1.6) (and
hence a viscosity solution,).

(2) The limit usp of a uniformly converging sequence wu, o of viscos-
ity solutions to (1.6) as p — oo is a viscosity solution to (1.7).

Let us to point out that when ¢ — 0, g. concentrates on the bound-
ary, and therefore the sequence {g.} is not uniformly bounded. This
makes it difficult t to pass to the limit in the viscosity sense when
€ — 0. Hence in this case, we consider the variational characteriza-
tion of the sequence {u,.} (that is equivalent to the fact of being a
weak solution). To the best of our knowledge, it is not known that the
notions of viscosity and weak solutions coincide for solutions to (1.8),
cf. [14] where such equivalence is only proved for Dirichlet boundary
conditions.

Now, we deal with the rest of the commutative diagram. To pass to
the limit in the sequence uq, . we need the variational characterization
and a uniqueness result for the limit problem. The latter has been
proved in [9] and it says that:

If Q is convex and {g = 0}° = 0, then there is a unique function
which satisfies the extremal property (1.1).

Here {g = 0}° denotes the interior of the set {g = 0} in the topology
of 02.

Let us to point out that the hypothesis {g = 0}° = ) implies also
the uniqueness of the extremals to (1.4), see [11]. Therefore, under this
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hypothesis there exists a unique u . reached as a limit of the solutions
Upe S P — O0.
Next, we state our second theorem.

Theorem 3.

(1) The limit us . of a uniformly converging sequence u,. of vis-
cosity solutions to (1.8) as p — 00 is a wiscosity solution to
(1.9)-(1.10).

(2) Assume that Q is convexr and {g = 0}° = 0. Consider the
viscosity solutions us . to (1.9)-(1.10), obtained as a uniform
limit as p — oo of the solutions u, .. Then, the sequence {uc(}
converges uniformly to a viscosity solution to (1.7), e .

Note that in (2) we are considering solutions u. . that are limits of
Upe as p — 00. We note that whether a similar statement holds for
arbitrary solutions is an open question.

The rest of the paper is organized as follows: in Section 2 we pass to
the limit in the variational sense and prove Theorem 1 and in Section 3
we deal with viscosity solutions and prove Theorems 2 and 3.

2. PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1 that shows that
diagram (1.5) commutes in the variational sense.

Proof of Theorem 1. The proof of the uniform convergence (along sub-
sequences) of u, o t0 U is contained in [9].
Let us prove that u, . converges to u,o as € — 0. We have

||Dup,€HLP(Q) <L

Note that we can assume || Duy | zr@) = 1 unless g = 0.

Therefore we can extract a subsequence (that we still call u,.) such
that

Upe — U, as € — 0,
weakly in W1?(Q) and, since p > N,
Upe — U, as € — 0,

uniformly in € (in fact, convergence holds in a Hélder space C% for
some suitable § > 0). This limit v verifies the normalization constraint

/sz
Q
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and moreover
||DU||Lp(Q) < 1.

On the other hand, thanks to the uniform convergence and to the
definition of the extension g. we obtain,

lim Gellp e = lin%/ / 9e(y)up(y) dosds
We e 0 Is

- ~ Jim /0 ) /8 ez = ()l 50(2) G 2) dords

e—0

=lim [ n.(s) | g(z)up(z — sv(z))dods
=0.Jo 00

= / gudo
o0
and hence

(2.1) / | Dul? —/ gvdo < liminf (/ | Duy, [P —/ ggupﬁ) :
Q o0 =0 Q we

On the other hand for every w € C*(Q) we have

/|Dw\p—/ gwda:lin%/\DwV’—/ gew.
Q o0 hJa we

Taking w € C*(Q) with || Dw|| sy = L,and [, w = 0, by the extremal
characterization of u, ., we have

/|Dw|p—/ gwdo
Q o0

> liminf [ |Du, .|’ — Gellpc-
e—0 Q we

Therefore by (2.1) we obtain

inf {/ ]Dw|p—/ gwda}
weWbP(Q), [, w=0,[|Dw|Lry=1 | Jo 0

> / | Dv|P — gudo,
Q o0
and hence it follows that all possible limits v = w,, ¢ satisfy the extremal
property (1.2).
Next we prove that us . converges to e, a maximizer of (1.1).
Recall that us . is a solution to the problem

M, = max{/ WY : w E Wl’OO(Q),/w =0, ||Dw|| < 1} )
We Q
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Me:/ Uoo,eYe -

Therefore uq, . is bounded in W*°(Q) and then there exists a sub-
sequence (that we still denote by u ) such that,

That is, we have

Ugo e — v weakly-* in WH(Q) and
(2.2) _
Uso, — v uniformly in €,

as € — 0. Hence

lim uoo,sgsz/ vg do.
e—0 We o2

On the other hand, for every z € C''(Q) it holds that

lim ggz:/ gz do.
&= o9

Owg

Hence, if we call

(2.3) M = max{/ wgdo: w € Wl’OO(Q),/’LU =0, ||Dwl|s < 1} :
09 Q

we obtain, from (2.2),

M < liminf M. = vg do.
e=0 o9

We can conclude that v = u is a maximizer of (2.3), as we wanted
to prove.

Finally, let us prove that u,. — u . Recall that

/ Up,cge = Max {/ wg.: w € Wl’p(Q),/w =0, | Dwl|psq) < 1}.
We We Q

In particular, for any ¢ < p

p=a\ 1/4 p=g

1Dl ey < 1 Dupellioiey (191) 7 < (1021 +1) 5

Hence, we can extract a subsequence (still denoted by wu, ) such that,
Upe — U, uniformly in €,
as p — oo with
1
1Dl oy < (102 +1)7 .

Letting ¢ — oo and using that || Dul|zeq) — [|[Dul| =) we get
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/ Upele — / UGe s as p — oo.
We We

This limit « verifies that

/ uge < max{/ wg.: w € Wl’oo(Q),/w =0, | Dwl| (o) < 1}.
We We Q

Let us prove that we have an equality here. If not, there exists a
function v such that v € W>(Q), [,v =0, || Dv| o0y < 1 with

/ug5</ Ve

If we normalize, taking ¢, = v/|Q|'/P, we obtain a function in W1?(Q)
with [, ¢p =0, | Depllrr@) < 1 and such that

lim upﬁgb.:/ ug€</ vg. = lim |Q|1/p/ ©pJe-
P00 Jwe wWe We p—oo We

Note that
/@pgag/ Up,eGe,

for any p, and hence we arrive to a contradiction.

Then we have

This contradiction proves that

/ uge = max {/ wg.: w E WI’OO(Q)7/ w =0, [[Dw|[r(0) < 1} :
We We Q

This ends the proof. O

Let us close this section with the following remark.

Remark. The limits of the solutions to the maximization problems
(1.2) and (1.3) coincide with the limits of the solutions to the corre-
sponding PDEs (1.6) and (1.8) when p — oc.

In fact, the unique maximizer of (1.2), u,, is a weak solution to

—Apu, =0 in
(2.4) o ’
' |Du,[P2%2 = )\, g on 9.

Here ), is a Lagrange multiplier. If we take
(D (Ap)l/(pil)up
we get a solution to (1.6), that is,
{ —Ayii, =0 in Q,

|Dﬂp|p*2% =g on OfL.
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From the weak form of (2.4) and our previous results we get

-1 —1
lim A\, = lim (/ guy, da) = (/ JUso da) #0.
p—0o0 p—o0 LY, o0

Therefore,

lim @, = lim (\,)Y® Dy, = lim u,.
p—00 P—00 p—00

In a completely analogous way it can be proved that the limits as p —
oo of the solutions to the maximization problems (1.3) and solutions
to the PDEs (1.8) coincide.

3. PROOFS OF THEOREMS 2 AND 3

In this section we deal with the PDE version of the commutative
diagram (1.5). To this end it is natural to consider solutions in the
viscosity sense.

Following [4] let us recall the definition of viscosity solution for el-
liptic problems with general boundary conditions. Assume

F:QxRY xSV SR
a continuous function. The associated equation
F(x, Du, D*u) =0

is called (degenerate) elliptic if

F(z, 6, X) < F(x,£,Y) ifX>Y.
Definition 3.1. Consider the boundary value problem

F(x, Du, D*u) =0 in €,
{ B(z,u,Du) =0 on 0S.

(1) A lower semi-continuous function u is a viscosity supersolution
if for every ¢ € C2(Q) such that u— ¢ has a strict minimum at
the point zo € Q with u(xg) = ¢(xy) we have: If vy € O, we
have the inequality

max{ B(xo, ¢(x0), Dp(x0)), F(xo, D(x0), D*P(20))} > 0

and if xog € Q then we require

F(z9, Dé(x0), D*¢(x0)) > 0.



12 J. GARCIA-AZORERO, J. J. MANFREDI, I. PERAL AND J.D. ROSSI

(2) An upper semi-continuous function u is a subsolution if for ev-
ery ¢ € C%(Q) such that w — v has a strict mazimum at the
point xy € Q with u(xg) = ¥(xo) we have: If xg € OQ the
imequality

min{ B(xzg, ¥ (xq), DY (x0)), F(zo, D¢($0),D2w(xo))} <0

holds, and if xo € ) then we require
F(zo, DY(xg), D*¥(20)) < 0.

(3) Finally, u is a viscosity solution if it is a super and a subsolu-
tion.

In the sequel, we will use the same notation as in the definition: ¢
stands for the test functions touching from below the graph of u, and
1 stands for the test functions touching from above the graph of .

First, we point out a lemma that is implicit in the arguments in [5]
(see Propositions 5.1 and 5.2 in [5]) and in [8].

Lemma 3.2. The extremal functions in Theorem 1 satisfy in the vis-
cosity sense:

|Duscel <1; |Duso| <15 —[Dusee| > —1;  —[Dusgg| > —1.

On the other hand, at level p we can pass from weak solutions to
solutions in the sense of viscosity:

Lemma 3.3. Let u,( be a continuous weak solution of (1.6) forp > N.
Then u, o 1s a viscosity solution to

_Apup,(] =0 m Q,
|Dup,0|p*2% =g on 0S2.
Proof. See [9], Lemma 2.3. O

Proof of Theorem 2. We decompose the proof in several steps.

Step 1. First, assume that a sequence of viscosity solutions to (1.6),
upo converge, as p — oo, uniformly in Q to a limit us o, then it is
proved in [9] that us o is a viscosity solution to (1.7).

Step 2. As we have mentioned in the introduction at this part of the
proof we have to deal with weak solutions since the right hand side of
the problem (1.8) is not uniformly bounded in e.

Assume that we have a sequence of weak solutions to (1.8), u, . that
converge, as € — 0, uniformly in €2 to a limit u, then let us prove that
up o is a weak (and a viscosity) solution of (1.6).
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As it was proved in the previous section, we can pass to the limit in
the variational formulation (that is equivalent to the weak formulation)
of (1.8) to obtain that every limit of u, . is a variational solution (and
hence a weak solution) to (1.6).

To finish we just have to observe that a continuous weak solution to
(1.6) is in fact a viscosity solution, thanks to Lemma 3.3. O

Next, we pass to the proof of Theorem 3.

Proof of Theorem 3. We recall that, thanks to lemma 3.2, we have the
estimates | Duooc| < 1; |Dunool < 1, —|Duces| > —1; —[Duneo| > —1,
in the sense of viscosity, in all the domain 2.

To find the equation that u. . satisfies in the viscosity sense, assume
that %o — ¢ has a strict minimum at zy € 2. Depending on the
location of the point xy we have different cases. First, suppose that
o € O\ w.. By the uniform convergence of u,, . t0 U there exists
points z,, such that u,, . — ¢ has a minimum at z,, with z,, € Q \ w.
for p; large. Using that u,, is a viscosity solution to (1.8) we obtain

—App(1y,) = _div(|D¢|pi_2D¢)(xm) > 0.
Therefore
—(pi = 2)| D" Ao d(p,) — |DPIP > A(a,,) > 0.

If Do(z9) = 0 we get —Ad(z9) = 0. If this is not the case, we have
that D¢(z,,) # 0 for large i and then

1
pi—2

_Am¢<xpi) > |D¢’2A¢($m) — 0, asp; — 0.

We conclude that
(3.1) —Ag(x0) > 0.

That is e is a viscosity supersolution of —A e = 01in Q\ w.

The fact that it is a viscosity subsolution of —A s = 01in Q\ w
is completely analogous.

Next suppose that z( lies on the region where g. > 0.

Assume that we have a test function ¢ touching from below the graph
of Uno e, that is, U . — ¢ has a strict minimum at the point zy . Then,
for p; large, there exist points z,, such that u,, . — ¢ has a minimum
at xp, with g.(z,,) > 0. Using that w,, is a viscosity solution to (1.8)
we obtain

—(pi = 2)| D" Acd(wy,) — | DO *AP(wp,) = ge(p,) > 0.
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In particular |D¢(zy,)| # 0 and therefore

1
pi — 2

2 9=(p,)
DOFAYEn) G ) Dot
Since g.(zp,) — g(xo) > 0, this means that |D¢(xg)| cannot be smaller
than 1 (in this case the right hand side of the inequality tends to
infinity). Therefore, we conclude that |De(zg)| > 1.

Assume now that we have a test function ¢ that touches from above
the graph of us .. Then, for p; large, there exists points z,, such that
Up, - — ¢ has a minimum at z,, with g.(x,,) > 0. Using that u,, is a
viscosity solution to (1.8) we obtain

—(pi = 2)| DY P Actp(ap,) — | DY At (ay,) < ge(a,) (> 0).

Then, if |Dy(zg)| > 1, it follows that —A,¥(z) < 0. Therefore, the
condition on v reads

(3.2) min{ | Dy(o)| — 1, ~Anct(ao)} < 0.

But notice that this condition is always satisfied, since we know that
|Dusoc| <1 in the sense of viscosity. Therefore, (3.1) and (3.2) imply
that, if g.(zo) > 0, then |Duc . (z0)| = 1.

Similar computations give us that if we look at a point xy such that
ge(xo) < 0 then —|Duy (z0)| = —1.

The next case to consider, is when g.(z¢) = 0 and the point xy can
be reached as a limit of points z,, that could be contained in the region
{g > 0} or in the region {g. = 0}. In other words, o € QN J{g. >
0} N (0{g. < 0})°.

In this case, if we consider a test function ¢ touching from below the
graph of us . at xg, then we get a sequence {z,, } converging to x¢, such
that u,, . — ¢ has a strict minimum at x,,. Passing to a subsequence if
necessary, we have two possibilities: either g.(z,,) = 0, or g.(x,,) > 0.
If we assume g¢.(z,,) = 0, then

—(pi — 2)| DO Asd(wp,) — [DI" T Ag(w,) > 0.
Then, if |D¢(xp,)| # 0 it follows that —A,.¢(z9) > 0. On the other
hand, if |[D¢(x,,)| = 0 for infinitely many indexes, then —A¢(xy) = 0.
If we assume g.(zp,) > 0, then |D¢(z,,)| # 0 and therefore passing
to the limit we get —Ad(zo) > 0.

Concerning the test functions v touching from above the graph of
Usoe; When g.(zp,) = 0, then we have

—(pi = DY Acetp(wy,) — [DU" 2 Agp(zy,) < 0.

_Aw¢(xpi) 2

p—4~
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This implies that —A. ¢ (z9) < 0. But if g.(z,,) > 0, then, as in
a previous case, we get that min{|Dvy(z¢)| — 1, —Axt(x9)} < 0, and
this condition is always satisfied because |Duoo| <1 .

As a conclusion, if zp € QNd{g. > 0}N(0{g. < 0})“, we have in the
sense of viscosity that —As s > 0 (jointly with the general viscosity
estimates on the gradient, valid in all ).

In an analogous way, if 5 € QN (9{g. > 0})¢ N 9{g. < 0}, we have
in the sense of viscosity that —As s < 0 (jointly with the general
viscosity estimates on the gradient, valid in the whole domain 2).

The next region consists on the points xy € ) that can be reached
as limits of sequences contained either in {g. > 0}, either in {g. = 0},
either in {g. < 0}. That is, zg € QN I{g. > 0} NI{g- < 0}. The same
arguments as before give us that in this set the equation satisfied in
the sense of viscosity is simply |Dus | < 1 and —|Dueo | > —1.

Finally, the boundary condition satisfied by .. in the sense of
viscosity 1s

Qoo e
v
To see this fact, we use that the p-Laplacian satisfies hypothesis of the
“strict monotonicity in the direction of the normal”as it is stated in [4].
Then, for instance, the boundary condition at level p reads simply

=0.

0
Do) 50 () 0,
for any test function ¢ touching the graph of u, . from below at a point
x, € 0. Test functions touching the graph from above can be handled
in a similar way.

The last step of the proof consists of taking limits on the sequence
{ucoc}. Notice that these functions, as limits of the sequence {u, .} as
p — 00, satisfy the extremal property (1.4). Therefore, by Theorem 1,
the limit uy o is an extremal of (1.1). From hypothesis {g = 0}° = (),
we obtain a uniqueness result for u.. o (see [9]), and then it must be the
same function that we reach as the limit of the sequence {u,(} when
p — 00, and, as it was proved in [9], it satisfies (1.7). O
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